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space, authors are requested to mark less im- 
portant parts of the paper, such as details of 
experimental technique, methods, mathematical 
derivations, etc. for printing in small type. 
The technical description of methods should be 
given in detail only when such methods are new. 
Authors will receive proofs for correction when 
their papers are first set, and, alterations must 
be restricted to printer’s errors. Other than 
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typescript of the paper, and legends should be 
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man. If figures are already well drawn it may be 
possible to reproduce them direct from the 
originals, or from good photo-prints if these can 
be provided. It is not possible to reproduce from 
prints with weak lines. Illustrations for reproduc- 
tion should normally be about twice the final size 
required. The lettering should be sufficiently large 
and bold to permit this reduction. Photographs 
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3. Tables and figures should be so constructed 
as to be intelligible without reference to the text. 
Every table and column should be provided with 
an explanatory heading. Units of measure nlust 
always be clearly indicated. The same data should 
not be published in both tables and figures. The 
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4. References are indicated in the text by 
numbers on the line in brackets, and the full 
reference should be given in a list at the end of 
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PHYSICAL PROPERTIES AND CRYSTAL STRUCTURE 
OF A NEW SEMICONDUCTING I-III-VI2 
COMPOUND, CuScSa 

J. P. DISMUKES* and R. T. SMTIli 
RCA Laboratories, Princeton, N . JTt)85‘40, U.S. A. 

and 

J. G. WHITE 

Department of Chemistry, Fordham University, New York, N. Y. 10458 U.S. A. 

(Received dJuly 1970; in revised form 3 1 August 1970) 

Abstract— The compound CuScS, has been prepared for the first time, and single crystals have been 
grown by chemical transport reaction with I,. The crystals are trigonal with a = 3-7333 ± 0-0005 A, 
c = 6-098 ±0-001 A, and are non-centrosymmetric with space group P3ml. The crystal structure has 
been determined by single crystal X-ray methods and is based on a hexagonally close packed arrange- 
ment of sulfur atoms, with one formula unit per cell. The scandium atoms occupy octahedral sites and 
the copper atoms tetrahedral sites giving a new structure type intermediate between the structures of 
NiAs and hexagonal ZnS. The compound is a semiconductor and optical absorption measurements 
show two band gaps, one at 2-30 eV representing a direct transition jnd the other atl -8 ± 1 eV repres- 
enting an indirect transition. Doping experiments with Zn produced low resistivity n-type material, 
but attempts to prepare p-type material were unsuccessful. 


1. INTRODUCTION 

Ternary semiconducting compounds of the 
general type I-III-VIj having the chalcopy- 
rite structure [1] have been known for many 
years, where 1 = Cu. Ill = Al, Ga. In and VI 
= S, Se, or Te. The energy gaps for these 
materials have been summarized in a recent 
paper[2]. A series of monoclinic l-IIl-Vlj 
compounds [3, 4] have been reported, where 
I = Cu, III = a rare earth element and VI = 
S, Se. However, only limited data are avail- 
able on their crystallography and physical 
properties. 

In this paper we report the synthesis and 
crystal growth of the new semiconducting 
I-III-VI2 compound, CuScSj, the X-ray 
determination of its crystal structure, optical 
measurement of the energy gap, and ^‘.vestiga- 
tion of doping behavior. ' 


♦Laboratories RCA Ltd, 569 Badenerstrasse. 8048 
Zurich, Switzerland. 


2. EXPERIMENTAL 

(a) Preparation, crystal growth and doping 

Copper scandium sulfide, CuScS*. was pre- 
pared by heating a stoichiometric mixture of 
Cu and SC2S3 powders at 1050°C in an eva- 
cuated quartz ampule for 16 hr in the pres- 
ence of the required stoichiometric amount 
of sulfur. The scandium sulfide, 80*83, was pre- 
pared by reacting SC2O3, contained in a carbmi 
boat, with a helium stream saturated with CS* 
for 24 hr at 1050°C. X-ray diffraction powder 
photographs of CuScS* showed no evidence 
of the starting materials or of sulfides of cop- 
per. Copper and scandium were determine 
by complexometric titration with EDTA[5, 6] 
and sulfur was determined using the idometric 
method for hydrogen sulfide{s^. Anal. Calcd. 
for Cu8cSs.: Cu, 36-8%; Sc, 26-^1%; S, 37-1%. 
Found: Cu, 37-0 ±0-3%; Sc, 2»-9±0-2%; S, 
37-3 ±0-3%. Copper scandhim sulfide is 
stable at room temperature in air and water, 
and reacts slowly with strong adds. 

Single crystals of CuScS* for X-ray crystal 
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Structure determination, for optical measure- 
ments, and for investigation of doping behav- 
ior were prepared by chemical transport reac- 
tion[8}, using I; in a sealed, evacuated quartz 
ampule. Single crystal platelets up to I cm* 
in area, and with the c axis perpendicular to 
the platelet, were transported from hot to cold 
using an I2 concentration of about 2 mg/cm® 
in a temperature gradient of lOSO-^SO^C. 

A series of experiments was conducted to 
determine whether CuScSj could be readily 
doped n- and p-type by simple chemical sub- 
stitution for Cu, Sc, or S. A/-type doping was 
attempted both by annealing chemically trans- 
ported crystals in i atmosphere Zn vapor 
at 900®C for 16 hr, and by chemically trans- 
porting CuScS2 with additions of Zn. P-type 
doping was attempted both by annealing 
chemically transported crystals in i atmos- 
phere of P4 vapor at 900°C, and by chemically 
transporting CuScSj with additions of P or 
Ca. 

(b) Physical measurements 

The density of single crystal CuScSj plate- 
lets was determined by the method of hydro- 
static weighing [9], employing Archimedes’ 
principle and using water as the immersion 
fluid. 

Electrical resistivity of CuScSj crystal plate- 
lets was measured by the four-point probe 
technique [ 10]. The CuScSz crystals were also 
tested for conductivity type using a simple 
thermal probe technique capable of detecting 
conductivity type of silicon with resistivity 
less than 1 00 ohm-cm. 

Optical absorption measurements at 300°K 
in the spectral range 2-0-0-48pi were taken 
with a Cary Model 14 Spectrometer on chem- 
ically transported CuScSj platelets with a 
grown thickness in the range 1 00-230 /x. 
and on mechanically thinned specimens in 
the range 10-20pi. The thickness t was deter- 
mined by interferometry, and the optical ab- 
sorption coefficient a was calculated from the 
simple relation[l|I, a = (1/r) In (UI7.), where 
lo and \r are the ihitial and transmitted intensi- 


ties, respectively. This procedure neglects 
reflection, but still gives sufficiently accurate 
values of a in the spectral region near the band 
edge where a is large. 

(c) X-ray measurements 

The crystal system was found to be trigonal 
from Laue and Weissenberg photographs. 
Accurate cell dimensions, a == 3-7333 ± 
•0005 A, c = 6-098 ± -001 A.wereobtainedfrom 
the powder diffraction pattern given in Table 
1. Ni-filtered CuKa radiation was used and 
the pattern was taken at 23°C with a 114-6 
mm dia. camera. The cell volume gives a cal- 
culated density of 3-90g-cm“® for one for- 
mula weight per unit cell. The measured den- 
sity value. 3-79±0-15 g-cm"®, obtained on 
a 1 3 mg crystal agrees with the calculated 
value to within experimental uncertainty. 

The crystals originally prepared were very 
thin, and distorted on cutting. For the collec- 
tion of single crystal intensity data a naturally 
occurring flake elongated along the b axis and 
with an approximately constant cross section 
of 0-26 x 0-05 mm was used. The integrated 
intensities of the hOI, hll, and h2I levels were 
measured on a Buerger single crystal diffracto- 
meter using Zr-filtered MoKa radiation. Be- 
cause of the high absorption (/u, = 107- 1 cm"*) 
and the rather unsuitable crystal shape, ab- 
sorption corrections were made by the method 
of Albrecht[121. The residual absorption er- 
rors are mainly due to departure of the actual 
crystal shape from the idealized shape as- 
sumed. A set of F values was obtained for each 
level after application of Lorentz and polariza- 
tion factors and the three sets were brought 
lo a single scale by means of the common 
reflections. 

From the three dimensional Patterson func- 
tion it was immediately clear that the atoms 
were located in the following special positions 
of the space group P3ml; Sc in (a) 0,0,z with 
z = 0; Cu in (b) i i % with 2 ~ f ; 5(1) 
in (b) i i 2 with 2 ~ J; 5(2) in (c) i i 
2 with z ~ i- Refinement was carried out 
first by difference Fourier synthesis and 
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Table 1. Calculated and ob- 
served lattice spacings and 
intensities for CuScS* (CuKa 
radiation) 


hkl 

^CALC 

4obs 

^OBS 

001 

6- 10 

6-10 


100 

3-23 

3-23 

s~ 

002 

3 049 

3-046 

m+ 

101 

2-857 

2-856 


102 

2-218 

2-218 

s 

003 

2-033 

2-032 

w 

110 

1-867 

1-864 

s 

111 

1-785 

1-783 

w 

103 

1-721 

1-720 

s 

200 

1-617 

1-615 

w 

112 

1-592 

1-592 

m 

201 

1-563 

1-563 

m 

004 

1-525 

1-523 

vvw 

202 

1-428 

1-427 

m 

113 

1-375 

1-376 

m 

203 

1-265 

1-265 

m 

005 

1-219 

1-220 

w 

211 

1-1982 

1-1986 

m 

114 

1-1808 

1-1803 

m~ 

105 

1-1412 

1-1404 

w 

212 

1-1343 

1-1339 

m 

300 

1-0777 

1-0774 

m~ 

213 

1-0473 

1-0471 

m 

115 

1-0210 

1-0209 

m~ 

205 

0-9736 

0-9733 

vvw 

106 

0-9696 

0-9693 

w 

214 

0-9535 

0-9531 

vvw 

220 

0-9333 

0-9336 

w 

116 

0-8926 

0-8927 

DDH' 

311 

0-8872 

0-8873 

W 

304 

0-8800 

0-8805 

VW 

215 

0-8633 

0-8632 

W 

312 

0-8603 

0-8604 

m 

313 

0-8204 

0-8204 

m~ 

305 

0-8076 

0-8076 

w 

401 

0-8017 

0-8016 

vvw 

324 

0-7960 

0-7%2 

vvw 

117 

0-7895 

0-7894 

vvw 

216 

0-7814 

0-7814 

m~ 


vs = very strong, s = strong, m = 
medium, w = weak, vw = very weak. 
eiDv = very, very weak. 


then by full matrix least squares methods 
[13]. Attempts to refine using anisotropic 
thermal parameters led to physically unreas- 
onable results, presumably because of incom- 
plete correction for absorption. Since the 
isotropic temperature factors refined inde- 
pendently for each atom did not differ signifi- 


cantly from each other, the number of variaUes 
was further reduced by refining only a single 
isotropic temperature factor, the sc^e fiwtor, 
and the * pasameters for Cu, S(l), and S(2). 
The weighting ' scheme used set w—Ma* 
where or was based on the counting statistics 
for each reflection. Convergence was ob- 
tained .to a conventional R of 0*087 for 91 
independent reflections. The final calculated 
and observed values of F are given in Table 
2. The scattering factors used are those given 
in the International Tables [14] corrected for 
anomalous dispersion[15]. The choice be- 
tween hkl and hkl was made on the basis of 
the set giving better agreement with the cal- 
culated values. Since the anomalous dispersion 
effect is quite small the result is not absolutely 
clear cut. The direction of intensity change 
from I hkl to Ikki is in agreement with that 
calculated for 27 pairs and is in the opposite 
direction for 1 6 pairs. 

3. RESULTS AND DISCUSSION 
(a) Crystal structure 

The crystal structure found for CuScS* is 
shown in Fig. 1. The structure is essentially 
a hexagonally close packed array of sulfur 
atoms in which the copper atoms occupy tetra- 
hedral and the scandium atoms octahedral 
interstices. Consequently, the two sulfur 
atoms in the unit cell are differentiated physi- 
ceilly as well as crystallographically. The 
atom 5(1) is tetrahedrally coordinated to one 
copper and three scandium atoms while 5(2) 
is octahedrally coordinated to three copper 
atoms and three scandium atoms. The struc- 
ture thus belongs to a new basic structure type 
intermediate between the structures of NiAs 
and ZnS (wurtzite). This relationship is il- 
lustrated in Fig. 2 where all the structures 
shown are based on hexagonal close packing 
of the anions with two anions per unit cell. 

The bond distances found in CuScSg are 
given in T able 4 and the bond angles in Table 5. 
The Sc-S bonds average 2*60 A almost identi- 
cal with the value of 2*59 A found in Sc^S^ 
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Table 3. Structural parameters for CuScSa 


Atom 

X 

y 

z 

B 

Sc 

Cu 

S(l) 

S(2) 

00 

0-3333 

0-3333 

0-6667 

0-0 

0-6fA7 

0-6667 

0-3333 

0-0 

0-4126(28) 

0-7760(41) 

0-2542(36) 

0-31(14) 

0-31 

0-31 

0-31 


Table 4. Bond distances in CuScSj 


Number of bonds 

Atoms 

Distance (A) 

1 

Cu-S(I) 

2-216(30) 

3 

Cu-S(2) 

2-361(13) 

3 

Sc-S(l) 

2-552(13) 

3 

Se-S(2) 

2-655(13) 


shortest Cu-Sc distance is 3-31 A, compar^ 
with the sum of the metallic radii, 2-92A. 
Metal-metal bonding between Cu and Sc is 
unlikely to occur because Cu'^ has a complete- 
ly filled d-shell and has acompletely empty 
d-shell. In a very recent paper published after 
the completion of this work, Gorter[19] 


Table 5. Bond angles in CuScS 2 


Coordination group 

Number of angles 

Atoms 

Angle (°) 

Cu-centered tetrahedron 

3 

S(l)-Cu-S(2) 

114-1 


3 

S(2)-Cu-S(2) 

104-5 

S(1 (-centered tetrahedron 

3 

Sc-S(l)-Sc 

94-0 


3 

Cu-S(l)-Sc 

122-4 

Sc-centered octahedron 

3 

S(I)-Sc-S(l) 

94-0 


3 

S(2)-Sc-S(2) 

89-4 


6 

S(l)-Sc-S(2) 

88-3 

S(2)-centered octahedron 

3 

Cu-S(2)-Cu 

104-5 


3 

.Sc-S(2)-Se 

89-4 


6 

Cu-S(2)-Sc 

82-4 


atoms. However, for the coordination of the 
sulfur atoms by the metal atoms there is con- 
siderable distortion in order to accommodate 
the rather different Cu-S and Sc-S bond 
distances. 

The occurrence of the CuScS 2 structure 
type is probably restricted to pairs of metal 
atoms one of which has a very strong tetra- 
hedral site preference and the other a very 
strong octahedral site preference as is the case 
with Cu'+ and Sc^^. The structure of CuCrSj 
[18] has Cu^''^ in tetrahedral sites and Cr’^ in 
octahedral sites. However, the sulfur atoms 
are cubic close packed, and the structure is 
believed to be stablized by d-eleclron inter- 
actions between Cu and Cr, resulting in short 
(2-llk) Cu-Cr distances. In CuScSj the 


discussed three possible structures for the 
then unknown compound CuScSz. These 
are; (I) the structure of CuCrSz, (II) the struc- 
ture of CuScS 2 which we have determined 
and (III) a more complex structure in which 
regions of cubic and hexagonal close packing 
are interleaved, resulting in a twelve layer 
sulfur stacking sequence. Of these. Gorier 
prefers structure (III) since it minimizes re- 
pulsive forces between second nearest neigh- 
bors. The fact that CuScS 2 has structure (II) 
based on simple hexagonal packing of sulfur 
atoms, is apparently the consequence of its 
largely covalent character. 

Since the chemistry of the rare earth ele- 
ments is similar to that of Sc, one might expect 
compounds of the general formula CuRS^, 
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Fig. 3. The dependence of the optical absorption coeffi- 
cient (a) of CuScSj upon wavelength (X) at 300°K mea- 
sured on a 15 fi-thick crystal. Values of direct bandgap 
(2-30eV) and of indirect bandgap (l■8±0•leV) are 
indicated. 



Fig. 4. The dependence of the square of the optical absoip- 
tion coefficient (a*) of CuScS, at 300°K upon photon eneigy 
(hvt in the range 2'25-2'55 eV, Data are taken from Fig. 3. 
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where /? = a rare earth clement, to form with 
the CuScSj structure. Compounds of the type 
CuRS: have been reported f3J, but only for 
the elements from La through Tb. However, 
the compounds do not have the CuScS 2 struc- 
ture, but rather form monoclinic crystals of 
an unknown structure. Probably these rare 
earth elements have too large atomic radii to 
permit close packing of sulfur atoms required 
for the existence of the CuScSj structure. 

A series of nonstoichiometric copper rare 
earth sulfides (nCu 2 S.R 2 S 3 , with n > 1 and 
R = Tb to Lu) have been reported by Balle- 
stracci and Bertaut[20]. These compounds 
have a structure in which rare earth and sulfur 
atoms occupy approximately the same relative 
positions as do Sc and S in CuScSj. However, 
the copper atoms are distributed at random 
between the two tetrahedral sites, ±i, 
z, with 2 ~ i giving a centrosymmetric 


structure. As n increases and the occupancy 
of tetrahedral sites by Cu also increases, the 
rare earth occupancy of the octahedral sites 
must decrease to maintain charge balance. It 
appears that the stability of this nonstoichio- 
metric phase is favored by the incomplete 
site occupancy which relieves some of the 
strain which would occur in a stoichiometric 
CuRS 2 phase due to the disparate size of the 
metal atoms. 

(b) Optical energy gap 
Figure 3 shows a representative plot of op- 
tical absorption coefficient a of CuScSj as a 
function of wavelength X at 300°K. There is 
a sharp absorption edge at 2-30 eV and a shal- 
low absorption edge at 1-8 ±0-1 eV. The ab- 
sorption coefficient in a semiconductor is 
known to vary with photon energy as {hi> 
— Eg)® [1 1.21], where Eg is the energy gap, 
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/I = i for a direct, symmetry allowed transi- 
tion, and n = 2 for an indirect transition. 
Therefore, plots of a" vs. hi' were constructed 
from the data in Fig. 3. The linear relation 
between a* and hr in Fig. 4 indicates that the 
energy gap at 2-30 eV is direct. We believe 
the shallow edge at 1 -8 ± 0* 1 eV represents 
an intrinsic, indirect energy gap in CuScS* 
rather than an extrinsic effect such as imparity 
band tailing, since measurements on a 230 /jl- 
thick crystal, for which the shallow edge cov- 
ered the full range of the spectrometer, indi- 
cated the linear relation between a''* and 
hv shown in Fig. 5. The quoted uncertainty 
is typical for a room temperature measure- 
ment of an indirect energy gap. 

The direct bandgap of CuScS2(2-30 eV) lies 
in the range expected for CuGaS2 by inter- 
polation between CuAlS* (3-35eV)* and 
CuInS2 (1*2 eV)[22]. However, more detailed 
and quantitative comparisons of the optical 
energy gaps of I-III-VI2 compounds are not 
possible at this time, since data on their band 
structure are almost entirely lacking. 

(c) Doping experiments 

The electrical resistivity of undoped CuScS2 
crystals was about 2 x i(f' ohm-cm as mea- 
sured by the four-point probe technique, but 
their conductivity type could not easily be 
determined since the thermal probe showed 
no deflection. No further measurements were 
attempted on these very high resistivity crys- 
tals, since the principal objective in this work 
was to achieve heavily doped 10~* ohm- 
cm) material, both n- and p-type. 

The tetrahedral coordination of Cu and the 
octahedral coordination of Sc in CuScS2 
suggested that p- and n-type doping of this 
compound could be achieved by taking ad- 
vantage of the tetrahedral site preference of 
Zn, for «-type doping, and of the octahedral 
site preference of Ca, for p-type doping. P- 
type doping was also attenpted by substitut- 
ing P for S. Crystals of CuScSi annealed in 
Zn vapor at 900‘’C became highly conducting 
rt-type, with resistivity about lO"’ ohm-cm. 


Small crystallites of CuScSt chemically trans- 
ported in the presence of Zn were also highly 
n-type. The /i-type dopii^ ai^ears to be due 
to substitution of Zn for Cu, as anticipated, 
since emission spectrographic analysis imy- 
cated the presence of Zn in concentratiqj|is of 
100 ppm for chemic^y disported spedmens 
and of 1000 ppm for specimens annetded in 
Zn v^or. 

Crystals of CuScS2 annealed in P4 vapor, 
or in vapors of P4 plus S2 remained high resis- 
tivity. Likwise, chemical transport of CuScS2 
in the presence of Ca or P failed to give p-type 
crystals. Emission spectrogr^hic analysis 
indicated Uie incorporation of these impurities 
in concentrations of several hundred ppm. 
Thus, neither calcium nor phosphorus, the 
most obvious impurities which would be 
expected to give p-type doping, readily give 
CuScS2 with p-type conductivity. 

ytcI'noH'iedgements— The authors thank R. J. Ulmer for 
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LATTICE ENERGIES AND HEATS OF FORMATION 
OF THE Ti„02„_, SHEAR PHASES 

J. S. ANDERSON «id R. BURCH 
Inorganic Chemistry Laboratory, Oxford University, Engtend 

(Received 10 June 1970; in revised form i4 August 1970) 

Abstract— Electrostatic lattice energy calculations have been carried out by Bertaut’s method for 
the oxides Ti„Oj„-i (« = 4 to 9), for a randoin oxygen vacancy model and for the observed shear 
structures. The electrostatic energy is lowered by 10-15 per cent for the shear structures, but order- 
ing alone, without crystallographic shear, would give a similar stabilization. Heats of formation of 
the oxides have been derived; experimental values for the titanium oxides are lacking, but the results 
compare well with observed AW® values for the cognate vanadium oxides. 


Slightly reduced rutile forms a series of 
ordered shear phases of general formula 
TinOan-, (« = 4 to 9) in which the non- 
stoichiometry is accommodated by the 
elimination at regular intervals of complete 
planes of oxygen atoms parallel to the 121 
plane of rutile (1). Very little thermodynamic 
data are available for these phases (2) so that 
it is of some interest to calculate the lattice 
energies (U) and heats of formation (A//®) of 
these compounds. 

In the simplest Bom-Meyer ionic model 
the lattice energy is given by an expression 
of the form 

= (I) 

where (Jo is the electrostatic energy and n is 
the repulsion coefficient. For the present 
work, where accuracies of the order of ±0-1 
per cent were considered sufficient, electro- 
static energies were calculated using the 
Bertaut[31 method by incorporating the modi- 
fications suggested by Templeton et al.[A]. 
For present purposes the Bertaut method 
was preferred to the more commonly used 
Ewald method [5] firstly because fewer 
computations are required to produce this 
degree of accuracy and secondly because 
the terms in the Bertaut equation are more 
easily computed. 


The electrostatic energy is given [4] by the 
equation 

i h 

. 26 
where 8 — 

0 = 0 0003013 

R = half the nearest neighbour distance 
M = number of molecules per unit cell 
Zj = charge on atom j 
y = volume of unit cell 
h = magnitude of the vector hkl in 
reciprocal space 
y)' Zj — coordinates of atom j 

F = i Zj exp (ZnUhxj + kyj -I- /zj) 

(f> = 288(a sin a -f 2 cos a — 2)*/a‘® 
and o — IttHR. 

The experimentally observed crystallo- 
graphic data necessary for the utilisation of 
equation (2) is availiffile only for the TisOg 
phase. However Andersson et a/.[l] have 
derived lattice pmameters and atomic co- 
ordinates for idealized structures for each 
member of the series and ffiese idealized 
values have been used in our calculations. 
The distribution of ionic charges among the 
titanium ions was based on the structural 
data of Andersson et al.[\] which indicates 
that the shear plane region has the corundum 
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Structure so that titanium ions in this region 
can be designated a +3'0 charge while all the 
remaining titanium ions are +4 0. 

Using this model the results shown in 
Table 1 were obtained. TTiese results show 
that, as the oxygen content is increased, the 
electrostatic energy of these phases decreases 
(more negative) to a minimum energy for the 
terminal composition TiOj. The variation of 
electrostatic energy with composition for 
the shear phases is almost linear and extra- 
polates to close to the value for TiOj. This 
is to be expected since Ti02 corresponds to 
a shear phase with an infinitely large separa- 
tion of the shear planes. 


Table 1. Electrostatic energies o/ Ti„0.2,._, 
phases 


Composition 

Structure 

Electrostatic 
energy U,. 
(kJ gat Ti ') 

Ti^O, 

Shear 

-10.840 


Random vacancy 

-9.1.tl 


Shear (ideal) 

-11.400 

*riaOjt 

Shear (observed) 

-11,480 


Random vacancy 

-9,931 

Ti,0„ 

Shear 

-11.760 


Random vacancy 

-I0..^00 


Shear 

-12.030 


Random vacancy 

-10,910 

Tii,0,5 

Shear 

-12.2.30 


Random vacancy 

-11.220 


Shear 

-12.490 

1 190(7 

Random vacancy 

-11,480 

TiOj 


- 1 3,620 


In the particular case of TijOs, where data 
are available, the energy of the observed 
structure has also been calculated and as can 
be seen (Table 1) the observed structure has 
a slightly lower energy than the ideal struc- 
ture. This is quite reasonable since the transi- 
tion from the ideal to the real structure 
corresponds to a relaxation of the ions in the 
shear plane region which results in a decrease 
in the repulsive interactions between like ions. 
The smallness of the energy difference 
between the real and ideal structures as com- 
pared to the energy difference between ad- 


jacent structures means that changes in energy 
between different idealized structures are 
probably a good reflection of differences be- 
tween the corresponding real structures. 

An estimate of the comparative stability 
of each shear structure has been obtained by 
calculating the energies of structures corre- 
sponding to the random distribution of oxygen 
vacancies on a basic rutile lattice. In these 
latter calculations the correct Ti„02„-i 
stoichiometry has been obtained by designat- 
ing to each oxygen ion a charge of 1 — In/n 
and to each titanium ion a corresponding 
charge of 4/1- 2/n. The results (Table 1) show 
that in each case the electrostatic energy of 
the shear structure is more negative by about 
10-15 per cent than the energy of the corre- 
sponding random vacancy structure. This 
energy difference is of the same order of 
magnitude ( “ 1 000 kJ g. at Ti"' ) as is observed 
[6] in defect TiO where the more stable state 
contains ordered vacancies rather than shear 
planes. 

This similarity between the stabilisation of 
shear and ordered vacancy structures relative 
to the respective disordered structures makes 
it interesting to compare the stability of 
different ordered structures for the same com- 
position. A hypothetical ordered vacancy 
structure corresponding to a composition 
Ti^O, has therefore been examined. The struc- 
ture chosen was a double rutile unit cell 
(c' = 2cr) with vacancies at (0-3056, 0-3056, 0) 
forming an ordered superlattice. While this 
choice of unit cell is purely arbitrary it is 
probably reasonable to expect the energy 
of this structure to represent fairly well the 
energy of any ordered vacancy structure of 
this type. The electrostatic energy obtained 
was — 10,840 kJ g. at Tr’ which, within experi- 
mental error, is identical to the energy of 
the corresponding shear structure. This 
result is somewhat surprising as one might 
have expected the experimentally observed 
shear structure to have a substantially lower 
energy than any other postulated structure. 
These results indicate that while there is a 
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large difference in energy between an ordered 
and a disordered structure the energy differ- 
ence between different ordered structures is 
rather small and it is doubtful whether electro- 
static energy calculations can give much 
information concerning the most favourable 
structure when several ordered structures 
are possible. Accepting this limitation, how- 
ever, some useful information on the relative 
stabilities of different members of the same 
family of pheuses can still be obtained. 

The evaluation of lattice energies from 
equation (1) requires a knowledge of the 
repulsion coefficient n. Usually [7] n is derived 
from compressibility data for the compound 
in question. However no such data are avail- 
able for the Ti„02„_, series. Nevertheless, 
since there is a close structural similarity 
between the shear phases and rutile, a 
sufficiently accurate estimate of n can be 
obtained by using the value which applies to 
TiO* it.self. Ladd [8] has estimated « as *I0-5. 
In contrast, however, from the data of 
Wackmann ei al\9\ we find n “ 6-24 when 
polarization energy terms are neglected. Since 
there seems little to choose between these two 
evaluations we have calculated the lattice 
energies using both values of n. Using these 
lattice energies the heat of formation of 
Ti„Oj„_, can then be obtained from the 
equation. 


3 

where ^ gusi is the heat of sublimation of 1 g|^ 
Ti 

mOt) is the dissociation energy of 1 
mole oxygen 

2 / is the sum of the first three ioniza- 
tion potentials of Ti 

1 I is the sum of the first four ioniza- 

* tion potentials of Ti 
and is the electron affinity of oxygen. 

Minor corrections such as polarisation ener- 
gies and zero point energies have been 
neglected since it is likely that these will not 
contribute more than about 2 per cent to the 
lattice energy term. Wackmann et al.[9] have 
used the following values for the constants 
in equation (3): A//?ubi = ^23 kJ/mole, 
DiO^) = - 491 kJ/mole, S / = 8792 kJ/mole. 

= — 703 kJ/mole. From Moore [10] 2 / = 
4622 kJ/mole. ® 

Using these values the results in Table 2 
were obtained. The final column in Table 2 
gives the heats of formation obtained using 
an average value for n of 8-37. These heats 
of formation may be compared with the only 
available experimental data, which are the 


Table 2. Repulsive energies (kJ gar Ti~') and heats of formation 
q/'TinOin - 1 phases 


Composition 

ur 

aw?* 


awjt 


awst 


-9.102 

-302 

-9.810 

-1.010 

-9.545 

-745 

TisO* 

-9.573 

-307 

-10.317 

-1.051 

- 10.038 

-772 

TifiOii 

-9,875 

-300 

-10.643 

-1.068 

-10,355 

-780 

TirOia 

-10.102 

-.301 

-10.887 

-1,086 

-10,593 

-792 

TigOia 

- 10.286 

-322 

-11,086 

-1.122 

-10,786 

-822 

TieOij 

-10.488 

-396 

-11,303 

-1.211 

-10,998 

-906 


*n = 6-24 in equation (J). 
tn = 10'50 in equation (I ). 
tn = 8-37 in equation (I). 
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heats of formation of V„ 02 „-i compounds ^ 
measured by Anderson et given in 

Table 3. The agreement between the two sets 
of results is quite reasonable. However, 
since the theoretical evaluation of the heats 
of formation is clearly very dependent on the 
value of n it is not possible to obtain much 
information from these results other than the 
conclusion that the stability of the oxide 
increases as the oxygen content is increased. 

In conclusion, these calculations have again 
illustrated the principle first noted by Bertaut 
[3] that defects in ionic crystals will have a 
strong tendency to order. In addition, how- 
ever, it has been found that electrostatic 


Table 3. Heats of formation 
of y„ 02 „-t phases from data 
of Ref [W] 


Composition 

Heat of formation 
kJg. atV"' 

v.o, 

-673'6 

v,o„ 

-682-3 

v,o„ 

-664-4 


enei^gy calculations may not be sufficient to 
distinguish between alternative ordered 
structures for compounds of the same chemi- 
cal composition. Nevertheless within the 
obvious limitations of a purely ionic model 
the agreement between the calculated and 
observed heats of formation of these shear 
planes has been found to be satisfactory . 
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Abstract— The forced linear magnetostriction coeflBcient, h, of Invar (Carpenter Free Cut) has been 
measured parallel and perpendicular to the applied magnetic field using a capacitor dilatometer in the 
temperature range from I to 1 20 K and for fields from about 5 to 55 kOe. Both heat treated and cold 
worked specimens have been used. Measurements of the thermal expansion coefficient, a have also 
been made. 

The temperature variation of h is roughly as log T, exhibiting a sharp drop below 20 K and a small 
anomaly ( = 6 per cent) near 90 K which is accenhuted by the beat treatment, /t is isotropic. The field 
dependence of h is reasonably fitted at most temperatures by a linear field dependence of the form h 
= A— BH where A and B are positive. 

In the temperature range below about 10 K, the length change exhibits a reversible creep after a 
change of the field which is also accentuated by the heat treatment and is of maximum effect near 4 
K. The creep is logarithmic in time and it amounts to a change in length after one hour of as much as 
8 per cent of the immediate change. 

At low temperatures the absolute magnitude of h is only about 50 per cent of that to be expected 
from the pressure dependence of the magnetic moment. Also, So/dH <t ShIdT. These results indicate 
that thermodynamics fails for this alloy at low temperatures. 


1. INTRODUCTION 

There has recently been renewed interest 
in the properties of the iron-nickel alloys in 
the vicinity of the Invar concentration (ap- 
proximately 35 at.% Ni), particularly among 
several groups of Japanese workers. 

The work on this alloy in this laboratory has 
been briefly reviewed by Graham and Coch- 
rane! 1}. Among the unusual features of In- 
var, the magnetostriction ranks importantly 
because of its large magnitude in the ‘forced’ 
or paraprocess regime, i.e. in the range of ap- 
plied fields beyond those necessary to produce 
technical saturation due to domain effects. 
This is a natural consequence of the anomal- 
ous magnetoelastic coupling in these alloys, 
for which magnetostriction measurements 
are an ideal probe. However, until recently, 
there has been little magnetostriction data 
available for the low temperature region, 
which represents a serious gap in our know- 
ledge of the equilibrium properties of Invar. 


We have undertaken an ambitious program 
of investigation of these rather complicated 
effects, of which this paper reports on a pre- 
liminary study of changes in specimen length, 
using the commercial polycryst^ine material 
on which most of the earlier work here has 
been done. A brief notice on the first results 
of this series of measurements has been re- 
ported [2], In the course of this work, a study 
of the magnetostriction of Invar alloys at 
low temperatures by Matsumoto, Kaneko, 
and Fujimori [3] has appeared. The agreemmit 
with our work is not as good as we wo^ 
wish; the strain gauges used by than suffer 
from lack of accuracy and sensitivity. Our 
own work makes use of the capacitance dila- 
tometer techniques pioneered by White [41, 
which do not suffer from these defects. 

2. EXPERIMENT 

The samples were cylinders from the same 
rod of commercial Free Cut Invar, (previously 
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called N-37 in our publications), made by the 
Carpenter Steel Co., Reading, Pa. The length 
and diameter were about 2 7 and 0-5 cm. The 
analysed composition of this alloy in atomic 
percent is shown in Table 1 . The unannealed 


lop of the cylinder were polished flat. A spacer 
of brass shim stock lying on the top edge of 
the copper cylinder set the capacitance gap 
This method avoids the parallelistn require- 
ments due to separate polishing of the sample 


Table \ .Analysedcompositionof Invar samples (at.%) 


Element Fe Ni Mn Si C Cr Co Se 
Content 641 33-7 0*92 0-72 0-42 009 0 05 0*01 


sample had been drawn to size by the manu- 
facturer and was in a worked state. The an- 
nealed sample was heat treated at 1373 K for 
one hour in a helium atmosphere, and water 
quenched. It was then held at 580 K for eight 
hours in air, air cooled to 368 K, and held at 
this temperature for two days. This heat treat- 
ment is close to that recommended for stabiliz- 
ing the dimensions of the alloy at room tem- 
perature. 

Etching the unannealed sample revealed 
that the grains were considerably elongated in 
the direction of the cylinder axi.s. Long, thin 
grains were apparent on the sides of the cyl- 
inder. The ends of the cylinder had a peculiar 
velvet appearance due to preferential etching 
between the thin ends of the crystallites. The 
heat treatment considerably increased the 
crystallite size and reduced the velvet appear- 
ance of the ends of the cylinder. Unusual 
round pits were apparent in the crystallites 
before and after the heat treatment. 

Measurements of the magnetostriction and 
thermal expansion parallel to the axis of the 
cylindrical specimen were made using a three 
terminal capacitance dilatometer. The dila- 
tometer cell, designed by Slavin(5], is a modi- 
fication of the one used by White [4] for ther- 
mal expansion measurements. Copper plates 
are soldered to the top and bottom of the Invar 
cylinder. The bottom plate, laiger than the 
top, and with an insulated central section to 
which the specimen was attached, was screwed 
to the bottom of a copper cylinder which sur- 
rounded the specimen. The assembly was 
amped, and the top copper plate and the 


and holder m the procedure used by White. 

OFHC copper was used in the cell construc- 
tion. Tests have shown its magnetostriction 
to be negligible. 

Capacitance measurements were made 
using a General Radio Type 1632-A Three 
Terminal Capacitance Bridge. The sensitivity 
of the apparatus to relative changes in length 
A/// was 1-5 X lO'**. The absolute temperature 
was known to ±0-3 deg using a copper con- 
stantan thermocouple above 4-2 K. and to 
better than ±10 mdeg at and below 4-2 K 
using the helium bath vapour pressure. A tem- 
perature controller with a noise of 0-2 pV 
regulated the temperature of the specimen 
above 4-2 K. Below 4-2 K manual pressure 
regulation sufficed. 

The magnetic held, parallel to the cylinder 
axis, was supplied by a superconducting 
solenoid. Magnetic field changes were mea- 
sured with a precision of 1 per cent by moni- 
toring the magnet current. The transverse 
experiments used a field perpendicular to the 
cylinder axis, which was supplied by a 20 
kOe conventional electro-magnet regulated 
to better than 10 -\ 

The parallel forced magnetostriction of the 
sample was measured using two procedures. 
In order to cover a large temperature range 
the change m length of the specimen was 

magnetic 

time ^ r ^^^quate 

time was allowed after each field change to 

ThTfeld^^^ equilibrium had been reached. 
The fields used were well into the paraproccss 
region for the specimens. At several tempera- 




TEMPERATURE AND MAGNETIC FIELD DEPENDENCE 


929 


tures, measurements over the entire range of 
field, from zero to a maximum of 52*5 kOe, 
were made to determine the field dependence 
of the forced magnetostriction. Transverse 
magnetostriction measurements were made 
at several temperatures to check the isotropy 
of the forced magnetostriction and the field 
dependence of the forced magnetostriction in 
a transverse field. 

Thermal expansion measurements were 
made in a magnetic field of 21-6 kOe for both 
the annealed and unannealed samples by heat- 
ing the specimen and the cell. These are values 
relative to the thermal expansion of OFHC 
copper and were reduced to absolute thermal 
expansion coefficients using the data for cop- 
per of Bunton and Weintroub[6]. Some mea- 
surements of thermal expansion were also 
made in zero field, and between 9 K and 20 
K for f/ = 20-0 and 16kOe. 


Temperature dependence of the forced 
magnetostriction 

The temperature dependence of the fmced 
magnetostriction (dl/ldH'hn' * h, evaluated 
for the field change from 21-6 to 24-7 kOe is 
shown in Fig. 1 , for both the annealed and 
unannealed specimens. Preliminary results; 
on the annealed specimen [2] indicated that 
the forced magnetostriction varied as the 
logarithm of the absolute temperature be- 
tween 4-2 and 1 20 K. The more detailed 
results reported here can be fairly well fitted 
to the logarithm of the absolute temperature. 
However, in this paper we have presented the 
results on a linear temperature scale. The 
transverse measurements tend to lie below 
the longitudinal, probably due in part to the 
unfavourable specimen geometry for this 
type of measurement (see next section). 
The results of Matsumoto, Kaneko and 



Fig. 1. Temperature dependence of the longitudinal and transverse forced 
linear magnetostriction coefficient, h. of Invar (33-7 at.%Ni). Curve 1 refers 
to the annealed sample, and curve 2 to the cold worked sample. The arrows 
indicate the direction of temperature change. V. 0. the transverse forced 
magnetostriction for the unannealed and annealed samples respectively; 
A the results of Matsumoto, Kaneko and Fujimori[3] for a 341at.% Ni 
alloy. O the equivalent h expected through the Maxwell relation from the 
dcricrdp results of Kondorskii and Sedovfl 1] for a 33-3 at.% Ni alloy. 
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F4jimori[3] for the forced magnetostriction of 
a 34-1 at.% Ni Invar at 4-2 and 77 K are also 
plotted in Fig. 1 . The 77 K value is consider- 
ably less than we have observed, although the 
4-2 K value is in reasonable agreement with 
our results. 

The forced magnetostriction decreases by 
~ 27 per cent in the interval 20 to 1 • 1 K and 
is still falling rapidly at M K, the lowest tem- 
perature reached, for both samples. As the 
temperature decreases, the difference between 
the forced magnetostriction of the samples 
diminishes. 

Small anomalies were observed in the forced 
magnetostriction of both samples between 


40 and 130 K, as shown in expanded scale 
in Fig. 2. A discontinuity at 90 K and tempera- 
ture hysteresis were observed for the annealed 
sample. For this sample, the temperature 
region of interest was covered twice, once with 
temperature increasing, and again with tem- 
perature decreasing. The two curves almost 
superimpose at higher temperatures, but show 
a hysteresis below 90 K. These effects were 
observed in a single experiment, and have 
not yet been investigated in detail. 

Magnetic field dependence of the forced 
magnetostriction 

The dependence of the forced magneto- 
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striction on magnetic field strength was mea- 
sured at several temperatures. A typical 
plot of change in the length of the specimen 
vs. applied field parallel to the measurennent 
direction is given in Fig. 3. This plot illustrates 
the extremely strong paraprocess in the Invar 
alloys which, for the fields used, changes the 
length of the specimen more than the satura- 
tion magnetostriction does. In the parapro- 
cess region the forced magnetostriction coeffi- 
cient parallel to the applied field has a field 
dependence expressible sls h= A — BH where 
A and B are positive. The parameters of the 
fits are given in Fig. 4 as plots of A and B vs. 
T. The unannealed sample has a larger forced 


magnetostriction and a larger field dependence 
than the annealed sample. 

The field dependence of h for the unannealed 
sample exhibits a maximum at 105 K. The 
data for the unannealed sample exhilnted 
some curvature which was not included in 
the analysis. The fit parameters A and B for 
the annealed sample at 10*9 K have Imger 
error limits. The larger scatter in the points 
taken at this temperature coincided with 
the onset of a relaxation phenomenon involv- 
ing the response of the length of the specimen 
to a change in the magnetic field. This phen- 
omenon is dealt with in detail in the next 
section. 



Fig. 3. Tile change in length l{h) — l{H’^0) for the 
annealed sample at 40-0 K with the magnetic field applied 
parallel to the cylinder axis. Note the large magnitude of 
the paraprocess magnetostriction relative to the satura- 
tion magnetostriction. 
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TEMPERATURE (K) 

Fig, 4. Temperature dependence of the coefficients A and 
B in the relation \Q"’h=A — BH for the annealed (A) 
and the cold worked (x) samples. The solid curve for -4 
IS an overall fit, the dashed curve is thought to be the 
significant fit to the low temperature points. The point 
size represents the error. 

The data of Fig. 4 appears to show some The magnetostriction of the annealed sample 
anomalous behaviour in the region between perpendicular to the applied field was negative 
80 and 105 K, in agreement with the detail in the low field region. Figure 5 shows the 
of Fig. 2. The error limits on the values of A change in length of the sample as a function 
below 90 K are sufficiently small to warrant of applied field at 77-4 K for both the annealed 
giving a positive curvature to the curve through and unannealed samples, showing similar 
these points (dashed line in Fig. 4) in contrast paraprocess magnetostriction but very differ- 
to the negative curvature of a general fit to ent saturation m^netostriction. The very 
all points (solid line), indicating two region? of large negative transverse magnetostriction 
differing behaviour. at low fields is very remarkable. It implies a 
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Fig. 5. The change in length 1{H) —HH = 0) for the unannealed 
and annealed samples at 77-4 K with the magnetic held applied 
perpendicular to the cylinder axis. The paraprocess magneto- 
striction is large relative to the (negative) saturation magneto- 
striction. 


large volume reduction during the saturation 
process. The field dependence of h is not linear 
but has a positive slope decreasing with in- 
creasing h, indicating an approach to a uni- 
form paraprocess variation, and was con- 
sidered in extrapolating to a 23 1 kOe field 
for comparison with longitudinal values in 
Figs. 1 and 2. Our values of the transverse 
forced magnetostriction agree with the values 
of the longitudinal forced magnetostriction at 
the corresponding temperatures and magnetic 
fields, showing that, to within the errors of 
these preliminary measurements, the forced 
linear magnetostriction is isotropic and AK/F 
= 3A///. 


Matsumoto, Kaneko and Fujimori [3] re- 
ported that no field dependence was observed 
in their results. The sensitivity of their appara- 
tus and the limited field range used made it 
unlikely that a field dependence of the mag- 
nitude noted here would be apparent, as the 
small curvature in Fig. 3 illustrates. 

3. THE LOW TEMPERATURE LENGTH 
RELAXATION 

For temperatures below 1 1 K the length of 
the specimens was observed to relax after a 
change in the magnetic field for both longi- 
tudinal and transverse fields, but only for fields 
in the paraprocess region. An increase in the 
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magnetic field produced a large immediate 
change in the length of the specimen. If the 
magnetic field was then held constant, the 
length of the specimen continued to increase 
with time. This process was reversible in that 
a decrease in the magnetic field was followed 
by a decrease in sample length. No creep in 
sample length was observed after a change of 
temperature in a magnetic field. The creep of 
the specimen in constant field was found to 
be approximately proportional to the logarithm 
of the time elapsed since the field change be- 
gan. It generally took about 30 sec to change 
the magnetic field. At 4-2 K, for the annealed 
sample, the change in the length of the speci- 
men was still varying as the logarithm of the 
time after 80 min. This relaxation prevented 
the gathering of extensive data below 1 1 K. 

The extent and rate of the relaxation pro- 
cess was determined for temperatures between 
11 and 11 K. The longitudinal magnetic field 
was changed between the two values 21-6 
and 24-7 kOe, and the slope of the curve of 


capacitance against the logarithm of the time 
since the field change began was determined. 
Figure 6 shows these slopes plotted against 
temperature. 

At 2-5 K, for instance, for the annealed 
sample, 7-5 per cent of the total change in 
capacitance occurred in 80 min after the field 
has stopped changing, and the time depend- 
ence was still logarithmic after this time. In 
general, the time during which a logarithmic 
time dependence was observed was directly 
related to the slope of the creep vs. log t curve, 
or to the rate at which the creep occurred. 

The creep phenomenon, like the anomaly 
between 40 and 130 K. was present for both 
the cold worked and annealed samples. At 
low (1-2 K) and high (7-1 1 K) temperatures, 
the samples show similar behaviour. However, 
the annealed sample had a strong peak in 
creep rate at about 4 K. A much smaller peak 
occurred for the cold worked sample for which 
there was only slight temperature dependence 
of the creep rate. This difference in creep rates 



(w; and (X) the cold worked samples. 
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can be correlated with the sharpness of the 
anomaly in the temperature dependence of 
h at about 90 K, and this is done in the follow- 
ing paper. , 

4. THERMAL EXPANSION 
Results of the measurements of the thermal 
expansion of the Invar samples are shown in 
Fig. 7 as plots of a vs. T. The thermal expan- 


Meincke[7], White [8] and 2Sakharov and 
Fedotov [9]. The sample used by Meihcke had 
been annealed, and the sample tested by 
Zakharov ahc^ Fedotov had been given a 
stabilizing heat treatment similar to the treat- 
ment given our annealed specimen. In agree- 
ment with the empirical finding thiU cold work ^ 
accentuates the invar anomalies at high tem- 
peratures, the thermal expansion of the un- 



Fig. 7. Temperature variation of the linear thermal expansion coefficient of Invar al- 
loys and the effect of a longitudinal magnetic field < 1 ) // = 0; Annealed Invar. Meincke 
[7] — 0. Annealed Invar. Zakharov and Fedotov[9]; (4) A/ = 21-6 kOe, Ann- 

ealed Invar, present results: (■) H = 0. Annealed Invar, present results; (5) H = 
21-6 kOe cold- worked Invar, present results. 


sion of the annealed Invar at 293 K was (0-07 
±0'1) X the large uncertainty being 

due to possible error in the thermal expansion 
of the copper cell. 

The few results in zero magnetic field are 
not appreciably different from the results taken 
in a field of 21-6 kOe for the annealed sample. 
Thermal expansion measurements between 9 
and 23 K in transverse fields of 16 and 20 kOe 
for the unannealed sample did not differ from 
the results for this sample in a field of 21 "6 
kOe. The results in general follow those of 


annealed specimen was less than that of the 
annealed, or stabilized sample, although both 
are certainly less than the values obtained by 
Meincke on an annealed sample. 

The low temperature region is shown on 
an expanded plot in Fig. 8. Despite the large 
differences above 30 K which are believed to 
reflect differences in composition and heat 
treatment of the specimens, the reported re- 
sults show remarkable similarity below 20 IC. 
As noted, the forced magnetostriction also 
exhibited a similar insensitivity to heat treat- 
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Fig. 8. Low temperature linear thermal expansion coefficient 
of Invar alloys. (1) W = 0, Annealed Invar, Meincke[71; (2) 
H = 0, Annealed Invar, Zakharov and Fcdotov|9]; (3) H = 
0, Annealed Invar, White[8]; (4) •. A/ = 21-6kOe, An- 
nealed Invar, present results. ■. H = 0. Annealed Invar, 
present results. (6) x, // = 2I-6kOe, Coidworked Invar, 
present results. 


ment at low temperatures except for the 
relaxation process. 

5. DISCUSSION 

At present, the theories of metallic ferro- 
magnets are inadequate to account for the 
temperature and field dependence of mag- 
netostriction of ferromagnets. It is possible to 
correlate many of the present observations 
and other properties of the Invar alloys in a 
qualitative model, which takes particular 
account of the steep drop of h below 20 K. and 
the creep phenomena observed below 1 1 K. 
This is done in the following paper. Here, we 


wish only to point out that the results indicate 
an irreversibility of the sample volume with 
respect to the variables P, T, and H, below 
about 20 K, which is consistent with the creep 
and demonstrated by the failure of two of the 
derivative relations, i.e. both d{dVIVdH)l 
dT = {dVlVdT)ldH and the Maxwell rela- 
tion — dMIVdP — dVjVdH are violated where 
M is the magnetic moment of the sample, V 
its volume, T the temperature, P the pressure 
and H the applied magnetic field. 

The failure of the first relation is the most 
striking as the measurements were done on 
the same sample, in the same apparatus, and 



TEMPERATURE AND MAGNETIC FIELD DEPENDENCE 


937 


durisg the same run. We have found that the 
forced linear magnetostriction is isotropic 
within the error of the present results, despite 
the specimen geometry and the existence of 
a macroscopic texture. The forced volume 
magnetostriction dVIVdH is thus given as 3 h. 
The first derivative relation states that daIdH 
— dhIdT. For T < 10 K, where dhIdT is 
large, a change in a of approximately 2X 
10~*deg~‘ would be expected on this basis 
for A// 20 kOe. This is much larger than 

the small changes in a which are observed, 
larger in fact than a itself. Moreover, it is not 
necessary to appeal to the zero field value of 


a to demonstrate die Mlure of this relation, 
since our measurements of a at 16 and 21 -6 
kOe both lie well within die paraprocess re- 
gion and db pot differ within the experimental 
error at 10 K, where the expected difference 
is about 2-2 x 10"^ K~*, or 20 per cent. At 
higher temperatures, the predicted changes 4 
are too small, compared to the experimental 
error, to make any discrepancy detectable. 

We have compared our data on dV/VdH 
with the magnetization vs. pressure data of 
Kondorskii and Sedov [10, 11] on iron-nickel 
alloys of various compositions. At 4-2 K, 
8-6 kOe, the ratio of — dl IdP {I = M IV) for 
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Fig. 9. Plots of the pressure dependence of the magnetization A//4p, 
the forced magnetoresistance coefficient AR/RgAH and (f//o) 
(A/ /A//) for the 36-8 at.% Ni alloy of Kondorskii and Sedov[10] 
all vs. h for the present cold worked sample, showing the good cor- 
relation of the temperature variations of the two latter quantities 
with the temperature variations of h, and the lack of any correlation 
with the former. 
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the 33-5 at.% Ni (34-9 wt.% Ni) sample of 
KcMidorskii and Sedovfll] to dVIVdfi — ^ ft 
for our 33-3 at.% Ni alloy is given by - {BI/ 
dP)l3 h = 1-75. At 77-3 K, 8-6 kOe, the ratio 
- (dIldP)l3 ft is still approximately 1 -2. 

More extensive measurements of the tem- 
perature dependence of dl/BP have been 
made[10] on a 36-8 at.% Ni sample, which 
show that BlldP is effectively independent of 
temperature below 77 K, quite unlike the 
temperature dependence of h (see Fig. 9). 
By itself, the discrepancy might well be attri- 
buted to the differences between our speci- 
mens and those of Kondorskii and Sedov. 
However, values of the pressure dependence 
of the magnetization have been deduced for 
these specimens by an independent method 
[ 1 2] and show good agreement with the former 
work. This fact, together with the existence 
of the completely internal discrepancy dis- 
cussed above leads us to suppose it is real 
and we are thus led to conclude that the speci- 
men volume is not a function of state, and the 
thermodynamic arguments of Graham and 
Cochrane[I] are not applicable to this alloy 
below ~ 20 K. The results indicate the freez- 
ing in of a high temperature state of lower 
volume which is not equilibrated by changes 
in H. (The following paper indicates a plaus- 
ible mechanism.) In this regard it is interesting 
to note the good correlation of the temperature 
dependence of h with that of two other field 
derivatives, those of the electrical resistance 
and the magnetization. These are shown in 
Fig. 9 as plots of the magnetoresistance coeffi- 
cient BRIRodH and the reduced constant 
pressure susceptibility (I Ho) (dlldH)p vs. 
ft’ This data is also for the 36'8 at.% Ni speci- 
men of Kondorskii eind Sedov [10]. The cor- 
relation of h with the magnetoresistance is 
reminiscent of the similar correlation found by 
Hayashi[13] over a considerable range of 


both temperatures, above 77 K, and composi- 
tions from 32 to 100 per cent Ni. The correla- 
tion with the susceptibility was suggested by 
the relation w a P where a is the relative 
volume change occurring when all exchange 
interactions are switched off, which has been 
derived by Belov [14] from an expansion of 
the free energy about the Curie point, but is 
known to hold more generally [15]. The factor 
///a which would be expected from the quad- 
ratic dependence, is from separate data [12]. 
Some part of these correlations would be due 
to geometrical factors which enter in reducing 
resistance to resistivity, or the susceptibility 
to constant-volume susceptibility, but these 
could not account for all of the correlation. 
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Abstract— A model is proposed to account for the metallurgical and physical properties of f.c.c. 
Fe-Ni alloys, including the Invar anomalies around 34at%Ni. Microscopic inhomogeneity due to 
short range atomic ordering on the basis of the FeNi, compound is assumed to be a dominant feature 
of the alloy system. Regions of both f.c.c. Fe and FeNi, are present in alloys in the invar region. The 
electronic state of only the Fe atoms, and hence their volume, magnetic moment, and sensitivity to 
external variables, is further assumed to be a function of the number of Ni nearest neighbours, which 
in turn depends on such variables as cold work. With these assumptions, the properties of the annealed 
alloys above the Curie point are developed, the phase diagram and metastability of the alloys is 
explained and the Invar anomalies below the Curie point are accounted for. Furthermore, the model 
explains the unusual low temperature properties of these alloys as due to exchange coupling between 
ferromagnetic FeNi, regions and antiferromagnetic Fe regions. An extension of the model is made to 
other binary alloy systems that exhibit Invar-type anomalies. 


1, INTRODUCTION 

The f.c.c. iron-nickel alloys in the Invar 
concentration range, ~ 35 at.% Ni, are ano- 
malous in many respects; in particular, the 
fall of the 7" = 0 magnetization with increased 
concentration of Fefl,2]. the departure from 
Vegard’s Law[3] and the associated large 
spontaneous volume magnetostriction [4] and 
low thermal expansion [5] below the Curie 
temperature, may be cited. The preceding 
paper [6] has described measurements of the 
large forced magnetostriction below room 
temperature in invar. There is also an ano- 
malously large paraprocess susceptibility [7,8] 
and large temperature variation of the mag- 
netization [1,7, 8]. 

A feature of these anomalies is their per- 
sistence to quite high Ni concentrations in 
somewhat attenuated form. Deviations in the 
concentration dependence of the lattice 
parameter are evident at ~ 57 at.% Ni[3], and 
in the magnetic moment at ~ 58 at.% Ni[l]. 
The positive volume anomaly [5] that occurs 
below the Curie temperature of the invar 
alloys, although largest at ~ 34 at.% Ni, is 
still quite prominent at 60% Ni and becomes 
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small and negative only above 70% Ni. 
Similarly, a negative term proportional to the 
temperature is still present [9] in the experi- 
mental fit to the thermal expansion near T == 0 
for a 50 at.% Ni alloy. 

Attempts to explain these anomalous prop- 
erties have often involved the assumption of 
a random distribution of Fe and Ni atoms 
[10-17], with some further assumptions about 
differences in the interatomic interactions for 
the different possible pairings [16, 17]. These 
models do not seem able to account for the 
persistence of the anomalies to very high Ni 
concentrations. 

In this paper we propose a new model 
applicable not only to the invar alloys, but to 
the whole Fe-Ni system. The invar anomalies 
then are seen to be a consequence of the 
factors that determine the behaviour of this 
system. 

The existence of microscopic inhomogeneity 
in the alloy is regarded as a premise. Given 
this, the model rests on two main assumptions: 
first (a) that the atomic ordering of Fe-Ni 
alloys is not random, but is characterized by 
extremely marked short range atomic order 
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on the basis of the FeNis compound with the 
f.c.c. LU(CuAua) structure [18], and secondly 
(b) that the number of Ni nearest neighbours 
determines the electronic state of a Fe atom 
while the Ni atoms are not sensitive to the 
local atomic environment. 

These assumptions are expanded on and 
justified in Section 2. The model is developed 
from them in Section 3, and applied to dis- 
tinguish between the behaviour of well an- 
nealed and cold worked alloys. 

The model is applied to the explanation of 
the invar properties in Section 4, with 
particular emphasis on the results of the pre- 
ceding paper. Section 5 generalizes the model 
to other invar-type alloy systems. 

2. assumptions 

In the models of several authors [10- 1 5] 
inhomogeneity has been arbitrarily assumed 
to avoid a singularity in the alloy properties at 
- 30at.% Ni. While the introduction of a fine 
scale inhomogeneity certainly has important 
consequences for such models, it has been 
given no experimental or theoretical justifi- 
cation. The model of Shiga and Nakamura 
[19,20] also assumes a random distribution of 
Fe and Ni atoms[21]. but with a variable 
electronic state for the Fe atoms. This 
random distribution is insufficient to explain 
the properties of Fe-Ni alloys over a wide 
range of compositions and temperatures. 

Neutron scattering data [22-24] and elec- 
trical resistance studies [25, 26] on the Fe-Ni 
system indicate that extensive short range 
atomic order is present over wide composition 
and temperature ranges in supposedly dis- 
ordered alloys. This ordering is based on the 
FeNig compound. This compound is ferro- 
magnetic [18] with a Curie temperature 
between 863 and 980 K, probably closer to 
863 K. There is considerable uncertainty in 
this temperature as the compound disorders 
at a lower temperature, 780 K. The Curie 
temperature of the disordered alloy with 
75 at.% Ni is ~ 873 K. The importance of the 
short range atomic ordering based on the FeNi, 


compound is stressed in this paper. To illus- 
trate this, in Fig. 1 we have plotted the liquidus 
for the Fe-Ni alloy system, the heat of for- 
mation of these alloys, the coefficient of the 
linear term in the low temperature specific 
heat, and the Debye e. Again we wish to 
point out that it is not the peculiar behaviour 
of these alloys around 35 at.% Ni that is 
significant, but the observation that this 
peculiar behaviour begins near 75 at.% Ni. 
This first assumption will allow us to make 
semi-quantitative statements about the local 
environments of particular atoms. 

Collins e/ «/.[22] proposed a structure in 
which the cube corner sites of the f.c.c. cells 
are occupied mainly by Fe atoms and the 
face-centre sites are randomly occupied by the 
remaining Fe atoms and the Ni atoms. The 
structure maximizes the number of Fe-Ni 
nearest neighbour pairs. The present assump- 
tion differs from theirs in stressing the impor- 
tance of the contribution to the stability of the 
system of the FeNi;, .structure as a whole. It 
is probably not possible to decide between 
these models on grounds of their relative 
stability by a fundamental calculation; the 
analogy with the f.c.c. Cu-Mn alloys, which 
are known to evolve by segregation of Mn 
atoms [27], would seem to offer some support 
for the present model. In any case, the main 
practical difference between these models 
lies in the existence of a more well defined 
interface between Fe-rich and Ni-rich regions 
under our assumption. The properties of the 
system are then conveniently discussed in 
terms of the positions of atoms with respect to 
the interface, or transition region, without 
reference to the details of the background 
statistical inhomogeneity which is the impor- 
tant feature of the alternative assumption [22]. 

Our second assumption relates the atomic 
behaviour to particular environments. It 
follows more nearly the idea of Shiga than the 
‘two states of iron’ idea of Weiss [33], in that 
we suppose that the electronic configuration 
of a particular Fe atom, which determines its 
interaction with nearby atoms and hence the 
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nearest neighbour distances and the ordered 
state magnetic moment on the atom, can vary 
between two limits depending primarily on 
local atomic environment, and on external 
, variables such as temperature and magnetic 
field. This assumption has theoretical support 
in the work of Goodenough[34] and Bailyn 
[35]. The main experimental justification for 
this assumption is the observation that the 
lattice parameter of y Fe in its region of 
stability (1183 to 1662 K) linearly extrapol- 
ates to a 300 K lattice parameter of ~ 3-574A 
[36,37], The 300 K lattice parameters [ 1 8] of 
Fe-C, Fe-N, and Fe-Mn alloys against 
concentration extrapolate also to ~ 3-57 A for 
pure Fe. However, Fe atoms enter into solu- 
tion in Fe-Ni. Fe-Pd and Fe-Pt alloys, for 
not too large Fe concentrations, causing a 
change in lattice parameter[38] which extra- 
polates to a 300 K lattice parameter of ~ 3-64 
A in each case. The small parameter state of 
Fe appears to be antiferromagnetic at low 
temperatures with a magnetic moment of 
~ 1 or less [39-42]. The large parameter 
state of Fe contributes a large moment (~ 2-8 
fig) per atom when alloyed with Ni[l], Pd 
[43-46] or Pt[47] at sufficiently high concen- 
trations (7 ~ 10 at.%). An Fe atom with all Fe 
nearest neighbours will then have a low 
‘volume’, (the volume of an atom being 
defined in terms of the nearest neighbour 
distances), and have a .small magnetic moment 
oppositely oriented to the moment on the 
atoms around it at low temperatures. Above 
some minimum effective number of Ni 
neighbours, an Fe atom has essentially its 
maximum moment and volume. Between 
these extremes the moment and volume of the 
Fe atom in question are strongly dependent on 
the number of Ni nearest neighbours, as well 
as on external variables. The increase in 
volume with magnetic moment is a result of a 
change of bonding electrons with no moment, 
into non-bonding electrons with magnetic 
moment [19, 48]. This lower number of bond- 
ing electrons results in a reduction of the 
cohesive force, an increase in nearest neigh- 


bour distances, and an expansion of the whole 
alloy relative to a linear interpolation 
( Vegard’s Law) of the lattice parameters of the 
two components of the alloy, f.c.c. Ni and 
f.c.c. Fe. Thus, this assumption alone explains 
why the presence of Ni nearest neighbours 
produces an increase in volume and a large 
positive departure from Vegard’s Law above 
Tc. Another related effect appears for those Fe 
atoms with insufficient Ni neighbours to have 
the maximum atomic volume at T^. As the 
alloy is cooled below its Curie temperature 
these atoms will increase their moment due to 
a net increase in the magnetization with 
decreasing temperature. The conversion of 
non-magnetic, bonding, 3d electrons to 
magnetic, non-bonding electrons in the polar- 
ization process reduces the bonding of this 
atom to its neighbours, resulting in a large 
positive spontaneous magnetostriction below 
the Curie temperature and a corresponding 
large decrease in the thermal expansion 
coefficient. Furthermore, an applied magnetic 
field, by increasing the magnetization also 
converts Fe atoms to high moment states, 
producing a large high field susceptibility and 
forced volume magnetostriction. The essential 
feature of this paper is the application of these 
ideas to the particular constraints imposed on 
a model in which most of the Ni atoms are 
in the FeNi;, compound. 

3. THE MODEL 

1 . Inhomogeneity and the alloy structure 
We consider first a well annealed alloy. By 
this we mean an alloy annealed at low tem- 
peratures sufficiently to allow the diameters of 
the ordered regions to exceed several lattice 
parameters. These regions are single phase 
ordered domains and are generally of irre- 
gular size and shape. An alloy contains three 
regions of interest due to the existence of 
ordering. These are illustrated in Fig. 2. Type 
I regions consist of FeNi,, of assumed perfect 
order. In this core, each Fe atom has ideally 
12 Ni nearest neighbours and exhibits its 
maximum moment and nearest neighbour 
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DISTANCE ALONG SECTION INDICATED IN UPPER DIAGRAM 

Fig. 2. The three types of regions defined in our model of 
the Fe-Ni alloys. The upper diagram illustrates the 
regions for a low nickel concentration alloy. The lower 
diagram illustrates the variation of the nickel concentra- 
tion in the various regions. 

distance. Type 2 regions form shells around 
the regions of perfect order and are the 
regions of decreasing Ni concentration and 
decreasing order that separate the perfectly 
ordered type 1 regions from regions designated 
type 3 which are the f.c.c. iron excluded from 
regions 1 and 2 due to the existence of FeNig 
order in Fe rich alloys. Type 3 regions contain 
no nickel, but consist of the segregated f.c.c. 
Fe atoms with small nearest neighbour dis- 
tance (~ 1-26 A) and with low moment 
(~ 1 (Xb or less). 

The boundary of a type 1 region is drawn 
along iron atoms with sufficient Ni nearest 
neighbours that they exhibit practically their 
full volume and moment at high temperatures 
(above ~ 900 K). The material in type 2 
regions is that which can exhibit large changes 
in volume or moment in response to changes 
in external variables. Thus an important para- 


meter is the volume of the type 2 regions in an 
alloy. For well annealed alloys, it may be 
assumed that the thickness of type 2 regions 
is approximately constant and in^pendent of 
the size of type 1 regions. 

The general effects of decreasing the nickel 
concentration in an alloy from the 75 at.% Ni 
ordered compound are then as follows. Down 
to 65-70 at.% Ni no change in the alloy proper- 
ties are apparent. The minimum number of Ni 
nearest neighbours has not fallen below the 
defining value for type 1 regions. At concen- 
trations below 65 at.% Ni, added Fe atoms 
can no longer be accommodated in ordered 
FeNig regions, and begin to ^pear as isolated 
type 2 regions, still containing some nickel 
which will influence the state of the Fe atoms. 
As additional iron is added to the alloy, the 
total alloy volume in type 2 regions increases. 
The presence of ordering in the alloy, obtained 
through atomic diffusion, dictates that the 
type 2 regions take the form of thin layers 
tending to surround and isolate the ordered 
type 1 regions. A maximum volume of type 2 
material occurs when the ordered regions are 
just separated from each other by type 2 
material. The composition at which this 
occurs may be estimated by considering the 
type 1 material to be in spheres. The maximum 
surface area of the spheres (and therefore 
maximum type 2 volume for a well annealed 
alloy) will occur .when the spheres come into 
contact. If the spheres are in a cubic array, 
this will be when half the total volume is 
inside the spheres. 

If the material outside the spheres is pure 
Fe and that inside is FeNij, the maximum 
occurs at ~ 37-5 at.% Ni. This figure is in good 
agreement with the Ni concentration of the 
alloy exhibiting the largest invar anomalies 
(—35 at.% Ni) and with the Ni concentration 
of the alloy exhibiting the maximum deviation 
from Vegard’s Law .(— 43 at.% Ni). The 
difference in these concentrations can be 
understood when the finite thickness of the 
type 2 regions is considered. The maximum 
high temperature deviatioa from Vegard’s 
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Law is expected to occur at a higher Ni 
concentration than that corresponding to the 
maximum in the invar anomalies, because the 
former is determined by the amount of type 1 
material only (by the expansion mechanism 
outlined in the previous section), while the 
anomalies are due to the type 2 material. The 
maximum amounts of type 1 and type 2 will 
not occur at the same Ni concentration if 
there is a finite thickness of type 2 material. 

2. Effect of cold working 

For well annealed alloys the thickness of 
the type 2 regions is approximately inde- 
pendent of further annealing, yet the size of 
the ordered type 1 regions increases with 
further annealing by growth of the more 
favourable regions at the expense of others. 
Therefore the type 3 regions will increase in 
size with further annealing, while the volume 
of the type 2 regions decreases. 

In general, since both quenching and cold 
working result in a reduction of the degree of 
order in an alloy, both processes increase the 
amount of type 2 material at the expense of 
material of both types 1 and 3. Remembering 
that the amount of type 2 material is a measure 
of the magnitude of the anomalies, the model’s 
prediction of an increase of this with increase 
in the disordering of the alloy is in agreement 
with experiment [4,49]. These assumptions as 
to the presence of FeNij ordering are suffi- 
cient to explain the effects of rolling on the 
properties of invar single crystals observed by 
Chikazumi et u/.[491, which they could not 
interpret on the basis of FcsNi ordering. 

Stability and the phase diagram 
f.c.c. y iron is unstable below 1 183 K, and 
transforms to the b.c.c. a form. In finely 
divided form, f.c.c. Fe can be maintained 
below this temperature through coherency 
with a suitable Iattice[50,51] although the 
lattice match is rarely perfect, and there is in 
general a coherency strain at the interface. In 
the f.c.c. Fe-Ni alloys, the f.c.c. Fe regions 
are stabilized by coherency with nearby 


ordered type 1 regions. The stability of the 
alloy can be maintained only if a large inter- 
face area is present. As we have just seen, 
annealing reduces this. The Fe regions grow 
until they become unstable, and then trans- 
form to the b.c.c. phase. The alloys are 
metastable up to 65-70 at.% Ni. The time 
required for equilibrium is, however, extremely 
long below 400‘’C as the necessary migration 
of nickel atoms must occur by diffusion, a very 
slow process at low temperatures. 

From our model the low temperature 
equilibrium is between b.c.c. Fe and the 
ordered FeNij compound with some excess of 
Fe. This is in good agreement with the 
experimental phase diagram of Hansen [52] 
(Fig. 3) and with the more recent delineation 
of the phase boundaries of the ordered regions 
of the Fe-Ni system by Kneller[53]. The 
phase diagram of Ananthanarayanan and 
Peavler[54], obtained with very fine particles, 
extends the region of stable ordered fc.c. 
alloy to ~ 57 at,% Ni. At concentrations 
below 65 at.% Ni. this model is in accord with 
the work of Kneller in assuming the lack of 
strong FciNi, ordering in the Fe-Ni system. 



F'g. 3. The phase diagram of the Fe-Ni system [52]. 
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4. EXPLANATION OF INVAR ntOPratTIES 

1. General 

Turning to application of these ideas to the 
observed properties of the invar alloys, suffi- 
cient mention has already been made of those 
properties which depend on the inhomogen- 
eity per se, such as the departure from 
Vegard’s Law. 

A large class of anomalous properties 
depend particularly on the amount of type 2 
material present, since this is the fraction 
whose behaviour is sensitive to external 
influences. It may be stressed again that this 
model explains in a natural way the persis- 
tence of anomalies in properties like the 
paraprocess susceptibility or thermal expan- 
sion to high Ni alloys. The general nature of 
the magnetic ordering with decreasing tem- 
perature according to this model is as follows 
— individual regions of the alloy interact more 
strongly through common type 2 regions or 
type 1 overlaps to form larger regions of 
magnetic order, and eventually a macroscopic 
Curie transition. The Curie transition is thus 
quite broad, with a high temperature tail, 
reflecting the inhomogeneity of the alloy 
[4,55,56]. The continual increase of the 
magnetic moment of the alloy due to both the 
coupling of isolated regions and increased 
induced magnetization in type 2 regions 
results in a curve of magnetization vs. tem- 
perature that falls considerably below a 
Brillouin curve fitted at T = 0 and at Tc- This 
flattened curve is a well known feature of the 
invar alloys [1], The large spontaneous 
magnetostriction and hence the thermal 
expansion anomaly below the Curie point are 
a consequence of the increased induction of 
Fe in type 2 regions due to increased ferro- 
magnetism in the alloy. 

2. Exchange coupling in the 35% Ni invar 

In order to fully explain the results pre- 
sented in the preceding paper [6], and other 
data for invar alloys in the vicinity of 35 at.% 
Ni, where all three types of regions are pre- 


sent: pure f.c.c. Fe, ordered FeNis and the 
type 2 transition region, one ^ditknud 
assumption is necessary: as mentioned, it is 
supposed that’ the type 3 regions are miti- 
ferromagnetic at low temperatures, for in- 
vestigations [57] have shown that f.c.c. Fe is 
antiferromagnetic at low temperatures with a 
Neel point below 100 K. Mossbauer results 
for low Ni concentration alloys[2, 58-61] 
show that a paramagnetic line, which we attri- 
bute to the type 3 regions, is prominent It 
broadens below 90 K[2,58,59], indicating an 
antiferromagnetic transition in type 3 regions 
to a magnetic state with low internal field. 
Extrapolation of the N6el temperature of 
antiferromagnetic Fe-Mn alloys [62-65] to 
pure Fe also indicate that f.c.c. Fe should 
become antiferromagnetic below ~ 80 K. 

According to this model, the invar alloys 
have a very unusual structure below this 
transition. Type 1 and type 2 regions are 
ferromagnetic, type 3 regions are antiferro- 
magnetic, and the two types of magnetic 
regions interact at the boundary between the 
type 2 and type 3 regions. In this temperature 
range both regions vie for control of the type 2 
material and there is a very large area of 
interface between the ferromagnetic and 
antiferromagnetic regions. Kouvel[66] pro- 
posed a mechanism of very strong coupling 
between ferro- and antiferromagnetic regions 
in f.c.c. Mn alloys to explain their magnetic 
properties. These alloys are believed to have a 
similar microstructure to that proposed here 
for the Fe-Ni alloys. This type of strong 
coupling between ferro- and antiferromagnetic 
regions has been observed in other materials 
[67] and is attributed to exchange of magnetic 
electrons between atoms on opposite sides of 
the boundaries of the regions. In an ide^ 
ferromagnet and an ideal antiferromagnet the 
direction of the magnetization at zero field 
relative to the crystal axes is determined by 
the magnetic anisotropy of the material. For 
the antiferromagnet this refers to the sub- 
lattice magnetization. Rotation of antifeiro- 
magnetic moments is comparatively difficult 
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and requires large magnetic fields to achieve 
small rotations. Thus, if there exists ^ 
exchange coupling between ferromagnetic and 
antiferromagnetic atoms at the boundary 
separating them, the antiferromagnetic atoms 
can seriously affect the behaviour of the 
ferromagnetic region. 

We assume that this coupling energy has a 
temperature dependence and magnitude 
relative to the anisotropy energy of the anti- 
ferromagnet as given in Fig. 4. Just below the 


Ts, at which the coupling energy is equal to 
the antiferromagnetic anisotropy energy, is 
approached, ferromagnetic Md antiferro- 
magnetic regions become more tightly coupled. 
The antiferromagnetism of the type 3 regions 
increasingly restricts the induction of ferro- 
magnetism in adjoining type 2 regions. The 
forced magnetostriction thus decreases in this 
region, and the rigidity of the lattice increases 
as less material can transform between the 
low volume and the high volume states. 



Fig. 4. The relation assumed between the anisotropy energy of the antiferro- 
magnetic regions and the exchange energy coupling these regions to neigh- 
bouring ferromagnetic regions. 


N6el temperature, the anisotropy energy of 
the antiferromagnet is small and the ability of 
the ferromagnetic regions to respond to a 
magnetic field is only slightly reduced by the 
constraint of the exchange coupling to the 
antiferromagnetic regions. However, losses 
can be expected in this region as the anti- 
ferromagnetic moments are rotated against 
their anisotropy energy. A peak in the ultra- 
sonic attenuation has been reported for invar 
alloys below 1 00 K by both Meincke and Litva 
[68] and by Fletcherf69J. As the temperature 


Experimentally an increased rigidity of the 
material— a decrease in the magnetoelastic 
coupling— is observed below — 20 K, The 
forced magnetostriction decreases by ~ 30 
per cent below this temperature [6], the mag- 
netic susceptibility exhibits a corresponding 
decrease[70]. the velocity of sound rises[68], 
and the compressibility correspondingly falls 
below ~ 40 K. 

According to our model, cold worked and 
annealed alloys are distinguished by the 
amount of type 2 material present. As we have 
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seen, increased coupling of the antiferro- 
magnetic regions to the lattice reduces the 
ability of type 2 regions to respond to changes 
in temperature or magnetic field. For very 
strong coupling, i.e. below T^, cold worked 
and annealed tdloys can be expected to behave 
identically, as has been observed experimen- 
tally [6]. Despite large differences in the ther- 
mal expansion coefficient above 20 K for 
entirely different samples from different 
manufacturers and of different purity, there is 
remarkably little difference between the 
values for these samples below 20 K. Similarly 
the forced magnetostriction of annealed and 
cold worked samples, from the same rod, 
begin to converge to a common value at 20 K. 

The response of such exchange coupled 
magnetic systems to a rapid change in external 
conditions is generally logarithmic in time. For 
example, experiments on exchange coupled 
Co-CoO and Ni-NiO films by Schlenker[71] 
have shown this time dependence of the 
response of the magnetization to a change in 
magnetic field. A logarithmic time dependence 
of the rotational torque at high magnetic fields 
was found in Fees (Ni,-xMnj.) 3 .'s alloys ex- 
hibiting exchange coupling by Nakamura and 
Miyata[21]. It is expected in view of the 
observation of rotational torque hysteresis in 
29-32 at.% Ni invar alloys by Nakamura, 
Takeda and Shiga[59], which correlated with 
the widening of the paramagnetic Mossbauer 
line in these alloys at low temperatures, that 
exchange coupling time effects would be found 
in the higher Ni invar alloys. The observation 
of a logarithmic time dependence of the 
volume of a 33 at.% invar alloy following a 
change in the magnetic field (above saturation 
only) seems to confirm its presence. The 
temperature dependence of this length re- 
laxation is similar to the temperature depen- 
dence of the torque relaxation reported for the 
FegsfNij.^Mnxlss alloys[2I]. This tempera- 
ture dependence follows from Fig. 3, where 
relaxation can only occur by thermal excita- 
tion for temperatures within kT of Te (the 
hatched regions) but with some broadening in 


a real alloy due to the variable conditioais 
affecting different regions in the alloy.. For a 
change in magnetic field, the response tff the 
alloy, principj^ly occurring at the boundary 
between type '2 and type 3 regions and 
involving a change in the state of Fe atoms, 
relakes through a volume creep because of the 
strong magnetoelastic coupling. The slope of 
the logarithmic creep curve and the extent (ff 
the relaxation depend on the existence of a 
well defined boundary between type 2 and 
type 3 regions, which is favoured by annealing. 
The temperature dependence of the rate of the 
logarithmic creep thus reflects the shape of the 
anomaly at 90 K[6]. 

The decrease in magnetoelastic coupling 
observed below 20 K is a common feature of a 
wide range of alloys, (up to 45% Ni). In the 
alloy Fe 65 (Ni,o. 7 Mno. 3 ) 3 s there is a sharp drop 
in the magnetic moment of the alloy below 
20K[19]. The magnetization results of 
Cochrane and Graham [18] also show an 
unexpected fall of the moment from the high 
temperature extrapolated values below 20 K 
(1 in 10^). This similarity of the temperature 
dependence of the magnetoelastic coupling, 
despite a wide range of magnitude and alloy 
compositions can be accounted for quite 
readily by our model where the temperature 
dependence of the coupling exhibits different 
behaviour above and below a temperature 
determined only by the antiferromagnetic 
anisotropy energy of the pure Fe type 3 
regions, which we assume occur in all of these 
alloys, and the exchange coupling between 
type 3 and type 2 regions, which does not 
vary greatly with alloy composition. 

CONCLUSIONS 

In summary, we have proposed a model for 
the Fe-Ni alloy system, which stresses the 
atomic inhomogeneity. By assuming that this 
inhomogeneity is due to short range atomic 
order based on the FeNis compound, fmd that 
the state of an Fe atom depends on the number 
of Ni nearest neighbours, the model is made 
sufficiently simple that it can be used to make 
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predictions of a wide vetfiety of physic^ 
properties that turn out to be reasonably in 
accord with experiment. 

It is possible to generalize this model to 
other systems under the following conditions 
for the appearance of invar properties. 

(1) The alloy system must exhibit consider- 
able short range atomic ordering based on a 
magnetic compound in a paramagnetic or 
diamagnetic matrix. The compound involved 
in the invar properties will be the most stable 
compound in an alloy system. 

(2) The magnetic compound and matrix 
must have the same or a similar crystal 
structure, similar, though not equal, lattice 
parameters and some degree of coherence 
across the compound-matrix interfaces. 

The invar anomalies will be most intense at 
a composition approximately half-way be- 
tween the composition of the matrix and the 
stoichiometric composition of the compound 
responsible for the short range order. 

There are two other binary alloy systems 
that exhibit invar anomalies: Fe-Pd and 
Fe-Pt. They differ from the Fe-Ni system in 
easily forming stable ordered I ; 1 ferromag- 
netic compounds FePd[72] and FePt[73]. 
The invar anomalies are found in the iron-rich 
disordered alloys of these systems, are most 
intense in the region 25-27 at.% Pd or Pt 
[74-78] and are destroyed by the FcjPt order- 
ing in the Fe-Pt system[79,80]. Also, the 
concentration dependence of the invar 
anomalies is sharper for the Fe-Pd and Fe-Pt 
systems, and the anomalies are stronger 
[5,74-80]. 

Partial satisfaction of the above conditions 
in other alloy systems may result in the 
appearance of weak invar-like anomalies. We 
have tried to show that the effects of inhomo- 
geneous structure of the alloy must be con- 
sidered as an essential part of the analysis of 
data on such systems. These effects may even 
dominate the behaviour of the material. 
Although present knowledge of the con- 
sequences of these structural features is 
Ufnited, a re-eXamination of existing data on 


invar and related alloys should provide 
further correlation of the physical and 
metallurgical properties of these alloy systems. 
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COMPRESSIBILITY OF 27 HALIDES TO 45 KBAR 
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Abstract — New compressibility data on 27 halides are reported. Compressibilities were determined by 
observations of piston displacement in the static high pressure apparatus to 45 kbar. We report 
measurements on a number of halides for the first time. Our results are in fair agreement with prior 
measurements by Bridgman on some of the halides where our data overlap. Our agreement with 
reductions of shock data is in many cases extremely poor because the reductions of the shock data 
did not take into account the phase transitions found in the halides. 


1. INTRODUCTION 

Various static and dynamic methods have 
been used in the past for measurement of the 
compressibility of metal halides. These experi- 
mental investigations have been principally 
motivated by the theories of cohesion of solids 
in which the alkali halides have served as 
typical examples of ionic crystals. Theoretical 
interest in the transition of the BI, NaCl, 
structure to the B2. CsCl, structure in the 
alkali halides has also given impetus to 
several detailed high pressure investigations. 

Compressibility measurements of various 
metal halides using a piston displacement 
method were first made by Slater [1] to 
12 kbar. Bridgman extended the measure- 
ments to 45 kbar [2] and later to 100 kbar 
using a double staging piezometer [3] . Kennedy 
and La Mori [4] reported transition pressures 
in KCl, KBr, and KI from measurements in 
a rotating piston apparatus. Pistorius and 
SnymantS] and Pistorius [6, 7] have deter- 
mined the polymorphic transition pressures 
in the halides of Li, Na, K and Rb to 200°C 
using an externally heated piston-cylinder 
apparatus. The temperature dependence of 
the transition pressure and the volume change 
of the transition in potassium and rubidium 
halides have also been reported by Darnell 
and McCollum [8] using an internally heated 
piston-cylinder apparatus. Their experiments 


ranged from 25®C to temperatures near the 
melting point of the halides. 

Opposed X-ray anvils have also been used 
in the study of the compressibility and the 
crystal structures of the low and high pressure 
polymorphs of the metal halides. Drickamer 
et al.[9] measured the compressibility of 
NaCl, KCl, CsCl, Nal, LiF and NaF to about 
300 kbar using supported tungsten carbide 
anvils. Schock and Jamieson [10] have 
reported structures of the pressure induced 
phase transformations in the silver halides 
by X-ray studies of samples between opposed 
anvils. Jamieson [1 1] also reported studies on 
the Bl to B2 transition in 60% NaCl-40% 
KCl mixed crystals. Opposed diamond anvils 
with X-rays have been used in the study of 
the high pressure polymorphs of Agl[12] and 
in the measurement of the volume change 
associated with the transitions in potassium 
and rubidium halides[13, 14]. Basset et al. 
[15] have also studied the B1-B2 transitions 
in NaCl in the neighborhood of 300 kbar by 
similar methods. 

In the last decade a number of measure- 
ments of the second order elastic consOmts, 
Co, their pressure derivatives, dCaldp, and, 
in some cases, the third order elastic constants, 
Cojt> of metal halide crystals have been deter- 
mined using ultrasonic measuring techniques. 
Ultrasonic measurements have yielded valu- 
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able information on the elastic properties of 
both low and high pressure polymorphs and 
on elastic properties in the vicinity of phase 
transitions. Methods of estimating isothermal 
bulk modulus, Bt, and its pressure derivative 
B'j. from the measured values of C^, dCuIdP 
and Co* are well known [16-18]. 

The second order elastic constants and their 
pressure derivatives have been determined 
from ultrasonic techniques on single crystals 
of lithium fluoride and sodium fluoride [19], 
sodium chloride and potassium chloride 
[20,21], sodium bromide and potassium 
fluoride [22], potassium iodide [23], cesium 
chloride, cesium bromide and cesium iodide 
[24. 25]. The isothermal bulk modulus and its 
pressure derivatives have been estimated from 
ultrasonic work on polycrystalline samples 
of silver chloride [26] , rubidium iodide and 
rubidium chloride [27, 28]. 

Useful measurements on the elastic proper- 
ties of ammonium chloride and ammonium 
bromide which have elucidated the nature of 
phase transitions in these halides have been 
reported by Garland and coworkers [29-31]. 
Anderson [17] and Barsch and Chang [3 2] 
have evaluated and B'^ for some halides 
from the measured ultrasonic values. Third 
order elastic constants of sodium chloride, 
potassium chloride and lithium fluoride have 
been measured by Chang[33], Stanford and 
Zener [34] and Drabble [3 5] respectively. 
Chang and Barsch [36] observed a non-linear 
pressure depyendence of the elastic constants 
of cesium halides and have estimated the 
values of higher order elastic constants from 
these measurements. 

Unfortunately, measurements of compres- 
sion at very high pressures by X-ray lack 
precision whereas the ultrasonic measure- 
ments to date have been limited to the low 
pressure range. For several metals, VlV^ 
from Bridgman’s static measurements, the 
shock dynamic studies, and the ultrasonic 
ehistic constant determinations are not in 
a satisfactory agreement. A piston displace- 
ment method for V/Vq measurements to 45 


kbar has been developed and data reported 
on several metals[37]. In this paper we give 
F/Ko values for some metal halides and inter- 
compare our results with data from shock and 
ultrasonic measurements. 

2. EXPERIMENTAL METHOD 

The details of our apparatus and the methods 
used in the F/F# measurements have been 
previously described [3 7]. Cylindrical samples 
of metal halides were pressed out in a pill press 
from powdered material. Cylinders of 0-485" 
dia. and 0-50" long were wrapped in an indium 
sheath of approximately 0-007" thickness. The 
indium sheath aided in obtaining a hydrostatic 
pressure distribution around the sample and, 
in addition, reduced friction between the 
sample and the wall of the carbide vessel. All 
measurements were made differentially with 
respect to gold. The F/Fo values of gold were 
calculated from ultrasonic measurements [38]. 
The density of the metal halides was taken 
from the published X-ray lattice parameters 
[39]. The double value of friction encountered 
in these measurements was generally small 
and was substantially less than that previously 
encountered in measurement of several of the 
more incompressible metals. In general, the 
double value of friction ranged from a low 
value of 2-6 kbar encountered for Agl up to 
7-2 kbar encountered in the work on RbF. 

Measurements were made on at least two 
samples of each of the halides. Raw experi- 
mental values were averaged by a polynomial 
regression fit of the type 

^^^^^=aP+bP^ + cF^ + ( 1 ) 

A simple quadratic fit adequately represen- 
ted most of the data (Table 3), however, a 
Mumaghan equation of the form 



and the modified Mumaghan equation [ 40 ] of 



COMPRESSIBILITY OF 27 HALIDES TO 45 KBAR 


953 


the form 

2Bt±{VWEM^±.§M. 

2Bt ~ ( Vflr* - IBrB’i- fli ) P 

f 

= (3) 

were employed in the estimation of the iso- 
thermal bulk modulus, Br, and its pressure 
derivatives B't and Br. 

A number of polymorphic transitions were 
encountered in these studies. Unfortunately 
many of these proceeded slowly and the value 
of the transition was taken as a mean of the 
transition pressure on both compression and 
decompression strokes. 

Most of the halides used in the present work 
were obtained from Research Inorganic and 
Organic Chemical Co., Sun Valley, Cali- 
fornia. State, purity, form of materials, our 
values of compressibility along with those of 
other determinations are given in Table 1. 
The values for the transitions encountered 
are summarized in Table 2. 

In Table 2 we also show the ‘region of in- 
difference’ over which the transition runs. The 
‘region of indifference’ was determined by 
observation of the apparent pressure over 
which a transition ran on a compression cycle 
and on a decompression cycle. Appropriate 
corrections were made for friction in deter- 
mining this region of indifference and the 
region indicates the sluggishness of the transi- 
tion under the conditions of our experiment. 
Obviously our values in this Table are some- 
what rough and are somewhat approximate. 
The region of indifference is both rate sensi- 
tive and temperature sensitive. No special 
effort was made to keep these numbers con- 
stant from run to run. We note that for some 
substances the region of indifference was 
zero. We suggest that these substances be 
candidates for high pressure calibration points. 

3. RESULTS 

Lithium halides 

The compressibility of LiCl, LiBr, and 


Lil are reported here for the first time. 
Bridgman’s measurements on LiF to 30 
kbar[43] are shown and have been extended 
to 45 kbar. In ^neral our results and the 
results obtained by reduction of die shock 
wave data are in good agreement Hie only 
outstanding deviation is that between our 
results for Lil and the shock wave results 
where we obtained compressions about 30 
per cent greater than indicated by the shock 
results. Our value of VIVo at 45 kbar for 
Lil is 0-8373 whereas the value from reduction 
of the shock data is 0-888. 

No polymorphic transitions were observed 
in any of the four lithium halides for the pres- 
sure interval investigated. This is in agreement 
with the results of Pistorius and Snynian[5] 
and Pistorius [6, 7]. 

Sodium halides 

Pistorius and Snyman[5] have examined 
the behavior of NaF at high pressure. They 
report an anomalous compressibility curve 
in which the compressibility apparently 
increases with increasing pressure and also 
suggest the presence of a transition that 
extends from approximately 16-8 kbar at room 
temperature to 18-3 kbar at 157-5'’. We 
did not find any evidence of the anomalous 
compressibility reported by Pistorius and 
Snyman but do detect a change in curvature 
of the compressibility curve at approximately 
20 kbar which lends support to their observa- 
tion. Unfortunately, our results on four experi- 
mental setups showed substantial scatter and 
the values we present are extremely tentative. 
Our value at 45 kbar. VtV^ = 0-9174, is in 
fair agreement with the value reported from 
shock studies. The accordance between our 
static work and the shock results suggest 
that the volume change of any transition which 
might be present is small. 

NaCl is one of the most widely studied of 
the alkali halides. Our results are in remark- 
ably close agreement with both Bridgman’s 
and with the reduced shock wave measure- 
ments. Relative volumes at 45 kbar from 
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Table 1. Comparison ofVIVo values from the present work with those of Bridgman and Keeler 


LiF 

p p = 2-638 g/cc 

(kbar) This work Bridgman 


LiCl 

p = 2-074 g/cc 
This work Bridgman 


This work 


LiBr 

= 3-464 g/cc 
Bridgman 




Lil 


NaF 



NaCI 



p = 4-115 g/cc 


p = 2-802 g/cc 


P = 

2- 164 g/cc 


5 

0-9728 

0-985 

0-9899 


0-9798 

0-980 


10 

0-9487 

0 971 

0-9803 

0-980 

0-9616 

0-962 

0-963 

15 

0-9273 

0-958 

0-9711 

0-970 

0-9452 

0-947 

0-946 

20 

0-9083 

0-945 

0-9623 

0-961 

0-9306 

0-932 

0-932 

25 

0-8913 

0-933 

0-9540 

0-953 

0-9172 

0-919 

0-918 

30 

0-8760 

0-921 

0-9462 

0-944 

0-9050 

0-907 

0-905 

35 

0 8620 

0910 

0-9388 

0-936 

0-893o 

0-895 

0-894 

40 

0-8492 

0-899 

0-9319 

0-929 

0-8828 

0-884 

0-883 

45 

0-8371 

0-888 

0-9254 

0-921 

0-8724 

0-874 

0-873 


RIOC, 99-5% an. 


RIOC, 99-999% 


RIOC 99-999% 




fused solid. 


single crystals. 


single crystals. 




NaBr 


Nal 



KF 



p = 3-200 g/cc 


p = 3 -670 g/cc 


P = ■ 

2-524 g/cc 



5 

0-9768 

0-978 

10 

0-9561 

0-953 

15 

0-9374 

0-937 

20 

0-9206 

0-919 

25 

0-9053 

0-904 

30 

0-8913 

0-890 

35 

0-8784 

0-877 

40 

0-8663 

0-866 

45 

08547 

0-855 


RIOC, 99-999% 


an. polycryst. 
powder 

KCI 


p = 1 -9865 g/cc 

5 

0-9740 

0-974 

10 

0-9509 

0-951 

15 

0-9307 

0-932 

20 

0-8014"' 

0-801"" 

25 

0-7887 

0-787 

X 

0-7770 

0-775 

35 

0-7664 

0-764 

40 

07568 

0-754 

45 

0-7^ 

0-745 

RIOC, 99-999% 



an. polycrystalline. 



0-9690 

0-970 

0-958 

0-9422 

0-944 

0-9,39 

0-9I9I 

0-922 

0-923 

0-8990 

0-902 

0-907 

0-8812 

0-883 

0-893 

0-8652 

0-866 

0-880 

0 8506 

0-851 

0-868 

0-8364 

0-837 

0-856 

0-8222 

0-825 


RIOC, 99-999% 

single 

crystals 

KBr 


P = 

2-7533 g/cc 


0-9712 

0-970 


0-9450 

0-944 


0-9215 

0-923 


0-8023*'' 

0-800*" 


0-7867 

0-785 


0-7727 

0-770 


0-7602 

0-757 


0-7493 

0-745 


0-7399 

0-734 


R IOC, 99-999% 
an. polycrystalline. 


0-976 0-9710 

0-955 0-9460 0-936 

0936 0-9249 0-910 

0-918 0-8374'“' ' O-SSS"” 

0-902 0-8229 0-869 

0-887 0-8105 0-852 

0-873 0-7995 0-837 

0-860 0-7893 0-823 

0-848 0-7794 0-811 


RIOC, 99-99% 

single 

crystals 

Kl 

p = 3- 1257 g/cc 


0-%34 0-%5 0-954 

0-9324 0-935 0-916 

0-9071 0-907 0-886 

0-8000*“' O-SOZ"" 0-859"" 

0-7836 0-785 0-837 

0-7686 0-770 0-816 

0-7551 0-756 0 798 

0-7431 0-743 0-782 

0-7325 0-730 0-767 


polycryst. powder. 
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Table 1. (cont.) 


p p = 

(kbar) This work 

RbF 

3-8665 g/cc 
Bridgman 

Shock 

RbCl 

p = 2-818 g/cc 
This work Bridgman 

Shock ^ 

RbBr 

p- 3-359 g/cc 
This work Bridgman 

Shock 

5 

0-976 



0-9709 

0-830"* 

0-886"” 

0-8267'”' 

0-830"*' 

0-94^'” 

10 

0-9393'" 


0-944''” 

O-OOdd"” 

0-811 

0-849 

0-8067 

0-811 

0-903 

15 

0-9196 


0-921 

0-7900 

0-795 

0-820 

0-7883 

0-794 

0*870 

20 

0-9016 


0-901 

0-7755 

0-780 

0-796 

0-7714 

0-777 

0-842 

25 

0-8851 


0-883 

0-7628 

0-765 

0-775 

0-7561 

0-762 

0-618 

30 

0-8702 


0-867 

0-7515 

0-752 

0-757 

0-7424 

0-748 

0-797 

35 

0-835"* 


0-852 

0-7411 

0-740 

0-741 

0-7303 

0-735 

0-779 

40 

0-820 


0-838 

0-7312 

0-728 

0-727 

0-7198 

0-722 

0-762 

45 

0-8095 


0-826 

0-7215 

0-717 

0-713 

0-7108 

0-711 

0-748 


RIOC, 99-99% 



ROIC, 99-99% 



ROIC, 99-9% 




polycryst. 



an. white 



an. white 







powder 



powder 





Rbl 



CsCl 



CsBr 



P = 

3-564 g/cc 


P = 

3-988 g/cc 


P = 

' 4-456 g/cc 


5 

0-8332'“' 

0-832"” 

0-954"” 

0-9736 

0-975 


0-9695 

0-972 

0-979 

10 

0-8081 

0-807 

0-917 

0-9504 

0-952 

0-952 

0-9432 

0-947 

0-959 

15 

0-7866 

0-783 

0-886 

0-9302 

0-930 

0-932 

0-9207 

0-924 

0-941 

20 

0-7682 

0-762 

0-860 

0-9124 

0-913 

0-914 

0-9012 

0-904 

0-925 

25 

0-7523 

0-743 

0-838 

0-8967 

0-895 

0-898 

0-8844 

0-885 

0-910 

30 

0-7385 

0-725 

0-817 

0-8826 

0-880 

0-884 

0-8696 

0-868 

0-896 

35 

0-7261 

0-710 

0-799 

0-8698 

0-867 

0-870 

0-8563 

0-851 

0-883 

40 

0-7147 

0-695 

0-783 

0-8579 

0-855 

0-858 

0-8440 

0-837 

0-871 

45 

0-7036 

0-683 

0-768 

0-8463 

0-844 

0-846 

0-8319 

0823 

0-859 


RIOC.99-9% 



RIOC, 99-5% 



RIOC, 99 9% 




an. white 



an. polycryst. 



an. polycryst. 




powder 






powder 





Csl 



AgF 



AgCl 



P = 

4-525 g/cc 


P = 

7-0743 g/cc 


P- 

= 5-57 g/cc 


5 

0-9639 

0 964 

0-966 

0-9886 



0-9888 

0-990 


10 

0-9334 

0-934 

0-937 

0-9792 



0-9782 

0-979 


15 

0-9078 

0-907 

0-913 

0-9718 



0-9682 

0-970 


20 

0-8860 

0-884 

0-892 

0-9497"” 



0-9588 

0-%l 


25 

0-8674 

0-865 

0-873 

0-8812'" 



0-9500 

■0-953 


30 

0-8509 

0-848 

0-855 

0-8686 



0-9417 

0-945 


35 

0-8357 

0-832 

0-840 

0-8583 



0-9341 

0-937 


40 

0-8210 

0-816 

0-826 

0-8501 



0-9271 

0-930 


45 

0-8059 

0-802 

0-813 

0-8441 



0-9206 

0-923 



RIOC.99-9% 



RIOC, 98%, an. 


RIOC, 99-9% 




an. polycryst. 



yellowish-green 


Baker 99 -2% 




powder 



material 








AgBr 



Agl 



CuBr 



P = 

6-48 g/cc 


P = 

5-683 g/cc 


P = 

5-170 g/cc 


5 

0-9879 

0-989 


0-8222'“' 

0-820"' 


0-9860 

0-986 


10 

0-9764 

0-978 


0-8103 

0-810 


0-9730 

0-975 


15 

0-9656 

0-968 


0-7998 

0-800 


0-9609 



20 

0-9554 

0-959 


0-7903 

0-790 


0-9496 



25 

0-9460 

0-950 


0-7818 

0-779 


0-9389 



30 

0-9372 

0-941 


0-7739 

0-770 


0-9286 



35 

0-9290 

0-932 


0-7666 

0-761 


0-9186 



40 

0-9216 

0-923 


0-7596 

0-752 


0-9086 



45 

0-9148 

0-915 


0-7526 

0-743 


0-8985 




RIOC, 99-9% 



RIOC.99-9% 



RIOC, 99-8% 




powder 



aa powder 



an. powder 
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Table ].(cont.) 


Ammonium chloride 
p 1-527 g/cc 

(kbar) This work Bridgman 


Ammonium bromide 
p p = 2-431 glee P 

(kbar) This work Bridgman (kbar) 


Ammonium iodide 
p = 2-514 g/cc 
This work Bridgman 


0-8275“'’ 


0-832’'’’ 


5 

0-9728 

0-973 

10 

0-9501 

0-952 

15 

0-9311 

0-933 

20 

0-9152 

0-917 

25 

0-9018 

0-901 

30 

0-8898 

0-888 

35 

0-8788 

0-875 

40 

0-8679 

0-864 

45 

0-8564 

0-853 


Aldrich, ultrapure 
analyzed impurities 
25 ppm. polycryst. 
Baker reagent grade, 
polycryst. powder. 


5 

0-9714 

0-973 

10 

0-9471 

0-950 

15 

0-9265 

0-929 

20 

0-9089 

0-910 

25 

0-8934 

0-893 

30 

0-8793 

0-878 

35 

0-8660 

0-863 

40 

0-8526 

0-850 

45 

0-8384 

0-838 


Baker reagent 



grade. 



polycryst. 



powder. 



10 

0-8046 

0-807 

15 

0-7848 

0-781 

20 

0-7677 

0-767 

25 

0-7527 

0-754 

30 

0-7395 

0-740 

35 

0-7276 

0-728 

40 

0-7165 

0-716 

45 

0-7058 

0-705 


Aldrich ultrapure 
Analyzed impurities 
25 ppm, polycryst. 
Baker reagent, grade 
polycryst. powder. 


’Supplier, stated purity and physical form of the material used in the present experiments. 
Abbreviations: an: anhydrous, cryst.: crystalline, polycryst.: polycrystalline. 

from the two measurements 17-3 ± 1 -5 and 17-4 ±3-5 kbar with VIVo values 0-9164 and 0-8468. 
“’’Shock calculation does not take into account the volume change of transition. 

r from the two measurements 19-3 ±4-0 and 19-3 ±3-75 kbar with V/Vo values 0-9156 and 0-8034. 
19-65 kbar with k'/k'o values 0-915 and 0-803. 

from the two measurements 17-0 ±3-0 and 17-2 ±3-3 kbar with k'/f'o values 0-91 1 and 0-808. 

18-05 kbar with (k'/k'o) values 0-912 and 0-807. 

18-0 kbar with (yiVo) values 0-896 and 0-8115. 

17-85 kbar with (k'/l^o) values 0-895 and 0-810. 

“'A sluggish transition at P„9-4kbar (k'/Ko) values in one experiment were 0-955 and 0-942 and 
in the other experiment 0-%0 and 0-952. 

’”f’,r3l-3 kbar with (K/k'o) values 0-875 and 0-847. 

“‘’/’,r5'2 kbar with (T/k'o) values 0-9695 and 0-8240. 

'”/’,r4-9 kbar with ( k'/k'o) values 0-970 and 0-830. 

4-5 kbar with (VIVo) values 0-968 and 0-832. 
r 4-5 kbar with (VIVo) values 0-967 and 0-834. 

I”'/’, r 3-35 kbar with (VIVo) values 0-970 and 0-842. 
r 4-0 kbar with (VIVo) values 0-965 and 0-839. 

17-85 kbar with ( VIVo) values 0-967 and 0-953. 

“’Pfr 24-85 kbar with ( VIVo) values 0-943 andO-882. 

‘’’P,r3-15kbarwith (VIVo) values 0-988 and 0-826. 

“’P,r 2-9 kbar with (VIVo) values 0-989 and 0-826. 

““P,, 0-5 kbar with (VIVo) values 0-995 and 0-856. 

‘”P,r0-5 kbar with (k'/k'o) values 0-997 and 0-856. 


these three determinations are 0-8724, 0-874 
and 0-873. In addition we do not find the phase 
transition in NaCI reported by Pistorius[6]; 
we confirm the results of later investigations 
[45, 46J. 

Our results, Bridgman’s results and the 
shock results on NaBr are in markedly close 
agreement. Our results on Nal are in agree- 
ment with those of Bridgman but, as in the., 
case of Lil, we are in substantial disagree- 


ment with the shock wave results, which 
report a much greater stiffness than we find 
for this material. We found no phase changes 
up to 45 kbar in any of the sodium halides. 

Potassium halides 

Wier and Piermarini[131 report from X-ray 
studies a NaCI structure to CsCI structure 
transition in KF at about 35 kbar. Pistorius 
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and Snyman[5] place the transition in KF at 
14-6 ± 1-3 kbar, but Darnell and McCollum[8] 
failed to observe this transition. We made 
two measurements on KF and found transi- 
tions at 17-3 kbar with AF/Ko of 0-069 on 
one measurement and a transition at 17-4 
kbar with a AF/Vo of 0-073 on the other 
measurement. Calculations from shock data 
are reported in Table 1. but they cannot be 
directly compared with our static measure- 
ments as they do not take into consideration 
phase transitions. 

We find a transition in KCI at 19-3 kbar. 
This value is close to previously reported 
values. Bridgman reports 19-65 kbar, Pistorius 
reports 19-22 [6], Darnell and McCollum report 
19-55 and Kennedy and La Mori have pre- 
viously reported 19-28±0-21. AF/Fq values 
of the transitions from the present work 
and from Bridgman's, Darnell and McCollum, 
Bassett et ai, measurements are in good 
agreement. Wier and Piermarini [ 1 3J report 
values that appear to be too large. Our 
compressibility measurements are in close 
agreement with Bridgman’s. 

Two different measurements on KBr yield 
transitions at 17-7 and 17-2 kbar respectively. 
These compare well with Bridgman’s value 
of 18-05, Pistorius’ values of 17-61, Darnell 
and McCollum value of 17-99 and with 
Kennedy and La Mori’s value of 17-88 
0-06. The AF/Ffl of the transition; 0-103 and 
0-1023, agree with results from Bridgman and 
from Bassett et al., whereas Wier and Pier- 
marini’s value, 0-193, appears too high. Bridg- 
man’s compressibility values for KBr are 
very slightly greater than ours. 

Our results on KI are concordant with 
those of other investigators in that they show 
a transition circa 17-75 kbar. Reported values 
of AF/Fo for this transition are all in good 
agreement with the exception of the results by 
Wier and Piermarini who report AF/F® of the 
transition approximately two and a half times 
greater than found by other investigators. 
Bridgman’s and our measurements of the 
compressibility of KI are essentially identical. 


whereas here again as in the case of the other 
iodides the shock wave data is in marked 
disagreement and shows a much lower 
compressibility. 

Rubidium halides 

A number of phase transitions have been 
reported by different investigators in rubidium 
fluoride. However, there has been no agree- 
ment as to the pressure or A F of these transi- 
tions. For instance. Wier and Piermarini 
report a transition at approximately 1 2 kbar, 
Darnell and McCollum report one at 34-47 
kbar. Knof and Maish[4] reported transitions 
at 33 kbar and Pistorius and Snyman[5] find 
a transition at 6-2 kbar. Our two experiments 
with RbF show the presence of two transi- 
tions. one at 9-4 kbar and the other at 31-25 
kbar. The transitions are somewhat sluggish 
and the AF/Fo of the transition could not be 
measured with precision. The shock calcula- 
tions of AF/Fo for RbF do not take into 
account these transitions and thus are not to 
be relied upon. 

Low pressure transitions occur in RbCl, 
RbBr and Rbl. Our results as well as those 
from the work by Bridgman, Darnell and 
McCollum and Wier and Piermarini agree to 
almost within the limits of experimental error. 
Compressibilities we report are essentially 
the same as those reported by Bridgman. 
Again the results from reduction shock data 
cannot be relied upon as they do not take into 
account the presence of transitions. 

Cesium halides 

Our results on the compressibility of cesium 
chloride are in close harmony with the results 
from Bridgman and from reduction of the 
shock data. Al 45 kbar these numbers for 
F/Fo are respectively 0-8464, 0-844 and 0-846. 
We do not find such good agreement in the 
of CsBr. Our results and Bridgman’s are 
in fair agreement but the shock data report 
much smaller compressions. Bridgman and 
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Table 3 . Coefficients in the equation ^VtVQ = Oo + aP + bF^ + cP^, with P 
in units ofkbar. ao = 0 unless otherwise indicated 


Halide 

Source 

do 

-aX 10* 

hxlO* 

-cX 10* 

Range (kbar) o-xlO* 

LiF 

This work 


15-491 

6-5364 


' 0-45 

0-40 


Bridgman 


15-577 

8-571 


0-30 

0-38 


Keeler 


15-460 

4-811 

’ 

0-45 

0-22 

LiCJ 

This work 


30-342 

13-705 


0-45 

0-31 


Keeler 


29-310 

13-832 


0-45 

0-30 

LiBr 

This work 


38-951 

21-239 


0-45 

0-40 


Keeler 


44-331 

42-242 

2-5356 

0-45 

0-29 

Lil 

This work 


57-466 

66-674 

4-3154 

0-45 

0-75 


Keeler 


30-528 

17-762 

1-1500 

0-45 

0-17 

NaF 

This work 


20-648 

9-0621 


0-45 

0-88 


Keeler 


20-847 

7-486 


(M5 

0-36 

NaCI 

This work 


42-730 

46-578 

3-2499 

0-45 

0-53 


Bridgman 


41-430 

44-289 

3-2168 

0-45 

0-38 


Keeler 


40-595 

35-451 

1-7691 

0-45 

0-36 

NaBr 

This work 


48-734 

51-871 

3-4037 

0-45 

0-71 


Bridgman 


50-507 

56-177 

3-4%5 

0-45 

M6 


Keeler 


46-368 

43-249 

2-5054 

0-45 

0-32 

Nal 

This work 


66-622 

%-809 

8-1299 

0-45 

0-42 


Bridgman 


61-165 

68-368 

4-1803 

0-45 

0-64 


Keeler 


49-053 

46 503 

2-7817 

0-45 

0-25 

KF(I) 

This work 


61 814 

78-118 


0-15 

1-93 

KCI(I) 

This work 


54-906 

57-%9 


0-15 

0-69 


Bridgman 


55-900 

70-000 


0-15 

0-22 

KCKII) 

This work 

0- 13753 

34-664 

20-600 


20-45 

0-81 


Bridgman 

0- 13800 

35-000 

20-000 


20-45 

0-00 

KBr(l) 

This work 


60-351 

53-606 


0-15 

1-01 


Bridgman 


64-900 

90-000 


0-15 

0-22 

KBr(ll) 

This work 

0 1 2006 

45-007 

30-882 


20-45 

1-10 


Bridgman 

0 1 2637 

41-314 

22-857 


20-45 

0-27 

KKl) 

This work 


78-860 

112-85 


0-15 

0-81 


Bridgman 


72-300 

70-000 


0-15 

0-67 

KKII) 

This work 

01 1957 

46-086 

29-361 


20-45 

0-74 


Bridgman 

0 12314 

41-571 

20-000 


20-45 

0-44 

RbF(lI) 

This work 

001672 

47-177 

31-636 


10-30 

0-83 

RbCI(ll) 

This work 

0- 15 178 

47-902 

68-724 

5-5232 

10-45 

0-20 


Bridgman 

0- 15030 

41-649 

37-302 

2-28% 

5-45 

0-40 

RbBr(II) 

This work 

0- 15165 

44-797 

31-635 


5-45 

1-54 


Bridgman 

0- 14988 

41-6% 

28-442 

I-OIOI 

5-45 

0-32 

Rbl(ll) 

This work 

O' 13756 

63-083 

94 145 

7-1946 

5-45 

0-71 

CsCI 

This work 


56-401 

73-842 

5-4194 

0-45 

0-72 


Bridgman 


53-302 

50-559 

2-0357 

0-45 

0-57 


Keeler 


53-937 

63-810 

4-4444 

0-45 

0-24 

CsBr 

This work 


65-652 

%-190 

7-3%3 

0-45 

0-59 


Bridgman 


58-198 

57-319 

3-4188 

0-45 

0-40 


Keeler 


45-081 

42-751 

2-7195 

0-45 

0-21 

Csl 

This work 


78-488 

130-42 

11-548 

0-45 

0-61 


Bridgman 


77-288 

116-99 

9-5882 

0-45 

0-50 


Keeler 


70-855 

98-252 

7-3504 

0-45 

0-67 

AgF(I) 

This work 


24-665 

38%7 


0-15 

1-42 

AgF(lII) 

This work 

0-23130 

49-231 

43-843 


25-45 

1-18 

AgCI 

This work 


22-951 

11-800 


0-45 

0-90 


Bridgman 


22-590 

12-354 

0-93240 

0-45 

0-44 

AgBr 

This work 


24-981 

13-451 


0-45 

0-44 


Bridgman 


21-547 

6-2121 


0-45 

0-48 
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Table 3. (cont.) 


Halide 

Source 

(Iq 

Agl (11) 

This work 

0-16437 

Bridgman 

0-16976 

CuBr 

This work 


NH 4 CI 

This work 
Bridgman 


NH 4 Br 

This work 
Bridgman 


NH 4 I 

This work 

0- 14607 

Bndgman 

0-134% 


-aXl0‘ />X10“ -cXlO* 


28-491 

34-613 

2-7313 

20- 118 

2-8139 

l-OIOI 

29-325 

25-314 

2-2872 

59-3% 

104-55 

9-6573 

54 019 

73-24 

5-6876 

62-162 

102-73 

9-8655 

55-501 

60-98 

3-9I6I 

56-688 

79-921 

6-0249 

72-747 

145-64 

14-074 


Range (kbar) cr X 10“ 


5-45 

0-63 

5-45 

0-44 

0-45 

0-33 

0-45 

0-89 

0-45 

0-71 

0-45 

1-07 

0-45 

0-36 

5-45 

0-65 

5-45 

1-80 


our results on cesium iodide are in good agree- 
ment whereas in the case of the other iodides 
the shock data seems to show too low a 
compressibility. 

Silver halides 

Among the most puzzling substances in- 
vestigated was silver fluoride. No phase 
transitions were encountered on a compres- 
sion cycle until a pressure of approximately 
27-5 kbar was reached. However, on a de- 
compression cycle two transitions were 
observed. One which we have interpreted as 
occurring at an equilibrium position of 
approximately 17-85 kbar and the other at an 
equilibrium position of approximately 24-8 
kbar. AVIVq values associated with them are 
approximately 0-165 and 0-061 respectively. 
Because of the anomalous behavior of silver 
fluoride these are extremely tentative results. 
A thorough investigation of AgF will probably 
modify these preliminary results in a major 
way. 

AgCl and AgBr appeared to have very 
deleterious effects on our tungsten carbide 
pressure vessels and the results of a number 
of experiments had to be discarded. Apparent- 
ly this effect is because of the high ductility of 
AgCI and AgBr which tends to wedge into 
minute cracks in the tungsten carbide and act 
as a stress raiser. We find a slightly higher 
comi^essibility of AgCl than did Bridgman, 
whereas our results on AgBr are identical to 
those of Bridgman at 45 kbar. 


Our results on the low pressure transition 
in Agl are almost identical with those of 
Bridgman. However, we report a somewhat 
lower compressibility than that indicated by 
Bridgman. 

Copper bromide 

We report data to 45 kbar on copper 
bromide. No phase transitions were observed. 
There is little other data with which our new 
measurements can be compared. 

Ammonium halides 

Compressibility measurements were made 
on Baker reagent grade material and also on 
Aldrich ultrapure NH 4 CI and NH 4 I. The 
ammonium halides from the both sources 
yielded closely agreeing compression values. 
For all the three halides the VI Vo values from 
the present measurements are in excellent 
agreement with Bridgman’s values. 

4. DISCUSSION 

The present study corroborates and supple- 
ments Bridgman’s extensive work on metal 
halides. Bridgman examined only one fluoride 
and our work on NaF, KF, RbF and AgF 
serves to fill in this gap. In addition we have 
examined LiCI, LiBr and Lil which have not 
previously been studied by static methods. 

In general, where the data overlap, our 
results are in fair agreement with Bridgman’s. 
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The outstanding exceptions are Rbl, CsBr 
and Agl where Bridgman reports greater 
compressibilities than we find. We note large 
discrepancies between our results on Ul. 
NaF, Nal, CsBr and Csl and the results from 
reduction of the shock data. In every case we 
show a greater compressibility than indicated 
by the shock measurements. Intercomparison 
between our static data and the shock data for 
the potassium and rubidium halides does not 
seem to be meaningful as the volume change 
associated with various transitions was 
neglected in the reduction of the shock data. 
It seems likely that a new reduction of the 
shock data which takes into account these 
known transitions will be useful in providing 
much better agreement between the two sets 
of data. This, of course, brings up the possi- 
bility, if not the probability, that transitions 
lying at pressures above 45 kbar may be 
present in these substances where the shock 
data and our static measurements do not 
agree. For the most part, the shock data 
represents extrapolation of high pressure 
results into the lower pressure regime we 
reported. Disagreement between reduced 
and extrapolated shock data and static 
measurements may be one of the surest 
indicators of a high pressure transition. 

Our measurements of the AF/F(, of various 
transitions encountered is almost identical 
to those reported by Bridgman. In no case 
have we made any significant improvement 
over his measurements. Agreement with the 
results of Darnell and McCollum is not as 
good. At least four of their seven reported 
measurements seem to be significantly too 
high. Finally, the measurements by Bassett, 
Takabashi and Campbell on the volume change 
of a transition by use of a microfocus X-ray 
tube through diamond anvils seem to be 
excellent and they agree much more closely 
with our results and Bridgman’s results than 
do the measurements through diamond anvils 
by Wier and Piermarini. 

The bulk modulus and its pressure deriva- 
tives have been evaluated by application of 


equations (2) and (3) to the compression data. 
These, with the values determined from ultra- 
sonic measurements, are summarized in Table 
4. The Grunei^n parameter, estimated from 
B't, in accordance with the well known Slater 
relation 751, = 0-5 (Bi-— 0-33) together with 
the thermodynamic value yvn— (v .a . Br/Cr) 
where V is molar volume, a the coefficient of 
volume thermal expansion, and the 
specific heat per mole are also given in this 
table. In general there seems to be a fair agree- 
ment among yu, and ygL values though in some 
cases the discrepancies are fairly large. It 
also appears that yu, values are systematically 
lower than ysi values calculated from Bt 
determined from shock measurements. 

There is a good overall agreement between 
the static and sonic values of Bt and Bt for 
NaCl, NaF, Nal, CsCl, CsBr and Csl, though 
for LiF and NaBr, Bi- values differ widely. 
Since Bt values generally range from 4 to 6 
[52], static value of B't in the case of LiF and 
the sonic value in case of NaBr are probably 
incorrect. Our values of Bt and B't of AgCl 
are in excellent agreement with the values 
estimated from the ultrasonic measurements 
on polycrystalline samples [26]. Using well 
known thermodynamic relations] 16, 17], Bt 
and B't of NH4CI, NH4Br and cesium halides 
were evaluated from the elastic constants 
and their pressure derivatives (Table 4). 
Values of elastic constants for NH4CI and 
NH4Br as functions of pressure and tempera- 
ture were determined by Garland and co- 
workers [29, 30]. These yield Bt and B't values 
in a fair agreement with results from the 
static measurements. This is contrary to 
conclusions, however, of Garland and co- 
workers who report disagreement with 
Bridgman’s static work. The Bt and B't values 
for cesium halides from which we calculate 
elastic constant data of Chang and Barsch{36] 
are in agreement with the results from the 
static measurements. 

From the observed nonlinear pressure 
dependence of Cy’s one also obtains B'^ — 
-0 0347, -0 0410 and -0 0507 kbar"* for 
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Table 4. Compressibility parameters and Gruneisen constants of the metal 
halides. Murnaghan equation (ME) and modified Murnaghan equation 
(MME) were fitted to all the experimental data 


Halide 

Bf 

(kbar) 

Br 

B-r 

(kbar"‘) 

o-of(F/F„) 

xKF 

rJt 

ysL Reference 

LiF 

627-85 

6-818 


0-39 

1-75 

3-25 ME This work 


621-43 

9-146 


0-44 


4-41 ME Bridgman 


621-51 

8-827 

0-0372 

0-54 


4-25 NME Bridgman 


637-6 

4-23 


0-24 


1-95 ME Keeler [42] 


665-7 

5-24 




2-45 Anderson [17] 


664-0 

5-23 




2-45 Barsch and Chang [32] 

LiCl 

318-5 

3-36 


0-36 

1-78 

1-51 ME This work 


328-8 

3-82 


041 


1-74 ME Keeler 

LiBr 

242-7 

3-50 


0-55 

2-02 

1-58 ME This work 


222-5 

4-10 


0-35 


1-88 ME Keeler 


222-4 

4-11 

-0-0007 

0-37 


1-89 NME Keeler 

Lil 

168-35 

4-32 


0-80 

2-22 

1-99 ME This work 


135-7 

4-94 

-0-0709 

0-71 


2-31 NME This work 


333-1 

2-17 


0-29 


0 92 ME Keeler 


324-3 

3-49 

-0-0648 

0-18 


1-58 NME Keeler 

NaF 

467-4 

5-18 


0-91 

1-72 

2-42 ME This work 


470-0 

3-64 


0-38 


1-66 ME Keeler 


46J-6 

Af.\ 

5-09 




2-38 Anderson [17] 


NaCI 


NaBr 


Nal 


CsCI 


CsBr 


Csl 


232-3 

241-4 

239-2 

234-2 

234-2 

203-1 

192-3 

212-2 

192-0 

151-0 

155-6 

200-1 

171-2 


4-92 

4-61 

4- 54 

5- 39 
5-35 
4-19 
4-81 

3- 82 
9-17 

4- 15 
3-94 
3-58 

5- 09 


168-59 5-54 


174-9 

181-6 

178-8 

1680 

168-0 

167-6 


4-55 

4-45 

4- 91 

5- 89 
5-85 
5-97 


-0-0237 


-0-0233 


143-97 5-32 


168-4 

221-8 

145-0 

143-5 

124-7 

116-0 

126-7 

1208 

134-8 

133-8 

119-0 

119-0 

118-9 


3-09 

3- 66 
5-71 

5- 98 

4- 50 

6 - 12 

4- 05 

5- 10 
4-30 

4- 47 

5- 79 
5-67 
5-87 


fl? = - 0-0347 


fl; = -0-0410 


-0-0884 


-0-0545 

-0-0089 


1»; = - 0-0507 


0-56 

0-47 

0-42 


0- 76 

1- 23 
0-36 

0-90 

0-51 

0-19 

0- 71 
073 

1 - 12 
0-31 
0-34 


0-46 

0-36 

0-28 


0-93 

0-53 

0-87 

0-93 

0-41 

0-42 


1-74 


-81 


1-90 


2-74 


2-53 

2-51 

1- 93 

2- 24 
1-74 
4-42 
1-9] 
1-81 

1- 63 

2- 38 


1-93 


2-00 


2-47 

2-29 ME This work 
2-14 ME Bridgman [41] 

2-10 MEKeeler[42} 

Barsch and Chang(32] 
Anderson [17] 

ME This work 
ME Bridgman 
ME Keeler 

Barsch and Chang [32] 
ME This work 
ME Bridgman 
ME Keeler 
me This work 
2-60 NME This work 
2- 1 1 ME Bridgman 
2-06 ME Keeler 
2-29 NME Keeler 
2-78 Chang e/o/.[25] 

2-76 Barsch and Chang [32] 

Chang and Barsch [36] 
me This work 
ME Bridgmaa 
me Keeler 

Barsch and Chang[32] 
Chang and Barsch [36] 
ME This work 
NME This work 
me Bridgman 
NME Bridgman 
me Keeler 
NME Keeler 
Chang et a/.[25j 
Barsch and Chang [3 2] 
Chang and Barsch[36] 


2-49 

1-38 

1- 67 

2- 69 

2-08 

2-89 

1-86 

2-38 

1- 98 

2- 06 
2-73 
2-67 
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Table 4. {cont.) 


Halide 

(kbar) 


(kbar-*) 

ooflVlV,) 

XI0> 

yS, 

yiu. Reference 

AgCl 

414-57 

5-98 


' 0-92 

1-92 

T 

2-82 ME This work 


462-6 

2-14 


0-49 


0-90 ME Bridgman 


461-5 

2-32 

-0-0110 

0-54 


1-00 MME Bridgman 


440-3 





Hidshaw el al.[4S] 


406-0 

5-20 




2-43 Voronov et aA[26] 

AgBr 

381-7 

5-85 


054 

2-27 

2-76 ME This work 


451-2 

2-39 


0-50 


1-13 ME Bridgman 


426-4 

6-34 

-0-1833 

0-35 


3-00 MME Bridgman 


412-4 





Tannhauser et a/.[49] 

CuBr 

362-2 

2-87 


0-62 


1-27 ME This work 


338-0 

6-56 

-0-1807 

0-43 


3-11 MME This work 

NH«CI 

167-2 

6-70 


1-27 

1-17 

3-18 ME This work 


179-1 

5-40 


0-68 


2-53 ME Bridgman 


173-0 

6-48 

-0-0568 

0-55 


3-07 MME Bridgman 


176-7 

8-21 




3-94 Garland and Renard[29] 

NH,Br 

163-83 

4-84 


1-74 

1-10 

2-25 ME This work 


174-8 

4-01 


0-28 


1-84 ME Bridgman 


158-6 

7-66 




3-66 Garland and Yarnel)[30} 


•Values of ym for Li. Na, and Cs halides taken from Ref. [50]. for AgCl and AgBr from 
Ref. [51]. 


CsCI, CsBr and Csl respectively [36]. Con- 
version of B'i into Bt using thermodynamic 
relations is not possible because of lack of 
experimental data on {d^BTldT^)p and 
(d^BrldPdT). This difficulty is circumvented 
by applying Cook’s method[53] to the raw 
elastic constants data as was done by Ho 
and Ruolf in the case of sodium [54]. Values 
of B't obtained by application of modified 
Murnaghan equation to our static data are 
-0-0237 for CsCl, 0-0 for CsBr and — 0-0884 
for Csl. An accurate estimate of B'i can be 
made from the static measurements only in 
the case of highly compressible substances 
such as potassium and rubidium for which 
VjVf, values at 45 kbar are about 0-584 and 
0-561 respectively [40]. Even in the case of 
sodium for which {VIVo) value at 45 kbar is 
about 0-693, B't could not be estimated with 
certainty, and it is therefore not surprising to 
find a similar difficulty in the case of the metal 
halides which are less compressible than 
sodium. In the ultrasonic work, elastic con- 
stants, and hence the bulk modulus as a func- 
tion of pressure, may be measured to a high 


degree of precision so that Br can be estimated 
in the 1 0-20 kbar range. 
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ELECTRONIC STRUCTURE OF THE ISOLATED 
VACANCY IN SILICON 
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Abstract— The electronic structure of the isolated vacancy in its various chaige states in the silicon 
lattice has been calculated using the molecular approach outlined by Coulson and Kearsley. Atomic 
Hartree-Fock functions determined by Clementi are used to approximate the 3 s and 3 p orbitals 
on the silicon atom in the crystal. The energies of the lowest electronic states from an undistorted 
model calculation are corrected using a modified first order treatment for the symmetric relaxation 
and Jahn-Teller distortions of the vacancy system. Two cases are considered using the aiudytical 
value and a semi-empirical value for Q, the one-centre Coulomb integral. The synunetric energy 
corrections are in general at least an order of magnitude larger than the Jahn-Teller splittings of the 
degenerate levels. The spin multiplicities of the ground state for the various charged centres using the 
modified value for Q agree with the experimental results obtained by Watkins, even though the present 


many-electron treatment differs significantly from 
1. INTRODUCTION 

The experimental work of Watkins [1, 2] 
has established, with reasonable certainty, 
that the isolated vacancy in silicon exists in 
at least three charged states; single positive 
(T+), neutral (T®), and single negative (V~), 
and possibly also in the double negative 
charged state (y^~) under suitable conditions, 
Watkins has had considerable success in 
explaining his electron spin resonance results 
in terms of a one-electron model. However, 
this is a very oversimplified approach and is 
inadequate for quantitative work, as has 
been demonstrated by Stoneham and Lannoo 
[3], From the alternative viewpoint, within 
the framework of the pseudo-potential band 
theory method Callaway and Hughes [4, 5] 
have had only limited success with their 
Green’s function calculation for the neutral 
single vacancy and divacancy in silicon. 
Besides the computational difficulties their 
band theory approach, which is also a one- 
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his one electron model. 

electron theory, is not easily adaptable to 
charged centres or to incorporating the 
relaxation effects which may be large for 
defects in silicon. 

In this paper we extend the many-electron 
molecular approach developed by Coulson 
and Kearsley [6] to the isolated vacancy in 
silicon. The limitations of this method will 
be at least as serious for the silicon problem 
as for the calculations in the diamond crystal. 
Nevertheless, it is valuable to investigate 
the quantitative predictions of this model, 
because it is possible to obtain information 
about the symmetric relaxation and Jahn- 
Teller distortion effects associated with the 
lowest electronic states of the various charged 
centres. The results may also be used when 
calculating the formation energy and volume 
change associated with the vacancy [7], In 
the next section the molecular approach is 
outlined and then the results obtained for die 
undistorted vacancy centre using two alter- 
native values for the one-centre coulomb 
integral are presented. The corrections to 
the various electronic levels which result 
from electron-lattice coupling are then 
calculated, in first order, using the rigid 
atom approximatitm [8] and modified values 
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for the Knear response frequencies. The 
corrected results are then compared with 
the known experimental findings and the 
characteristics of the one-electron model. 

2. THE MOLECULAR APPROACH 
The method adopted for the determination 
of the electronic properties of the isolated 
vacancy in silicon closely resembles the 
approach used for the study of point defects 
in the diamond crystal[6,9, 10]. We assume 
that the electronic behaviour of the system 
in the immediate neighbourhood of the 
vacancy is determined primarily by the n 
vacancy electrons which are localized within 
the defect. Electron spin resonance studies 
suggest that some delocalisation of the 
electrons from the vacancy does occur; 
however, for limited delocalisation a pre- 
liminary study of the vacancy system in 
diamond [10] suggests that the localized 
model will predict the same relative ordering 
of the lowest electronic states as one incor- 
porating delocalisation. Although there will 
be some relaxation and distortion of the atoms 
surrounding the vacancy, the consequences 
of this effect are considered as a first order 
correction to the electronic energy states 
obtained from the undistorted vacancy 
investigation. The problem now to be solved 
is the distribution of the vacancy electrons 
in the tetrahedral field of the neighbouring 
atoms and the much weaker field of the rest 
of the crystal. 

The atoms of the perfect silicon crystal are 
considered to be in a tetrahedral sp^ state. 
On removal of an atom the four valence 
electrons associated with the atoms nearest 
the vacancy which were covalently bonded 
to this atom are initially taken to be in sp® 
hybrid orbitals a-d directed towards the 
oeatre of the defect, as shown in Fig. 1. 
Polarisation effects by other electron clouds 
are neglected, but the exchange term in the 
Hamiltonian between the vacancy electrons 
ahd the other valence electrons on the atoms 
neiHest the defect is included. It is now 



Fig. I. Defect molecule for the undistorted vacancy: 
Ttf symmetry. 


possible to use the weU-established techniques 
of molecular orbital theory to simplify the 
problem. A suitable set of mutually ortho- 
gonal single-electron molecular orbitals of 
correct symmetry are as follows 

V = N h-¥ c + d) C a, 

t^ = Ni(~a-\-b^c-d) 
ty = Niia-b + c-d) [ C /2 
ti = N-iia + b — c — d) 

where A. = i( 1 -f 35„,) = i( 1 - 
and Sal, is the overlap integral between two 
hybrids on neighbouring atoms to the vacancy. 
The symmetry states belonging to the various 
configurations where p = 0, 1 or 2 

and n is the number of vacancy electrons, 
may now be determined and the corresponding 
determinantal wave-functions «//(/?) expressed 
in terms of the single-electron molecular 
orbitals. In the present problem we have 
« = 3, 4, 5 or 6 depending upon whether we 
are considering the K+, K®, or centre. 

The spin-independent Hamiltonian may be 
expressed as follows 

( 2 ) 

t'l ^ N ' 155 “ 

where N denotes the nearest neighbours to 
the vacancy, A, B,C ox D. is the kinetic 
energy operator for the /th electron; Kn, 
is the potential energy of interaction of the 
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ith electron with the nucleus of atom N, with 
the K and L shell electrons surrounding the 
nucleus and with the bonded valence electrons 
of this atom. All the contributions to Vtn have^ 
not been evaluated explicitly because of the 
computational time required. However, we 
may write, 



+ repulsion from — exchange interaction 
the tetrahedral between the vacancy 
hybrids around N electron / and bonded 
valence electrons on N. 

(3) 

where Zen is the effective nuclear charge as 
seen by the valence electrons due to inner 
shell screening. If the nucleus was totally 
screened by its K and L shell electrons then 
ZeH would be 4 0. For the interatomic potential 
terms such as {blV^lb) and {a\V^\b) it is 
reasonable to use this value. For the intra- 
atomic potential term, {a\y^\a} this is a 
rather extreme approximation. From Slater’s 
rules the effective nuclear charge experienced 
by an electron in the valence shell due to 
inner shell screening is calculated to be 5-2; 
however, these rules are less accurate for 
predicting screening constants for the 
higher shells. Therefore, we have preferred 
to use the estimate of Z^t, = 4-88 obtained 
from the work of Clementi and Raimondi [1 1] 
on atomic Hartree-Fock functions. We 
have evaluated equation (3) explicitly and 
not used the Goeppert-Mayer and Sklar 
approximation [12]. The orthonormal set of 
atomic Hartree-Fock functions determined 
by Clementi [13] for the ground state of 
the silicon atom are chosen as a suitable 
approximation to the 3s and 3p orbitals on the 
atoms nearest the defect. 

The energy of the various states, R, 
belonging to each configuration before 
configuration interaction was determined 
using the relation 


%7 


EiR) = 


(i}f{R)\HmR)) 
{tl>{R)MR)) • 


( 4 ) 


Formal expressions for the F®, V~ and 
systems are given b^ Yamaguchi[14] in terms 
of a series of molecular integrals which we 
have denoted A-K as in Ref. [6]. (These 
integrals are defined in Table 1.) All one- 


Table 1. Molecular integrals required for the 
silicon vacancy calculations using atomic 
H artree-Fock functions 


Integral 

Unmodified case 
e= 11-45 eV 

Modified case 
(2 = 8 lOeV 

A • (DiWOb) 

-31-2772* 

-31-2772 

B - 

-29-2541 

-29-2541 

C ■ (vv\H'ivv) 

6-8430 

6-4416 

D - 

6-8653 

5-6528 

E ■ <i)»|//’|Wj.> 

6-7682 

6-1704 

F - 

6-6601 

5-2262 

G « {vtr\H'\(xV) 

1-8168 

1-1645 

J » 

1-5573 

0-2341 

K - <vt,\H'\t,i,) 

-1-6236 

-0-6945 


r. + S 

V 

H' = Mr,, 

•All energies are in eV. 

and two-centre integrals are evaluated 
explicitly while values for three- and four- 
centre integrals are determined using the 
Mulliken approximation [15]. Configurational 
mixing between states of the same symmetry 
from different configurations is used to obtain 
the lowest electronic levels for each 
undistorted centre. 

3. RESULTS FOR THE UNDISTORTED VACANCY 
SYSTEM 

The value for the one-centre Coulomb 
integral, Q {Q ^ (a(l)a(2)|l/r,jla(l)a(2))) 
calculated from the analytic wave functions 
was 1 1 -45 eV compared with a semi-empirical 
estimate of 8-lOeV obtained using the pro- 
cedure outlined in Appendix 3 of Ref. [6] and 
the values of C, Gi(sp) and F 2 (pp) given by 
Skinner and Pritchard [16]. The difference in 
these estimates suggests that it may be valu- 
able to consider both cases in any calcula- 
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tions. The semi-empirical estimate of Q is 
subject to reasonable uncertainty because or 
the lack of reliable data for the term values 
nevertheless, some information about the 
sensitivity of the ordering of the lowe^ leve s 
to variations in Q can be obtained. Table 1 
contains the values of the one- and two- 
electron molecular integrals, yj-A:, whicn 
form the basis of this work. As for the 
diamond calculations there are considerable 
changes in the values of the two-electron 
integrals as Q decreases. These differences 
effect the energy level scheme which results. 

The one-electron integrals A and B differ by 
2 02 eV compared with a difference of nearly 
12 eV in the diamond calculation [10]. Con- 
figuration interaction is even more important 
in determining the ordering of the lowest levels 


than in the diamond system. The energy 
difference, A-B, is the separation between the 
levels of a, and h symmetry in the one- 
electron model used in the qualitative discus- 
sion by Watkins [1] to describe his results. The 
delocalisation investigation on the diamond 
vacancy suggests that this separation will 
decrease further with increasing delocalisation 
of the electronic wave-function from the 


vacancy. 

The predicted energy level schemes for the 
undistorted V' and centres before 

and after configuration interaction are shown 


in Figs. 2 to 5 respectively. In the calculations 
with Q = 810eV the energy levels are much 
more compact than when the alternative value 
of Q is used. There are cases for Q = 8- 10 eV 
where symmetry states from higher con- 
figurations are almost degenerate with like 
symmetry states from ‘lower’ configurations 
before mixing. For example, in the neutral 
vacancy calculations the ’T i level from the 
a^^l^ configuration is only 0-06 eV below the 
»T, level from the 0 , 12 * configuration. Also in 
the V- calculation only 0-30 eV separates the 
symmetry states from the Oih* and 
configurations. If we were to use the simple 
one-electron model neglecting all electron- 
electron interaction terms symmetry states 
from different configurations should be 
separated from one another by 2-02 eV. From 
the one-electron model, all the symmetry 
states belonging to a particular configuration 
are degenerate. This is not the case in the 
present calculation. For example, the 'A,, '£, 
'T 2 , and symmetry states from the a,%’‘ 
configuration span 4-9 e V with Q = 1 1 -45 and 
l-2eV with G = 810eV. We now look in 
more detail at the calculation for each centre. 

For the positively charged vacancy the 
results shown in Fig. 2 predict the same 
relative order of the energy levels for both 
estimates of the one-centre Coulomb integral. 
The *£2 level is lowest in energy only after 



Fig. 2. Electronic structure of the positively charged undistorted 
vacancy in silicon, (a) before configuration interaction, (b) after 
configuration interaction. (1) Q = ll -45cV. (2) Q - S lOeV. 
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Fig. 3. Electronic sitnicture of the neutral undistorted vacancy 
in silicon, (a) before configuration interaction, (b) after configuration 
interaction. (\) Q = ll-45eV. (2) Q = 8-lOeV. 


configuration interaction. This differs from the 
diamond vacancy calculation where the *7^ 
level is always lowest in energy [10], Elec- 
tronic transitions from the to the *7, and 
*£ levels are allowed, but since they are 
estimated to be above the ground state by 
more than the band gap they are unlikely to be 
observed. 

The M 2 . ®7i and '£ electronic states of the 
T" centre are predicted to be very close 
together after configuration interaction in both 
calculations shown in Fig. 3. The position of 
the '£ and ®7 , levels is strongly dependent on 
the extent of configurational mixing. For 


Q= ll-45eV the ®7i level is lowest, but is 
only 0 02 eV below the '£ level and 0-05 eV 
below the M 2 level. For Q = 8-10 eV the Mj 
level is lowest, 0-06 eV below the ®7i level 
and 01 5 eV below the '£ level. These levels 
are so close together that such factors as the 
Jahn-Teller instability, symmetric relaxation 
terms and possibly interlevel coupling effects 
will be important in determining the ground 
state for this centre. The position of the Mj 
and 'T 2 levels is very sensitive to the value 
chosen for Q. 

The unmodified study for the negatively 
charged vacancy. Fig. 4, predicts that the Mj 



Fig. 4. Electronic structure of the single negatively charged 
undistorted vacancy in silicon, (a) before configuration interaction 
(b) after configuration interaction. (1) Q=ll-45eV, (2) g — 
8IOeV. 
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electronic level is lowest in energy; however, 
the and ‘‘T, levels are very sensitive to the 
value of Q and for Q = 810 eV the level is 
predicted to be the ground state of this centre. 
In this case the symmetry states from the 
three configurations are separated by only 
0-3 eV and so configuration interaction is 
important in determining the ground state. 

Although the model is least applicable to 
the centre it is interesting to examine 
the results of such a calculation. Figure 5 
shows that the ordering of levels depends 
strongly on the value chosen for Q. In parti- 
cular the energy of the 'A, and levels alter 
significantly relative to that for the ’£ and 
levels. For Q = 8-10 eV the '/4, symmetry 
from the / 2 ® configuration is predicted to be 
1 -05 eV lower than the same symmetry state 
from the configuration. This underlines 
the importance of electron-electron inter- 
action terms in this calculation and shows 
that it is not adequate to ignore Coulomb 
correlation. 

4. LATTICE RELAXATION AND 
DISTORTION EFFECTS 

4,1 General principles 

The method used to calculate the distortions 
around the vacancy in silicon has been dis- 
cussed in detail elsewhere [7]. Six normal 


co-ordinates are used to describe the relative 
displacements of the four nearest neighbours 
to the vacancy. The Q„ mode is the symmetric 
mode of A , symmetry. Qt and Qb and E modes 
which describe the tetragonal distortion of 
the atoms surrounding the vacancy, while 
Cf, Qr, and j2{ are T 2 modes which describe a 
trigonal distortion. Expressions for these 
normal co-ordinates in terms of changes in 
the cartesian co-ordinates of the atoms 
neighbouring the vacancy are given in the 
appendix of Ref [7]. All electronic levels 
may couple to the symmetric mode, lowering 
the total energy of the vacancy system, 
whereas only degenerate levels may couple 
to the E and distortional modes lowering 
the total energy and symmetry of the system. 
This latter effect was first discussed in detail 
by Jahn and Teller[17]. 

From the theory of lattice statics, within 
the harmonic approximation, the energy 
change of the vacancy system for a distortion 
Qa including only linear coupling terms may 
be represented by 

^EiQa)=-F„Qa + iMa>JQ„^ (5) 

where F„ represents appropriately sym- 
metrized constant forces acting on the atoms 
neighbouring the vacancy. M is the mass of 
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the silicon atom and Ua the effective or 
linear response frequency of the lattice for 
the a mode. The static equilibrium distortion 
is I 

= ( 6 ) 

and the corresponding distortion energy 

A£((2a)=^F«V(2Ma><,»). (7) 

Within the limitations of this approach the 
total energy change of the system undergoing 
several distortions is simply, 

A£=2A£(0J. (8) 

a 

The adiabatic linear response frequencies 
required in these calculations have recently 
been determined by Larkins and Stoneham 
[7] and have the following values: 

a>a = 0- 18 X lO'"* rad./sec 
(He = 0'21 X 10'^ rad./sec 
(Or = 0-18 X 10'^ rad./sec. 

However, as they have shown use of these 
values leads to extremely large relaxation 
terms and an unsatisfactory value for the 
formation energy of the vacancy in silicon. 
The failure of their calculations is interpreted 
as demonstrating the importance of nonlinear 
terms in the calculations of the distortion 
energy. The evaluation of these higher order 
terms is difficult as well as unreliable without 
better wavefunctions for the defect system 
than are available at present. Therefore, we 
have chosen an alternative approach and 
used values for the effective frequencies, 
a»a, which give reasonable values for the 
distortions. This procedure may be considered 
to at least partially include the effect of non- 
linear terms and also the neglect of any 
hybridisation change for the nearest-neigh- 
bours to the vacancy (see Section 5). This 


approach is adequate since we are primarily 
interested in the sensitivity of the oidering of 
the lowest electronic levels. For convenience, 
we use values for and a4 obtained by using 
a restricted relaxation model which corres- 
ponds to using the sudden approximation 
[7,8,21]. Since the results to be presented 
show that the symmetric relaxation terms 
are most important, we use two values for 
(Oa corresponding to (Oa = (Oe and = a>^ to 
investigate the dependence of the ordering 
of the lowest levels on the value chosen for 
(Oa- The required values are (oe^'^ io^ = 
0-825 . 10*^ rad/sec. 

With these frequencies and known values of 
the forces, F„, for the various electronic states 
it is possible to calculate the equilibrium 
distortion and corresponding energy lowering 
using equations (6) and (7). The m^nitude 
of Qa and A£(2a) for the various levels if 
the adiabatic frequencies were used may be 
readily obtained from the values in Tables 3 
to 8 by multiplying the tetragonal terms by 
15.4, the trigonal terms by 10.5, and the 
symmetric terms by 21.0. 

4.2 Symmetric relaxation effect 

Since to first order there is no coupling 
between the various normal modes we may 
consider the interaction between all electronic 
states and the symmetric mode independently 
of the Jahn-Teller problem. For an electronic 
level with configuration interaction wave 
function the total symmetric force Fa 
on the atoms nearest the defect is defined, 
using the rigid atom approximation, as 

= (9) 

This expression reduces to a sum of terms 
involving the derivatives of the molecular 
integrals, A-K, and terms involving the 
derivatives of the coefficients of the configura- 
tion interaction wave function. These latter 
first order terms were included, but make 
only a small contribution to the symmetric 
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force in most cases. Further reduction yields 
terms in the derivatives of the atomic hybrid 
integrals which were evaluated by calculating 
the particular integral /(r) at the internucleY 
distances ro + h and Vo — h where rn = 3-84 
and A = 0-1 A and using the numerical form 

J K'Hr^ro ~ 2h 

Values for these derivatives are given in 
Table 2. When evaluating the derivatives of 
the molecular integrals it is very important to 
include terms involving the derivative of the 
overlap integral. The results for the lowest 
electronic levels of the various charged 
centres are shown in Tables 3 to 6 using the 


Table 2. Values of the derivatives of the 
atomic integrals for the silicon vacancy 
calculation 


Integral) 

Clementi 

functions 

d 

(Integral) 

Clementi 

functions 

<a\h) 

-0 1845* 


-2-1329 


-0-5307 


-0-8105 

<a]V,lh) 

2-7IJ6 

I'-ul / 

-1-8829 

<a\y„la) 

2-6797 




*A11 derivatives in cV/A°. 


value for ca'a given previously. These results 
demonstrate that the symmetric force term, 
F’o, is not constant for all the electronic levels 
of a given centre. Therefore, it is important 
to consider the symmetric relaxation energy 
corrections when determining the relative 
ordering of the lowest electronic levels. 
In most cases the force terms are not too 
sensitive to the value chosen for the one- 
centre Coulomb integral and are of the same 
order of magnitude for all the charged centres 
considered. 


For the case where Wo = = O' 583 , 

10" rad./sec the energy lowering and distor- 
tion terms may be readily obtained from the 
results in Tables 3 to 6 by multiplying the 
appropriate terms by a factor of 2-0. With 
either value for very reasonable distortions 
for the atoms neighbouring the vacancy are 
predicted. When the electronic levels from 
the undistorted calculations shown in Figs. 2 
to 5 are corrected for symmetric relaxation 
effects the relative order of the lowest elec- 
tronic levels for the various charge states is 
the same irrespective of which value is 
chosen for 

The -Ti level of the centre is predicted 
to be lowest in energy in all cases even further 
below the ‘T, level than in the undistorted 
study. The corrected results for the F" centre 
with w' = 0-825. 10" rad/sec. are given in 
Fig. 6. Conflicting results are now obtained 
for different values of Q. With Q = 11 -45 0 %/ 
the electronic symmetric corrections, i.e. 
2AE(Qa)< result in small changes in the 
relative energies of the lowest three levels. 
The ^A-i level is predicted to be lowest just 
below the 'E and levels. The electron- 
lattice coupling term is larger for the ’Tj 
level than for the other levels shown in 
Table 4; however, in the unmodified study 
this level is several electron volts above the 
lowest levels. For the calculation with -Q = 
810eV the electron-lattice coupling terms for 
the '/4, and 'T^ levels are larger than for the 
other levels such that the corrected ‘/4] level 
is lowest 0-23 eV below the 'Tj level and 
0-35 eV below the '/I, level for = 0-825 . 
10" rad/sec. With the alternative value for Wq 
the '/I, level is lowest 0- 1 1 and 1-83 eV below 
the 'J 2 and ^A 2 levels respectively. 

Figure 7 and Table 5 give the corrected 
results for the V~ centre with = 0-825 . 
10" rad/sec. The order of the lowest level is 
as calculated for the undistorted model, with 
a strong dependence on the value chosen for 
Q. No change in the order of the lowest 
levels for the V*- centre result when the 
corrections given in Table 6 are made to the 
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T able 3. Values of the symmetric terms for the lowest and *Ti levels of the positive 

vacancy in silicon 


Value of Q 
eV 

-Fa 

eV/A 

4£(G.) 

eV 

Qa ff 

A 

Value of Q 
eV 

eVfA 

mOa) 

eV 

It 

1. Tj Level 
11-45 

7-49 

-1-42 

-0-38 

2. *7, Level 
11-45 

7-12 

-1-25 

-0-36 

8-10 

7-45 

-1-40 

-0-38 

8-10 

7-14 

-1-28 

-0-36 


Effective frequency a)'„ = 0-825 . 10''* rad/sec. 


results from the undistorted model calculation. 

4.3 Jahn-Teller effect 
The degeneracy of an electronic level may 
be lifted by coupling to a distortion mode 
which lowers the symmetry of the system. 
A detailed account of the theory of this effect 
has been given by Opik and Pryce[20] and 
applied to the vacancy in diamond by Friedel 
et a/.[19]. This study is based upon the theory 
outlined in these papers and interlevel 
coupling effects are not considered. The 
only asymmetric distortion for a two-fold 
degenerate E level with states \d> and |e> 
results from a coupling to E modes giving a 
tetragonal distortion of the centre. There are 
three possible tetragonal distortions of the 
vacancy system with symmetry axes along 
the (100), (010) and (001) directions which 
represent equivalent energy minima for the 


system. We will consider just the potential 
energy surface of the ( 1 00) configuration for 
which Qt is zero and the magnitude of Qe is 
given by equation 6. The sign of Qe cannot be 
determined without evaluating higher order 
terms. The force term associated with this 
distortion is defined as, 

and the total energy lowering Is^Ebe which 
equals AE(0») is evaluated from equation (7). 

A three-fold degenerate electronic level of 
T, or Ta symmetry with states >. |i 7 > and 
|^> may couple with the E or Tz distortion 
modes causing a tetragonal or trigonal dis- 


■*ln terms of the dehnttions used in Ref. f 10] 

fK ~ ~ t^TK — ~itrgtF TT~~itlT- 


Table 4. Values of the symmetric terms for the lowest ®Ti, ’Tz. *E, ‘Ai and^Ai levels 

of the neutral vacancy in silicon 


Value of Q 
eV 

-Fa 

eV/A 

tSFAQa) 

eV 

Qa 

A 

Value of Q 
eV 

-Fa 

eV/A 

4£(GJ 

eV 

Qa 

A 

1. '7, Level 
11-45 

7-57 

-1-45 

-0-38 

2. '£ Level 
11-45 

7-61 

-1-46 

-0-38 

8-10 

7-39 

-1-38 

-0-37 

8-10 

7-57 

-1-45 

-0-38 

3. '7, Level 
11-45 

8-89 

-2-00 

-0-45 

4. ‘Aj Level 
11-45 

7-68 

-1-49 

-0-39 

8-10 

9-70 

-2-38 

-0-49 

8-10 

7-87 

-1-56 

-040 

5. 'A, Level 
8-10 

9-55 

-2-31 

-0-48 






Effective frequency 0-825 . 10“ rad/sec. 
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Table 5. Values of the symmetric term for the lowest *Ti, *E, ^Ti and *A 2 levels of 
the negatively charged vacancy in silicon 


Value of Q — f « 

eV eV/A 


1. Level 


11-45 

8-18 

8-10 

9-33 

3. *£ Level 


11-45 

7-95 

8-10 

8-99 

5. *A, Level 


11-45 

8-64 

8-10 

8-58 


Effective frequency ati = 


mQ„) 

eV 

Qa 

A 

-1-69 

-0-41 

-2-20 

-0-47 

-1-60 

-0-40 

-2-04 

-0-45 

-1-89 

-0-44 

-1-86 

-0-43 


1-825 . 10'* rad/sec. 


Value of Q ~Fa 

eV eV/A 


2. *r, Level 

11-45 8-35 

8-10 8-36 

4. *r, Level 

11-45 8-08 

8-10 9-06 


mQa) 

Qa 

eV 

A 

-1-76 

-0-42 

-1-76 

-0-42 

-1-64 

-0-41 

-206 

-0-46 


tortion of the vacancy system. Mixed tetra- 
gonal and trigonal distortions occur only for 
cases of accidental degeneracy [3]. There are 
four equivalent trigonal _dist^rtions vrith 
symmetry axes along the < 1, 1, 1 ), {1, 1, 1), 
<1, 1 , 1) and <T, 1, 1) directions and three of 
tetragonal symmetry as previously. We 
consider just the potential energy surfaces 
for the tetragonal distortion with <100) 
symmetry axis and for the trigonal distortion 
for which Qt = Qn — Qi- For these cases the 
corresponding force terms are defined as 
follows 


f„--2/V3(5|;<’iI«I»»)* (12) 

and 

= (13) 

The values for the Qa and AE{Qa) terms may 
be determined from equations (6) and (7). 
The total energy change for the tetragonal 
distortion is equal to AE(C»), whereas, 
for the trigonal distortion considered the total 
energy change AErr is AE{Q() + AE{Qj,) + 


Table 6. Values of the symmetric term for the lowest ®T„ 'E, 'Tj. and 'A, levels of 
the doubly negatively charged vacancy in silicon 


Value of e tsE(Q„) Q„ Value of (? ~F„ ae(c 

cV eV/A eV A cV eV/A eV 


1. »r, Level 


11-45 

8-33 

8-10 

9-01 

3. '£ Level 


11-45 

8-11 

8-10 

8-59 

5. 'A, Level 


11-45 

7-97 

8-10 

10-18 


-1-75 

-0-42 

-2-05 

-0-46 

-1-66 

-0-41 

-1-86 

-0-43 

-1-60 

-0 40 

-2-62 

-0-51 


2. Tj Level 

11-45 8-05 

8-10 9-11 

4. *T, Level 

11-45 7-72 

8-10 9-59 


-1-64 -0-41 

-2-10 -0-46 

-1-50 -0-39 

-2-32 -0-48 


Effective frequency ml, = 0-825 . 10'* rad/sec. 
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\E{Qi) which is equal to 3iiE(Qf). The 
force terms given by equations (1 1), (12) and 
(13) were evaluated by the same procedure 
as outlined for the symmetric terms using 
the derivatives given in Table 2. Terms 
involving the derivative of the overlap 
integral were included. The Jahn-Teller 
results for the degenerate electronic levels 


chosen for the one-centre Couk>mb integral, 
although, in general the splittings are pre- 
dicted to be slightly larger for the case with 
0 — 1 1-45 eV. We have been unable to 

l[ 

account for the unsatisfactory value obtained 
for the trigonal distortion of the lowest levels 
of the positive vacancy. The wave-function 
and formulae leading to the expressions for 


Table 7. Values of the Jahn-Teller terms for the lowest T 2 and 
^T, levels of the positive vacancy in silicon 


Value of Q 
eV 

eV/A 

^Ete 

eV 


F jT 
eV/A 

AEtT 

eV 


1 . T|i Level 

11-45 

0-58 

-0-01 

0-029 

3-75 

-2-14 

0-38 

8- 10 

0-60 

-O-OI 

0-031 

3-57 

-1-94 

0-36 

2. ^T, Level 

11-45 

1-26 

-0-04 

0-07 

-3-15 

-1-51 

-0-32 

8-10 

1-33 

-0-04 

0-07 

-3-10 

-1-46 

-0-31 


of the P and V~ centres are given in 
Tables 7, 8 and 9 respectively. In Figs. 6 
and 7 the lowest electronic levels have been 
corrected for their equilibrium Jahn-Teller 
splittings. 

With the exception of the ^T-i and levels 
of the V'^ centre the splittings of the degener- 
ate levels are predicted to be very small. 
They are not very dependent upon the value 


Ftt appear to be correct; therefore, it would 
seem that higher-order terms may be very 
important for this system. Table 8 shows that 
both calculations predict that the lowest *T, 
and 'T 2 levels of the K® system will undergo 
a trigonal distortion. However, for the T* 
level the energy difference between the tri- 
gonal and tetragonal equilibrium configuration 
is only about 0 01 eV in both cases. The pre- 


Table 8. Values of the Jahn-Teller terms for the lowest 'E, 
•T 1 and 'T^ levels of the neutral vacancy in silicon 


Values of Q 
cV 

Fte 

eV/A 

eV 

Q> 

A 

h rr 
eV/A 

AEtt 

eV 


1. -’T, Level 
11-45 

-0-28 

-0002 

-0015 

-1-04 

-0-17 

-0-10 

8-10 

-0-27 

-0002 

-0-014 

-0-63 

-0-06 

-0-06 

2. '7's Level 
11-45 

-0-98 

-0 024 

-0-05 

0-49 

-0-045 

0-05 

8-10 

-0-42 

-0004 

-002 

0-29 

-0-01 

0-03 

3. '£ Level 
11-45 

8-10 

Fee 

eWik 

-0 36 
-0-30 

AEs* 

eV 

-0-003 

-0-002 

'f 

0-02 

0-02 
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Table 9. Values of the Jahn-Teller terms for the lowest *E, *T* 

and *Ti levels of the negatively charged vacancy in silicon 



1. “Tj Level 
11-45 

-0-08 

-2-10"< 

-0-005 

0-09 

-i-io-> 

0-009 

8-10 

0-22 

-M0-“ 

0-012 

-0-21 

-6-10-" 

0-021 

2. *r, Level 







11-45 

0-26 

-2- 10-» 

0-014 

0-84 

-0-11 

0-09 

8-10 

0-01 

-3-10-‘ 

4 -10 

0-95 

-0-14 

0-10 

3. ‘7, Level 







11-45 

1-61 

-0-06 

0-086 

0-39 

-0-002 

0-004 

8- 10 

0-36 

-0-003 

0-002 

0-37 

-0-002 

0-003 


F,, 


IG,1 





eV/A 

eV 

A 




4. Level 







11-45 

-1-21 

-0-04 

0-06 




8-10 

-0-46 

-0-004 

0-02 





dieted splitting for the '£ level is extremely the T, level is sufficient for it to again become 
small. Figure 6 shows how small the Jahn- lowest in energy 0-31 eV below the M*. Figure 
Teller corrections to the energy levels are 7 shows that no change in the relative ordering 
compared with the symmetric corrections. In of the energy levels for the V' centre results 
the study with 0 = 1 1 45 eV the correction to from including the equilibrium Jahn-Teller 



Fig. 6. Electronic structure of the neutral vacancy in silicon for o>« «= 0-825 x 10“ rad./sec. (a) un- 
Oistorted system (b) first-order electronic symnutric distortion corrections, (c) first order electronic 

Jahn-Teller corrections. 
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correction terms. The favours a trigonal 
distortion, but there is less than 0-005 eV 
between the energies A^Trand ^Etb- The 
level also favours a trigonal distortion while 
the *Ti level is predicted to have a tetragonal 
equilibrium distortion. For the centre 
a very small tetragonal equilibrium distortion 
is pr^icted for the and ‘Tj levels. 

No change in the ordering of the energy levels 
result from these corrections. 

5. DISCUSSION OF RESULTS 
Our calculations show that using the defect 
molecule approach electron-electron inter- 


using a rigid-atom model and oidy linear 
coupling terms for the symmetric relaxation 
and Jahn-Teller effects suggest that the 
former effect is iimore important in deter- 
mining the orderihg of the lowest levels. 
The calculated Jahn-Teller splitting of a 
given level, to first order, is in general smaller 
for the silicon vacancy than for the same 
level of the diamond vacancy [10]. These 
results suggest that in a more sophisticated 
treatment at least the symmetric relaxation 
should be included as an integral part of the 
calculation. 

The molecular model predicts that the 



Fig. 7. Electronic structure of the negative vacancy in silicon for eu„ = 0-825 x 10“ rad./sec. (a) un- 
distorted system, (b) first-order electronic symmetric distortion corrections, (c) first-order electronic 

Jahn-Teller corrections. 


action terms and configuration interaction 
effects are very important in determining 
the relative ordering of the lowest levels. 
The order of these levels does depend upon 
the value chosen for the one-centre Coulomb 
integral for all systems except the positive 
vacancy. While there is uncertainty as to the 
true value for Q it is expected to have a value 
in the range 8- 10-1 1-45 eV. The calculations 


nearest neighbour atoms to the vacancy relax 
inwards towards its centre on rebonding, 
but since the model used constrains the 
system be requiring these atoms to remain 
sp^ hybridized such a result was inevitable. 
In the crystal, it is probable that some elec- 
tronic re-organisation of the valence electrons 
on each silicon atom will occur (by analogy 
with the isolated radicals) resulting in a change 
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towards greater sp* character for the bonded 
valence hybrids and greater p character for 
the vacancy hybrid orbital. The symmetric 
electronic force which is associated with this 
re-organisation opposes the symmetric re- 
bonding force. Hence the calculated energy 
lowering would be reduced. It has not been 
possible to satisfactorily calculate the forces 
arising from the reorganisation. The ‘tension 
in the Si-Si bonds in crystalline silicon is 
considered to be small, because the nearest 
neighbour bond length is 2-35 A compared 
with 2-32 ± 0-02 A in such compounds as 
SijH* and SUClgllS]. We have considered 
only the equilibrium configuration for the 
various levels, whereas for the vacancy 
system energy changes for the higher levels 
are determined by the extent of distortion 
of the ground state. From the results given in 
Tables 3 to 6 and equation (5) this information 
may easily be obtained. It is interesting that, 
with the one exception of the P centre with 
Q = 8 -lOeV, the Jahn-Teller and symmetric 
corrections do not alter the ground state of 
the system predicted using an undistorted 
model. The next section shows that the pre- 
dicted ground states from the modified study 
largely agree with the experimental results. 
In view of the size of the symmetric distor- 
tion non-linear coupling terms of the kind 
where a = e, B, 17 , ( may be very 
important in determining the magnitude of 
the Jahn-Teller splittings. Delocalisation of 
the electronic wave-function from the vacancy 
is unlikely to effect the relative ordering of 
the lowest levels, but the magnitude of the 
Jahn-Teller coupling and the separation 
between the levels may be sensitive to this 
effect. 

For the positive vacancy the level is 
predicted as the ground state of the system 
and a trigonal distortion is favoured due to 
Jahn-Teller effects. The accuracy of the 
calculation for the neutral vacancy with 
C = ll-45eV is not reliable enough for us to 
decide which of the three levels *£, ’r, or 
is the predicted ground state. With the 


alternative value for Q the ’At and ‘T* levels 
are close together therefore interlevel coupling 
may result. The general theory of this effect 
has been discussed by Stoneham and Lannoo 
[3]. This coupling may cause a trigonal 
distortion of the system or a mixed tetragonal 
and trigonal distortion. For the negative 
vacancy, the M 2 level is always lowest in the 
study when Q= 11-45 eV; however, several 
levels depend strongly on the value of Q and 
with G = 810eV the level is lowest for 
reasons discussed previously. With only 
intralevel coupling terms this level favours a 
small trigonal distortion. However, ignoring 
spin-orbit coupling, the ^72 level may couple 
with either the or ‘T, levels to give various 
possible distortions, including a mixed trigonal 
and tetragonal distortion. From the present 
results the interlevel coupling, + is 
more probable. The calculation suggests that 
the separation between these two levels is 
loo large for this effect to be significant; 
however, this simple model does neglect 
delocalisation and polarisation contributions 
which it is hoped will not significantly effect 
the relative ordering of the lowest levels, but 
will certainly influence the separations. 

6. COMPARISON WITH EXPERIMENT 
The electronic properties of point defects 
in silicon have been investigated experi- 
mentally principally by Watkins and Corbett 
using elegant electron spin resonance methods 
incorporating uniaxial stress techniques. 
Watkins[l, 2 ] has identified the positively 
ionized vacancy, and the negatively 
ionized vacancy, V~, in p-type silicon ir- 
radiated with 1 -5 MeV electrons at 4 and 20“K. 
The ground states of these centres are doublets 
with 5 = i. The centre is believed to be 
tetragonally distorted and the V- centre to 
have a mixed tetragonal and trigonal distortion 
as a result of the Jahn-Teller coupling of a 
degenerate ground state. The magnitudes of 
the Jahn-Teller splittings are estimated 
experimentally to be very large for point 
defects in silicon and to vary from ~0-4eV 
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for to 1 eV for the group F— vacancy pairs 
to 1-2 eV for the divacancy [2 1,22]. It has 
been argued [2] that the neutral vacancy does 
exist but has not been observed because it 
has a diamagnetic ground state (5 = 0). Since 
neither the spectrum for V* or V~ has been 
observed in low resistivity /i-type silicon, 
Watkins suggests that an additional charge 
state, the doubly-negatively charged vacancy, 
may exist with a diamagnetic ground 
state (5 = 0). Watkins has had considerable 
success in explaining his results on the basis 
of a one-electron model. Within the frame- 
work of this model configuration interaction 
and electron-electron repulsion terms are 
considered to be much smaller than Jahn- 
Teller terms and may therefore be ignored. 

Using the modified case (Q = 8-10eV) 
of the many-electron defect molecule method 
the predicted spin-multiplicities of the ground 
states for the various charge states of the 
isolated vacancy, 1^+, k'®, and are in 
agreement with the experimental observation. 
However, the quantitative aspects of the cal- 
culation are very different from those implied 
by a one electron treatment. Configuration 
interaction and electron-electron repulsion 
terms are essential features of the model. 
Further, with the exception of the centre 
calculations, the linear Jahn-Teller coupling 
terms are predicted to be small and at least 
an order of magnitude less than the sym- 
metric force terms. The analysis of the 
experimental stress splitting results to deter- 
mine the magnitude of the Jahn-Teller 
coupling assumes that the atoms neighbouring 
the vacancy move under the applied stress 
exactly as do the perfect lattice atoms. A 
detailed study of this problem [7] demon- 
strates that this is not the case. The important 
ratio where is the effective 

frequency of the a mode for the perfect 
crystal and g>„* is the effective frequency of 
the corresponding mode of a crystal with a 
vacancy, is equal to 10-6 for the Ai mode, 
1-4 for the E mode and 1-8 for the T mode 
compared with the assumed value of 1-0 


by Watkins in all cases. It seems probable 
therefore that the Jahn-Teller splittings 
deduced from the experimental observations 
^re overestimates. ,The importance of the 
symmetric mode in determining the relative 
ordering of the energy levels has not been 
studied experimentally. The calculations idso 
suggest that non-linear terms in the Jahn- 
Teller energy may be important, but these 
have not been included in the experimental 
analysis. 

The tetragonal distortion of the ground state 
of the V'*’ centre is not predicted by the 
first-order Jahn-Teller calculation, but 
inclusion of higher order terms may account 
for the difference. The mixed tetragonal and 
trigonal distortion for the V~ centre may be 
explained in the many-electron model by 
interlevel coupling between the lowest ^Tt 
and *£ levels. It seems probable therefore 
that the results obtained from the detailed 
study of the many-electron problem are 
not incompatible with the experimental 
findings and may give a better description of 
the isolated vacancy than the one-electron 
model. 


7. CONCLUSION 

The many-electron defect molecule method 
has been used to predict the correct spin 
multiplicities for the ground states of the 
various charged vacancy centres in silicon. 
A modified first-order response theory 
predicts that the symmetric relaxation 
energies are much larger than the Jahn- 
Teller energies. The quantitative features of 
the model are very different to those implied 
by the one-electron model, but the results 
suggest they may not be incompatible with 
the experimental findings. 
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Abstract— We have constructed a simple, model free-energy function to interpret the anomalous de- 
crease in the elastic stiffness cj, of Gd in the spin rotation region. Our model qualitatively exhibits 
the observed drop in c.^, and an order of magnitude estimate of the decrease is in agreement with 
measured values. In the presence of sufficiently large magnetic fields, spin rotation causes large 
changes in the shape-dependent magnetostatic self-energy, which ‘freezes out’ strain-induced spin 
rotation, thereby eliminating the drop in Cja. As is borne out experimentally, we predict that the 
anomalous decrease in cxi should disappear for fields of the order of S kG. We also evaluate the 
magnetic field dependence of Cm and o.ttain fair qualitative agreement with the measurements. 


1. INTRODUCTION 

The ELASTIC properties of materials under- 
going magnetic phase transitions have been 
the subject of considerable study [1. 2], More 
recently [3-7], changes have been observed 
in the elastic properties of magnetic materials 
following the application of magnetic helds 
large enough to cause a reorientation of the 
magnetic spin direction. Spin reorientation 
may, however, also be induced in some mag- 
netic materials by changes in the sample 
temperature [8], and this is what occurs in 
gadolinium 19- 12], We may expect to find 
unusual behavior of the elastic constants 
in the spin reorientation region in this case 
also. 

The easy direction of magnetization in the 
rare earth element gadolinium (T<. =« 290°K) 
is known [9- 12] to lie along the hexagonal 


* Research at the Weizmann Institute sponsored in part 
by the Materials Physics Division (MAYT), Air Force 
Materials Laboratory (AFML) Wright-Patterson AFB, 
Ohio 45433, through the European Office of Aerospace 
Research, OAR United States Air Force, under contract 
AF EOAR6I052-67C-0040. 
t Present Address. 


z-axis in the temperature region immediately 
below Tc- On cooling to below 240®K the spin 
direction rotates away from the z-axis, and 
lies on a cone of directions about the z-axis. 
The temperature dependence of the cone half- 
angle 0 has been evaluated using torque 
magnetometer [9] neutron dilfraction[10, 1 1] 
and a.c. permeability [ 1 2] measurements, and 
the qualitative features of its behavior are 
well established. Below 240°K the cone half- 
angle increases quite rapidly from zero, 
reaching a rather fiat maximum of about 8 = 
70° near 180°K. On further cooling, a slow 
decrease in 0 takes place. Qualitatively, the 
various determinations are in agreement. 
There are, however, substantial differences 
between quantitative details of the behavior 
of 0 as determined by the various investi- 
gators 19- 1 2]. 

The temperature and field dependence of 
the elastic stiffness 0*3 of Gd has been closely 
studied by Long et a/.[13] They observed a 
minimum in C33 at about 220°K, which they 
identified as arising from the spin rotation in 
this temperature region. The application of 
a sufficiently strong magnetic field serves to 
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suppress this minimum. For the reader’s 
convenience we reproduce their results in 
Figs. I and 2. We have also added to the 
figures approximate [9- 12] values of ^ at a 
few appropriate temperatures. 

In their discussion of the anomaly observed 
in Cm, Long et al.[\l] note the probable 
relevance of volume-dependent magneto- 
elastic interactions coupling the strain 
and the spin SiK In Section 2(a) below, we 
shall present a simple model to demonstrate 
how terms of the form e„5/, treated as a 
first-order perturbation of the isotropic ex- 
change Hamiltonian, do give rise to a drop of 


the correct order of magnitude in C 33 in the 
spin rotation region. We limit the treatment 
of Section 2(a) to the case of zero applied 
magnetic field. In Section 2(b), we demon- 
strate that if the effect of an external magnetic 
field H is regarded as simply contributing a 
term -M.H to the energy, results in sharp 
disagreement with experiment are predicted. 
A proper treatment requires explicit consider- 
ation of the role of the shape-dependent 
magnetostatic self-energy in determining the 
behavior of the system. The qualitative pre- 
dictions of our model, upon incorporating 
magnetostatic effects, are sufficiently similar 
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Fig. 2. Elastic constant c,-a vs. temperature for various values of 
the magnetic field applied along the hexagonal z-axis of the crystal, 
as measured by Long et of.|l3]. We have inserted values [9- 12] of 
the rotation angle in zero field R at a few temperatures. 

to the measured [J 3 ] properties of L33, to lead for fields of the order of 5 kG. We also obtain 
use to believe, that by our approach, we have fair qualitative agreement between the 
succeeded in incorporating the essential measured and predicted magnetic field 
features relevant to a proper interpretation dependence of C;, 3. 
of the experimental results of Long et a/.[l 3 ]. 

Our results indicate that the influence of a description of the model 

magnetic field upon c’33 in the spin rotation {Bi) Zero applied field 

region does not reflect an intrinsic property Before we present the rather simple, model 
of Gd, but should rather be associated with free-energy function which we will utilize 
shape dependent effects connected with the to calculate the longitudinal elastic stiffness 
particular sample [ 1 3 ] studied. As is borne constant C33 of Gd in the spin rotation region, 
out experimentally, we predict that the anom- it is probably relevant to present to the reader 
alous decrease in C33 should tend to disappear the reasons which decided us to opt for a 
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rather crude model calculation of caa. in lieu 
of attempting an exact quantitative calcula- 
tion. 

We shall assume that the anomalous de- 
crease observed in Cia in the spin rotation 
region arises from magnetoelastic coupling 
between the magnetization and strain vari- 
ables in the system Hamiltonian. As will 
become clear below, the detailed temperature 
dependence of the decrease in is deter- 
mined both by rotation of the easy direction 
of magnetization, and by the temperature 
dependence of the appropriate magneto- 
elastic coupling coefficients. The former is 
in turn controlled by the temperature depen- 
dence of the 3 magnetocrystalline anisotropy 
constantsI9] pertinent to Gd. Values of d, 
the half-cone angle of the magnetization in 
the spin rotation region, have been computed 
(9] from measured values of these magneto- 
crystalline anisotropy constants, and are in 
poor quantitative agreement with values of 
6 obtained by other methods [10- 12]. More- 
over. the size and temperature dependence 
of the 4 magnetoelastic coupling coefficients* 
appropriate to a quantitative computation of 
(•33 are not available in the literature. An 
exact calculation would thus involve 7 un- 
trustworthy or unknown parameters, and, in 
our opinion, attempting a quantitative ‘fit’ 
between experiment and theory with such a 
multiplicity of adjustable parameters should 
be regarded with some suspicion. On general- 
izing our calculation to include the effect of 
an applied magnetic field (Section 2(b)), the 
prospects of an exact calculation become even 
worse. In this case, details of the inhomo- 
geneous internal field distribution and the 
domain rearrangement process, on spin rota- 
tion in the cylindrical specimen studied by 
Long et fl/.[13], should play a crucial role in 
a quantitative comparison between theory 
and experiment. 


•These are the two single-ion. and the two two-ion 
terms in the magnetoelastic Hamiltonian which contain 
e„, the strain in the z direction. Their explicit form is 
given by Callen and Cailen 114]. 


In view of the above, we have chosen to 
avoid the complexity and obscurity inherent 
in attempting a detailed fit to the measured 
results. Instead we will make some rough 
approximations to obtain a tractable model, 
whose qualitative properties (as will be seen 
in the following) reflect the behavior of the 
elastic constants of Gd in the spin rotation 
region. 

To obtain our model free-energy, we shall 
be guided by the exact spin Hamiltonian for 
Gd. including magnetoelastic terms, which 
has been given by Callen and Callen [14]. 
Following their notation, we write the spin 
Hamiltonian as 

Sr = ^„+^e+^me + ^a- (0 

is the Hamiltonian of the spin system, 
consisting of isotropic exchange terms arising 
from the Ruderman-Kittel [ 1 5] interaction. 

Jife is an essentially classical, additive, elas- 
tic energy associated with homogeneous 
strain. 

is the magnetoelastic interaction coupl- 
ing the spin system to the strain. 

is the magnetocrystaliine energy, rep- 
resenting the interaction of the unstrained 
lattice with the magnetic spin system. 

We may regard and as perturba- 
tions upon the ‘unperturbed’ Hamiltonian 
^ m- and to first order in the perturbation, the 
free energy is given as 

F = + + + ( 2 ) 

where the angular brackets denote thermal 
averaging using the unperturbed density oper- 
ator of the spin system. F^ is the free energy 
corresponding to and, as will be evident 
from the treatment below, contributes nothing 
to the elastic constant r33 since is both un- 
altered by spin rotation, and is independent of 
strain. 

We shall take to be of the form 

<^„) = Xi(T)sin2e-l-/fj(r)sin*e, (3) 
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where Ki and Ki depend on the temperature 
7, and B is the angle between the mean spin 
direction and the hexagonal z-axis of Gd. The 
equilibrium angle at any given temperature' 
follows [8] ui>on minimization of the free 
energy with espect to B. 

The above choice of {^a) is a somewhat 
crude approximation to the general form of 
the crystal-field anisotropy energy permitted 
by the lattice symmetry [9, 13]. In fact, {^a) 
of the form given in (3) would predict [8] 
that B increases continuously from d = 0 to 
B = 7r/2, whereas the results of Comer et 
al.[9] explicitly indicate that a term of the 
type Ks sin®fl is necessary to take account of 
the slow decrease of B from its maximum 
value of 70° (at about 180°K). to =« 30° 
below 80°K. Figures 1 and 2 indicate, how- 
ever, that the anomaly in Cm is practically 
over for 7 < 1 80°K, and following the spirit 
of our model calculation, we have adopted the 
simple form for given in (3). 

The general form for allowed by the 
crystal symmetry of Gd is listed by Callen 
and Calient 14]. Since we will evaluate cja 
by the result = cf^F/defj. we shall restrict 
ourselves to the term in quadratic in 
which we write 

= ic33 eL (4) 

In (4), (-33 is the elastic stiffness in the absence 
of magnetoelastic effects. 

Callen and Callen [14] have given in full 
the lengthy expressions for the one-ion and 
two-ion magnetoelastic Hamiltonian 
of Gd. is a sum of terms linear in strain, 
and zero or second order in the spin compo- 
nents. We will not repeat the expression here. 
We obtain magnetoelastic contributions to 
C33 from those terms in which contain 
products of iti and The contribution of 
such terms to C33 arises from the angular 
dependence of {S^^) in the spin rotation region. 

Let n be a unit vector in the direction 
of the net magnetization, and let k be a unit 
vector perpendicular to n. We then have 


= <(S,cose-l-5fcSm«)»>, 

=» sin* 015(5 + l)-2<5n*)]-h<5,*), 

L 

I 

using the molecular-field approximations 
<5„5fc> = 0 and 5** + 5,* = 5(5 + 1). Thus 
terms of the form 

(5/>€„ = [5(5 -h 1) -2<5„*)]c„ sin*0+ <5„*) 

X (5) 

appear in The second term on the 

right of (5) vanishes upon evaluating d*F/ 
dc*,. but since the equilibrium value of B 
depends on e**, the first term on the right of 
(5) will produce a magnetoelastic contribution 
to C33. We thus write 

<<r„„) = (2(T)e„sin*0, (6) 

which is the lowest order magnetoelastic 
contribution to the free energy compatible 
with the symmetry, and which contributes to 
C 33 . To a first approximation we neglect the 
temperature dependence of Q{T) in the spin 
rotation region. 

Substituting (3), (4), and (6) in (2), we have 

F = F„ +ic33e|^ + sin*0-f- sin*0 

+ Kt sin^0. (7) 

Equation (7) represents the model free-energy 
function of our system, and we shall utilize it 
to evaluate the elastic stiffness C33 in the 
presence of magnetoelastic coupling. 

The equilibrium value of 6 at any given 
strain is determined by 

S).. ® 

= 2(Kt + sin B cos B+A sin*0 

X cos B. (9) 

This has solution B = 0.B = irjl, or 

sin*0 = -(A:.-l-e€«)/(2A:,). (10) 
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In this simple case we could substitute ( 10 ) 
in (7) and evaluate c. = d^F/d^ direct y. We 
shall, however, proceed using the rules tor 
partial differentiation, since this technique 
will prove more convenient in Section 2(b). 
Using 


dcj, S€iJe dtj. 



= gsin“0+r';i;, 


we have 

= d^F/deil* = + 2Q sin 0 cos 0 (dfl/d€„). 

( 11 ) 


Evaluating d0/d€„ from (10), we obtain 

c..«/ci,= l-Q^/(2K,c;,a) (12) 


for 0 < fl < Ttll (i.c. in the spin rotation re- 
gion), and 


^'.1.1 ~ Can 


(13) 


when (9 = 0 , or 9 = irll. 

We wish to emphasize once again that 
experiment [9- 12] indicates that in Gd. 0 
does not simply increase from 0 = 0 to 0 = 
irl2, as would follow [ 8 ] from the simple form 
(3) for the magnetocrystalline energy, 
assuming Ki and K 2 to be monotonic functions 
of the temperature. The measured temperature 
dependence of 0 has been described in Section 
1 , and is in fact controlled by an anisotropy 
energy having the form [9] /C, sin^fl-f-ZCj 
sin*(9-f- A'asin®^. By incorporating the addi- 
tional term A 3 sin®(9 in the free energy ( 7 ), 
we would obtain, by a calculation analogous to 
that above, 


Css/css — 1 G^/[2 c' 33(A2 -l- 3 A 3 sin^ ^)] (14) 


A, 4 -( 2 A 2 -C®/cM)sin*e +3 As sin*fl = 0. (15) 

Clearly ( 1 4) reduces to ( 1 2) on putting As = 0. 
Since the measured [9] temperature depen- 
dence of Ai, K.i and A 3 is perhaps unreliable 
for evaluation of 0{T), we shall, however, 
adopt the simpler expression ( 12 ) for our 
model. 

If we neglect the temperature dependence 
of QV(2KiC^), equation ( 12 ) predicts a 
drop* in C 33 in the spin rotation region, reflect- 
ing the induced softening of the crystal via 
megnetoelastic coupling, when the net mag- 
netization is ‘free’ to rotate. The zero field 
curves of Figs. 1 or 2 confirm the existence 
of a drop in c -33 in the spin rotation region of 
Gd. Experimentally, the magnitude of the 
drop is not a constant. This discrepancy of 
detail is to be expected, however, in view of 
the approximations made in setting up our 
model. 

We may estimate the magnetoelastic 
anomaly predicted by ( 12 ) using measured 
valuesf9] of the anisotropy coefficients of Gd. 
Comer et a/.t9] find - 10® erg/cm’ in 
the spin rotation region {T = 220‘’K). Callen 
and Callen [14] quote data of Coleman [17] 
which indicates that 10 '“ is a perhaps typical 
value of a magnetostriction constant X in 
Gd. Since, roughly. 

C - Cm X - 5 X 10” X 10~‘'dynes/cm“ 

we estimate ^'/(ZAa) = 10 '" dynes/cml 
This is the right order of magnitude for the 
observed C 33 - (Figs. 1 and 2). 

(b) Effect of magnetic field 

We consider first the case of a magnetic 
field Hx applied in the basal plane. The most 
straightforward (but as we shall show, in- 
adequate) way of including the effect of H± 
would be to add a term -H^M sin 0 to the 


in the spin rotation region, where the value of 
9 in ( 1 4) is determined by the relation 


♦Exactly this type of behavior has recently been ob- 
served in the spin rotation region of ErFeO, by Gorodet- 
sky and LuthiUb]. 
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free energy, (7), to obtain 

F(e, H±) = Fm+ic'aaelz + Q e« sin*<9 + Kj sin*fl 
+ K2 sin^d — Hi_M sin 0. (I6) 

We proceed to evaluate C33 = d*F/dc|j as in 
Section 2(a). At equilibrium. 



= 2(Qetz + Ki) sin 0 cos 0 + AK^ sin^d 

XCOS 0 — HxM COS 0 . (17) 


Equation (22) implies that when Hi is 
sufficiently strong to constrain the spins to 
the basal plane, we observe no anomaly in 
C33. This result is of course physically reason- 
able, as in such a case no spin rotation can 
take place to reduce the energy upon the iqjpli- 
cation of strain. 

It is of interest to obtain an estimate of the 
field H„i 2 at which 0 = ir/2, and the anomaly 
in C33 should vanish. From (21), when 0 = 
ttI2 

MH„n = 2K,+(4K2-2Q^Ic'33) = lOSerg/cm^ 


This has solution cos 0 = 0, or 

2(Qc« + Ai) sin 0 + 4 A2 sin^'fl — H^M = 0. 

(18) 


Using 


dF dF\ 

.d€„ a€„/«’ 


we have 


d*F d0 

C33 = JT = Caa + 20 sm 0 COS 0 1 — 

(l€g2 ^^22 


(19) 


Evaluating dfl/dej* from ( 1 8), we obtain 

C 33 (« J / f'M = 1 -m Hi)QV{ 2 K,C' 33 ) 

ifO < 0 < 77/2, (20) 

where 

A0, Hi) = sm^0l[MHil{SK2) + sin^0], 
and 0 is determined by 


2Ki sin 0 + (4 - 2Q^IcIm) sin*0 = MHi. 

(21) 

(Equation (21) follows from (18), upon noting 
that SFIdezz)0 = 0, at equilibrium, and using 
this relation to determine €„.) When cos 
0 = 0, i.e. 0 = 77/2, our model gives 

C3»(//x) = ci 3 , (22) 


since then dfl/dc„ = 0. 


At 220°K, the magnetic moment [18] of Gd 
is 1.3 X 10®e.m,u./cm^ and it follows that 
H„,2 = lOOG. 

Thus the free-energy function (16) predicts 
that the application of a few hundred gauss is 
sufficient to completely suppress the anomaly 
in C33 in the spin rotation region. This result 
is in complete disagreement with the measure- 
ments of Long et «/.[ 1 3] and we explain the 
source of the discrepancy below. 

Thus far we have neglected possible self- 
magnetostatic energy terms in the free-energy, 
assuming tacitly that our sample is demagne- 
tized. and that spin rotation will not alter the 
magnetostatic energy. Upon application of a 
sufficiently strong magnetic field, however, 
it is clear that surface poles will form in the 
sample in such a way that spin rotation will 
necessarily alter the magnetostatic energy, 
and we must explicitly include such consi- 
derations in our free energy function. 

Before the magnetic field is switched on, the 
Gd sample will, at least to a-good approxima- 
tion, be demagnetized, with the spins lying ki 
domains oriented along the easy directions of 
magnetization (e.g. making angles 0, Tr—0 
with the z-axis). We depict the position 
schematically in Fig. 3. Application of a small 
external field will cause growth of those 
domains whose magnetization lies closest 
to the applied field direction ('plus’ domains) 
at the expense of the domains with magnetiza- 
tion largely opposed to the applied field 
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Fig 3 Schemalic outline of the domain rearrangement process upon the application of an 
external field in the basal plane. Fort) <H,< H/ = MD sin », the internal field in the 
sample remains zero, as the ’plus' domains (oriented largely along the positive field direction) 
grow at the expense of the ’minus’ domains (oriented largely against the field) so as to 
cancel the effect of increasing Hi. 


(‘minus’ domains). The net result of this 
process is the creation of a demagnetizing 
field in the sample of the correct size and 
direction to cancel the applied field. 

In general, the details of the domain re- 
arrangement process are rather complicated, 
and depend on the sample symmetry, on its 
shape, and on the orientation of the applied 
field with respect to the crystal axes of the 
sample. (Typical domain rearrangement 
processes in a crystal of iron have been 
treated using the ‘phase model’ of Neel 
1 1 9-2 1 ]. Pauthenet and his co-workers[22. 23] 
have extended this model to uniaxial mater- 
ials.) In our case, a quantitative treatment of 
the effect of a magnetic field is complicated 
by the cylindrical shape of the sample used 
by Long et aA[l3], which gives rise to a non- 
uniform demagnetizing field in the sample 
upon approach to saturation. However, on 
the basis of treating a tractable, simple model, 
as discussed at length at the beginning of 
Section 2(a), we shall take account of magneto- 


static effects using the ‘phase model’ and by 
assuming the sample to be characterized by a 
demagnetizing factor D. Since the cylindrical 
specimen studied by Long et a/.[13] had a 
diameter of the same order as the height, we 
shall take D to be roughly 47r/3 = 4. 

From Fig. 3 it is clear that domain -re- 
arrangement can no longer preserve zero 
internal field when the applied H i reaches the 
critical value 

Hi'’ = MD sin 6, (23) 

where D is the demagnetizing factor, and M 
sin e is the component of the magnetization 
in the direction of the applied field when 
the minus domains have just vanished. For 
0 < Hx < Hx'^ the applied field has no effect 
upon strain-induced spin rotation, since in 
the ‘phase model’ the internal field acting 
upon the spins is zero. For fields greater than 
Hx" the magnetization will start to rotate 
towards the field. 
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An alternative, peiiiaps more physical 
description of the effect of strain for 0 < 
is as follows: Let us assume that 
the application of strain induces the spins to ' 
rotate towards the hexagonal z-axis via 
magnetoelastic coupling. This rotation will 
not alter the magnetic energy, since a simul- 
taneous growth of minus domains at the 
expense of plus domains will cause the magne- 
tization component in the direction of the 
applied field to remain unchanged. (Note that 
we neglect possible energy changes associated 
with domain wall motion. A similar assump- 
tion was made by Neel [19].) As soon as 
Hx > Hx^, however, the bulk of the sample 
consists of one type of domains (plus domains), 
and strain-induced spin rotation will then alter 
the magnetostatic energy. 

Including therefore the magnetostatic self- 
energy in our free energy (16), we have 

f(0, Hx) = Fm + kM€L + Qe«sin*6+/!:, 

X sin*0 -H Ki sin '*61 — HxM sin B 
-fiDM*sin*fl. iorH^ > ///, 


F(&, Hx) = Fm + kM€L + Q««sin'^0 

Ki sin*0 K-i sin''0, for Hx < Hjf. (25) 

For Hx < Hx’’, the free energy is independent 
of the applied field Hx and (25) has exactly 
the same form as (7). 

Equation (24) has the same functional 
dependence on Q and €„ as does (16). We 
therefore obtain immediately 

cAHx)lc',, = 1 -m Hx)QV{2K,ci,), 

for Hx > Hx^, (26) 

where 

f(d, Hx) = sin’^eilMHxKSKt) + sin» 0 ], 
and e is determined by 


MHx = 2{Kt +iDm sin e^^2(2K^ - QVcia) 

xsin*0. (27) 

il 

Equations (26) and (27) follow from (20) 
and ( 21 ), respectively, upon replacing Kt 
by Ki+iDM^. Since (7) is identical to (25), 
we once again obtain the ‘field-free’ result, 

Cm/c^ = 1 - QV{2K,c'^), for Hx < Hx". (28) 

Clearly, for Hx > Hx", the equilibrium 
value of d is a function of Hx, and f(B, Hx) has 
a somewhat complicated dependence on Hx- 
The exact behavior of f(6,Hx) is particular 
to our model, and of little interest; an order 
of magnitude estimate is enlightening, how- 
ever. Noting that at temperatures of interest 
to us (= 220 °K) the magnetic moment of 
Gd[I 8 ] is 1.3 X 10® e.m.u./cm^ it follows from 
(23) that for Hx > Hx", MHxKSKi) ^ DA/* 
sindKSKi) ^ sin®fl, since [9] = 10® erg/cm® 

in this temperature region. We may thus 
obtain an upper bound to f(9, Hx) as 

m Hx) = sin® 0 /[A/Hx/( 8 Ai) + sin® 0 ] 

^ sin®0/[DA/*sin0/(8/C2)] 

< SKJ(DM^ 

= 5 X 10-*, 

taking D 47 r /3 as discussed above. Refer- 
ring back to our results (26) and (28), we note 
that the drop in CssiHx) induced by magneto- 
elastic effects in the field-free case should 
practically vanish for Hx > DM sin 6 = Hx", 
since the factor f{d, HJ multiplying the field- 
free anomaly is so small. For the 

remainder of our discussion we shall put 
/(0, Hx) “ 0. 

The physical basis for the disappearance 
of the drop in C 33 lies in the high energy cost 
of spin rotation due to magnetostatic effects, 
when the sample consists of only ‘plus’ 
domains having their magnetization largely 
along the positive magnetic field direction. 
Since in this case, spin rotation is no longer 
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easily induced by the application of strain 
(as is the case for H, < ///, when dorn^n 
wall motion compensates changes in ma^eto- 
static energy induced by spin rotation), the 
‘softening’ observed in zero or low external 
fields is effectively eliminated.* 

From (23), (26) and (28), for a given equili- 
brium value of e, the applied Ht which serves 
to reduce the zero field drop in is given by 


}i^ = H/ = DM sin 9 = 5 sin e kG. 


(29) 


This value is in reasonable agreement with 
the results of Long et a/.[13] (Fig. 1). Of 
course, in comparing the predictions of our 
modpi with measurements of i), we can- 
not expect to observe the sharp drop in 
Cm(Wj,) which we have obtained from our 
treatment. As in the zero field case, dis- 
continuities in C 33 arise from the approxi- 
mations we have made in setting up our model 
frce-energy, and especially in the assumption 
of spheroidal instead of cylindrical geometry. 
Qualitatively, however, as we shall presently 
show, our model exhibits field -dependent 
features in good agreement with the observed 
effects. 

An analogous treatment can be undertaken 
when the magnetic field //, lies parallel to 
the hexagonal z-axis. In this case for < 
W/, the appropriate free energy is 


F = F„-l-ic- 33 eL + Q€;i sin'^d + K, sin^e 
+ K~iSm*e-MH^QOs6 + WM^cos^e. (30) 


*A more exact description of the effect of an applied 
field upon the magnetoelastic anomaly in (■.„ in terms 
of our model is as follows: 

For A/j, < A/i' the internal field A/,„, is zero, and the 
equaibrium angle for the magnetization is independent of 
AAj,. As Hi reaches Hi', the anomaly is reduced from 
C‘/(2A:.ci^to/(0,A/^)Q^/(2AVi,) < ^ X ^0-^QV{2K^ci). 

Upon further increase of Hi, AAini is no longer zero and 
the spins rotate towards the field. When the spins lie 
along the field in the basal plane, the magnetoelastic 
anomaly disappears altogether. As noted at the beginning 
of this section, the latter process requires an extra applied 
field of only a few hundred gauss. It would-generally be 
swamped by the grosser effects of the magnetic domain 
rearrangement processes occurring in the neighborhood 
of i' in Lopg’s [13] cylindrical sample. 


Evaluating Cagf//*) as before, we find in the 
spin rotation region. 


C33(//.)/ci, = 1 - m H,)Q%2K^cla) (3 1) 
for //* > /// = DM cos e. 


where g{e, //*) = cos^eUMHJi^Ki) + cos® 0 ], 
and 0 is determined by the equation 

MH, = 2(iDM“ - A,) cos 6 + 2(QVc^ - 2Kd 
X cos 6 sin^ d. (32) 

As when the field is applied in the basal plane, 
we obtain the zero field result for //* < 
namely 


c-33(//«)/f.s3 = 1 -eV(2A:2cl,).fpr//, < ///. 

(33) 

By an argument analogous to that used 
for fifi.Hi) we can show that g(9,Ht)^ 
5 X 10“^ — 0, for our purposes. 

In Fig. 4. we present schematic plots of 
equations (26), (28), (31), and (33). Consider 
first the case when Hi is applied in the basal 
plane. Our model predicts that low applied 
fields affect for small values of 0; when 6 
is large the anomalous drop in 033 remains 
unchanged. This prediction is bom out by the 
data of Fig. 1 , where we observe that the low 
field curves are coincident with the zero field 
curve for large values of 0. Similarly, and 
once more in agreement with the experimental 
data, the larger Hi the larger the range over 
which C 33 shows no anomalous drop. 

Turning now to the experimental results 
when the applied field lies along the z-axis, 
we notice that small fields cause large varia- 
tions in C 33 when 8 is large (= 70°). On the 
other hand, at small angles, the 2 kG and 4 kG 
curves coincide with the zero field measure- 
ments. Our model does in fact predict that 
for the field along the z-axis, no effect should 
be observed at low angles upon the applica- 
tion of moderate fields. At high values of the 
angle, however, according to our model even 
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Fig. 4. Behavior of C 33 for zero and non- zero applied fields, as predicted by our model 
frce-energy. The qualitative agreement with the experimental data of Figs. I and 2 
is discussed in the text. We have taken /( 8 . =< 0 for > DM sin 6 = W/ 

[equation (26)] and g(e,H,) * 0 for H, > DMcosO — H/ [equation (31)]. The 
slope assumed for is arbitrary, and Q‘l{lK^c'„) has been taken to be temperature- 

independent. 

small applied fields serve to eliminate the of magnitude estimate of the decrease is in 
anomaly in C33, and in fact a substantial agreement with measured values. A magneto- 
decrease of the anomaly is observed expert- elastic term in the free energy having the form 
mentally. Qc„sin'‘0 couples the mean spin direction 

Finally, we note that a comparison of the and the strain and the spin rotation 
critical fields for CaaiHi) and also induced upon application of strain in the z- 

shows that the two results transform into one direction is the physical origin of the crystal 
another upon replacing e by nl 2 — e. This ‘softening’ observed. In the presence of a 
prediction is in qualitative agreement with sufficiently large applied magnetic field, 
the data in Figs. 1 and 2 , where the anomalies spin rotation associated with the strain causes 
in C33 measured with the magnetic field per- large changes in the self-magnetostatic energy, 
pendicular to, and parallel to the hexagonal and the freedom of the spins to rotate upon 
z-axis are roughly related by a mirror sym- application of strain (and thereby to lower C33) 
metry about d = 45 °. is effectively frozen out. In agreement with 

experiment, we predict that the drop in Css 
3 . SUMMARY should Vanish for applied fields of the order 

We have motivated and constructed a of 5 kG. 
simple, model free-energy function to inter- In qualitative agreement with experiment 
pret the anomalous decrease in the elastic our model further predicts: (a) for fields 
stiffness C33, measured [ 13 ] in Gd in the spin applied in the basal plane, the larger the angle 
rotation region. Our model qualitatively of rotation from the hexagonal z-axis, the 
exhibits the observed drop in C33, and an order larger the field required to eliminate the 
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anomaly in C33. (b) for fields applied along the 
hexagonal z-axis, the smaller the rotation 
angle, the larger the field required to eliminate 
the anomaly in C33. (c) the effect of a magnetic 
field applied in the basal plane when the spins 
are characterized by a given spin rotation 
angle 0, is roughly equivalent to the effect 
of the same field applied along the z-axis when 
the spins are characterized by the angle 
nil — d. 
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Abstract— The dynamic nuclear orientation by saturation of first order EPR forbidden transitions for 
nuclei with spin greater than 1 is theoretically studied in samples having well resolved h.f.s. with a 
paramagnetic ion of spin = i and a comparison is made with corresponding results obtiuned by satura- 
tion of allowed transitions. It has been found that Jefhies-Abragam effect shows better results from 
the stand point of EPR power requirements and relaxation insensitivity in dynamic nuclear orienta- 
tion experiments. It has also been found that the Jeffries- Abragam effect when the static magnetic 
field is applied parallel to the crystal symmetry axis presents the most reliable method of producing a 
high degree of nuclear orientation. 


INTRODUCTION 

The theoretical [1-8] and experimental [9- 
26] studies of dynamic nuclear orientation by 
Overhauser[27] and Jeffries [28]-Abragam 
[29] effects which involve the saturation, 
complete or partial, of an allowed (A W = ±1, 
Aw = 0) or first order forbidden (AM = ±1. 
|Am| = 1) EPR transition respectively in an 
electron nuclear coupled spin system sub- 
jected to a static magnetic field, have already 
been made in very simple systems of spin i or 
1 nuclei. These studies in general, and those of 
Jeffries [30] in particular with S = J, / = J 
systems have established that better results 
may be expected from the stand point of EPR 
power requirements and relaxation insensi- 
tivity in dynamic nuclear orientation experi- 
ments in which first order forbidden transitions 
are saturated. The present paper represents 
an attempt at investigating the relative superi- 
ority or otherwise of Jeffries- Abragam effect 
in systems [3 1-36] where the nuclear spin 
may have arbitrary values greater than 1 and 
are in resolved hyperfine interaction with a 
paramagnetic ion of spin = i. 

Competing and non-competing pumps 
The electron nuclear spin system under in- 
vestigation having a strong hyperfine inter- 


action and subjected to a static magnetic field 
H, can be characterised by the spin Hamil- 
tonian 

;r = -f ^ ( //_5+ + H^s^) 

where g|| and g^ are the electronic g values in 
directions || and 1 to the crystal symmetry 
axis., A , B are the hyperfine constants, and 

H^ = H^± iHy, S^ = S^± iSy. /* 

= Ir±Uy 

The first order perturbation energy eigen 
values for such a system for any inclination 
0 of H with crystal symmetry axis is 

E{M, m) = gBHM + {(A- E)^ cos* (9/g*} 

X Mm 

where are the magnetic quantum num- 
bers of electron and nucleus respectively and 
^ cos* 6 -h g^ sin* d. The energy level 
diagram of the system is depicted in Fig. 1 
for/4 > 0. 
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Fig. I Energy level diagram of an electron-nuclea 
coupled spin system when the hyperflne interactioi 

f ^^entan'meractid^a^d Ih! 

app-ie^bdrinrei: 

*and2/i k and between levels il + I and2n-*+|. 

The EPR transition probabilities [30] for 
such a system for arbitrary relative orienta- 

Md*thl axis, the static 

and the time varying magnetic fields have 

bTih reported elsewhere [37] 

significant features from 

forindden and the only transition whTh 
can be induced is flip-flop (Ail/ = -t- 1 a - 

^ transitions have 

I^ir it may be possible to 

induce simultaneously the two transitions with 


almost equal probability (5 = 0). 

We refer to the former situations as non- 
competing pumps and to the latter as 
competing pumps. 

Taking into consideration the effect of com- 
peting pumps i.e. by assuming the simultane- 
ous saturation of the transitions between the 
levels (-i, I-A+l^i, I-k) and (-i 

I-k-^k, /-k+1) (Fig. 1) 1, 2 ’ 

21 = in- 1) by the same EPR pump frequency 
and competitive relaxations, we have cal- 
culated, using well established techniques 
[38,39] suitably modified[40], the theoreti- 
cally expected dynamic nuclear polarization 
[6], alignment[6] and NMR enhancement [7], 
The general expressions for these parameters 
can be obtained for 4 ^ k ^ n — 2 (n > 6) 
Other values of k and n require special 
individual treatment. We omit the details of 
calculations in view oftheir being cumbersome 
and space consuming, and give below only the 
typical expressions for the general case (k = 

f; ^' = 4,5 n-2) and for one special case 

ik - ]) assuming complete EPR saturation. 


-1)1 2(1 +r,)B, + in -2k)B3B4 
+ {((n+\)l2)T,ik+l,n)-T3ik+l, 
n)} - 2B,BMn+\)l2).D^^iAln„ 

(;i-l)(n-2)/2) + (n-i)(„+,)/4) 

= [{((«+ l)/2)^7, (1, A- !)-(„+ 1) - 

't ^ - 1 )} 2 ( 1 + 

+ (/" 4nA + 4A*+l)/2)B o 

(A:+ 1 , n) -f 7'3(A + 1, n)} . 2fi,Bj]/£)^ 
£«/i, = [{-„7';(l,A-2) + r;(i,A-2)} 

^~il^-« + l)S) + (2 + r,)xexp 
i-kUl ” exp 

-n + 2]S + <.^ ’H’)exp(A-(3/t 
2)8 -I- exp (— A — (rt — A -f- 2)8) 

- ^ exp i-ik - 1)8) - exp (-2A -- (L 

'i-l)+T,'(A+l,n-m 2« « 
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Pol, = ((« -2)5 . 5, + (((rt + 1)/2) r,(3, n) 

- 7^(3, n))52)/((n - 1)/2)D, KM/n, ' 
(n-l)(n-2)/2) + («- l)(/i+ l)/4) 

= (((«* - 4n + 5)/2)fl . 5, + (((n + 1)*/ 

4) r,(3 , «) - (n + 1) 12(3 . «) + TaO . 
n)Bd)ID, 

Enhx = (2(n - 2)(exp (-38) - exp (- A - (n 

- 2)S))Bi + 2(exp (- A - (« - 1)8) 

- exp (— A — (/I — 3)8)). 5, + (— n x T ' 
(3 , « - 1 ) + Ta' (3 , « - 1 ))B2 ( 1 - e- *))/ 
D , . SSP 

where 

D*={2(l + 7,)7,(l,^-l) + 2B3 + 2fi5 
ri(/:+ 1,«)}B4 


Z), = 25.5, + 5*r,(3,n) 

5 = 2 + exp(— A — (n — 3)S) + exp(— A— (o 

-m 

Bi — 1 + T}exp(— A— (/I— 4)6) 

Bz = 17 exp (36) + exp (— A — (n — 3)6) 

+ exp (— A — (« — 6)6) + exp (28) 
fla = (2T) + 1) exp (— kS) + exp (— 2A — (2/i 
- 3)t)8) + 17 exp (A - (3* - n + 1)6) 

+ (2 + T7) exp (- A - (n - Jt + 1)6) 

B4 = (l + T?) exp(— A — (n — 3)6) + (l/T7)exp 
(- A - (« - 4)8) + exp (-2A - (2« - 8)8) 
Bi = 17 exp (A — (2A — n)8) + exp(— A — (rt 
-2k)8) 

Ui:k' ) = S,+a(/: * ' ) + S,(/:*' ) exp (-a - (n 
+ 1 ) 8 ) 

TIil'X) = Si^,{i:k') + Si{i:k’)exp{-A-nS) 
(/= 1,2,3;/' and it' = l,2,...n) 
5SP= [-nr2'(l,n-l)+T3'(l,n-l)](l 
-e-*)/54(l,n)(l+e-'^) 



Pig. 2. Curves showing the relation between polarization and d for complete saturation for non- 
competing pumps. Primed curves are for NtP* and unprimed are for Pa'*'''. The curves are 
numbered as a, h where a stands for any value of A and h = 1.2,3 stands for tj = 0-01, 1, 100. 
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T} * m'i/m', where Wi and w* are the downward 
thermal transition probabilities associated 
with flip-flip and flip-flop transitions respec- 
tively. 


A = (En^j-Ei)lkT j=l,2 n 

8 = {Ej-Ei.,)lkT j = 2, 3, .. n, n+2 , . . .. 

2n 

Where £’s are the enei;gy eigen values of 
the system, k is the Boltzmann constant and 
T the temperature of the system. 

Values of S’s used above can be obtained 
from the following expressions by putting 
appropriate values of k and n in them. 


5,(/t -I- 1 , n) = exp (nfl) ( 1 — exp (— (« — ^)8))/ 
(1 - exp (-8)) 

S^ik+ l,n)= 

-(A:-l-l)e*«j/(I-e-«) 

S3ik+ l,/i)= 

(l-c-«) 



Fig. 3. Curves showing the relation between polarization and A f™- so r.. 
non-cotnpeting pumps. Pruned curves are for Nd»^-«nd unprimed In for 

meaning as in Fig. 2. 


a . b has the same 
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DISCUSSION OF RESULTS 

We plot in Figs. 2-5 the low tempera- 
ture dynamic nuclear polarization against A 
for two actual samples namely Pa'*'*' in CsgZr 
Cl«[32] and N(P+ in (La, Mg), (NO,),, 24H,0 
[31] for which / = 3/2, A/8 = 10, and / = 7/2, 
A/6 = 100 respectively*. It is reasonable to 
assume that the conclusions derived there 
from, as presented below, have wider applica- 
bility. 

In Jeffries-Abragam method, as in Over- 
hauser’s[40], the dynamic methods are best 
utilized in the temperature range 1 < A ^ 10, 
in which the magnitude of the dynamic orien- 
tation parameters is greater than their corres- 

* Similar curves for other parameters are omitted. 



A 

Fig. 4. Curves showing the relation between polarization and 4 for complete saturation for 
completing pumps for Nd’^. a . b has the same meaning as in Pig. 2. 




998 


S. K. GUPTA and M. L. NARCHAL 



Fig. 5. Curves showing the relation between polanzation and A for 50 per cent saturation for 
competing pumps for Nd’*. a . b has the .same meaning as in Fig. 2. 


ponding Overhauser’s values. The magnitude 
of parameters decrease when the saturation is 
lowered but the effect is less than proportional. 
Systems with high electronic to nuclear split- 
ting ratios seem to be less sensitive to satura- 
tion and hence more useful from the 
experimental view point. The Jeffries- 
Abragam technique is on the average much 
less relaxation sensitive than the Overhauser’s. 
The relaxation sensitivity seems to increase at 
lower saturations. 

The magnitude of the effect and its relaxa- 
tion sensitivity also depends on the pumping 
scheme employed. Pumping in the middle 
seems to give the best polarization which is 
least effected by thermal processes. Similarly 
one may choose the best pumping schemes 
for alignment and NMR enhancement. 


The orientation of the crystal axis with 
respect to the static magnetic field, which 
determines the degree of competition between 
the pumps, has a very significant bearing on 
the experimental results. The parallel orienta- 
tion in which the pumps do not compete at all 
seem to be the most suitable for obtaining 
polarization and alignment and the ± orienta- 
tion the most suitable for NMR enhancement. 

On the whole the Jeffries- Abragam method 
seems to be more powerful than the Over- 
hauser’s and may have an additional advant- 
age in terms of microwave power requirement 
for reasonably good saturation. 
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X-RAY X-ABSORPTION STUDIES OF klOBIUM 
SELENIDES AND TELLURIDES 

V. G. BHmE and M. K. BAHL 
National Physical Laboratory, New Delhi- 12, India 

{Received 30 April 1970; in revised form 23 July 1970) 

Abstract— X-ray X-absoiption studies of niobium selenides and tellurides have been carried out using 
400-mm bent crystal (mica, 100 planes) transmission spectrograph. In NbsSe^, X-absorption edge of 
niobium as well as of selenium lies on the higher energy side with respect to the corresponding metals 
while in NbSe,, it lies on the lower energy side. 


1. INTRODUCTION 

X-RAY spectroscopy is an important experi- 
mental tool for studying chemical bonding in 
various intermetallic compounds. Although 
several workers [ 1 -3] have studied the K- 
absorption edge of the transition metal and 
selenium atoms in the respective selenides 
and obtained therefrom useful information 
regarding chemical bonding, very little seems 
to have been done on the selenides and 
tellurides of second transition series. In 
recent years Nb-Se and Nb-Te binary 
systems have received considerable attention 
because of their interesting electrical and 
magnetic properties. These systems have 
been investigated from the structural [4] 
point of view. The magnetic [3] and electric [6] 
properties have also been investigated in 
some detail. However, these studies have 
thrown little light on the nature of chemical 
bonding. It was therefore thought worthwhile 
to investigate the position and fine structure 
of the X-absorption edge of niobium in its 
selenides, Nb 3 Se 4 , NbSe^ and tellurides, 
Nb 3 Te 4 and NbTe 4 . These measurements 
have led us to infer the nature of chemical 
bonding in these selenides and tellurides. 

2. EXPERIMENTAL 

A 400-mm bent crystal transmission 
spectrograph using a mica crystal oriented to 
reflect from the (100) planes was used to 
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record the absorption spectra as described in 
our earlier communication [7], The niobium 
X-absorption edge was photographed in the 
second order where it could be bracketed 
between the first order CuK/3i and WL/3, 
lines. The tungsten lines appeared in the 
spectrum due to the deposition of tungsten 
from the hot tungsten filament on the copper 
anticathode. Suitable absorbers of com- 
pounds, kindly provided by Dr’s. Kadijk and 
Brown, were prepared by spreading fine 
powders of the substance to the required 
thickness on cellophane tape. The exposure 
time of each of the spectrograms was about 
10 h. The spectra were microphotometered 
with a Hilger watts microphotometer coupled 
to a honeywell chart recorder at magnifi- 
cation of about 50. The microphotometer 
trace of niobium metal is shown in Fig. 1. 
At least five spectra were recorded for each 
substance and each spectrum was microphoto- 
metered at five heights. Thus the values 
reported here are the average of at least 
25 measurements. 

The position of the absorption edge was 
taken at half the maximum of the absorption 
curve. Alternatively, the X-ray X-absorption 
position was determined by arc tangent curve 
fitted to the observed absorption spectra [8]. 
Both these methods gave almost identical 
position of the X-absorption edge. The 
position of the absorption edge depends in a 
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1 3. RESULTS AND DISCUSSION 



Fig. 1. A microphotometer trace of the spectrum obtained 
on the record paper for the niobium metal. 


complicated way on a number of factors, 
such as the net resolving power of the spectro- 
graph, the shape of the spectral window and 
the true absorption curve. The position of the 
absorption edge, in addition, depends sensi- 
tively on the densitometer curve and its 
reliable position can be obtained only when 
the density is a linear function of the absorption 
coefficient, in a few cases, the /C -absorption 
edge discontinuity for niobium in Nb^Se^ and 
NbScj were recorded on the same film, giving 
the same exposure time and under identical 
tube conditions. The shift in the fC -absorption 
edge of niobium in NbjSe^ and NbScj as 
determined from these cases agreed within 
experimental error with that determined from 
individual -absorption spectra of Nb3Se4 
and NbSca, taken on different films. The 
error mentioned along with the values of the 
position of the /^-absorption edge denote 
the spread in values obtained over a large 
number of microphotometer records. 


Figures 2 and 3 show the absorption edge of 
niobium in the selenides Nb3Se4 and NbScj 
and the tellurides NbgTe^ and NbTe4 respec- 
tively. The zero of the energy scale is taken 



0 40 60 120 

E. •V 

Fig, 2. Fine structure of X-ray K-absorption edge of 
niobium tn its tellurides. 

as the /C-absorption edge of niobium in 
niobium metal. It is to be seen (Table 1 ) that 
as in the case of oxides [ 7 ], the position of 
the /C-absorption edge of niobium in Nb3Se4 
and Nb3Te4 shifts towards the higher energy 
side; the shift in Nb3Te4 being smaller than 
that in Nb3Se4. In contrast, the /C-absorption 
edge of niobium in higher selenides and 
tellurides NbSe^ and NbTe4 shifts towards 
low energy side (Table 1 ). In addition to the 
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T able 1 . Position of the K-absorption edge and fine structure of K-absorption 
of niobium in its selenides and tellurides 


Position of the Position of the fine sMcture 


Name of the 
material 

absorption edge 
inX.U. 

K 

A 

EineV* 
o B 

ft 

C 

Nbmetal[l] 

65I-69+002 

0 

16-21 

27-25 

34-42 

46-74 

55-75 

NbjTe* 

651-61 ±0-04 

+2-3 

20-5 

31-0 

41-4 

48-9 

65-0 

NbTci 

651-81 ±0-04 

-3-5 

7-3 

23-9 

33-7 

— 

— 

Nb,Se4 

65 1-56 ±0-04 

+3-8 

14-7 

21-1 

33-1 

— 

— 

NbSe, 

651-76 + 0-03 

-2-0 

15-6 

32-3 

41-6 

57-4 

77-6 


*Zero of the energy scale is chosen at the position of absorption edge of niobium metal. 
K denotes the position of the absorption edge. Capitals ..4, B, C show absorption maxima and 
Greek letters a, /3< Y show absorption minima. 

[1] Taken from Ref. [7] and checked in the present investigation. 


X X u 


653 651 649 647 



E. eV 

Fig. 3. Fine structure of X-ray X-absorption edge of 
niobium in its selenides. 


shift of the absorption edge, the first absorp- 
tion maxima /4 (Table 1) in these compounds 
also shifts towards the low energy side. Tlie 
shift of the X-absorption edge in the selenides 
and tellurides on the opposite side of the 
A’-absorption edge in the metal has a parallel 
in the studies of the A-absorption edge of 
copper in its oxides [9] and of lanthanum in 
its sulphides [10]. 

in order to understand the mechanism of 
the shifts of the A-absorption edge of niobium 
in these selenides, it was thought necessary to 
study of the A-absorption edge of selenium 
in these selenides. It is interesting to mention 
that the X-ray A-absorption edge of selenium 
in these selenides (Table 2) shifts with respect 
to the A-absorption edge of selenium in the 
selenium metal in the same way as the shift 
of the A-absorption edge of niobium. 

The shift of the A-absorption edge of both 
niobium and selenium towards higher energy 
side in NbsSe 4 and towards lower energy si^ 


Table 2. The position of the selenium A- 
absorption edge for selenium metal and 
niobium selenides investigated 


S. No. 

Substance 

Wavelength (in X.U,) 

1 . 

Selenium metal 

977-78 +0-04 

2. 

NbsSet 

977-46 + 0-06 

3. 

NbSe, 

978-01+0-03 
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in NbScu seems to indicate that the observed 
shifts cannot be explained on the simple 
consideration of the transfer of valence 
electrons from one element to the other. 
Although the shift of the /C-absorption edge 
in these selenides with reference to the K- 
absorption edge in the respective metals 
cannot be explained on simple considerations, 
the above results show few consistencies. 
Thus for example, the shift in the selenide is 
greater than the shift in the corresponding 
telluride. Secondly, in both Nb 3 Se 4 and 
NbScj, niobium ion is coordinated by six 
selenium ions with an average Nb-Se distance 
of 2-67 and 2-53 A respectively!! 1 , 12]. 
Reduction in interatomic distance in NbSe 2 
as compared to NbaSci suggests that the 
atomic volume reduces and hence valence 
electron density increases in going from 
Nb 3 Se 4 to NbSe.i. Indeed it has been shown 
by Kjekshus et a/. [12] that Nb-Se distance 
as well as unit cell volume decreases when 
selenium content increases from 60 to 67 
atomic per cent. The shift of the K-absorption 
edge of niobium as well as that of selenium 
in NbSej with respect to that in NbaSe^ is 
expected because an increase in the electron 
density causes a decrease in the effective 
charge of both ions in NbScj as compared to 
that in Nb 3 Se 4 . It is interesting to point out 
that both Nb 3 Se 4 and NbSea are known to 
be superconductors; the critical temperature 
being 1 *61 and 7-0 K respectively [1 3]. Accord- 
ing to the empirical formula suggested by 
Robert [14], the higher value of the transition 
temperature of NbSez with respect to that of 
Nb 3 Se 4 suggests that valence electron density 
in NbSe* is larger than that in Nb.iSe 4 . This 
is consistent with the X-ray data. 

What is of considerable importance is the 
shift of both niobium and selenium X-edges 
in these selenides towards the same side with 
respect to the corresponding metals. A similar 
situation has been reported in the case of 
iron selenide [IS]. These observations do not 
find any unique explanation. However, 
several possibilities may be suggested. 


The observed shift in the X-absorption 
edge of niobium as well as that of selenium 
in niobium selenides with reference to their 
positions in the respective metals may either 
be due to changes in the outermost levels of 
the respective atoms or may be due to the 
possible shift in the X-level. Although theoreti- 
cally as well as experimentally [16], it has 
been shown that in some cases, the shift in 
core levels is quite large when a change in 
chemical bonding occurs, but in most cases 
and especially in heavy elements because of 
the fact that K level is lying deep, either the 
K level remains unaltered or there is a negli- 
gible shift in its position [17]. It may therefore 
be reasonable to assume that the observed 
shifts in the absorption edge positions of both 
Nb and Se as one goes from the elements 
to the selenides may be entirely due to changes 
in the outermost levels. 

The electronic structure of niobium is 
(Kr) We have noted earlier [7] that 

the initial part of the absorption edge corres- 
ponds to the transition of the 1 j electron to 
the 4</-5.v band which has some admixture of 
p states, while the higher energy part near 
the first absorption maxima A corresponds to 
the transition to the 5p band itself. It is likely 
that the observed low energy shift of the 
niobium in NbScj may be due to increase in 
the overlap of Ad-5s band with the p band.' 
In fact such an increase in hybrization is 
expected from simple considerations of 
crystal structure of NhSe^llS]. NbSej struc- 
ture is made up of alternate layers of niobium 
and selenium atoms in such a way that the 
structure can be looked upon as a stacking of 
trigonal bipyramids, wherein each niobium 
atom is surrounded by six selenium atoms. 
This implies that d orbitals {(Psp^ or d^sp) 
of niobium are involved in chemical bonding. 
The interbond angles (80° 10' and 82° 50') as 
reported by Brown et a/.[18] from their 
structural analysis of NbSej suggests the 
existance of (Psp hybridization on niobium 
ion in NbSej. Niobium metal crystallize in 
body centered cubic structure [19] with 
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hybridization on niobium. Thus crystal 
structure consideration also suggest an 
increase in the overlap of 4<i-5s bands with 
5p band in NbSej as compared to that in 
niobium metal, in agreement with the shift 
of the /C-absorption edge. 

It is to be noted that the kink K' as observed 
in various oxides of niobium [7] is absent in 
NbSej. The disappearance of the kink K' 
further suggests considerable overlap of the 
Ad-5s band with the p type of band. Since in 
NbSe 2 , the distance between two nearest 
niobium ion is considerably larger than that 
observed in the corresponding oxide NbOj 
[20], the selenium p electrons should be 
playing a dominant role in the band formation 
in NbSe 2 . This further suggests an increase 
in the hybridization for selenium ions also, 
shifting the selenium edge also, towards low 
energy side as observed. 

The increase in hybridization in NbSe^ is 
also reflected in the energy separation {l^KA) 
between the inflection point K and the maxima 
A as one moves from niobium metal to NbSe 2 . 
^KA is 16-21 eV for niobium metal and 
17-6 eV for NbSe 2 (Table 1). Since ^KA is a 
rough measure of the width of the unoccupied 
5p band, an increase in its magnitude by 1 - 4 eV 
suggests that in going from niobium metal to 
NbScj the 5p band has broadened out, 
increasing the overlap. On the above con- 
sideration, the reduction in the value of AKA 
( 10-9 eV) for the Nb 3 Se 4 as compared to that 
in the niobium metal suggests the narrowing 
of the band and hence reduction in the hybridi- 
zation in Nb 3 Se 4 . This is expected to reflect 
in the shift of niobium as well as of selenium 
edge towards higher energy side with respect 
to that in the respective metals. The decrease 
in hybridization in Nb 3 Se 4 as compared to 
niobium metal can’t however be substantiated 
by the crystal structure of Nb 3 Se 4 nor by 
any change in the structure of the /f -absorp- 
tion edge as observed in oxides of niobium [7]. 

Another possible explanation for the shift 
of X-absorption edge can be given in terms 
of valence band model, assuming the transfer 


of electrons from niobium to selenium as 
suggested by electronegativity data. This 
situation is shown schematically in Fig. 4. 
The forbidden ener^.gap in the crystalline 
form of selenium is l-6cV, while NbSe* 
shows metallic character[13]. In this figure 


Nb 


‘■Fermi-level 
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Fig. 4. A schematic energy level diagram of NbSe, and 
its components. (Energy levels not to scale) AEj: Shift 
in Nb A-absorption edge, AEji Shift in Se A-absorption 
edge. 


we have followed the approach suggested by 
Nemnonov[21] viz., the inflection point in 
the X-ray absorption edge in the case of semi- 
conductor represents the bottom of the con- 
duction band. The X-levels of niobium and 
selenium are chosen as reference levels and 
mutual positions are determined to give a 
common conduction band in the compound. 
On the above consideration, it is possible to 
explain the shift of both niobium and selenium 
towards low energy side in NbSe 2 . However, 
the shift of the X-absorption edge of niobium 
and selenium towards the higher energy side 
in Nb 3 Se 4 cannot be explained on valence 
band model. 

Thus we see that out of various parameters 
(effective charge, hybridization and shift 
in the fermi level) responsible for the shift 
of the X-absorption edge, hybridization seems 
to be playing a major role in determining the 
shift of the X-absorption edges in niobium- 
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selenium system. On the basis of hybridiza- 
tion, one can explain the shift of niobium and 
selenium in these selenides towards the same 
side with respect to the corresponding metals 
and also the shift towards low energy in 
NbSe* with respect to Nb3Se4. 
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T. TAKAHASHI, K. MINEMATSU and K. MIYATANI 

RCA Research Laboratories, P. O. Box 5 151, Tokyo International 100-31, Japan 

{Received IQ July 1970) 

Abstract— Indium was found io substitute for Cr ions to a limited extent in the ferromagnetic spinel 
HgCrjSe 4 . For the solid solution HgCr 2 -j.lnjSe,, the maximum value of x was determined to be 0-45. 
The lattice parameter increases with increasing x from = 10-743 A for x = 0, to Oo = 10-836 A for 
X = 0-45. The «-parameter is 0-390 for all compositions. The single crystals of HgCr,_xln,Se 4 studied 
were all grown by chemical transport either from an HgCr 2 -xlnj.Se 4 -CrCl 3 system or from an HgCrj 
Se^-CrClj-InCI., system. In the former system, the fractionation of In during crystal growth was quite 
marked in that the In content in the large single crystals was always signihcantly lower than in the 
polycrystalline powder. Attempts to grow single crystals with an In concentration near the solubility 
limit were not successful. The maximum lattice parameter obtained for single crystals grown by 
chemical transport was I0-777A, which corresponds to x = 0-17. The Curie temperature of the 
HgCrj_xlnxSe 4 single crystals grown was found to be a monotonically decreasing function of the In 
content. The electrical resistivity of the single crystals grown had a maximum near the Curie tempera- 
turd just as did the in-doped’ HgCr^Se, which had been previously grown by chemical transport from 
Hgi uln„Cr 2 Se 4 powders ( v 0-02) using CrCI, as a transport agent. The magnetoresistance of the 
single crystals was negative and had a maximum near T,, as was also the case for the ‘In-doped’ 
HgOjSCj. However, the increase m resistivity from room temperature to T, for the present crystals 
was found to be markedly lower than for the ‘In-doped’ HgCr^Se,. indicating that for the system 
HgCra-xI'VSe* the conduction is nearly metallic in the temperature range studied. 


1. INTRODUCTION 

Recf.ntly, the electrical, magnetic, and 
optical properties of HgCraSe^ single crystals, 
both In-doped and undoped, have been 
reported ( 1 , 2 J. In general, the physical proper- 
ties of these single crystals were found to be 
very similar to those of CdCr2Se4, another 
well-investigated ferromagnetic spinel[ 3 - 5 ]. 
However, the ‘In-doped’ HgCr2Se4 crystals, 
which were grown by chemical transport from 
Hgi.ylnaCi’jSe^ly « 0 - 02 ) using CrCl, as 
a transport agent [ 6 ], were different from 
n-type CdCrjSe^ in the following respects. 
( 1 ) The ‘In-doped’ HgCr2Se4 crystals had a 
small positive Seebeck coefficient at room 
temperature in contrast to a large negative 
coeflScient for n-type CdCr2Se4, ( 2 ) the sign of 
the Seebeck coefficient of ‘In-doped’ HgCr2 
Se4 became negative at low temperatures 
|T ^ 7 'c), and ( 3 ) the room temperature 


whereas n-type CdCr2Se4 had a lower room 
temperature resistivity than undoped CdCrj 
Se4. 

In order to explain this peculiar behavior 
of ‘In-doped’ HgCr2Se4 crystals, we had 
postulated that In®"^ ions substitute for Cr®+ 
ions (B-site substitution)* in HgCr 2 Se 4 [ 2 ]. In 
CdCr2A'4(A’ = S or Se) however, there seems 
to be some uncertainty as to whether In®"^ ions 
replace Cd*+ or Cr’"'^ ions. Pinch and Berger 
[ 7 ] observed a decrease in the magnetic 
moment per Cr atom with increasing In 
content for the Cdi_„In„Cr2A’4 alloys. To 
explain this phenomenon, they postulated 
that some of the chromium ions in these 
alloys were in the divalent state and that the 
alloy could be represented by the formula 
Cd,_„ln„[Crj,“'*^Cr2-„®+].Y4 withy > 0 . 


*ln a normal spinel A site cations are in 

tetrahedral interstice.s of X anions whereas B site cations 
are in octahedral interstices of X anions. 


resistivity of ‘In-doped’ HgCr2Se4 was much 
higher than that of the undoped crystals, 
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Recently however. Lotgering and van der 
Steen [8] prepared single phase CdCrj-jInA 
(x==0-l and 0-2) which contains only Cr’+ 
ions and observed an identical decrease in the 
magnetic moment per Cr atom with increasing 
In content. These authors maintain that the 
decrease in magnetic moment per Cr atom is 
not sufficient evidence for the existence of 
Cr*+ ions. They attribute the observed 
decrease in magnetic moment per Cr atom to a 
dilution of magnetic Cr'+ by either non- 
magnetic In*'*’ substitution into Cr*'*’ sites 
(fl-sites) or by vacancies. 

A direct and straight-forward way to deter- 
mine if In'*^ ions go into /t-sites or into B- 
sitcs is to investigate the solid solubility of 
indium in HgCrjSe^. This report presents the 
results of such a study and is divided into 
three parts. We first describe the solid 
solubility study of HgCr2_j.lnj.Se4 poly- 
crystalline powder. The single crystal growth 
of HgCr2-j.Inj.Se4 solid solutions is then 
described. And finally, some of the electrical 
and magnetic properties of the HgCr2-jlnj.Se4 
single crystals grown are described. 


2. SOLID SOLUBILITY OF INDIUM IN HgCr^Se, 

To investigate whether ln*+ ions tend to go 
into A or B sites of the ferromagnetic spinel 
HgCr2Se4, and also to determine the solu- 
bility limit of In*^ in HgCr2Se4, two series of 
alloys. Hg,_j,In„Cr2Se4, Olcy^O- 5, and 
HgCr2_xlnj.Se4, 0-05 « x 10, were pre- 
pared from a stoichiometric mixture of HgSe. 
Cr, Se, and 102803- All of the chemicals used 
had a purity of 99-9 per cent or better. 

A stoichiometric mixture of ingredients was 
pressed into pellets and heated in an evacuated 
quartz ampoule at 700°C for 24 hr. After 
annealing at 600‘’C for 48 hr, the fired product 
was taken out. The X-ray powder pattern of 
the product was taken using a Debye- 
Scherrer camera. Whenever impurity lines 
were detected, the product was reground, 
heated, annealed, and analyzed again. 

For the Hgi-„ln„Cr2Se4 alloys with 0-1 « y 


« 0-5, no single phase samples were obtained 
even after repeated firings*. The weak 
impurity lines observed in our material 
indicate the presence of y-CrSe. The lattice 
parameter of the spinel phase found in the 
synthesized material increased with increasing 
Indium addition. These observations are 
consistent with our hypothesis that In*’*’ ions 
substitute for Cr*’*^ ions, which are on B-sites, 
and that the excess Cr combines with the Se 
present to form y-CrSe. 

For the HgCr2-j.Inj.Se4 alloys with 0-05 « x 
« 10. single phase spinels were obtained up 
to x = 0-30. For x > 0-30, a second phase 
appeared which was later identified to be a 
tetragonal Hgln2Se4 phase [9]. The lattice 
parameters of the spinel phase were deter- 
mined from the back reflections of Debye — 
Scherrer photographs using Nelson-Riley's 
extrapolation. They increased sharply with 
increasing x up to about x = 0 40 and then 
reached a saturation value at about x = 0-45 as 
shown in Fig. 1 . Since the ionic radius of In*"* 
(0-81 A) is larger than that of Cr*’'^(0’64A) 
but smaller than that of Hg**(M0A), the 
increase in lattice parameter with x is consis- 
tent with a straight-forward substitution of 
In*^ for Cr*^ 10ns. which are on the 5-sites. 
A more positive confirmation for the 5-site 
substitution was obtained from the measure- 
ments of the intensity of the X-ray lines. 
With the intensity of the (440) peak taken as 
an internal standard, the relative intensity of 
the (222) line of the HgCr2_jlnj.Se4 alloys is 
very sensitive to changes in x, since the 
structure factor for the (222) line is given by, 

F(222) = — 2//j-t-/v(sin 2 ttu — 3 sin nu) 

where jg and jx are the atomic scattering 
factors for cations on the 5-sites and aniops X, 
respectively. The intensity measurements 


*1 his result was also obtained for the similar alloys, 
Cd,_,ln„CrsS4, by Lotgering and ven der SteenIS] who 
found that intpurities were present in the alloys they had 
synthesized. 
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were made using JEOL*" diffractometer with 
a scanning speed of i°/min. The intensity of a 
given X-ray line was taken as the area under 
the corresponding diffraction peak. In Table 1 
the relative intensities of the (222) line of the 
HgCrj-iln^Se^ alloys with respect to that for 



Fig. 1 Lattice parameter of FlgCrj_j.lnj.Se< alloys. 

pure HgCr2Se4, are given along with the 
calculated ratios for these alloys. As can be 
seen, the observed intensity ratios are in 
good agreement with the calculated ones. 
Therefore, we can conclude that in the spinel 
HgCr2Se4, In®^ ions preferentially substitute 


deduced from magnetic measurements 
[ 81 . 

Using the intensities of the first ten reflec- 
tipns, the structural u-parameters for the 
HgCr2-xInfSe4 alloys ivere also determined. 
In Fig. 2 , the residual, /? = Sl/obs-foail/ 
2/ob», where lobs and /cal are the observed and 
calculated relative intensities for the HgCrj_,- 



Fig. 2. Residual intensity, R = S|/ob| — /c»i|/S /i 4 ». vs. 
structure parameter, u. 

lnj.Se4 alloys, is plotted against u. The«-para- 
meter which is given by the value of u at the 
minimum value of R, was found to be 0-390 
for alt values of x, which is the same value as 
was found for HgCrzSe4[10]. 


T able I . Observed and calculated intensity ratios for the ( 222 ) peak 
of the spinel HgCr2_,InjSe4 




0 1 

0-2 0-3 

0-4 

Calculated intensity ratio 

/4-site substitution 

1-025 

1-090 

1-121 

1-151 

1(222), //(222), 

(Hg,-,ln,CrjSe«) 





for u = 0-390 

B-site substitution 





i — xor y 

(HgCrj-j-ln^Sci) 

0-920 

0-834 

0-754 

0-691 

Observed intensity ratio 


0-852 

0-813 

0-756 

0-710 


for Cr®+ ions up to a solubility limit of about 
3 1 at.% of Cr®+ ions. Our present results are 
consistent with Lotgering and van der Steen’s 
conclusions for In-substituted CdCr2S4 that 


3. SINGLE CRYSTAL GROWTH 
In order to investigate the physical proper- 
ties of HgCr2_jlnj.Se4 alloys, single crystals 
were grown by chemical vapor transport[Il] 
from HgCr2_4.Inj.Se4 powder using CrCls as 
the transport agent, and from the HgCr2Se4- 


*Japan Electron Optic.<) Laboratory 
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.u i-r'i /nr inCl.! during growth. Therefore, in 
CrCIa-InCla system. In both case®. e experiments using this system. 

HgCr,-xln,Se 4 used was ^he amount of InCla was varied while the 

HgSe.Cr.Se, and InaSca. using the proced HgCrjSe4 and CrCU were held 

described in the preceding section. For gro j -y-^g single crystals thus grown 

from the HgCr.i_,ln,Se 4 -CrCl 3 system, ^a^ ^ ^ parameter than that 

of the undoped HgCr 2 Se 4 starting material 
which indicated that indium had been incorpo- 
rated as expected. However, no correlation 
was found between the amount of InCls added 
and the measured lattice parameter. Moreover, 
when more than 1 “5 m-mole of InCla was used 
in the starting mixture no single crystals were 
obtained. The results obtained for this system 
are summarized in Table 3. 

The absence of any correlation between the 
initial InClj concentration and the observed 
lattice parameter might be due to the occur- 
rence of some chemical reactions involving 
InCls which would result in an InCI,, (or InCla) 
partial pressure which is not proportional to 
the amount of I nCl.i added to the system. 


Im-mole of HgCr2-,ln^Se4 and 0-4-0-5 m- 
mole of CrCl, were used as the starting 

mixture, while for the 
InCla system 1 m-mole of HgCr 2 Se 4 , 0 4 
m-mole of CrCl*. and 0-05-1 Om-moles of 
InCIa were used. For each system the starting 
mixture was sealed in an evacuated quartz 
ampoule and heated in a two zone furnace. 
The hot end of the ampoule was maintained at 
Tmr> = 650“-680“C and the cold end was kept 
at r,„w = 610-650°C. In the HgCr^.^ln^ 
Se 4 -CrCl 3 system, the single crystals obtained 
always had a smaller lattice parameter than 
the HgCr. 2 -jrInj.Se 4 polycrystalline powder 
which was used as the starting material. 
Furthermore, it was found that cry.stal 
growth became progressively more difficult as 
the indium content of the starting alloy was 
increased. The maximum lattice parameter of 
the single crystals grown from this system was 
I0-777A which corresponds to a value of 
jf = 0-17 for the HgCr 2 -j.lnj.Se 4 alloys. The 
growth conditions used and the size of crystals 
obtained are summarized in Table 2. 


4. ELECTRIC AND MAGNETIC PROPERTIES OK 
HgCrj In ,Se, SINGLE CRYSTALS 

The Seebeck coefficients were measured by 
the hot-point method using a copper-constan- 
tan thermocouple whose measuring junction 
was 01 mm in dia. Magnetic measurements 


Table 2. Growth conditions and some physical properties cj^ HgCr^.j. 
lUjSej single crystals grown from the HgCr 2 -j;lnj.Se 4 -CrCl 3 system 


Sample no. 

X* in st.'trting 
material 

7« 

(°C) 

T, 

(°C) 

<A) 

X* in single 
crystal 

a(AiV/°C) 

1 

01 

670 

650 

10-750 

0-035 

-t-21-2 

2 

0-2 

685 

650 

10753 

0-050 

-1-20-5 

3 

0-2 

640 

605 

10-756 

0-065 

-t-21-2 

4 

0-4t 

680 

650 

10-763 

0-100 

-21-2 

5 

0-6t 

640 

605 

10-777 

0-170 

-68-6 


*x = In concentration in HgCi^-jlnj-Se,. 
fStarting material contains HglnjSe.as aji impurity. 


Growth from the HgCr 2 Se 4 -CrCl 3 -lnCl 3 were obtained using a vibrating sample 
system was used primarily in an attempt to magnetometer. The Curie temperature was 
control the indium concentration in HgCr 2 -j.- determined from the kink of the magnetiza- 
Inj.Se 4 by controlling the partial pressure of tion curve in zero applied field. The electrical 
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Table' 3 . Lattice parameters for 
single crystals grown from the 
HgCrjSe4-CrCl3-InCl3 system 


InCls 

(m-tnole/cm^)* 

Lattice parameter 

(A) 

001 

10-747 ±0002 

002 

10-755 

004 

10-746 

006 

10-751 

008 

10-765 

010 

10-753 

012 

10-754 

014 

10-758 


*Each ampoule had an inner volume of 
~ 10cm“ and contained 1-Om-mole of 
HgCrjSe 4 and 0-4 m-mole of CrCla. 


transport properties were measured by the 
four probe method using ohmic contacts. 
These contacts were fabricated by plating 
thin gold lead wires ( I mil thick) onto a thin 
film of indium which had been locally evapo- 
rated onto the polished surface of the sample 
crystal. 

The Curie temperature, T,, of the HgCra-x 
lnxSe4 alloys, both for single crystals and for 
polycrystalline powder, was found to decrease 
monotonically with increasing indium concen- 
tration as shown in Fig. 3 , indicating a drastic 
decrease in the ferromagnetic interaction 
when is substituted for Cr^^ ions. 

As shown in Fig. 4 the electrical resistivity 
of single crystals of HgCr2-xlnxSe4 showed an 
interesting temperature dependence that 



X 

Fig. 3. Curie temperature of HgCrj-jlnj-Se, alloys. 


changed little with indium concentration. As 
is seen, the resistivity decreased slightly as the 
temperature went down in spite of a rather 
large room temperature resistivity (10-10® 
fl-cm). As the sample temperature approached 
Tf, its resistivity increased and reached a 
maximum value near Tg. As the sample 
temperature decreased below T^, the resistiv- 



Fig. 4. Electrical resistivity of HgCr 2 _j.ln,Se, single 
crystals aiH = 1 KOe and / = 1 mA. 

ity began to decrease again. The observed 
decrease at low temperatures (T < Tc) is 
unexpectedly sharp. Since our measurements 
were performed only down to 78 °K, we do not 
know how low the resistivity would become if 
the temperature is further reduced. However, 
the magnitude of the resistivity at any given 
temperature of the HgCra-,! 0,864 single 
crystals had no systematic dependence on the 
indium concentration in the crystals. This 
indicates that the indium concentration has 
little to do with the carrier density in the 
crystals. It seems that the observed resistiv- 
ities fluctuate because of complicated 
compensation mechanisms for the various 
inpurities and vacancies which are included in 
the individual crystals during growth. 

As shown in Fig. 5 the Hall voltage at a 




T. TAKAHASHI. K. MINEMATSU and K. MIYATANI 



Fig. 5. Hall voltage of HgCr 2 _j.InjSe, single crystals at 
H ^ 7KOe and / = I Ma. 

constant magnetic field of 7 KOe, normalized 
with respect to //f. where I is the current and t 
is the .sample thickness, changed with tem- 
perature in a manner quite similar to the 
resistivity. The fact has been well established 
[3] that the normalized Hall voltage is 
proportional to (/?oH + R,M), where R„ is the 
normal Hall coefficient, R, is the extraordinary 
Hall coefficient, H is the effective magnetic 
field in the sample, and M is the sample 
magnetization. 

The interesting temperature dependence 
obtained for the resistivity and the Hall 


voltage is quite similar to that observed in 
n-type CdCrjSe4(3] and in Tn-doped’ HgCr* 
Se4[2]. 

The temperature dependence of the 
magneto-resistance of the present crystals, 
which has a large negative maximum near Tc 
as shown in Fig. 6. is also very similar to 
that obtained for n-type CdCr 2 Se 4 [ 2 ]. 
However, the tail of the magnetoresistance 
peak in the present alloys extends well into 
the paramagnetic region, unlike the situation 
obtained for n-type CdCr 2 Se 4 and for ‘In- 
doped’ HgCr 2 Se 4 . The general origin of these 
phenomena has been discussed by Lehmann 
[3] and by Haas et n/.[4, 5]. Lehmann attrib- 
uted the decrease in resistivity ai T < Tc to an 
increase in the carrier density, whereas Haas 
et al. proposed that the major cause for the 
decrease was an increase in mobility due to a 
decreased interaction between the magnetic 
spins and the conduction electrons. The 
measured temperature dependence of the 
optical absorption edge shift [1, 12], seems to 
support Lehmann’s hypothesis. However, the 
photoconductivity data for the europium chal- 
cogenidesfl31. which have considerably 
different characteristics than the ferromagnetic 
spinels, seems to support the mobility theory 
advanced by Haas and his coworkers. 

For a single-carrier semiconductor, the 
normal Hall coefficient can be directly related 
to the carrier density. However, for the ferro- 
magnetic spinels, the magnetic field depend- 
ence of the Hall voltage is generally non-linear 



Fig. 6. Magnetoresistance of HgCr, ,ln,Sc, single crystals 
at // = 7 KOe. 
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below Tc- This makes the separation of the 
normal Hall coefficient from the total measured 
Hall voltage difficult. 

The room temperature Seebeck coefficient, 
a, of HgCr2_a.lnj.Se4 single crystals changes' 
from positive to negative with increasing 
indium content (see Table 2 ). In addition, the 
sign of a for low indium content crystals 
becomes negative at low temperatures as in 
the case of ‘In-doped’ HgCr2Se4l2]. This 
suggests that electrical transport in HgCr2_j. 
Ina.Se4 crystals is the result of two-carrier 
conduction. Therefore, the determination of 
the carrier densities becomes virtually impos- 
sible from just Hall effect measurements. 
Independent measurements of carrier 
densities and mobilities are required in order 
to settle this issue. 

Let us now return to our original question of 
whether In®^ ions in the ‘In-doped’ HgCr2Se4 
crystals are on the tetrahedral sites or on the 
octahedral B sites. Since it has now been 
well established that In®^ ions do in fact 
substitute for Cr'’+ ions at large In^"^ concen- 
trations, one may extrapolate the results for 
high In^^ concentrations to the much lower 
Indium concentrations which are present in 
the ‘In-doped’ HgCr2Se4 crystals. Moreover, 
the striking similarity of the transport proper- 
ties of HgCr.j_a.Inj.Se4 crystals to those of the 
‘In-doped’ HgCr2Se4 crystals suggests that the 
occurence of such phenomena is not sensitive 
to specific site location of In^'^ ions in the 
HgCr2Se4 lattice. We, therefore, conclude 


that even in the ‘In-doped’ HgCr2Se^ crystals, 
the In^*^ ions are probably in £-sites, i.e. in 
octahedral interstices, rather than in ^ 4 -sites.'*' 
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SIMPLE METALS* 


R. BENEDEKt and A. BARATOFF 

Brown University, Providence, R. I. 02912, U.S.A. 

(Received 9 July 1970) 

Abstract— The effect of lattice distortion on the resistivity of vacancies in the simple metals Na, K and 
A) has been calculated within the framework of the weak pseudopotential approximation. The re- 
quired structure factor 5(q) of the strained lattice has been calculated to first order in the displacements 
from undistorted equilibrium positions by means of a method due to Kanzaki which avoids continuum 
or semi-discrete approximations made in previous work. Effective interatomic force constants fitted 
to phonon spectra derived from neutron scattering data were used as input in calculating 5(q), while 
Ashcroft’s pseudopotential was used in evaluating the resistivity. Additional approximations were 
made in the case of Al. but the important effect of plane wave mixing near zone boundaries was includ- 
ed in the matrix elements for Umkiapp scattering. The change in potential due to strain lowers the 
resistivity by about 30 per cent in all three cases. Our calculated value is in fair agreement with the 
most reliable experimental estimate for Al. The method illustrated here should be especially useful for 
realistic calculations of the resistivity of isoelectronic impurities in simple metals. 


1. INTRODUCTION 

In SPITE of extensive work over the past forty 
years, the electrical resistivity of point defects 
in metals continues to attract the attention of 
solid state physicists. In recent calculations 
fl, 2], the effective potential of a point defect 
has been described either by phase shifts or 
by a pseudopotential form factor. Many such 
calculations have neglected the effect of the 
static strain around the defect. Since this 
strain disturbs the periodicity of the lattice, it 
also contributes to the scattering of electrons. 
In the rigid ion (or pseudoatom) approxima- 
tion, the total potential acting on an electron 
is a superposition of spherically symmetric 
contributions from each ion. This picture 
appears to be valid in simple metals where the 
pseudopotential is weak and can be treated by 
perturbation theory [3]. The effect of lattice 
strain on the electrical resistivity of vacancies 


is then completely determined by the static 
structure factor of the distorted lattice [3]$: 

5(q) = 2 exp(-jq.r,) 

I 

= S exp(-/q. [r/o' + Uj]) (1.1) 

I 

where u, is the displacement of /-th ion from 
its position r/®’ in the perfect lattice. In 
evaluating S(q), it has been common to assume 
that the displacements U; = r( — r/®’ can be 
determined from continuum elasticity theory. 
Using this approach, Dexter [4] argued that 
the effect of strain on the resistivity of 
vacancies and substitutional impurities 
amounts to only a few per cent. This result 
cannot be considered conclusive, however, 
since the applicability of the continuum 
approximation to the problem at hand is open 
to doubt. 


*Work supported in part by the advanced Research 
Projects Agency under contract SD-86. 

tNational Science Foundation Predoctoral Fellow, 
1969-70. 


tWe assume a lattice with one atom per primitive 
unit cell. Following common practice, we define S(q) 
such that the defect site at r# = 0 is included in the sum 
over I. 
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A realistic calculation of the structure fac- 
tor, based on a normal coordinate expansion 
first introduced by Kanzaki[5], is in fact pos- 
sible. This is the approach taken in the present 
work. 

As we have mentioned, previous estimates 
of S(q) have been based on the strain field 
appropriate to a point defect in an isotropic 
continuum. Thus, a number of authors [4, 6, 7} 
have assumed a strain field 

= ( 1 . 2 ) 

corresponding to a solution to the equations of 
elasticity in such a medium [8]. 

The structure factor associated with ( 1 .2) is, 
to first order 

Si(q) = -< 

i 

n r <<» 

(1-4) 

(**0 ' 

Beal-Monod and Kohn[7] have pointed out 
that the sum in (1.4) may be conveniently 
evaluated by a procedure similar to that of 
Ewald for electrostatic lattice sums. 

Unfortunately (1.2) does not provide a 
realistic description of the lattice displace- 
ments. Recently, Kanzaki's method of ‘lattice 
statics' has been extensively applied by 
Flocken and Hardy to vacancies and intersti- 
tials in simple metals [9], Their results show 
that the asymptotic r'^ dependence of the 
strain field is only reached at very large dis- 
tances from the defect. In addition, the lattice 
distortion shows considerable anisotropy, 
especially in the alkali metals f9. 10]. 

An even simpler though cruder attempt 
to incorporate lattice strain in the theory of 
electron scattering by point defects is the 
‘effective charge’ correction extensively used 
by Blatt[ 1 1] which assumes a continuum strain 
field given by (1 .2). According to that concept, 
the charge difference entering the Friedel sum 
rule should be modified by an amount equal to 


the electronic charge displaced by the strain (a 
clear discussion of this is given by Ziman[12]). 
This treatment is in a sense equivalent to 
approximating the sum (1.4) by an integral, a 
procedure which introduces significant errors 
for q (the free-electron Fermi wave 
vector) as discussed in reference [7]. Similar 
objections apply to the so-called semi-discrete 
method in which the sum over all but the first 
few shells of neighbors is replaced by an 
integral [6]. 

The purpose of this work is to present a 
realistic calculation of the d.c. resistivity of 
the simplest point defect, the vacancy, in the 
simple metals sodium, potassium, and alum- 
inum. It is found that the lattice distortion 
lowers the resistivity by about 30 per cent in 
each of the metals considered. Thus it is a 
significant correction which should be included 
before one can make meaningful comparisons 
with experiment. 

In Section 2, we explain how lattice statics 
may be applied to calculation of the structure 
factor, particular attention being given to 
vacancies. The resistivity calculation is de- 
scribed in Section 3 while in Section 4, we 
discuss our results and compare them with 
experimental data. A short derivation of the 
equations of lattice statics, emphasizing 
connections with the basic concept of struc- 
ture factor, is presented in the Appendix. 

2. THE STRUCTURE FACTOR 

Atomic displacements around a defect are 
determined by the equations of static equili- 
brium. If the effective interionic forces are 
central and the displacements are small, the 
equilibrium condition for the distorted lattice 
is expressed by the fundamental equation of 
lattice statics (see Ref. [9] and Appendix), 

Q‘' = [VY'Fr (2.1) 

In(2.1) 

= 2 UfC-'o (2.2) 

/ 

is the normal coordinate with wavevector q 
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corresponding to the displacements U| and 

VL' = 2 (2.3) 

i 

in the standard dynamical matrix of the host 
lattice. Equation (2.1) relates the normal 
coordinates Q* associated with the strain to 
the atomic forces operating in the crystal. The 
Fourier transform of the. force F’ depends on 
the type of defect one is considering; in the 
case of a vacancy 

= (2.4a)* 

/ 

while for an impurity at r = 0 

F’ = 2 V (0 - .//,)| , e-'o (2.4b)* 

i ' 

where (/»/(r) is the effective pair potential act- 
ing between the impurity and a host ion, and 
\jj{r) is that between host ions. The utility of 
Equation (2. 1 ) for our present purpose derives 
from the simple relation between Q* and the 
structure factor, 

5.(q) = -/qQ'‘. (2.5) 

A method of solving Equation (2. 1 ) for Q’ 
has been given by Flocken and Hardy [9]. 
The simplest calculations pertain to a vacancy. 
Indeed, for this type of defect, explicit know- 
ledge of ijjir) is not required since F’ may itself 
be expressed in terms of the atomic force 
constants q>^,[9]. For vacancies, therefore, 
the set of force constants d>' , allows a com- 

oca 

plete determination of the displacement pat- 
tern. The force constants can be determined 
by /. Born-Von Karmann fits to inelastic 
neutron scattering data[13] or ii. from cal- 
culated pair potentials based on pseudopoten- 
tial theory [14]. In the present article, we 
deliberately restrict our attention to vacancies 
and use fitted force constants since they are 


' In equations (2.4a, b). should actually be repre- 
sented by U( • Vi/ilr/®’) to be consistent with the 

harmonic approximation (see appendix). 


more reliable. However, as better pseudo- 
potential methods are developed for calcula- 
ting i/t{(r), lattice statics should also become 
useful in obtaining realistic results for impuri- 
ties and more complex defects. 

The structure factor, calculated along three 
symmetry directions for a vacancy in sodium, 
is shown in Fig. l.t S^iq) is positive for small 
q, reflecting the tendency of atoms to move 
inward towards the void left by the missing 
atom. The structure factor evidently is quite 
anisotropict as illustrated, particularly in 
Fig. 2. 



Fig. I.The structure factor 5(q) along [lOOJ. [110] and 
(HI] directions for a vacancy in sodium (first order 
approximation). 


As a check on the first order approximation 
(5(q) = 5,(q)), the second order term 52(q) 
has also been calculated. In terms of the nor- 
mal coordinates introduced earlier one has 

where V„ is the atomic unit cell volume, and 
the integration extends over the volume of the 
first Brillouin zone. Both Si(q) and S 2 (q) for 
a vacancy in sodium, with q|| [100] are shown 


tThe procedure outlined in Ref. [9] was followed in this 
calculation. Force constants for Na and K, extending up to 
fifth nearest neighbors, were taken from Table 2, columns 
2 and 4, of that reference. 

tNote that 5(q) remains anisotropic even as q-*0; 
this is a reflection of the elastic anisotropy of the crystal. 
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Fig 2 Variation of the structure factor .V(q) with q in the 
(001) plane (q = k^■ and 2W for a vacancy in sodium 
(first order approximation). 


in Fig, 3. becomes more important as q 
increases. However, the electrical resistivity 
involves an integration for q < 2Av and in 
calculating this property it seems quite reason- 
able to approximate 5(q) by 5,(q). * 

The structure factor becomes infinite as q 
approaches a reciprocal lattice vector. One 
finds from (2.3,4) that V - |q-Gp and 
F ~ |q — G| in the neighborhood of any 
reciprocal lattice vector G; accordingly 


(The higher order terms 5g(q), etc. are non- 
singular.) The same singularity appears in the 
structure factor forelectron-phonon scattering 
[15]. Certain results concerning matrix 
elements for the scattering of electrons by 
phonons therefore apply equally well to point 
defect scattering. The singularity in (2.6) 
leads to an (unphysical) infinite scattering rate 
between single plane wave electron states k' 
and k as q(=k' — k) approaches G. This be- 
comes an important consideration in treating 
polyvalent metals, in which the free electron 
Fermi sphere intersects one or more zone 
boundaries. Electron states with wavevector k 
near a zone boundary must actually be de- 
scribed by a mixture of at least two plane 
waves (i.e. a Bloch wave). The matrix ele- 
ments for scattering between Bloch waves 
are finite in the limit q -» G even though 
5,(q) diverges in that limit [ 1 5]. 

Although our present interest is restricted 
to the electrical resistivity . the same structure 
factor can be used in calculations of electric 
field gradients at the nuclei of displaced atoms 
[7, 16] and energies of vacancy formation[31. 


5,(q) « q • [V'T'F" - |q-G|-' for q - G 5^ 0 

(2.6) 


3. CALCULATIONS OF RESISTIVITY 
In the framework of the weak pseudopoten' 



Fig. 3. First and second order contributions. 5,(q) and 5j(q), 
to the structure factor for a vacancy in sodium along the 
[1 00) direction. 


♦Similar structure factor calculation.s were performed 
for potassium, rubidium and cesium as well as for sodium 
using force constants tabulated in Ref. [9]. 5,(q) was 
found to be quite large for rubidium and cesium, so that the 
first order approximaUon is a poor one for these metals. 


tial approximation, the structure factor 
appears directly in the matrix elements which 
govern the scattering processes responsible 
for electrical resistivity. The calculations are 
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relatively simple for sodium and potassium. 
There are two reasons for this; i. the Fermi 
surface of these metals is spherical to better 
than 1 per cent [17] and ii. the strain around 
vacancies in sodium and potassium is ade- 
quately described by 5i(q). Experimentally, 
the resistivity of vacancies is difficult to deter- 
mine for the alkalis. Careful experimental 
studies have been made on aluminum and 
therefore we also consider this metal here. 
The difficulties encountered in the calcula- 
tions for aluminum are typical of polyvalent 
metals. 

The variational principle corresponding to 
the Boltzmann equation yields the following 
upper bound on the resistivity of a metal [18]: 

(3.1) 

where 


where k' — k = q is the momentum transfer 
and wig) is the form factor of the screened host 
ion pseudopotential which we take to be local 
i.e. dependent on the difference k' — k alone 
[3]. Since Mi(k', k) is not isotropic (cf. Fig. 1) 
the exact form of which minimizes (3.1) is 
not easily determined. According to Greene 
and Kohn [ 1 9] the standard ansatz 

8, “ k. (3.5) 

(for a uniform electric field applied along z-axis) 
which is exact in the case of an isotropic 
scattering potential is still a good approxima- 
tion even for moderately anisotropic scatter- 
ing. These authors considered the intrinsic 
resistivity of sodium (due to electron-phonon 
scattering) and found that corrections to (3.5) 
affected their results only slightly. 

Inserting (3.5) into (3.2) and (3.3) we obtain 
an upper bound which should be close to the 




actual value of the resistivity from the varia- 
tional expression (3.1 ). 


|M(k',k)|* (3.2) 

Here is the variational trial function for the 
deviation of the electron distribution from its 
equilibrium form, Af(k',k) is the matrix 
element for an individual electron scattering 
event, dSk is an element of Fermi surface area, 
is the electronic group velocity at the Fermi 
surface, and V is the volume of the sample. 


P (3.6) 

where ^ = (k' — k)l2k,.. 

The effective mass m* should include an 
average band structure correction to the free 
electron mass. For sodium and potassium this 
correction is negligible [20]. The results of 
numerical integrations of (3.6) appear in 
Table 1. The simple local pseudopotential of 
Ashcroft [21] was employed in these calcula- 
tions. 


(a) Alkali metals 

The Fermi surface of alkali metals is nearly 
spherical, and the behavior of an electron is 
well described by a single orthogonalized 
plane wave (OPW). The matrix element for 
scattering by vacancies between such states 
is given in first order Born approximation by 

Wi(k',k) = ^(S(q)-l)w(q), (3.4) 


ih) Aluminum 

Aluminum presents more problems than the 
alkali metsds because of intersection of the 
Fermi sphere with zone boundaries. One 
possible difficulty is associated with the dis- 
tortion (i.e. deviation from a free electron 
sphere) of the Fermi surface itself. To inte- 
grate (3.2) over the distorted Fermi surface 
would be quite difficult. However dSjv^ and 
J may be shown to be unaffected to first order 
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Table 1 Resistivity of vacancies the sign being chosen so that |a/C,^| ^ 1. 

'(in ^n-cm/at.%) The scattering matrix element between <// 

— and ill is then 

Theory Experiment 

Including Without High ^ r r \ 

Strain strain temperature Quenching MaCk , K) — ^k' ' '^k^k-c' 


Sodium 0-69 0-95 I •9-2- 1 

Potassium 1-00 1-36 

Aluminum 1-02 1-44 3'0-3-3 


in the pseudopotential by the presence of a 
zone boundary intersecting the Fermi sphere. 
We therefore proceed as if the Fermi surface 
were spherical, and make the substitution 
dSklvt =* m*kpdn /ft in (3.2). 

Individual scattering events may formally 
be divided into normal and U mklapp processes. 
The normal scattering is adequately described 
by the single-OPW matrix element A^,(k',k). 
On the other hand U mklapp processes include 
those for which k' - k = G so that at least a 
2-OPW description is necessary to avoid un- 
physical infinite scattering rates.* 

In the 2-OPW approximation the pseudo- 
wave functions with wave vector k and k' are 
written in terms of the relevant plane waves as 


x{5(q)- 1)^(9) -FCkQ 

x(5(G-Fq)-l)w(|G-Hql)-F 

xCx.^(5(G-q)-l)w(|G-q|)} 

(3.7) 

where k' — k = G -I- q. 

Using (3.7) and (2.6) one may verify that 
remains finite as q goes to zero. 

By means of a judicious choice of variables 
due to Collins and Ziman [22] the regions of 
normal and U mklapp scattering can be separa- 
ted in an approximate way. In terms of the 
variables defined in Fig. 4. the solid angle 
differential dft dfl' may be written 

dO dO' = d cos 6 d cos ^'d<^dd>' = 

-j— q dq dp d(f>d<(>' , (3.8) 


- Cjk>-l-Ck^Jk + G>,k G --y 
ibr = Q.|k'> + C^,_Jk'-G>, 

k' 

where 

C. + 

2w{G) - 


where 0 and 0' are azimuthal angles with 
respect to the polar axes along G and p = k-f- 
G. respectively. With the help of (3.8), one 
obtains the following approximate decopiposi- 
tion of the integral of a function /(k', k) over 
the Fermi surface: 


ft' 


^(A^-|k + G|') 
2w(G) I 


+ 1; 


*lt is important to properly include the plane wave 
in calculating the Umkiapp contribution. Thus 
Fukai[2] found the residual resistivity of a series of dilute 
aluminum based alloys to be approximately doubled and 
closer to measured values when calculated in a 2-OPW 
rather than in the 1-OPW approximation on which pre- 
vious work was based. 
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In the first term on the right side of (3.9) 
/(k', k) is assumed to be well-represented by a 
function of q(== k' — k). The limits of integra- 
tion have been determined by replacing Bril- 
louin zones by spheres of radius qo. with = 
1-50 chosen so that (3.9) is an equality 
for /(k',k) = 1 iqo differs slightly from the 
conventional Debye radius (67rVKa)''®). The 
first sum includes all reciprocal lattice vectors 
such that 2kF — qo<G< 2kr, i.e. (Ill) and 
(200) in Al. while the second one runs over 
those for which 2^:^ — qo < G < 2k f + qo» i e. 
(Ill), (200) and (220) in Al. Applying (3.9) 
to the function 

^ v p ff ( ’ - k)|^ 

which is obtained by substituting (3.5) into 
(3.1-3), one can write the resistivity as a sum 
of three contributions which must be evaluated 
separately; 

P — P,v + Pt' + p'(/- (3.10) 

The term pv corresponds to normal processes 
(M == M,) and is identical in form to (3.6). The 
other two terms account for Umkiapp pro- 
cesses {M = Afj). For vacancies in aluminum, 
the contribution from is only ~ 20 percent. 
To simplify the integrations in p'a and p". we 
further approximate the integrand /(k'. k) by 
one which is independent of <(). This is accom- 
plished with the help ofthe following relations: 

-|5i(q)^^5(q) (3.11) 

5(G + q) - 5(q)^^^t^^ (3.12a)* 

5(G-q) ^ 5(q) ^'~^-' (3.12b)* 


^‘T^his follows from (3.1 1) and the approximate relation 
^ - Q*! =-- q ■ Q\lq^ which is exact whenever q is 

along a symmetry direction. 


When (3.12a, b) are substituted into (3.7), the 
resulting expression becomes independent qf 
<j> and Pv and p"v reduce to integrals with 
respect to q, p and . 

The results of numerical integrations for 
aluminum are given in Table 1. Ashcroft’s 
pseudopotential {21] was used with a core 
radius of .61 A [2]. We have taken /n* = 1 -04 m 
[20]. The avere^ed structure factor S{q) was 
evaluated with force constants determined 
from an eight nearest neighbors Bom- Von 
Karmann fit to neutron scattering data at 80°K 
[13]. 

4. RESULTS AND DISCUSSION 

For each of the metals considered, the 
resistivity of a vacancy has been calculated 
both with and without strain included. The 
results appear in the first two columns of the 
table. The effect of strain is seen to be fairly 
large (~ 30 per cent). In all three metals the 
inclusion of lattice strain has the effect of 
lowering the resistivity. This trend is a conse- 
quence of the positive sign of the structure 
factor over most of the volume of reciprocal 
space which contributes appreciably to the 
integrations in (3.6) and (3.10); thus the nega- 
tive contribution to the scattering amplitude 
from the missing atom is partially cancelled 
(cf. (3.4) and (3.7)). 

Unfortunately the residual resistivity corre- 
sponding to a known concentration of single 
vacancies cannot be measured directly. The 
number of vacancies present in equilibrium at 
a given temperature is appreciable near the 
melting point only. The total number of defects 
formed via thermal activation can be deter- 
mined from the small difference between 
changes in the length and lattice parameter of 
a long sample in that range[23, 24]. A signi- 
ficant fraction of divacancies may well exist 
in aluminum at these high temperatures, 
howeverr23,25]. The residual resistivity 
associated with monovacancies must be 
extracted from i. The total resistivity observed 
in the above-mentioned range [26, 27] or ii. 
Low-temperature measurements on quenched 



R. BENEDEK and A. BARATOFF 


specimens[28]. In the first case systematic 
errors may arise due to our insufficient know- 
ledge of the temperature dependence of the in- 
trinsic resistivity (which must be subtracted) 
and of the scattering properties of di vacancies 
[26]. Deviations from Matthiessen’s rule are 
also possible. In the second case one presum- 
ably measures the resistivity of monovacancies 
if the pre-quenching temperature is not too 
high, but their concentration must be inferred 
from the above-mentioned high temperature 
equilibrium data. In addition the resistivity 
must be extrapolated to infinite quenching 
speed [28]. 

Both methods have been applied to alumin- 
um, but the second one is inapplicable to 
sodium where vacancies cannot apparently be 
frozen in, due to their very low activation 
energy for migration [24]. Estimates derived 
from the best available experimental data are 
given in the last two columns of Table 1. For 
sodium we used Feder and Charbnau’s deter- 
mination of equilibrium concentration [24] 
and Bradshaw and Pearson's resistivity meas- 
urements between 300 and 370°K[27]. The 
intrinsic background, fitted to a quadratic 
polynomial between 160 and 260°K, was sub- 
stracted out to obtain the vacancy contribu- 
tion.* In the case of aluminum we used the 
monovacancy concentrations derived by 
Simmons and Balluffi[23], extrapolated to the 
range (600-800 °K) where their tits allowing 
for a divacancy binding energy of 0 or 0-25 eV 
essentially coincide. The resistivity was extra- 
polated from (i) Simmons and Balluffi’s high 
temperature fit, which assumed the inverse 
relaxation time for divacancies to be twice 
that for monovacancies [26], or (ii) Bass’s 
comprehensive analysis of quenching experi- 
ments [28], Satisfactory agreement between 

•Fits over different ranges were tried. Our final choice 
is such that all significant differences between measured 
and extrapolated background resistivities lie close to a 
straight line on a semilog plot. The slope of that line corre- 
sponds to a vacancy formation energy of 0-37 eV, m fair 
agreement with that determined in a similar way from 
concentration measurements (0-42 eV)f24]. 


our calculated values and the above-mentioned 
experimental estimates is only found for 
quenched aluminum. Unfortunately the uncer- 
tainty introduced by extrapolations is almost 
as large as the decrease in residual resistivity 
associated with strain, although the calculated 
value including strain appears to be favored. 

Estimates derived from high temperature 
resistivity measurements are three times larger 
then calculated values for both sodium and 
aluminum. It seems unlikely that such big 
discrepancies could be ascribed to deviations 
from Matthiessen's rule, as suggested by 
Fukai[29]. We have no alternative explana- 
tion at present. 

It is interesting that in his latest communica- 
tion Fukai[29] reported a calculated resistivity 
of I 06 )u.n-cm/at.% vacancies in aluminum. 
OPW mixing was included, albeit in a some- 
what simpler fashion, but the structure factor 
S(q) was approximated by the angular average 
of ( 1 .4), with A adjusted to fit the volume of 
formation Vf of a monovacancy derived from 
high temperature thermopower measurements 
under pressure [25]. The close agreement be- 
tween that value and ours is not surprising in 
retrospect. First V,.-IV„ (= 0-52) turns out to be 
close to l-t-6. S(= — 0-51) being the lattice 
dilation determined from our lattice statics 
calculation according to the relation derived 
by Hardyl30J. Second, as pointed out above, 
the resistivity of aluminum is dominated by 
the Umkiapp contribution which is weighted 
towards small values of q where the pseudo- 
potential form factor w{q) is large, as implied 



Fig. 4. Geometry for Umkiapp scattering integration. For 
clarity , k, k' and G are drawn as coplanar. 
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by (3.7). In that range 5(q) is determined by 
the displacement pattern at large distances 
from the defect, which is well-represented by 
(1.2), providing the pattern is not too aniso- 
tropic, as seems to be the case in duminum 
[ 10 ]. 

The major source of error in the present 
calculations is not altogether clear. There may 
be an accumulation of errors, i.e. in the pseu- 
dopotential form factor itself* and our neglect 
of nonlocal corrections, in the approximation 
(3.11, 3.12), in the crude variational ansatz 
(3.5). More disturbing is the possibility that 
the pseudoatom approach underlying the 
whole formulation is not adequate in dealing 
with such a large perturbation as a vacancy, 
especially in aluminum. In deriving the 
scattering amplitudes (3.4) and (3.7), as well as 
the screening of the pseudopotential form 
factor w(q) itselft one relies on the first Bom 
approximation. More precisely, in the spirit 
of 'Babinet’s principle’ of diffraction theory 
(12], a vacancy is represented by the removal 
of an ion and its screening charge (the 
‘pseudoatom’). 

Of course, the screening of ions in the neigh- 
borhood of the vacancy is modified by its 
presence and this is not taken into account in 
the present treatment. To remedy this one 
would have to calculate self-consistently the 
screening potential at least in the neighborhood 
of the defect, a difficult nonlinear problem 
which has not been tackled to date. If such a 
calculation revealed Babinet’s principle to be 
seriously in error, then the pseudoatom 
approach would have to be modified or aban- 
doned in treating vacancies. 


*ln his short note(2] Fukai reported calculations per- 
formed with Harrison’s OPW pseudopotential [3], as 
well as with the Ashcroft [2] and the Heine-Abarenkov 
model potentials. The corresponding values of the 
resistivity did not differ by more than 12 per cent. The 
value obtained with Ashcroft’s model potential (without 
strain), viz. 1.58 /aft-cm/at %, compares favorably with 
ours, viz. 1.44 (Cf. table). The difference could be accoun- 
ted for by Fukai’s cruder treatment of plane wave mixing. 

tThe effective potential between ions in the vicinity of 
the vacancy would also be modified as a result of nonlinear 
screening effects. 


Even if this were the case, the method 
would still be useful for isoelectronic impuri- 
ties. The latter represent a much smaller 
, perturbation than do, vacancies. On the other 
hand the relative contribution to the resistivity 
from lattice strain is expected to be more im- 
portant for this type of defect. Finally the 
residua] resistivity can be measured ffirectly 
and should provide a more stringent test of the 
accuracy of similar calculations. Further work 
along these lines is now in progress. 

Acknowledgements - We wish to thank Dr. Yuh Fuku for 
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APPENDIX 

In this appendix we present a derivation of (2.1). Con- 
sider a Bravais lattice of atoms interacting via two-body 
central forces. If a single vacancy is introduced at r, = 0 
the atoms relax to new equilibrium positions. The energy 
of the strained crystal can be written as 

l«l’ U' n 

U' 0 

-(-const. “ f d’q(iF(q)S(q)5(q)-F(q)5(q))-(-const., 

(A.1) 

where ili(r) = / d’^F(q)e'' ' is the net effective potential 
acting between a pair of ions. We expand the structure 
factor, keeping terms to second order in the displace- 
ments from the equilibrium positions in the undisturbed 
lattice; 

S(q) =“ 2 e~*» ( 1 - iq • U( -Kq ’ u;)>) = So(q) + S,(q) 

+5,(q). {A.2) 

Also, to second order, 

5(q)5(q) = 5o(q)5o(q) + 2Jo(q)5i(q) + 5.(q)-S,(q) 

-(-2So(q)S,(q). 

The terms in the expansion (A.2) may conveniently be 
written 

5„(q) = ^2«<1-G) <A.3) 

G 

5.(q) = -iqQ'' (A.4) 

S.(q) = - T / • 1^-5) 

The normal coordinate Q^= is periodic in 

reciprocal space; Q'=Q*^. In particular, Q*’=0 by 
symmetry. Hence, in view of (A. 3) and (A.4), 5o(q).Si(q) “ 
0. Ignoring terms which are independent of the internal 
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strain (viz. A’,(q)5„(q)). one obtains 


V = Vh ~ Vb' 

where 

u „ « / dW(</K5.(q)5.(q)+2So<q)S2(q)). 

and 

Ub*‘ j i^qF(q)(Si{q) + S^{q)). 
Using (A.i-5). one may rewrite t/„ in the form 


where 


U„ = 


2 J (277)-'^ 


V" 



|F(|q + G|)(q + G)(q + G) — F(G)GG| (A. 6) 


is the dynamical matrix of the host lattice whose eigen- 
values MaiHq) yield the phonon spectrum of the host 
crystal. For atoms interacting via two-body central forces, 
(A. 6) is easily shown to be equivalent to the more 
familiar definition of the dynamical matrix given by (2.3). 
The equation of lattice statics obtains if one sets HUIsQ'* — 
().i.e.V^‘'=F‘'or 

0<1=(V) 'F*' (2.1) 

where 

F"* 2 V(i/t(r)-t-u, • Vi/»(r))L.,e-'<'''''“ (A.7) 

I 

For other types of point defects in a Bravais lattice, only 
the form of F' must be changed (e.g. (2.4bl). Equations 
(2. 1 ) can easily be generalized to lattices with a basis. 

To determine the normal coordinates of the distortion 
around a vacancy one must evaluate the factors on the 
right side of (2. 1 ). The dynamical matrix is directly related 
to the force constants by (2.3). The derivatives 
appearing in (A.7) can also be determined from the force 
constants through the relation* 



f(r, 


_(n) 

n 


where is the a-lh component of a unit vector pointing 
towards the /-th site of the undistorted lattice. In evaluat- 
ing F^fhe displacement must also be known. In practice 
the displacements decrease rapidly enough so that the 
second term in (A.7) may often be neglected for all but the 
first few neighbors around the defect. The corresponding 
displacements may be calculated self-consistently by a 
method described by Flocken and Hardy [9]. In calculat- 
ing F" for the alkalis the displacements of the first three 
sets of neighbors were accounted for, while for aluminum 
those of the first two sets of neighbors were included • 


and l(l"(/■,'“) are the familiar tangential and 
radial force constants of lattice dynamics 1 13]. 
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Abstract — We have studied the Raman spectra of twelve NaBXj compounds, which crystallize in the 
common o-NaFeOa structure, namely B = Cr, In, Er, Ho, V, Vb, and X = O, S. Adopting a simple 
force model for the Raman active normal modes, the repulsive forces between the vibrating anion 
layers are calculated and correlated with the structural parameters of the crystals. 

For NaCrS: we present a detailed analysis of the Raman and i.r. spectra which is based on the 
rigid-ion approximation. The potential energy is given by F = F,-)- Ff. where F, is the contribution 
of the short range overlap forces and Fp represents the long range Coulomb interactions. F, is 
expressed in terms of a simple force model which contains three important short range force constants. 
In order to account for the observed TO-LO splitting of the i.r. active modes, a rigid-ion model is 
used for Fp which contains two independent effective charges. The comparatively small effective 
charges obtained from this analysis suggest that the valence electrons in NaCrS.^ are delocalized to a 
large extent. 


1. INTRODUCTION 

There is a large number of compounds of the 
general formula ABX 2 , which crystallize in 
the common, a-NaFeOa layer type structure. 
Here, A represents an alkali-metal ion, B a 
tri valent ion like Cr, In or T and X one of the 
chalcogenes O, S or Se. These compounds are 
of interest, because they provide a chance to 
study correlations between physical proper- 
ties and chemical constitution in a given 
crystal structure similar to other well known 
cases, as for example the spinels or 
perovskites. 

Two aspects are particularly important. 
First of all, compounds with identical A and 
B ions but different X ions exist which are 
insulators for A' = 0 but semiconductors for 
A" = S or Se. In addition the B-site can be 
occupied by ions with a full d-shell like In, 
an unfilled <f-shell like Cr or an unfilled /-shell 
like the rare earth ions. The unpaired spins 
give rise to magnetic moments which are in 
many cases strongly coupled so that magnetic 
ordering is observed. Recently, a number of 
papers reported on magnetic [1-4] and optical 
[5, 6] properties as well as NMR studies of a 
number of such compounds. 


No information is so far available about 
lattice vibrations and force constants. This 
paper deals with results of systematic Raman 
and i.r. investigations we have undertaken in 
order to contribute to a further understanding 
of this class of terneries. 

We have studied the Raman spectra of 
twelve NaBA ’2 compounds, namely B = Cr, 
In, Er, Ho, Y, Yb and A^ = S, O. Based on 
the observed Raman frequencies and adopting 
a simple force model for the Raman active 
modes, the force constants of the repulsive 
forces between the vibrating anion layers are 
calculated and correlated with the structural 
properties of the crystals. 

For NaCrSa where in addition to the Raman 
frequencies also the i.r. data are available, 
a central force model is used. Firstly neglect- 
ing long range dipole forces, the short range 
overlap forces and normal coordinates are 
calculated. Finally the effect of the long range 
dipole forces, which are responsible for the 
TO-LO splitting of the polar i.r. active modes, 
is discussed. 

2 . CRYSTAL STRUCTURE AND k = O PHONONS 

Compounds of the NaCrS* type crystallize 
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in the space group 0%^ (R3m^)[7]. 
hexagonal system the atoms of the NaBX* 
units are on sites with symmetries and co- 
ordinates given below: 


B. Oa,D3,) 0,0,0 
Na: Ob, Did) 0,0, i 
X: (6c,Civ) 0,0, «, 0,0, «. 

Figure I shows the primitive rhombohedral 
unit cell which contains one NaBXj unit. 
The ions are arranged in layers perpendicular 
to the optic axis. The anions form a cubic 
close-packed structure, while the cations 
occupy the octahedral interstices in this 
packing in alternate layers. The ions in the 
primitive unit cell are numbered as follows 
(see Fig. 8): 

B=l, Na = 2, X = 3,4. 


In Fig. 2 the i.r. and Raman active symmetry 
modes are shown. There are 4 ions in the 
primitive unit cell, implying a total of 12 
vibrational modes. The reduction of the 
reducible representation F into the irreducible 
representations of the unit cell group Did is: 


r = lAig + 3A2i + lEg + 3Eu- 



Fig. 1. Crystal structure of NaCrS 2 . 



Fig. 2. k = O phonons of NaCrSj. 


There are 4 i.r. active polar modes, two of 
species A 2 ^ and two of species in which 
the lattices of the cations move against the 
lattices of the anions. The two Raman active 
modes, one of the species Aig, the other of 
species Eg, are especially simple. In the 
mode two adjacent anion layers move rigidly 
against each other and parallel to the optic 
axis and in the Eg mode perpendicular to the 
optic axis. 

The scattering tensors corresponding to the 
Raman active modes Aig and Eg of point 
group Did- referred to the hexagonal system 
X, y, z have the form [8]: 

/a 0 0\ 

«Mik) = (0 o 0 j 

\0 0 h/ 


/C 

0 0\ 

/ 0 — c 

0 

-r d]. 

-c 

0 

\o 

do/ 

\-d 

0 


Based on the form of the scattering tensors 
the Aig and Eg modes can be assigned un- 
ambiguously; if is observed, only the 
Aig modes should appear, but in the 
or a„*-geometry only the Eg mode 
should appear. In our experiments the z axis 
is always perpendicular to the thin crystal 
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plates, but no attempt has been made to deter- 
mine the x~y orientation. Improper sample 
orientation in the x-y plane does not result in 
incorrect assignment of the Aig and Eg 
phonons as can easily be seen by transforming 
the above scattering tensors from the crystal 
fixed system x, y, z into the laboratory fixed 
system x'.y'.z. 

3. EXPERIMENTAL TECHNIQUES AND RESULTS 

(a) Materials 

Most of the compounds investigated in this work have 
been described before. We have, however, tried to pre- 
pare them in single crystalline form. In the following 
compilation we give details of the most successful 
procedure as found by experiments. Only flux methods 
were used. 

/ya/nOs[9]: One part of InjOa was dissolved in 
10-15 parts (by weight) of a mixture of NaOH (10 Mol%) 
and Na^COs (90Mol%) by heating these substances 
in a recrystallised AI^Oj crucible taking 7 hr to reach 
a temperature of 13S0°C. After cooling the melt sub- 
sequently at about 707hr. most of the flux had evaporated 
and the rest could be dissolved away in cold water. The 
remaining NalnOs crystals were in the form of thin 
platelets up to 50 n thickness and about 5x5 mm maxi- 
mum size, with the hexagonal basal planes forming their 
large faces. Optically they were either completely trans- 
parent or had a somewhat milky appearance. 

A'aCrO,[ 10]: For this compound, it was found neces- 
sary to employ a flux containing an appreciable amount 
of sulfur in order to increase the solubility at tempera- 
tures around I300°C. The following mixture (in mols) 
was most successful: 

Cr, 0 ;,-b 5 Na,C 03 -(- l6Na,S . 9H,0-I- 8S. 

A recrystallized AljOj crucible was again used. The 
temperature was raised to 1320°C during 2 hr and the 
oven shut off immediately afterwards. After cooling to 
room temperature the remaining flux was dissolved in 
cold water. Small crystal platelets of 3 x 3 mm maximum 
size and 5-20 ^ thickness remained. Both NaCrOj and 
NaCrSj were found simultaneously. NaCrOj is dark 
green in transmission, thicker crystals are almost opaque. 

NaYO„ NaErO,, NaHoO,. and NaKbOJl 1. 12]: 
These compounds could be obtained in powder form 
only. A mixture of 1 part (REljOa and 1 part of NajO, 
(by weight) was held in a Pt crucible at 550°C for 24 hr. 
After cooling, the sintered cake was ground again and 
heated to 550°C for another 48 hr. The excess of NajOj 
was dissolved away and white or slightly coloured 
powders of the respective compound NaREOj remained. 

NaCrSi'. Crystals were grown by a method described 
by Rudorff et o/.(I3, 14], slightly modified to obtain 
larger specimens of uniform thickness and with shiny, 
flat surfaces. A mixture of 9-9 parts K,CrjS„ 36-5 parts 
NajCOa, 45-4 parts S, and 8-2 parts BjOa (all by weight) 
was heated in a tightly covered crucible of recrystallized 


AliO] to 1100°C and slowly cooled at about IO(PC/hr. 
The remaining flux was dissolved in HjO and the crystals 
washed very briefly in dilute HCI. Single hexi^nal 
platelets of 7mmdia. and l0-20ja thickness could be 
grown in this way. Omitting BfOa resulted in intergrown 
crystals up to 20 mm oia. and 0-5 mm thickness. 

NalnStUSy. A mixture of 2g In metal, 4gS, and I2g 
NajS. 9H,0 was heated in a recrystallized AliO, crucible 
to 800°C Old cooled at about 100°C/hr. After dissolving 
the flux in water, the remaining crystals had a more or 
less intensive orange to yellow colour. This was thought 
to be due to some contamination with polysulfldes. 
After washing in saturated Na,S solution, only a slightly 
yellow colour remained. 

NaYS,, NaErSf, NaHoS,, and lVaT'W,[l6]: Single 
crystal platelets of I to 4mmdia. and about 10-20/t 
thickness were grown by the following method: A mixture 
of I part REClg and 15 parts NajCOs (by weight) was 
heated in an AUOj boat in streaming H,S to 1300*C, 
brought to I250°C for 30-60 min and then cooled. During 
the heating period, Na^COs reacts with H,S to form a 
NajS flux. While the temperature is kept at 1250°C, most 
of the flux evaporates. Residual flux was washed off with 
cold water. All crystals were transparent, with a light tint 
of brown (NaHoSj), pink (NaErSj), and yellow (NaYbS*). 
Table I contains the relevant structural parameters. 

(b) Raman spectra 

All Raman spectra were excited with a 
HeNe Laser (6328 A). The output of the 
linearly polarized Laser beam was about 
70 mW. Light scattered through 90" is passed 
through a double monochromator and de- 
tected photoeJectrically using a cooled ITT 
FW 130 photomultiplier. In most of the 
spectra the instrumental width is about 
4cm“'. The spectrometer was calibrated 
with the spectrum of the HeNe Laser. All 
wave numbers are corrected for vacuum and 
the error in frequency is estimated to be 
±3 cm~‘. 

The Raman spectra are shown in Figs. 3 and 
4. In these figures the spectra of the trans- 
parent crystals were observed in the z{x'x’)y' 
—or in the zix'x' -Yx'z)y' geometry in 
which both modes appear. NaCrS* and 
NaCrOi were observed in the back scattering 
geometry with an angle of incidence of 68", 
whereas powder discs have been used for the 
Raman spectra of NaY02, NaHo02, NaEr02, 
and NaYbOa. In the Raman spectrum of 
NaCrOa only the high frequency line could 
be observed: the weak line near 450 cm“‘ is 
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Table 1 ■ Structural parameters o/«-NaFeO, type crystals 


Element 

in 


Compound 

a, (A) 

r* (A) 

u 

re (A) 

d{A) 

origin 

NaCrSj 

3-534 

19-49 

0-2641X1 

0-69 

2-69IX] 

Cr 

NalnSj 

3-803 

19-89 

026tX] 

0-90 

2-90(X] 

In 

NaYSj 

3-968 

19-89 

0-261*1 

0-92 

2-981*1 

Y 

NaHoSj 

3-949 

19-86 

0-261*1 

0-92 

3-021*] 

Ho 

NaErSj 

3-939 

19-98 

0-2581*1 

0-90 

3-00[*] 

Er 

NaYbSj 

3-91 

20-0 

0-261*1 

0-88 

2-%I*] 

Yb 

NaCrOj 

2-96 

15-9 

0-220IX] 

0-69 

1-68 [XI 

Na 

NalnOj 

3-235 

16-35 

0-2.57 IX] 

0-90 

2-491X] 

In 

NaYOa 

3-386 

16-43 

0-261*1 

0-92 

2-321*1 

Y 

NaHoOj 

3-394 

16-61 

0-261*1 

0-92 

2-291*1 

Ho 

NaErOj 

3-377 

16-57 

0-261*1 

0-90 

2-281*1 

Er 

NaYbO, 

3-350 

16-53 

0-261*1 

0-88 

2-281*1 

Yb 


(X) values from X-ray studies. 

f*i values estimated based on ionic radii rg of the trivaient metal B given in Ref.[ 16]; in the rare earth 
sulfides r, = I '82 A and in the rare earth oxides = 1-36 A is used. 
d is the distance between nearest anion layers. 


a grating ghost line. NaCrSa was studied at 
room temperature and at liquid Helium 
temperature, but in the latter case the crystal 
temperature was as high as 60°K due to 
absorption of the Laser beam. This tempera- 
ture was determined by observing the ratio 
of the Stokes and Anti-Stokes Raman intensi- 
ties of the mode. 

Strong fluorescence in the Stokes part of 
the Raman spectra is observed in the rare 
earth compounds NaErOj, NaErSj, NaHoOs 
and NaHoSj. This is especially disturbing in 
NaHoSa, NaHoOj and NaErOj, where the 
fluorescence spectra of the rare earth ions 
overlap partly with the Raman spectra. The 
Raman spectra of these compounds could be 
observed either by cooling with liquid N 2 in 
the case of NaHoO* or by observing the 
Anti-Stokes Raman lines in the case of 


NaHoOz and NaEr02. In Table 2 the ob- 
served Raman frequencies are listed. 

The intensities of the Raman lines do not 
strictly obey the selection rules as discussed 
in the last section. According to selection 
rules the a„ spectra should show only the 
A,g mode and the and spectra only 
the Eg mode but most of these spectra show 
two lines, a strong one and a weak one. The 
observations can be summarized as follows: 
In the a„ spectra the high frequency line is 
always considerably stronger than the low 
frequency line and in the Ux'v' and a*-* spectra 
the low frequency line is stronger than the 
high frequency line. Figure 5 illustrates this 
situation for the Raman lines of NaYS 2 . As 
mentioned in the last section, incomplete 
orientation in the crystal xy plane does not 
explain these observations. Reduction of the 
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Fig. 3. Riunan spectra of the NaBS, compounds. 


internal cone angles of the incident and 
scattered beams did not significantly change 
the intensity ratio of the two Raman lines. 
The smallest half-angular divergence of 
incident and collected scattered light within 
the crystal was 0-5° and 4°, respectively. 
Furthermore, depolarization due to bire- 


fringence, as observed and discussed by Porto 
et a/.[17] is ruled out here because the 
crystals are too thin. The most probable 
reason for this anomalous behavior in intensi- 
ties is depolarization due to surface effects 
of the thin crystals which have thicknesses 
comparable to the phonon wavelengths. We 
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therefore assign the high frequency line to the 
Atff mode and the low frequency line to the 
Eg mode. As will be seen in the next section 
this assignment is also supported by the 
normal coordinate calculations of the Raman 
and i.r. active modes of NaCrS2. 


(c) Far i.r. spectra o/NaCrSz 
Far i.r. spectra of NaCrS2 were studied 
using absorption and reflection techniques. 
The absorption spectrum was obtained with 
the material in the form of a mull of nujol. 
The mull was placed between Csl windows 
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Table 2. Observed Raman frequencies and calculated 


force constants for crystals with a-NaFeO* structure 


Compound 

«(£,) 

(cm-*) 

toiAu) 

(cm-‘) 

< 

(mdyn/A) 

(ip dyn/A) 

NaCrSj 

240 

308 

0-54 

l)-89 

NalnS, 

158 

289 

0-24 

0-82 

NaYS, 

216 

279 

0-44 

0-73 

NaHoS, 

221 

284 

0-46 

0-76 

N aErS, 

221 

284 

0-46 

0-76 

NaYbS, 

204 

282 

0-39 

0-75 

N aCrO, 

7 

580 

7 

1-60 

NalnO, 

320 

493 

0-47 

115 

NaYO, 

363 

493 

0-62 

115 

NaHoO, 

346 

547 

0-57 

1-41 

NaErO, 

346 

514 

0-57 

I '24 

NaYbO, 

353 

512 

0-59 

1-23 


J 

( 

ij 

NoYSi 

X' (ZZ) y' 

' 1 ' 1 ' 1 ‘ 

y 

X' ( Y'X‘ ) Y' 

— 1 — * — ( — >— t — ' — 1 - » 

1 

1 

1 

1 

1 

/ 

X' (ZY' ) Z 


400 300 200 100 cm"' 


Fig. 5. Intensity behavior of the Raman lines of NaYS,. 
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or between high density poJyethyiene wedges. 
Polyethylene wedges were used to avoid 
disturbing interferences. Figure 6 shows the 
powder spectrum which has been corrected 
for background absorption. 

The reflection spectrum of a large single 
crystal of NaCrS 2 with its hexagonal basal 
plane perpendicular to the optic axis was 
measured with an RIIC interferometer.* 

The angle of incidence was 12° and the 
beam was polarized perpendicular to the 
plane of incidence, thus only the £„ modes 
should appear. Making use of the Kramers- 
Kronig transformations, the complex dielec- 


*These measurements were kindly performed by Dr. 
G. R. Wilkinson of King's College, London University. 


trie constant e* = was evaluated. 

Figure 7 shows €"(a>). This spectrum clearly 
identifies the two transverse £„ modes at 
146 and 309 cm“'. The corresponding longi- 
tudinal £„-frequencies are obtained from 
€^(( 1 )) = 0 and are 150 and 368 cm”’, respec- 
tively. The absorption band at about 235 cm~\ 
in Fig. 6 is assigned to the low frequency 
Atu mode. The high frequency mode 
overlaps partly with the high frequency £„ 
mode giving rise to the strong absorption 
band centered at about 325 cm~'. Support for 
this view is given by the normal coordinate 
analysis which locates these two frequencies 
close together (see Table 3). Further support 
for this assignment is also given by the powder 
spectrum of NalnOa, in which these two 



Fig. 6. Infrared spectrum of powdered NaCrSj at 300'=’K. 
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absorption bands can be clearly resolved. 
The additional peak at about 370 cm“‘ on the 
high frequency side of the strong absorption 
maximum is probably due to a second order 
absorption process as observed in many polar 
crystals [18]. 

The accuracy of the £„ frequencies derived 
from the reflection measurements is about 
±1 cm~‘. The frequencies of the powder 
spectra are less accurate, partly due to the 
overlap of absorption bands and partly as a 
consequence of the transverse longitudinal 
splitting which is large for the intense modes. 
The absorption maximum will therefore be 
located at some ill-deflned position between 
the transverse and longitudinal frequencies 
and will depend on particle size and distribu- 
tions. The inaccuracy of the high frequency 
/lju absorption maximum at about 330 cm“* 
is at least ±10 cm"'. 

4. ANALYSIS 

(a) Analysis of the Raman spectra 

The form of the two Raman active Ai„ and 


£„ modes, as discussed in Section 2, makes it 
possible to work with a very simple force, 
model. In the mode the even numbered 
anion planes 2s, ^s + 2, etc. move in the 
positive z direction, and the odd numbered 
anion planes in the opposite direction (see 
Fig. 8). Let Ui„ etc. be the displace- 
ments of the anions in the planes 2s, 2s -I- 1, 
etc. Then we have the following equations of 
motion; 

CiiU2t a2t+i) ■t"C2(U2,+t ^2$+l) 

mxii2, = C,( — U2.) + - U2,) . 

In these equations mx is the mass of anion 
X and Ci 2 and Cj* are the force constants 
shown in Fig. 8. and Cj* contain contribu- 
tions from nearest cation-anion and anion- 
anion repulsions. The frequency of the optical 
A^„ mode is given by 

(»(Atg) = {2CJmx)''^, whereC* = Cii + Cj*. 


Table 3. Observed and calculated normal frequencies and calculated 


normal coordinates Qk in terms of cartesian coordinates Xi 


Obs. 

(cm') 

Assign. 

Calc.n 

y. 

Calc.Pj 

y.+yc 

e* = S Eujc, - L* in (amu),„ 

i 

368 

{E„,L) 

331 

367 

Q,' (E.) = - 4-82x, - 0-92xj + 2-87x3 + 2-87x, 
(?,”(£„) = - 5- lOx^, - 0-49 jj 2-80x3 -H 2-80;t4 

309 

{E.,T) 


303 

(?/(£„) = - 5- lOx. - 0-49 xj -I- 2-80x3 -1- 2-80x4 

150 

(E„.L) 

157 

152 

Qt lE.) = — 3-05x, -(-4-28xj — 0-62xj — 0-62x4 
= - 2-55x, -1-4-35x3-0-90x3-0-90x4 

146 

(E„.T) 


146 

372 

(?,r(£ j = - 2-55 x, - 1 - 4 - 35 x 3 “ 0 90x3 “ 0-90x4 

C/M,. ) = - 4-8U, - 0-95SJ -H 2-88Z3 -1- 2 - 88 Z 4 

-330 

^2u 

320 

308 

220 

) = - 4-63z, - 1 - 18z, -1- 2-90 z 3 -1- 2-90^4 
O/tA.J =-5-17 zi-0-37z3-(-2-77z3 -I-2-77Z4 

= — 3-08zi-)-4-27£j — O- 6 OZ 3 — O- 6 OZ 4 

- 235 


200 

212 

) = - 3-33z, -I- 4-22z, - 0-44zj - 0-44z 4 
) = - 2-41Z, -t- 4-36 z, - 0-98Z, - 0-98z4 

240 


253 

236 

e(£,) =- 4 - 00 x 3 - 1 - 4 - 00 x 4 

308 

^ Iff 

294 

320 

G(/fa,) =-• «-00 z,-I-4-00z4 


I*] The short range force constants used in V, are; F, = 0-85, F, = 0-18, Fj = 0-08 mdyn/A 
[°1 The effective charges used in are: ef, = 1- le, ejS, = 0'4e. 
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A similar treatment for the E„ mode yields: 

«(£,) = (2CJmxy>\ where C, = 

The force constants C, and Cx are listed in 
Table 2 along with the frequencies (oiAtg) 
and miEg). It is interesting to note that the 
force constants for the oxides are always 
considerably larger than the force constants 
for the corresponding sulfides. This is not 
surprising because the distances between 
the nearest anion planes, d, are considerably 
shorter for the oxides than for the sulfides 
(see Table 1). According to Loh[19] the 
force constants of optical phonons increase 
with decreasing inter-nuclear distance and 
with increasing amount of covalent bonding. 



Fig. 8. (a) Force model for the Ai„ mode used in Section 
4a. (b) Local internal coordinates r, belonging to a 
primitive unit cell containing the atoms Cr = 1, Na = 2, 
S = 3,4; (see Section 4B). 


In the present series these two effects are 
competing with each other because the oxides 
are less covalent than the sulfides but the 
effect of distance dominates the effect of 
covalency. This correlation between the 
force constants and the distance d is shown 
in Fig. 9. 

(b) Normal coordinate analysis for NaCrSj 
For the potential energy of the k == 0 modes 
we write 

V= y, + Vc 

where V, is the short range part due to the 
overlap forces between nearest ions and 
Vc is the long range Coulomb interaction. 
In terms of translationally symmetrized, mass- 
weighted coordinates q[20], V, and V(. are 
given by 

= i qVq< Vc = 

and diagonalization of F=/-f A/ yields the 

Clmdyn/H) » NoMOg 
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eigenvalues the normal coordinates 

Gfc- We first neglect Vc restrict ourselves 
to the short range problem. 

In order to introduce only a few but physic^ 
ally meaningful force constants in V, we 
express V, in terms of translationally symme- 
trized internal coordinates R=Aq: 


V, = iR^^R. 


The matrix /is then given by: 

f = A^4>A =fs + fu + fz- 

The unit cell group Dga allows the decomposi- 
tion into a jc, y, and z problem. Diagonalization 
of the two 4 dimensional symmetric matrices 
fx = fu fz yields the eigenvalues X^ and 
normal coordinates Ql of the short range 
problem. 

The coordinates Rt are given by R, = 
2 r/ where N is the number of unit cells 

in the crystal and r,' is the rth local internal 
coordinate belonging to the unit cell /. in 
order to obtain a reasonable approximation 
with a diagonal <f> matrix a good choice of the 
coordinates r/ is essential. In the NaCrS* 
structure we introduce in each unit cell 24 
stretching coordinates, namely 6 Cr-S co- 
ordinates (/ = 1 . . . 6) with force constants 
F,, 6 Na-S coordinates (t = 7...12) with 
force constants Fj, 6 S-S coordinates (/ = 
13 . . . 18) with force constants fj, and 6 S-S 
coordinates (/ = 19 . . . 24) with force con- 
stants Ff These coordinates are defined and 
numbered in Fig. 8b. 

The four infrared frequencies depend only 
on the force constants Fj and F, but not on 
the S-S force constants Fg and F* because 
in these modes all sulfur ions move in phase. 
Putting F, = 0-85 and Fg = 0-18 m dyn/A we 
obtain fair agreement between observed and 
calculated frequences (see Table 3). On the 
basis of the short range approximation it is, 
of course, not possible to account for the 
observed LO-TO splitting. The Raman 
frequencies depend on all four force con- 


stants. For NaCrSj, however, the S-S 
distances corresponding to F4 are consider- 
ably larger than the S-S distances correspond- 
ing to Fg (4-33 A qompared with 3-48 A), so 
that F4 will be much smaller than Fg. Good 
agreement between observed mid calculated 
Raman frequencies is obtained using the 
values Ft and F, determined from the i.r. 
frequencies and putting Fg = 0-08 m dyn/A, 
F4 = 0. 

Table 3 includes also the normal coordin- 
ates Gfc = S /?fcVm<Xi in terms of cartesian 
displacement coordinates. From the form of 
the normal coordinates it can be seen that in 
the high frequency E„ and modes the 
lattices of both cations move against the 
lattices of the anions producing large induced 
dipole moments. However, in the low frequen- 
cy Fu and ^*u modes the Cr lattice moves 
against the Na lattice while the amplitudes of 
the anions are comparatively small. In these 
modes the induced dipole moments are there- 
fore small and the intensities are expected to 
be weak compared with the intensities of the 
high frequency modes. These predictions are 
in agreement with the observed intensities 
(see Figs. 6 and 7). 

In order to account for the TO-LO splitting 
we must include the long range part, Vc- We 
shall calculate A/on the basis of the rigid ion 
model using effective point charges. By 
straightforward calculation of the Coulomb 
forces acting on the displaced ions we obhun 


^fcrij — , ■■ - — A^ 


Vmj/TXj 


nti 


where 


Afjrt 2) u* Xy y, z. 

k 


In these expressions e* and are the effec- 
tive charges and masses, respectively, of ion 
i. S„ii is the dipole field at site i produced by all 
unit dipoles at sites j oriented in the <r direc- 
tion[21]. Due to the site symmetries Dg,} and 
Cgu the elements with cr' a vanish. 
The explicit expression is given by 
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where r(Jj') is the distance between the site / 
in unit cell / and site j in unit cell /' and 
r„({5') is the o- -component of this distance. 
Neglecting surface effects these sums are 
independent of the location of the unit cell I. 
The method we have applied for the evalua- 
tion of these sums is described elsewhere [22]. 
Due to the symmetry of the NaCrS 2 structure 
and the definition of the 5^-sums we have 
Sjrij = Sm and a given matrix S„ will have a 
number of repeated elements, namely 



We have used the numbering 1 = Cr, 2 = Na, 
3 = S, 4 = 5. The values calculated are: 

•Sxii=-0'I25()04A-^ 5^.j = -0-()0444A-3 
‘5x1.1 = - 0-078283 A-* 5x23 = - 0-030299A-'*. 
-5x34 ==- 0-007362 A-'* 

In order to distinguish between TO and LO 
phonons in NaCrS^ we may suppose the 
exterior boundaries to consist of infinite 
parallel planes. In an uniaxial crystal with 
its optic axis parallel to the z axis there are 
two important geometries: (a) The exterior 
boundaries are perpendicular to the z axis; 
in this case we have two z polarized longitud- 
inal Aiu modes and two degenerate transverse 
modes, corresponding to k||z as k ^ O. (b) 
The exterior boundaries are perpendicular to 
the X axis; in this case there are two trans- 
verse z polarized modes, two transverse 
y polarized £■„ modes and two x polarized 
longitudinal £„ modes, corresponding to 
k)|ar as k -» 6>. In case (b) the two fold 
d^neracy of the E„ modes is lifted [23], 

The shape dependence of the Coulomb 
summation leads to the distinction between 


transverse and longitudinal sums, and 
5 ^ 0 , depending on whether the displace- 
ments of the ions are parallel or perpendicular 
to the exterior boundaries. The sums defined 
above are the transverse dipole sums. The 
sums relevant to case (a) are 5Jy = 5^jj, and 
5i'u. those relevant to case (b) are 5^, 5Jo, 
and 5Ju- Using the relations 1 Slij = - (Aviv) 
[24] and 5^ = 52:„-l- (47r/r)[21], where v is 
the volume of the primitive unit cell we 
obtain 

S‘iii = -2Slii = Slii+47Tlv 

S^riJ = -SliJ-Sl<, = Sl<j + 4TT/v. 

The matrices A/Jjj and Af^u are obtained by 
substitution of the appropriate sums S^ti 
and S'^ij in the general expression for Af^n. 
Diagonalization of Fa-’’’ — f„ + A fj and F„'- = 
f„ + Af„'‘ yields the eigenvalues and normal 
coordinates of the transverse and longitudinal 
modes, respectively. Table 3 contains the 
results of these calculations. We have found 
reasonable agreement between observed and 
calculated frequencies with the following 
five parameters: 

F, = 0-85. F 2 = 018. F.., = 0-08 m dyn/A 

The effective charge is then given by 
<’.,* = -i(e?r+f'iJH) = -0-75e. With -these 
effective charges large LO-TO splittings are 
predicted for w,(F«) and qj,(A 2 u) but com- 
paratively small splittings for w^iEu) and 
<wz(^ 2 «) in agreement with the observations. 
No LO-TO splitting is predicted for the 
Raman active modes. This can be seen 
directly if A/ — A/ is calculated using first 
order perturbation theory. One obtains 




where the dipole derivative is given by 
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For the Raman active modes (3 m/5Q*)o = 0 
and therefore = A^ 

(c) Discussion of the results from the normaf 
coordinate analysis 

The effective charges e^r=l-le, e^^ = 
0-4e, and — 0-75e obtained from the 

preceding analysis are only about one third 
of the formal charges of the ions. That the 
effective charges might be considerably 
smaller than the full formal charges is to be 
expected if one keeps in mind that the ionicity 
of the Cr-S bond as deduced from the differ- 
ence in electronegativity is only about 20 
per cent. 

In order to estimate the accuracy of our 
effective charges we must discuss two points; 
(a) Our calculated effective charges depend on 
the short range force constants F^, F^, F^. 
Admittedly, we have used a very simple 
model for the short range problem, but the 
calculations show that the effective charges 
are not very sensitive to small changes in 
these parameters, (b) We have completely 
neglected the polarizabilities of the ions. 
However, we have shown* that the effective 
charges calculated on the basis of polarizable 
ions would be even smaller than the effective 
charges obtained from the rigid-ion model. In 
fact, the comparatively small effective charges 
suggest, that the valence electrons in NaCrS^ 
are delocalized to a large extent. In such cases 
the electronic polarization can not be ex- 
pressed in terms of ptrint-dipole interactions; 
the electronic and vibrational polarizations 
are decoupled and it can be shown [25, 26J 
that the resulting relation between the static 
and high frequency dielectric constants is 
identical with that derived for a rigid-ion 
model. On this basis and in view of the 
scarcity of the experimental data a rigid-ion 
model seems to be appropriate for NaCrS 2 . 

It would be interesting to compare the 
effective charges of NaCrSi with those of 


‘The appropriate expressions of the A/-tnatrix for 
polarizable ions will be published later. 


NaCrO*. Unfortunately, no i.r. reflection data 
are available for NaCr 02 , but from the i.r. 
powder spectrum it is apparent that the 
TO-LO splittin^is pf the £« modes are at least 
twice as large as those for NaCrSg. One would 
therefore expect larger effective charges for 
NaCrOj than for NaCrSj in accordance with 
the fact that the ionicity of the Cr-O bond is 
higher than the ionicity of the Cr-S bond. 

Recently, the effective charges of a series 
of crystals with a-NaFeOj structure were 
determined from Nuclear Quadrupole Cou- 
pling Constants [27]. In this study the electric 
field gradients at the sodium site was calcu- 
lated using a point charge model and assum- 
ing that the charge on the sodium is -Fie; 
comparison with the experimental field 
gradients yields the effective charge on the 
trivalent metal ions, which is 2-08e for the 
Cr ion in NaCrSa- This value is nearly twice 
as large as our value ejf, = l ie. In order to 
explain this discrepancy we have calculated 
the effective charges by the NQR-mtthod 
using our sums S/. We have found complete 
agreement with the charges given in Ref.[27], 
if it is assumed that the charge on the sodium 
is +\e. But if the charge on the sodium is less 
than +]e, the A0/?-method yields smaller 
charges for the trivalent metal ions. This 
might also explain why the charges of the 
trivalent metal ions in NaCrO^, NaTiOj. and 
NaScOj exceed three in Ref.[27]. In fact, if 
we assume that the charge on the sodium ion 
is only O-Se in NaCrOj, we obtain for the 
charge on the Cr ion a value of 2-0^ instead 
of 3-62e' as was obtained in Ref [27J. 

Finally we should like to emphasize that we 
have adopted a very simple model for the 
analysis of the lattice modes of NaCrS*. 
Consequently, the effective charges will not 
be very accurate. On the other hand, this 
approach leads to reasonable results for 
NaCrSa, and it would be interesting to apply 
this method to other crystals for which 
extended experimental data are available. 
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ELECTRICAL RESISTIVITY AND OPTICAL 
ABSORPTION IN EuLiHg AND Si^LiH? 
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Department of Chemistry, Tufts University, Medford, Mass. 02155, U.S.A. 
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Abstract- The electrical and optical properties of single crystals of SrLiH, and EuLiH, were in- 
vestigated. Electrical resistivity measurements were carried out in the temperature range from 0 to 
400°C using the van der Pauw technique. The room temperature resistivity values were lO'ohtn-cm 
for both materials. The thermal activation energies observed were attributed to impurity effects. 
Optical transmission and diffuse reflectance measurements were made over the spectral range from 
0-6 to 5-5 eV. Evidence was found for both impurity and intrinsic absorptions. For SrLiHj a single 
intrinsic absorption was found at about 4-0 eV. Three intrinsic absorptions were found for EuLiH, 
at 2-0, 4-0 and 5-2 eV. The common absorption at 4-OeV is attributed to the valence band, which is 
largely H~ in character, to conduction band transition. The two additional absorptions for EuLiHj 
are assigned to transitions between localized 4/ levels located within the band gap and 5d bands in 
analogy with results for other divalent europium compounds. 


1. INTRODUCTION 

Recent studies provide strong evidence that 
the newly synthesized divalent europium com- 
pound, EuLiHa, belongs to a growing class of 
materials which are ferromagnetic insulators 
[1]. EuLiHa as well as the strontium analog, 
SrLiHa, have also been obtained as reasonably 
pure, stoichiometric single crystals [2]. With 
the availability of single crystals studies of 
the electronic structure of both EuLiHa ^nd 
SrLiHa can be initiated. This paper describes 
the results of electrical resistivity and optical 
absorption experiments using single crystals 
of both SrLiHa and EuLiHa. 

2. EXPERIMENTAL SECTION 
Electrical resistivity measurements 
Electrical resistivity measurements were 
carried out using the van der Pauw method 
[3]. Flat discs suitable for use in this method 
were prepared by hand grinding in an argon- 
filled glove box the atmosphere of which was 
continuously gettered using Na-K liquid alloy 
adsorbed on CaS 04 pellets. Unless otherwise 


•This work was supported by the U.S.A. E.C. 
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noted all operations and handling of the very 
air-sensitive crystals were carried out in 
such a glove box. The details of the grinding 
operation are essentially the same as those 
described later in the section on optical 
measurements. The discs prepared were of 
irregular circumference and varied in thick- 
ness from 2-4 to 0-6 mm. 

Ohmic contacts to crystals of both materials 
could be obtained with regularity by vapor 
deposition of indium metal under high (10“* 
torr) vacuum. Ohmic contacts could not be 
made by simply painting with some standard 
electronic silver paint or paste. Contacts 
made by vapor deposition of zinc metal were 
usually not ohmic at room temperature but 
sometimes became ohmic above 300‘‘C under 
a hydrogen atmosphere. 

The crystal under measurement was placed 
on the mica platform of an all aluminum 
sample holder. Electrical contact from the 
four crystal electrodes to the four firmly held, 
well insulated electrode wires was made by 
a strip of silver paste. Sample temperatures 
were monitored using a thermocouple placed 
in a well about 1 mm below the sample. 

For reasons mentioned earlier it was neces- 
sary to contain the sample and sample holder 
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in an anaerobic enclosure in order to carry 
out the resistivity measurements. Such an 
enclosure was constructed from a borosilicate 
glass tube fitted with a high vacuum electrical 
feed-through and a stopcock suitable for 
evacuation or filling with hydrogen. Access 
to the tube was gained by means of a standard 
glass-to-glass joint sealed with a rubber 
o-ring. Measurements were always carried 
out under ultra pure hydrogen at slightly 
greater than one atmosphere of pressure. 

A 67 1/2 V battery and a variable resistor 
were used as the power supply. Currents were 
measured with an RCA WV-84C micro- 
ammeter and voltages with a model 61 OB 
Keithley electrometer. The electrical measure- 
ments were carried out over the temperature 
range from 0 to 400°C. A commercial tube 
furnace was used as the constant temperature 
bath. Thermal control to about ±1“C was 
obtained using an on-off type thermal con- 
troller and a constant voltage regulator. A 
total of eight measurements were made at 
each temperature. The voltage drop was 
recorded for two different current levels at 
each of the two positions required in the van 
der Pauw method and for both current 
polarities. Measurements could not be carried 
out above 400'’C because of apparent deteriora- 
tion of either the silver paste connections or 
the evaporated contacts. 

Optical transmission measurements 
Reasonably flat samples suitable for optical 
transmission measurements could be prepared 
using the manual grinding and polishing tech- 
niques described below. To provide the work- 
ing surface for the grinding operation a hard 
silk cloth (Beuhler) was bonded to a section 
of flat plate glass using rubber cement. The 
abrasive compound was 600 or 800 mesh 
alumina suspended in paraffin oil. During the 
grinding and polishing operations the crystal 
was firmly fastened to the flat end of cylin- 
drical rod of aluminum which in turn fit snugly 
into a larger cylindrical block also of aluminum 
Which provided easy manipulation of the 


sample over the working surface. A thermo- 
plastic resin, picoline wax, generously sup- 
plied by Dr. Ronald Goldner. was used to fix 
the crystal to the holder described above. This 
wax was soluble in various hydrocarbon 
solvents such as trichloroethylene, benzene, 
and xylene. Because of its low volatility, 
xylene presented fewer problems for use in 
the glove box. 

Some comment concerning the preparation 
of the xylene and paraffin oil for use on these 
highly reactive crystals is in order. First the 
liquids were shaken in a closed flask with 
molecular sieves to remove any traces of 
water. Then they were contained in glass 
vessels equipped with two sidearms, one 
attached to a high vacuum system and the 
other equipped with a breakseal. Liquid 
nitrogen was used to freeze the liquids, the 
vessel was evacuated to about 1 0“^ torr, and 
the liquid was permitted to thaw under high 
vacuum. This cycle was repeated five to ten 
times in order to remove traces of dissolved 
air. The final step involved freezing the solvent 
and sealing the vessel under high vacuum. 
Once transfer to the glove box was completed, 
the liquid could be dispensed through the 
breakseal. 

When an appropriate thickness had been 
reached by grinding the polishing operation 
was commenced. Beuhler’s Sylvet cloth 
bonded to plate glass was used as the woricing 
surface. The polishing materials were 0-3 
micron and 0 06 micron alumina suspended, 
again, in paraffin oil. Each crystal surface was 
given approximately 500 laps with each 
polishing solution using a figure-eight motion. 
Every effort was made to give each surface a 
consistent polish. 

Using the above methods four crystals each 
of SrLiHa and EuLiHg ranging in thickness 
from about 400 to 40 microns and of 2 to 4 
mm* in surface area were prepared. It was very 
difficult to obtain crystals thinner than about 
100 microns due to the brittleness of these 
materials. Samples thicker than 100 microns 
could be measured using a micrometer; how- 
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ever, for the very thin samples an extrapola- 
tion technique was used. Assuming that at a 
given wavelength T = (1— where T 
is the transmittance, R is the reflectance, a 
is the absorption coefficient, and d is the 
sample thickness, plots of log J vs. d for a 
series of selected frequencies could be con- 
structed using data accumulated for thicker 
samples. The thickness of the unknown 
crystal could then be estimated by measuring 
T at some convenient wavelength and extra- 
polating using the above mentioned curves to 
find d. 

The actual transmittance measurements 
were carried out using a Perkin-Elmer 450 
spectrophotometer and an evacuable sample 
cell.* The sample cell consisted of a glass 
cylinder of a size convenient to fit into the 
cylindrical cell holder of the spectrophoto- 
meter with a high vacuum stopcock and two 
quartz windows. One window is permanently 
sealed with high vacuum cement and the other 
with a low softening-point wax to permit easy 
access to the sample which is attached to the 
inside wall of the detachable window by a dab 
of wax. This cell could be evacuated to about 
10~®torr and all measurements were carried 
out at this level of vacuum. 

Diffuse reflectance measurements 

To supplement and extend the transmittance 
data diffuse reflectance measurements were 
carried out on powdered samples of SrLiHj 
and EuLiHj. Powdered EuLiHj is brick-red 
in color while SrLiHg powders tend to be a 
very pale beige, almost colorless. The powders 
were protected from the atmosphere during 
measurement by means of a simple but 
effective device. The samples were bound to 
a strip of masking tape which had an adhesive 
surface on both sides. One side of the tape 
strip (7 mm x 20 mm) was bound to a flat 


’According to specifications quoted by the manu- 
facturer the spectral band pass of the Perkin-Elmer 450 
under the conditions of operation in this work was less 
than lO'^eV or 8 cm'*. 


piece of microscope slide. A rectangular 
quartz plate (10 mm x 25 mm) was placed 
directly over the sample and the space between 
the quartz plate and the backing glass was 
sealed using a quick hardening black wax with 
a low softening point. In such a ceil the 
powdered samples which are extremely 
reactive could be handled outside of the glove 
box atmosphere for days at a time without 
noticeable deterioration. 

The reflectance spectra were obtained using 
a commercial reflectance accessory manu- 
factured by Perkin-Elmer for use with the 
model 450 spectrophotometer. Strictly speak- 
ing this attachment is best used for specular 
reflectance studies; however, satisfactory 
diffuse reflectance spectra could also be 
obtained. A Bausch and Lomb Spectronic 20 
diffuse reflectance attachment was also avail- 
able but the range and resolution of this 
instrument is inferior to that of the Perkin- 
Elmer instrument. Spectra in the visible range 
(1 •8-3-0 eV) obtained on both instruments 
differed quantitatively in the magnitude of the 
reflectance effect but were in very good agree- 
ment regarding the position and shape of 
absorption peaks. The reflectance standard 
used in all cases was MgO of high purity con- 
tained in a cell identical to those used in con- 
taining the hydrides. 

3. RESULTS AND DISCUSSION 
Resistivity measurements 

The results of the resistivity measurements, 
plotted as logp vs. 1/T, for EuLiH* and 
SrLiHj crystals are shown in Figs. 1 and 2 
respectively. First note that the room tempera- 
ture resistivities are fairly high and very 
similar for both materials, 4xl0^ohm-cm 
for SrLiHa and 1-5 x lO^ohm-cm for EuLiHs. 
Secondly note that the data as plotted form 
three distinct straight-line regions for both 
materials. Both of these points merit further 
discussion. 

The occurrence of such a relatively high 
value for the resistivity of crystals which are 
known to be rather impure by ordinary elec- 
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Fig. I. Temperature dependence of the resistivity for 
SrLiHa. The numbers in brackets are activation energies 
in eV, 

Ironic standards is mildly surprising. Some 
estimate of the concentration of free carriers, 
It, present at room temperature in these 
crystals can be obtained by assuming reason- 
able values for carrier mobility. If the mobility, 
fi, in these hydrides is not too different from 
those found in other divalent europium mag- 
netic semiconductors, then a value of 10 cm* 
V“‘ sec"‘ at around room temperature is not 
unreasonable. Assuming, perhaps naively, 
that p ~ (/le^)”' a free carrier concentration 
at room temperature of n = 6 x lO'" cm"® can 
be estimated. The explanation for this rather 
low value of n can probably be found in an 
interplay of two factors; the predominance of 
deep-lying impurity levels over shallow levels, 
i.e. over levels so shallow as to be completely 
ionized at room temperature, and the presence 
of considerable donor-acceptor compensation 
evidence for which is presented in the follow- 
ii^paragraj^. 

Figures 1 and 2 also show the activation 


T*K 



Fig. 2. Temperature dependence of the resistivity for 
EuLiH,. The numbers in brackets are activation energies 
ineV. 


energies calculated by least squares from the 
slope of the log p vs. 1/7 plots for each of the 
three distinct thermal regions. Ignoring the 
highest temperature range for a moment, 
notice that the activation energies in the lower 
two ranges are approximately the same in 
both hydrides. This suggests that the particular 
impurity or defect active in this region is 
common to both. Furthermore, the activation 
energy in the lowest range is approximately 
double that in the middle range. This behavior 
is characteristic of a compensated semicoh- 
ductor[4]. It is tempting to assume that the 
data obtained in the highest temperature 
range studied represent intrinsic conductivity 
in both materials. Such an assumption can be 
dangerous, particularly since the thermal range 
covered in the measurements is narrow, the 
known impurity levels in these materials are 
fairly high, and also nothing is known regard- 
ing the tendency of these hydrides to change 
chemical composition at elevated tempera- 
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tures. Granting the above we can cautiously 
calculate band gaps from the thermal data 
assuming -Eact = ^»ap/2. These gaps are 2-l± 
0‘1 eV for SrLiHs and l-46±0‘06eV for 
EuLiHs- 

There is one further point worthy of dis- 
cussion before leaving the electrical results. 
One sample of EuLiHg, sample R-2 (Fig. 2), 
was annealed for about 100 hr, at 700°C in 
3 atm. hydrogen before taking resistivity 
measurements. The absolute values for this 
sample were somewhat lower by about a 
factor of two or three than the values obtained 
for the other two unannealed samples cut from 
the same parent crystal but the activation 
energies in all three ranges were apparently 
not changed. This increase in conductivity 
upon annealing might be related to an improve- 
ment in crystalline perfection during the 
annealing process or to a slight change in 
chemical composition. 

Diffuse reflectance and optical absorption 
measurements 

Due to difficulties in preparing very thin 
single crystal samples of both materials it was 
not possible to scan the available spectral 
range using optical transmittance measure- 
ments. Diffuse reflectance measurements on 
powdered samples of SrLiHg and EuLiHg 
were carried out in order to fix the position 
of strong absorption effects which can then 
be investigated in more detail using single 
crystals. The results of the diffuse reflectance 
measurements are shown in Fig. 3. The data 
are plotted in terms of the Kubelka-Munk 
function[5], /(r) = (1 — r)*/2r = a/j, where r 
is the ratio of the sample reflectance to the 
MgO reflectance, a is the usual absorption 
coefficient, and s is a scattering coefficient. 
The scattering coefficient varies smoothly 
with energy, so /(r) provides a qualitative 
picture of the energy dependence of the ab- 
sorption coefficient. Note that SrLiHs shows 
only a single strong absorption peak in the 
vicinity of 4-0 eV. EuLiHs on the other hand 
shows three peaks, a very strong, broad 



hv[»V] 

Fig. 3. Diffuse reflectance spectra of EuLiH, and SrLiHs. 

absorption beginning sharply at about 2-0 eV 
and extending through the visible, a shoulder 
on the visible peak centered at about 4-0 eV, 
and a relatively sharp peak at 5-15 eV. 

More quantitative information regarding 
the magnitude and energy dependence of 
these absorption edges as well as information 
on absorption occurring at energies lower 
than the edges can be obtained from the single 
crystal transmittance data. Values of the 
absorption coefficient were derived from trans- 
mittance data using the approximation, 
T= (1 — where T is the transmit- 
tance, R the perpendicular reflectance, a the 
absorption coefficient (in cm~‘), and d the 
crystal thickness. The procedure used in the 
calculation of a was to feed the measured 
transmittance data for each of the six possible 
pairs of crystals (data were collected using 
four crystals of each material) into the follow- 
ing relationship; a= l(c/i — <4) InTj/Ti from 
which an average value of a for each energy 
was determined. The uncertainty in the values 
for the absorption coefficient obtained in this 
manner is estimated to be from 10 to 20 per 
cent. 

The absorption spectra of SrLiHj and 
EuLiHs are shown in Fig. 4. Note first of 
all that a rises sharply to the largest value 
measurable in these experiments, about 1000 
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cm"', in the vicinity of 4 0 eV for SrLiHa and 
2-0 eV for EuLiHj in excellent agreement with 
the reflectance data. This behavior suggests 
the occurrence of an absorption edge in each 
material at these respective energies. These 
findings are not in agreement with the band 
gaps derived from electrical resistivity data 
mentioned earlier (2T eV for SrLiHj, 1-5 eV 
for EuLiHs) and it appears that the activation 
energies measured in the high temperature 
regions for both materials are probably due 
to impurities. Note also evidence for structure 
in the absorption coefficient at low energies 
in both compounds. This is most marked in 
the spectrum of SrLiHg where the absorption 
coefficient rises sharply at about 0-6 eV from 
a value of 3 cm~’ and attains a level value of 
70cm”‘ until 2-5 eV where there is a distinct 
peak (a = 100cm~*) followed by a somewhat 
broader peak centered at about 3-0 eV. Similar 
behavior is seen in the low energy spectrum 
of EuLiHg. This structure can be attributed to. 
die presence of deep-lying impurity centers 


which, lacking more extensive experimental 
study, must remain unidentified. 

A more detailed picture of the absorption 
edge in EuLiHs is afforded by examination 
of Fig. 5. Here the absorption coefficient in 
the region of the absorption edge, corrected 
for the flat background absorption in the 
region just below the edge, is plotted against 
an expanded energy scale. Note the apparent 
existence of two distinct regions, that extend- 
ing from 1 -82 to about 2-02 eV in which a 
rises slowly to about 100 cm“’ and that 
beginning at 2-02 eV in which a increases 
from 100cm“’ to greater than 1000 cm"' 
through about 0 05 eV. This behavior is in 
contrast to the behavior of the absorption edge 
in the europous monochalcogenides, which, 
according to Methfessel et al.[6], follows an 
exponential law even for low values of the 
absorption coefficient. Actually, there is some 
confusion on this point as in an earlier pub- 
lication [7] the same authors claim that the 
absorption edge for EuSe follows the usual 




ELECTRICAL RESISTIVITY AND OPTICAL ABSORPTION 


1045 



Fig. 5. Absorption spectrum of EuLiH, corrected for 
background in the region of the absorption edge. 


dependence predicted for direct 
transitions. Note from Fig. 5 that the absorp- 
tion coefficient for EuLiHs appears to follow 
an exponential law from about 100 cm'* to 
the limit of these measurements which was 
slightly greater than 1000 cm“'. However, as 
indicated in Fig. 6, the energy dependence of 
the edge can also be fit to an {hvY'^ law with 
an extrapolated direct gap of 2 06eV using 
essentially the same data. Additional data 
involving absorption coefficients in the region 
greater than 10®cm“‘ are needed to aid in 
settling this matter of the energy dependence 
of the high energy region of the absorption 
edge in EuLiHs. The low energy portion of 
the EuLiHj absorption edge could be due to 
impurity absorption or to the presence of 
phonon-assisted indirect transitions or even 
parity-forbidden direct transitions. The pre- 
paration of new crystals of EuLiH.,, perhaps 
using a different growth technique, would be 
useful in order to determine whether or not 



Fig. 6. Evidence for an (hvY'^ dependence of the absorp- 
tion edge in EuLiHj. 

the low energy portion of the edge in EuLiHs 
is due to impurities or is an intrinsic property 
of this material. 

A detailed analysis of the edge region of 
SrLiHj was precluded by the extensive im- 
purity absorption in this material. The ab- 
sorption data of SrLiHg as obtained in this 
work are, however, suggestive of an energy 
gap at energies greater than about 3-9 eV. 

The gross features of the electronic struc- 
tures of SrLiHs and EuLiHj can be repre- 
sented by the simple band scheme presented 
in Fig. 7. The valence band for both hydrides 
is undoubtedly of Is character as there are of 
course no p electrons in H~. The common 
absorption at 4-0 eV is probably due to a 
transition from the valence band to a con- 
duction band which is probably Li-2s-like 
in character, at least for SrLiHs. The absorp- 
tion edge for LiH, an electronically similar 
material, occurs at slightly below 5eV[8]. 
The constitution of the conduction band in 
EuLiHa is likely to be more complicated than 
in SrLiHs or in other binary europous com- 
pounds due to the importance of 5d and 6s 
europium orbitals as well as lithium 2s orbitals. 
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Fig. 7. Proposed band schemes for EuLiH., and SrLiHj. 

The studies described here shed no light on 
the nature of the conduction band in EuLiHa- 
Tentative assignment of the additional 
absorptions found in EuLiH;, which are not 
found in SrLiHs can be made with reference to 
the extensive body of experimental and 
theoretical results which exist for the europous 
monochalcogenides and other divalent euro- 
pium compounds [9], The common feature of 
the absorption spectrum of cubic compounds 
contain ing Eu-^^ whether concentrated or dilute 
is the presence of two strong peaks occurring 
somewhere between 1 to 6 eV [6, 9], There is 
general agreement that these two peaks have 
their origin in transitions from localized 4/ 
orbitals which are situated in the gap between 
the valence and conduction bands to a narrow 
5d band which is split by the cubic crystal 


field into sub-bands of and r*o symmetry 
[10]. In perovskite symmetry the band will 
be lower in energy than the tag band. It is 
reasonable then, to conclude that the edge at 
about 2-0 eV and the peak centered at 5-15 eV 
are due to 4/ to 5d (e„) and 4/ to 5d Ute) 
transitions respectively. The unusually broad 
absorption following the 2 eV edge suggests 
that other effects may also be important in 
this region. 
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Abstract - Measurements have been made of the specific heats of RbMnFa and MnF, both for single 
crystals (5-20 g) and for sintered material with particle sizes of the order of 10 /i. No conclusive 
effect of particle size on the specific heat was observed, which is consistent with theoretical predic- 
tions. A dfference iri the specific heats of two single crystals of RbMnFj are attributed to differences 
in preparation. An analysis of the specific heat has been made in terms of the sum of contributions 
from the lattice vibrations (Ci,), the magnetic spin-waves (Cm) and the nuclear hyperfine splittings 
(Cn)- For RbMnF,, the contribution (Ct.+ Cu), which is proportional to T^, is 14 per cent larger than 
that predicted using data from other experiments. The term Cn. proportional to T"*, is about 5 per 
cent larger than predicted from the ‘unpulled’ NMR frequency of “Mn nuclei. For MnF,. analysis 
gives very good agreement with the predictions for Cm and C\ using parameters obtained from 
AFMR, NMR and neutron scattering experiments. The Debye theta is 463 ±5°K, compared with 
475 ± 10°K calculated from the elastic constants by Melcher. 


1. INTRODUCTION 

Measurements have been made of the low 
temperature specific heats of the antiferro- 
magnets RbMnFa and MnF^. The results are 
analyzed in terms of the contributions from 
the lattice and spin-wave modes, and the 
nuclear hyperfine field. The reasons for this 
study have been twofold. First, it was hoped 
to detect surface effects by a comparative 
study of large single crystals and very fine 
powders. The incentive for this research came 
from the theoretical predictions for surface 
effects [1-1 2] and also from an anomalously 
large, and as yet unexplained, excess in the 
measured specific heat of sintered samples of 
several iron garnets between 0-5 and 4- 5°K [ 13] . 


*Now at General Electric Co., Hendersonville, N.C. 
28739 U.S.A. 
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The second reason was to improve upon, 
and extend to lower temperatures, previous 
measurements on these two antiferromagnets 
[14.15], The reanalysis includes the results 
of recent measurements of the elastic con- 
stants [16, 17] to estimate the lattice specific 
heat. 

Sintered samples of powder were prepared 
from the same material as the single crystals. 
Within the sample, particle sizes ranged from 
about 5 to 30 /z. No evidence is observed 
above 2°K of enhanced specific heats due to 
surface effects. Below 2°K the contribution 
to the total specific heat from the hyperfine 
field the “Mn nuclei becomes so large that 
it masks any possible surface effects. Without 
this h.f.s. contribution, the magnetic surface 
contribution should be detectable at tempera- 
tures below about 1 •2‘’K for MnFa [9]. 

For MnFjj the analysis of the bulk specific 
heat gives excellent agreement with the 
predictions from theory and with parameters 
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determined from other experiments. For 
RbMnFa, however, serious discrepancies 
between the analysis of the experiment and 
the predicted behavior exist that cannot be 
explained at this time. 

2. REVIEW OF THEORY FOR THE BULK 
SPECIFIC HEAT 

It is assumed that the specific heat is the 
sum of the three terms 

C = Ci + C*, + C,v 

which are respectively the contribution from 
the lattice vibrations, from the magnetic 
interactions and from the hyperfine field at 
the nuclei. 

(a) The hulk lattice contribution 

For temperatures T < 0/;/5O where 0* is 
the Debye temperature, the molar lattice 
specific heat is given by 

C,,^ 234 rR(TI&oV (1) 


where r is the number of atoms per unit 
cell and 

Here l^maxl the radius of the Debye sphere 



The average sound velocity v is obtained from 
the expression 

W— Is ® 

The velocities Vt are respectively a longi- 
tudinal and two transverse ones, and the 
integration is over all propagation directions. 

The three low temperature elastic constants 
of RbMnFs have been measured by Melcher 
and Bolef[16]. The Debye temperature and 
corresponding molar lattice contribution C/, 
for these values are shown in Table 1 . 

The elastic constants of MnF 2 were recently 


Table 1. Parameters for comparison to the specific heat results 

for RbMnFs 


Quantity 

Value 

Source 

Ref. 

r 

5 




386-4 ±1 -5 (-K) 

Sound velocity al 4-2°K 

1161 

C,JRT^ 

20-3 X 10 " 

from 0„ above 


Structure 

Perovskite 



z 

6 



s 

I 



A, 

-^3/2 

Spin-wave theory 

121] 

JJk„ 

-4-0 ±0-1^ 

from AFMR 

[22] 


-3-3±004 

High Temperature Susceptibility 

[23] 

JJkft 

-3-4±0-3(°K)l 




00±0-2 

neutron diffraction 

[24] 

Jalkg 

00±0-4 J 



{!)//, 

890±20(kOe) 

AFMR 

[22] 

(2)H, 

760 ±60(kOe) 

from neutron diffraction 

1741 


4-47± 0 04(Oe1 

AFMR 

[22] 

T, 

011(°K) 

from H, and //„ above 

[24], [22] 

“MnH„ 

5/2 



U/Ir, 

0 0330 (°K) 

NMR.NDR 

[33], [34] 

CkTVR 

3- 18 X 10-“ 

from NMR, NDR results 
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determined by Melcher[17] at various tem- 
peratures and these values were extrapolated 
to 0°K giving ©« = 475± lO^KilS]. This 
value is used to obtain that of given i^ 
Table 2. Another recent measurement of the 
elastic constants has been carried out by 
Ikushima[19] at 77-4“K. and his results are 
consistent within a few per cent with those 
of Melcher. 

(b) The bulk magnetic contribution 

For a review of the spin-wave theory of 
magnetism, the reader is referred to the 
detailed article by Keifer[20]. 

In zero applied field, the gap for an anti- 
ferromagnet between the ground state and 


the acoustic spin-wave mode at k = 0 is 
given by 

= + (3) 

where Ha is the ' anisotropy field and = 
(IzJS)lgfjLB is the exchange field. The symbols 
g and fiB denote the gyromagnetic ratio and 
the Bohr magneton, z is the number of 
neighbors, J is the exchange parameter, and 
S is the spin. In the limit of low temperatures, 
the specific heat is given by 

CJN^kB = H) (4) 

where N, is the total number of spins, is a 
geometrical factor, Te = gfiBHJkB and 'W(x, H) 


Table 2. Parameters for comparison to specific heat results for 

MnFa 


Quantity 

Value 

Source 

Ref. 

r 

6 



@0 

f458(°K)'“' 

Specific Heat near 1 ■7'K 

[15] 


l475±)0‘“'('’K) 

Elastic contants at 77'K 

[17]. [18] 

CJRT^ 

13 0X lO-* 

from 0n = 475'’K 


Structure 

Rutile 

X-Rays and Neutrons 

[19]. [25] 

z 

8 



s 

i 




4 

Spin-wave theory 

[21] 


-1-76(°K) 

at rK 

[27] 


+0-32 ±0-01 ('■K) 
-1 '76 ±001 

Neutron scattenng 

[28], [29] 

/l/ 

-0 05 + 001 



T, 

70-5 (°K) 

Calculated forJtlk,, = — 1 •76°K 


T„ 

106(°K) 

Xx at rK 

r27] 

T, 

12-.54 + 0-07 rK) 

AFMR 

[32] 


12-8 +0-6 (°K)1 
12-3 ±0-6{'’K) 1 

AFMR 

[30] 


12'5 +0-3 CK) 

High Field Magnetization 

[31] 

"HI/*. 

i 

0 0322 (°K) 

NMR 

[37], [38] 

WkB 

i 

0-0077 ('K) 

NMR 

[36] 

CbTVR 

3-06 X I0-» 

Calculated from NMR results 



'•’The definition of &u used in this paper differs by {6’'*) that of Ref. [15]. 
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is a function of the energy gap x — TJT, and 
of H , the field. When // = 0 one obtains 

(5) 

P»l 

The functions K(px) are modified Bessel 
functions. In the limit where or <€ 1 the function 
'Jf(jc) = 1. In the other extreme when x -» «> 
the specific heat expression becomes 

= /I, exp (-X). (6) 

The structure of RbMnFa is Perovskite. 
The manganese ions are located on the corners 
of a simple cubic lattice. The magnetic unit 
cell is like NaCl for which Kubo[21] finds 
Ai = 3®'®. The measurements of Teaney, 
Freiser and Stevenson [22] give H„ = 4-47 Oe 
and //e = 890kOe. From this, one calculates 
T„ = 012°K. Using the more recent value 
//e = 760kOe from susceptibility [23] and 
neutron scattering work [24] one obtains 
7„ = 0-irK as shown in Table 1. Hence the 
quantity ^{x) equals unity over the entire 
range of the specific heat measurements. As a 
result, no departures from a behavior 
should be observable for C«. The relative 
sizes of the F'* lattice and spin-wave contri- 
butions to the specific heat can be compared 
for RbMnF;, using equations (1) and (4): 


Cm _ 13-7 r' 
C,, 234 r 


0 - 68 . 


(7) 


Here (r'/r) is the ratio of magnetic to non- 
magnetic ions per molecule. From Table I, 
0 j 5 = 386°K and ^^ = 760kOe (or T,= 
100°K) so the ratio is 0-68, as shown. 

The unit cell of MnFa has a rutile structure 
[19,25] with the magnetic ions in a body 
centered tetragonal configuration in which 
cja = 0-68. This structure can be reduced 
mathematically to a body-centered cubic 
structure (like CsCI) in A-space by an appro- 
priate substitution [26]. The geometrical factor 


of equation (4) is [21] Ai = 4. The nearest 
neighbor spins along the c-axis (z, = 2) are 
weakly coupled ferromagnetically. The domi- 
nant interaction is that between the next 
nearest neighbor spins (z* = 8) and is 
antiferromagnetic [27-29] (Table 2). Among 
several determinations of the energy gap 
[30-32] in the low temperature limit, the most 
accurate one is that obtained by Johnson and 
Nethercot[32], 7„=12-54'’K. For measure- 
ments in the liquid helium temperature range, 
the argument x of equation (5) varies between 
about 3 and 12. The function '^(x) no longer 
be approximated by a simple expression. 
Instead, it has been evaluated numerically. 

(c) The nuclear specific heat 

In systems with strongly ordered electron 
spins, it is quite common to find steady 
effective fields at the sites of the nuclei. 
Such fields need not be the same at every atom 
in the crystal, but will be identical at equi- 
valent sites «. For an isotope j at the site with 
nuclear spin Ij and magnetic moment pj, 
there will be (2/^-1- 1) nuclear levels with a 
separation between them of 

^i,a ~ N.al^h- 

For the case where kpT, the specific 

heat is given by 

c,riR = 22 ( 8 ) 

where Oa and Oj represent the concentrations 
respectively of sites with field and those 
with isotopic species J. 

Let us first consider the case for RbMnFg. 
One can calculate Cjv from low temperature 
NMR frequencies. The nuclei that have a spin 
are F‘» for which 7 = J and ”Mn for which 
/ = f. Both isotopes occur with 100 per cent 
abundance. The effective h.f.s. field at the 
nuclei is averaged out for zero applied 
field because of the symmetry of the two 
manganese sublattices. Interpretation of the 
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®*Mn NMR measurements is complicated 
because of pulling effects between the nuclear 
and electron spin systems that act like coupled 
oscillators. The ‘unpulled’ nuclear hyperhnc 
frequency wh/Itt was found to be 686-2 MHz 
by Heeger and Teaney[33]. This is consistent 
with double resonance measurements by 
Ince[34] who obtained value of 687-8 MHz. 
A detailed theoretical and experimental study 
of coupled AFMR and NMR has been done 
by lnce[35]. It is the unpulled frequency that 
should be relevant in specific heat measure- 
ments [36], at least in the high temperature 
limit (kaT ^ Awn), and it corresponds to 
A/ytfl = 0-0330°K. Based on the NMR results, 
then, the specific heat per mole RbMnFj is 

^^ = 318x 10-^ 

For MnF 2 , there is an effective field acting 
on both the and ®^Mn nuclei. The fluorine 
NMR frequency[37] at 0“K is 160-0 MHz 
giving a splitting A/ka = 7-7 x 10“'*‘’K. The 
manganese frequency [38, 39] is 671 -4 MHz 
which corresponds to A/ika = 32-2x 10~’'°K. 
No pulling effects occur, since the antiferro- 
magnetic resonance frequency [32] (2-61 x 
10® MHz) is very much larger than the NMR 
one. The predicted h.f.s. specific heat per 
mole MnFg is 



of which only I per cent is contributed by 
the F’" nuclei. 

3. REVIEW OF THEORIES ON THE SURFACE 
CONTRIBUTION TO THE SPECIFIC HEAT 
(a) Lattice vibrations 

The existence of a surface elastic wave 
was predicted as early as 1887 by Lord 
Rayleigh [1]. The low temperature surface 
specific heat for a solid with first and second 
neighbor interactions was examined by 
Stratton [2] and by Dupuis et a/. [3]. The 
contribution is expressed in terms of the longi- 
tudinal and transverse sound velocities. In 


the case of an isotropic crystal vi* = 3vt*, and 
the expression reduces to 

8C^. = ^S(3)(J?)^r* (9) 

where £(3) is a Rieman zeta function and A is 
the surface area. A review of much of the 
theoretical and experimental work was 
published by Maradudin[4]. Shortly after- 
wards, the low temperature specific heat 
contribution was calculated using the free 
surface as a crystal defect by Green’s function 
methods [5]. The result of thsit work by 
Maradudin and Wallis is identical to equation 
(9). This method may be applied to non- 
isotropic crystals. A recent calculation 
considers the problem in which the force 
constants near the surface depart from those 
in the bulk [6]. 

In the case of MnFj, for example, assuming 
t)/ = 6000 m/ sec, and ©;5 = 475“K one has 
approximately 

SCJC^ = 0‘07~-^. (10) 

Furthermore taking a == 4-34 A, one obtains 
for a grain 10 /a in diameter a/l/V — 10"*; so 
at TK the ratio is at most 0-3 per cent. 

(b) Spin-waves for finite volume in anti- 
ferromagnets 

Surface effects similar to those which occur 
for the lattice modes can occur in the treat- 
ment of the spin-wave modes. The effects on 
the specific heat of an antiferromagnet have 
been calculated by Mills and Saslow[9]. The 
system considered is a cubic antiferromagnet 
oftheCs Cl structure with a free (100) surface. 
The assumption was made that Ha H^. It is 
found that the surface mode excitation energies 
lie in the gap below the bulk excitation spec- 
trum. In zero applied field, the surface modes 
at k = 0 have a gap Tg, which is a factor of 
VT lower in energy than the gap for bulk 
modes Tg (see equation (3)). For the case 
where 7o, « T ^ Tn(Tn = Neel Temperature) 
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Mills and Saslow obtain the expression 


tCAT) - 


3277* Vks / r \*rf(3) g usHe 
15 fl* \tJ U(4) ksT 



This case corresponds to the situation in 
RbMnFa where ‘^(x) = 1. In the situation of 
the Cs Cl structure, we recall that z = 8 and 
one has A, — 4. The first term in equation (11) 
is due to the surface modes. The second one is 
due to the redistribution of the bulk modes. 
For a grain of 0-2 fi dia., the quantity fl/4/F 
equals about 0-02. For RbMnFj at 1°K, the 
second term is then about unity while the 
third is about 10 *. 

In the limit in which the surface magnongap 
is large compared to the thermal energy, the 
specific heat retains its exponential character 
displayed in equation (6). Because the gap in 
the surface modes is less by about VI than 
that for the bulk modes, the surface effects 
should be easily distinguished from the bulk 
behavior. However, since the exponential 
damps out the specific heat rapidly, such 
effects can be detected only when the magnon 
specific heat is comparable to or greater than 
(G. + Cjv). In MnF^ below 2°K, where > T 
the ratio of the surface contributions to those 
of the bulk is of the form 


6Cm/C« ^0-37 


cl4 


IT \ 1 / 4 / 7 - \ 1/2 
I ^ \ I I 

\tJ \t) ' 


exp.H-T„.+ T„)/T]+^~(Pj. (12) 

For MnFj, taking (g/Xfl//^/^ 7 ,) = SO^K, (gUgHJ 
kg) — PK and for particles of 4>x dia. one 
finds that the surface contribution at T = TK 
is about 10 per cent of that of the bulk. This 
ratio drops by a factor of nearly 10 for T 
2‘’K. This particle diameter is an order of 
magnitude larger than that required to observe 
surface effects in RbMnFg, and also in 
ferromagnets (e.g. see Ref.fS]). 

In a recent paper by de Wames and Wolfranv 


[11], the surface mode spectra have been 
calculated for a cubic antiferromagnet in which 
both the surface exchange and anisotropy 
parameters are allowed to depart from their 
bulk values. They use the (100) surface of a 
simple cubic lattice. Their results are some- 
what different from those of the free surface 
calculation of Mills and Saslow since in their 
theory spins of both sublattices lie in the 
surface. Whereas in the Mills and Saslow 
theory the surface modes lie a factor V2 
below the bulk modes those found by Wolfram 
and de Wames have about the same energy as 
those in the bulk. For the simple cubic anti- 
ferromagnet RbMnF,.j they estimate that the 
range of the surface modes is about 200 fi. 

4. EXPERIMENTAL 

(a) Cryostat 

The cryostat used in the experiments was 
essentially that used in earlier work in this 
laboratory [13], and no detailed discussion of 
it will be given. The range of temperatures 
from 0-3 to 4-5°K was accessible by regulating 
the vapor pressure over a refrigerant, either 
boiling He* or He'*. The sample was hung from 
a support within a vacuum jacket. This support 
was part of a mechanical heat switch with 
which the sample could be put in thermal 
contact with the refrigerant. For experiments 
made in the presence of an external magnetic 
field, the sample was further tied to fastenings 
along the side of the vacuum Jacket by means 
of cotton threads. The sample support con- 
sisted of a quartz disk and thin copper foils 
which contacted the heater wire and the carbon 
thermometer. A small amount of Apiezon N 
grease was used for better thermal contact. 
For the techniques of calibrating the thermo- 
meters and for the experimental procedure 
we refer to our previous work [1 3]. 

(b) The samples 

The samples were prepared by one of us 
(H.J.G.) at Bell Telephone Laboratories. A 
summary of the samples used in the experi- 
ments can be seen in Table 3. The single 
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Table 3. Summary of sample details 


The quantity p(.T) is the ratio of the addenda heat capacity to that of 
the sample expressed as a percentage at T°K 


Sample 

Composition 

Mass 

(g) 

f 

Pi\) 

P(4) 

Rl 

RbMnFa single crystal 

504 

10 

120 

R2 

RbMnFa two crystals 

23-94 

2 

28 

PRl 

RbMnFa sintered powder 

1516 

3 

42 

Ml 

MnFj single crystal 

19-24 

1 

20 

PMl 

MnF, sintered powder 

20-72 

1 

18 


crystal (/?1) of RbMnFa was a clear pink- 
orange sphere of 1'31 cmdia. Six small flats 
were ground on this sphere to indicate the 
[100] directions. The sample was mounted 
in the cryostat in such a way that the field 
(max. 13 kOe) of an electromagnet could be 
applied parallel to a [100] direction. The 
sample of powder (PRl) was prepared by 
grinding some of the same crystal material as 
Rl. The grains were than sifted through a 
# 400 mesh screen. The resulting powder 
contained grains between about 5 and 30^ 
in dia.. This estimate was made from a direct 
comparison of the hole widths in a #400 
grid with the sample surface and with material 
scraped from it. The sample was made by 
sintering these grains to form a block. As a 
result of an unexpected difference in the 
specific heat of PRl and Rl, additional 
measurements were made on a sample con- 
sisting of two large crystals (R2) produced 
from a different melt. 

The single crystal of MnF^ (Ml) was a 
large clear orange rectangular prism. The 
sintered powder (PMl) was prepared as 
described above from material from the same 
melt as M 1 . The rod of material had a diameter 
of about 1 -5 cm and a length of 3 -7 cm. 

(c) Errors 

A reasonable estimate of all sources of error 
indicates there is an absolute uncertainty 
between ±1 and 2 per cent. The major sources 
of systematic error in the specific heats 
obtained in these experiments arise from 
(1) the uncertainty in the slope of the cali- 


bration curve which was about 1 per cent, and 
(2) from the heat capacity of the support, 
which was known to about 2 per cent accuracy. 

For all of the samples but R 1 the addenda 
heat capacity was less than 40 per cent of that 
of the sample over the whole temperature 
range (see Table 3). Hence the uncertainty in 
the Rl sample heat capacity resulting from 
that of the support is about 1 per cent. 

As mentioned in a previous publication{13], 
the present calorimeter was tested by measure- 
ment of the specific heat of a cylinder of 
ASARCO grade 58 copper (99‘999-f- per cent) 
lent by Dr. D. W. Osborne of Argonne 
National Labs. Comparison with the best 
available measurements on similar samples 
[40] show our results to be systematically 
high by 2 per cent at FK, the difference de- 
creasing to less than 0-5 per cent at 3°K and 
above. At the same time we find that for a 
sample of EuO at temperatures below 0'7°K, 
the specific heat [41] (associated with the Eu 
h.f.s.) to be in agreement within about 
1 per cent with the predictions from NMR 
measurements of the field at the Eu nuclei, 
and the same is true for the specific heat of 
europium iron garnet [13] below 0-8°K. 

5. RESULTS AND DISCUSSION 
(a) RbMnFj 

Measurements were first made on the 
samples Rl and PRl. It was expected (see 
Section 3) that since the powder grain sizes 
were about lOpt in PRl that there should be 
no detectable surface effects. The two specific 
heats should be identical, or if not, the powder 
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should show the larger one. The reverse, how- 
ever, was found. The specific heat of PRl was 
systematically lower by the order of 4 per 
cent above 2°K, the difference diminishing to 
zero as the temperature decreases to the region 
where the nuclear term O dominates. The 
measurement of the new sampleR2 then gave 
a specific heat above 2°K which was lower by 
roughly 3 per cent than that of PR 1 . Below 
the specific heats were identical, 
indicating the same hyperfine contribution. 
For measurements with sample R1 made in 
the presence of external fields up to 13 kOe, 
no change from the A/ = 0 specific heats were 
observed within the experimental scatter. 
This is different from the findings of 
Montgomery [14], who reported a maximum 
increase by about 5 per cent of the total 
specific heat around 2-3“K for an applied 
field of 14kOe, this increase disappearing as 
the temperature changes in both directions 
from 2'3‘’K. As Montgomery discussed in his 
paper, only a negligible change in the specific 
heat is to be expected from spin-wave theory 
in a field around 14kOe, and he speculated 
about the possibility of effects from magnetic 
impurities in his sample. 

A portion of the data from these three 
samples in zero field is shown in Fig. 1. A 
tabulation of smoothed data at regular 
temperature intervals appears in Table 4. 



Table 4. Smoothed specific heats of 
RbMnFj and MnF* expressed as (C/R) X 
1000 (The labeling of the samples is 
explained in the text) 


RbMnFa MnFj 


r ( K ) 

R 1 

R 2 

PRl 

Ml 

PMl 

0-6 

9-28 

9-28 

— 

— 

— 

0-7 

6-83 

6-83 

— 

— 

— 

0-8 

5-24 

5-24 

— 

— 

— 

0-9 

415 

415 

— 

— 

— 

to 

3-38 

3-38 

— 

311 

3-05 

11 

2-80 

2-80 

— 

2-58 

2-53 

1-2 

2-37 

2-37 

— 

2- 16 

2-13 

1-3 

204 

2-03 

— 

1-85 

1-85 

1-4 

1-80 

1-78 

— 

1-610 

— 

1-5 

1-60 

1-58 

— 

1-415 

— 

1-6 

1-45 

1-42 

1-44 

1-265 

— 

1-7 

1-35 

1-30 

1-32 

1-140 

— 

1-8 

1-27 

1-22 

1-23 

1-040 

— 

1-9 

1-21 

115 

II7 

0-959 

0-959 

20 

M 7 

Ml 

M 2 

0-900 

0-900 

2 ! 

114 

108 

MO 

0-860 

0-860 

2-2 

112 

107 

109 

0-832 

0-832 

2-4 

114 

1 08 

MO 

0-810 

0-810 

2-6 

1'22 

M 5 

M 7 

0-836 

0-840 

2-8 

1-34 

1-24 

1-28 

0-897 

0-913 

3-0 

1'51 

139 

1-44 

1-007 

1-028 

3-2 

1-71 

1-57 

1-63 

1-161 

1-187 

3-4 

1-94 

1-79 

1-86 

1-351 

1-383 

3-6 

219 

2-05 

211 

1-582 

1-619 

3-8 

2-46 

2-31 

2 38 

1-85 

1-89 

40 

2-75 

2-59 

2'66 

2-13 

2-19 

4-2 


2-91 

2-98 

2-48 

2-55 


The theoretical predictions of Section 2 
indicate that the total specific heat is of the 
form 

^ = hj~'^ + hj\ (13) 

Least squares fits to the data obtained on the 
three samples produced identical values of bf 
With errors including an estimate of con- 
fidence. one obtains 

bi = (3-34 ±0-05) X 10-“ 

which is identical with the value from calori- 
metric data of Montgomery [14] between 1-2 
and 4-2°K. Both values are significantly 
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higher than that calculated from NMR data, 
bi = 3*18 X 10~*. The difference of 5 per cent 
in the specific heat, which corresponds to 
2-5 per cent in the nuclear frequency tos 
remains to be explained but could perhaps be 
accounted for by the pulling effects mentioned 
before, hence contradicting the arguments 
by de Gennes et a/. [36]. 

For the constant ij, least squares fits 
produced the values 

(40-7±l) X 10-« (Rl) 

= (38-5±l) X 10-« (PRl) 

= (37-3±l) X 10-» (R2). 

On the basis of these results, it is concluded 
that for all RbMnFg samples one would have 

= (39±2) X 10“®. The variation in is 
presumed to be primarily due to sample 
preparation, which is not quite unexpected 
since this compound is a ‘mixed fluoride’ 
more difficult to reproduce exactly than 
a ‘simple fluoride’ like MnF^. The agreement 
with Montgomery’s [14] term (l>ii = 40-2) is 
satisfying. 

The total predicted term in T® (equation 
(7)) assuming @o = 386'’K and Jlkg = — 3-4‘’K 
is 

(Q4-C.„)//?P = 34-OX KT®. 

The disagreement with the experiment is well 
outside the experimental uncertainties. 
Conversely, assuming that Cl is correct as 
given in Table 1, one can determine a value 
of Cu from the experimental data. From this 
the exchange is found to be Jlkg = ~2-94± 
O-TK which is well below the values [23, 24] 
given in Table 1. 

The disagreement of both the nuclear 
hyperfine and bulk spin-wave terms with their 


expected values suggests an incomplete 
understanding of the specific heat of RbMnFg. 
Along with this problem it should be pointed 
out that the temperature dependence of the 
mt^etizatidn is found experimentally [42, 43] 
to be proportional to T® rather than the 
expected 7®. 

(b) MnF* 

The specific heats of the two samples were 
found to be identicsd within the scatter of the 
data points at temperatures below 2'6'’K. In 
that region the nuclear contribution is the 
dominant one. Above 2-6°K, the specific beat 
of the powdered sample becomes about 3 per 
cent larger than that of the single crystal, 
but the difference is not considered significant 
to claim the existence of surface effects. 
Smoothed data at regular temperature intervals 
are presented for both samples in Table 4. 
The experimental points, about 96 for M 1 and 
76 for PMl, with a few exceptions scatter 
less than about 0-5 per cent around the curves 
drawn through the smoothed values. Our 
values are uniformly higher than those of 
Catalano and Phillips [IS] by amounts ranging 
from about 0-5 per cent near TK to 4 per cent 
near 2'’K and this difference is not understood. 

After some experimentation with graphical 
techniques of analyzing the data, the following 
least squares method was used. The data were 
fitted to an equation of the form 

+ + (14) 

corresponding to the lattice, magnetic and 
nuclear terms respectively. The results of the 
fit to the single crystal data above l-TK are 
shown in Table 5. The errors indicated there 


Table 5. Results of least-squares analysis of MnF^ 
single crystal data 

Term Fit coefficient Related parameter 

Lattice a, = ( 14- 1 ± 0-5) X 10~® Sp = 463 ± S’K 

Magnetic a, = (291 ±0-5) X 10-« T, = 71-2±0-6'’K 

Nuclear a, = (3-08±0-04) x l0-> J/t* = -l-78±0-03'K 
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tpt ff into account the possibility of systematic 
effects. The fit is relatively insensitive to the 
use of the fixed parameter Tg = 12-54®K. For 
example, a change of ±1 per cent in Tg 
produces changes: of ±01 x 10~* in and in 
0 ,, and of less than ±0 01 x lO"" in a^. These 
quantities are all small compared to the 
estimated errors. 

Below about 1-7°K the magnetic contri- 
bution is less than 1 per cent of the total 
specific heat; and it is less than 6 per cent of 
the lattice contribution. Below 1-7°K, then, 
the specific heat can be represented as the 
sum of only two terms: C = aiRT^ + a 3 RT~^. 
In Fig. 2 the data taken for the single crystal 
below 1-9°K are presented in a manner which 
reflects this fact. The small magnetic contri- 
bution has been subtracted off. It can be seen 
that the points below 1-2°K depart upward by 
up to 2 per cent from the fitted curve. Because 
such departures have not been observed in 
other materials, such as RbMnFj and EulG, 
measured in the cryostat, the rise is not due 
simply to an error in thermometer calibration. 
Instead, it may possibly be a systematic error 
in the determination of the thermal drift rates 
resulting from the increasing nuclear spin- 
lattice relaxation time. It is for this reason that 
only the points above l-TK were used in the 
least-squares fit analysis. The data obtained 
with the sintered sample showed somewhat 
more scatter, but did not reflect the systematic 
departure from the straight line in Fig. 2. 



■ Catolano and Phillips 


(i.,2Ki . (I.7K) 1 

0 ^ i t io i4 ie ^ 

T®(K5) 

Fig. 2. The specific heat of MnFj sample Ml below 
1-8*K showing the nuclear and lattice contributions. The 
solid line is for 1000 X CIR = 3 08 + 0 0 1 4 1 r>. 


The value of Os found by the least-squares 
method is relatively insensitive to the system- 
atic error in the lowest temperature points. 
However, the 2 per cent error quoted for Og 
in Table 5 allows for this problem. This value 
is somewhat lower than that obtained by 
Cooke and Edmonds [42] from their data in 
the range 0-5 to 2-0‘’K, namely fl 3 = 3-2X 
10"*, but is in good agreement with the value 
fl 3 = (3-06± 0 05) X 10"* obtained from a 
graphical analysis of the data by Catalano 
and Phillips over the range 1-5 to 2-0°K. There 
is also good agreement with the value as 
calculated from the NMR frequencies 
(Table 2). 

The fit coefficient of the lattice term, Oj, 
corresponds to a Debye temperature of 
463±5°K. This is in good agreement with the 
value obtained by Catalano and Phillips from 
their specific heat data, ©c = 458°K. The 
elastic constants of MnFj measured by 
Melcher[17]. give 475±10“K. Because of 
the nearly exponential temperature depen- 
dence of the magnetic term the T* lattice term 
is well resolved and hence the fit is quite 
sensitive to the choice of ®i,. For example, 
one can choose @d = 475'’K to characterize 
the lattice term and perform a least squares 
fit to select the corresponding C.v and C^. 
The result is to increase the mean deviation 
of the fit by about 1 0 per cent. 

The fit coefficient of the magnetic term 
yields an exchange temperature T,, = 71-2± 
0-6“K. Ignoring the weak nearest neighbor ex- 
change interaction, this corresponds to an ex- 
change integral Jj/feg = -l-78±0-03°K which 
is in excellent agreement with the results 
of neutron diffraction studies [28, 29] (see 
Table 1). To further demonstrate the agree- 
ment of the fit with the spin-wave theory, 
the following plot has been prepared. For 
each data point [T, C(7’)], the corresponding 
quantity ‘^(12-54/7) was formed from the 
relation: 
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using the values in Table S for both the single 
crystal and the powder. This is plotted in 
Fig. 3 along with the theoretical curve for 
■^(jc) given by equation (5). The systematic 
deviation shown towards low temperatures 
is drastically reduced by choosing slightly 
smaller values of at and which are within 
our limit of uncertainty, but this will be at the 
expense of the fit at the higher temperatures. 



Fig. 3. Presentation of the gap function ^(x). The solid 
line represents the calculated 'g’(x) with x= 12-54/r as 
given by equation (.3), The points have been constructed 
from the measured specific heat as described in the text. 

7. CONCLUSIONS 

As a result of the specific heat measurements 
described and analyzed above, it is concluded 
that no surface contributions to the specific 
heat have been observed, a result to be 
expected for the particles of material with 
dimensions 5 to 30 fi. As was discussed in 
Section 3, MnFj was the material most likely 
to exhibit observable surface effects in its 
specific heat. Unfortunately, the large nuclear 
contribution that dominates below about 2°K 
prevented their observation. Also, sample 
preparation introduces some uncertainty into 
the lattice and magnetic specific heat as was 
clearly seen for RbMnFs- The nuclear contri- 
bution however is not affected. Hence a search 
for surface effects must be made on particles 
with diameter at least an order of magnitude 
smaller than what was available in this experi- 
ment. For such powders, the expected effect 


is compar^le to the bulk specific heat In 
conclusion, since no surface effects could be 
detected on these antiferromagnets the origin 
of the anomalous contribution to the specific 
heat of sintdred samites of iron garnets [13], 
which was tentatively attributed to surface 
effects, remains unexplained. 

For RbMnFs, there is disagreement well 
outside the uncertainties for both the contri- 
butions Cf, and (Ci + Cjf) which are respec- 
tively 5 per cent and —14 per cent higher than 
expected from theory using parameters from 
other experiments. 

For MnFg, the bulk specific heat, which 
could be analyzed as a sum of contributions 
from the lattice, the nuclear hyperfine 
splittings and the spin-waves, is in very good 
agreement with the predictions that used 
parameters determined by other experiments. 
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Abstract— The 300°K spectra of 1 at. % ®'Fe in AuX alloys (3-12 at. % X) where X *= Ti, V, Cr, 
Mn, Fe, Co, Ni, Pd, Pt and Sn, have been analysed to give the quadrupole splitting and isomer 
shift change for an iron nucleus with one X neighbour, and the behaviour of these parameters cor- 
related with that of the residual resistivity per atomic per cent solute. This correlation suggests that 
the electric field gradients arise from the distortion of the iron screening electrons due to the increased 
density of states on an impurity in the nearest neighbour shell. The low temperature spectra also 
appear to support this explanation. 


1. INTRODUCTION 

The observation of electric field gradients 
(efg) at iron impurities in cubic alloys using 
the Mossbauer effect has been limited to a few 
systems [1-6], and little attention has been 
paid to investigating their origin more 
thoroughly. Quadrupole splittings were ob- 
served initially in Fe X alloys[l], but here the 
assignment was difficult because of compar- 
able magnetic and isomer shift effects in these 
ferromagnetic alloys. Preston et a/.[2] 
observed quadrupole effects in V Fe alloys, 
and they showed how, if one assigned a point 
charge to each constituent of an alloy, then 
for a sufficiently large difference of charge, 
the Mossbauer spectrum in concentrated 
alloys would be a doublet. Although 
the largest in magnitude principal value of 
the efg tensor, can be positive or negative, 
and the asymmetry parameter, tj = 

will range from 0 to 1, the splitting 
l^^zz(l + i 7*/3)‘'“| covers a small range 
for the probable atomic configurations. 

However, the well known example of efgs 
at ®Te in alloys is in gold iron alloys [3, 4], 
and investigations of this system over a range 
of iron concentrations (up to 20 at. %) do 
support the conclusions of Preston et «/.[2], 
as the spectrum tends towards a well defined 
doublet. The quadrupole effects observed in 


this alloy system are much larger than those 
found for ®Te in other systems, and must 
arise from the method of screening of the iron 
impurities. Similar effects can be observed 
for iron in the other noble metal solvent, 
copper [6] but here one is restricted to low 
concentrations of iron because of the limited 
solid solubility. Another interesting result 
comes from the study by Longworth[5] of 
the effects of band filling in the Pd Au alloy 
system on the Mossbauer spectra of dilute 
*^Fe incorporated as a probe. Besides obtain- 
ing a sharp change in the behaviour of the 
isomer shift as a function of gold concentra- 
tion near 50 at % gold, presumably due to 
filling of the palladium d band, there is also a 
marked increase in the linewidth at this con- 
centration and doublets appear in the spectra. 
The screening of the iron and/or palladium 
atoms alters at this point, and the probe ®^Fe 
nucleus is perturbed electrostatically in 
different ways by the presence of palladium or 
gold neighbours. 

We have studied the Mossbauer spectra 
at 300 and 4-2°K of alloys of 1 at.% ®Te 
in Au X (3-10 at.%) solid solutions, where 
;!r = Ti, V, Cr, Mn, Fe, Co, Ni, Pd. Pt and 
Sn, and have determined from the 300“K 
spectra the electric field gradients and changes 
of isomer shift for ®Te nuclei in Fe-Jf 
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nearest neighbour pairs. These effects follow 
the behaviour of the residual resistivity 
per atomic per cent of X in gold, and this 
correlation may be explained in terms of the 
increased density of states on an AT neigh- 
bour associated with the formation of a virtual 
bound state [7]. The low temperature results 
are also as expected for this model. 

2. EXPERIMENTAL 

The spectra were recorded using a multi- 
channel analyser operating in time mode [8] 
with an electromagnetic drive, the linearity 
of which was ascertained as 0-1 per cent from 
curve fitting magnetic iron calibration spectra. 
The source used was “'Co in Pd, and gave a 
Lorentzian line with a full width at half 
maximum of 0-21 mm/sec against a thin 
absorber. 

The absorbers were made by adding 0*5 
mgm of ®Te (> 86% ®Te) to 200 mgm of 
the master Au X alloy in an argon arc furnace 
and cold rolling to a 8 ju.m foil. The concentra- 
tion of the masters were calculated from the 
weights used in the melting. 

3. RESULTS 

In Fig. 1 are shown the spectra of the alloys 
of 1% ®Te in Au X alloys at 300°K; the 
concentrations of X are shown in the figure. 
The spectra all show broadening due to efg’s 
and isomer shift effects. 

The Au Fe 1 per cent sample shows a 
doublet due to iron-iron pairs, and a single 
line due to iron atoms with no iron neighbours 
in the nearest neighbour sites. The full line 
shown is fitted on this assumption with a 
singlet and a doublet with a linewidth of 
0-28 mm/sec"’ (FWHM), and the relative 
areas agree with that expected on a random 
distribution of iron atoms. The linewidth 
found (0*28 mm sec~*) is 1-4 times the line- 
width expected for such thin absorbers, 
and the broadening of the single line must 
come from efg’s produced by neighbours 
further than the nearest neighbour shell. 

The fitted curves shown have been obtained 


by fitting seven lines of linewidth 0-28 mm 
sec~*, these lines being constrained as follows. 

(a) A doublet for Fe-Fe pairs with their 
separation and position determined from the 
AuFe 1 per cent sample. 

(b) A singlet for Fe atoms with all Au 
atoms in the nearest neighbour shell. 

(c) A doublet for Fe-A" pairs shifted by 8 
from the isolated iron centroid. 

(d) A doublet for Fe-2X configurations 
shifted by 2 X 8 from the isolated iron centroid 
and separated by 1-32 times the separation 
found for (c). (This splitting is that expected on 
a point charge model [2] for the most probable 
{0-7) of the two nearest neighbour configura- 
tions.) 

For the Au Ti sample, the single line (b) 
is split by the efg’s produced by the Ti neigh- 
bours further than the nearest shell, and so, 
for this sample, a doublet has been fitted in- 
stead of the singlet (b). The relative inten- 
sities in all cases were determined from the 
known concentrations of the alloys assuming 
randomness. A linewidth of 0-28 mm sec"’ 
(FWHM) has been chosen for the fitting 
instead of the experimental linewidth of 0-21 
mm sec"' to ‘subtract’ the effect on the iron 
resonance of the iron impurities further re- 
moved than the nearest neighbour shell. 
Although in the fitting many less significant 
configurations have been neglected, the para- 
meters found will be correct to the accuracy 
necessary for the discussion. A more exact 
analysis of the data would be extremely 
difficult. As one can see in Fig. 1 , some of the 
fits are not particularly good, presumably 
due to uncertainties in the alloy concentra- 
tions and deviations from randomness. Where 
the effects of nearest neighbours are resolved 
e.g. Ti, V, Fe the reasonable fits obtained 
suggest that these impurities are randomly 
distributed with respect to the iron atoms. The 
parameters most affected by non randomness 
are those which determine the isomer shifts, 
ffie quadrupole splitting being relatively 
insensitive to clustering. 

In Fig. 2 the quadrupole splitting and isomer 
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Fig. 2. Quadrupole splitting Q (mm sec"') (•) and 
isomer shift change 8 (mm sec"') (■) for a ”Fe nucleus 
with an impurity neighbour X, The residual resistivities 
per atomic per cent of X{0) are shown scaled to fit 
the Q variation. 

is the isomer shift of the isolated iron atom in 
the gold lattice, and, as this should depend 
on lattice parameter, we have plotted these 
parameters for the various solutes X in Fig. 3. 
There is no obvious linear relation between 
the isomer shift and the lattice parameter, 
but there is a general trend -impurities which 
contract the lattice decrease the isomer shift, 
while the one impurity which expands the 
lattice (Sn)[ll] also increases the isomer 
shift. The dotted line drawn in Fig. 3 shows 
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Fig. 3. Dependence of isomer shift of isolated Fe atoms 
in An Af ailoys on lattice parameter. The dotted line is 
derived from the variation with pressure of the isomer’ 
shift of Fe in gold[1 2). 


the variation of isomer shift for ®Te in gold 
with lattice parameter, derived from the pres- 
sure experiments of Ingalls et a/.[12]. 

The 4-2’’K data (Fig. 4) show that all the 
samples are ordered magnetically. The iron 
concentration in these samples could be 
different from 1 at.% by as much as 50 per 
cent, but one can see that certain solutes have 
decreased the ordering temperatures from 
that expected for a 1 at.% Fe in gold alloy 
i.e. 12°K[13]tonear4‘’K. 

4. DISCUSSION 
Electric field gradients 

The correspondence between residual re- 
sistivity per atomic per cent of X and the 
electric field gradient at '^Fe due to an X 
neighbour limits the number of possible 
explanations for the origin of these field 
gradients; for example, strain and valency 
effects will not directly provide this correla- 
tion. The resistivity trends are adequately 
explained on the virtual bound state (vbs) 
model of Friedel and co-workers [7, 9, 14. 15], 
and it is in the framework of this model that we 
account for the correspondence between re- 
sidual resistivity and electric field gradients. 

The conduction electrons are scattered by 
the excess nuclear charge Z on the impurity, 
and this scattering can be analysed using 
partial waves to derive the phase shifts 17 
between incoming and outgoing plane waves. 
The density of states in energy is shifted by 
an amount (I/tt) (dTjj/dF) for each com- 
ponent. and the total number of new states 
below energy £ is (I/tt) 2 (2/-t- 1)t),(£). 
This gives Friedel’s sum rule Z = (Hit) 
ail +l)rf, {Ef ). For "id atoms dissolved in 
noble metals the atomic rf-states will lie in the 
conduction band, and the resonance between 
the conduction electrons and the d-states 
will make 17^ large, with 770 = 17, == 0. This 
d-resonance has associated with it an excess 
density of states of Lorentzian shape of width 
r and centred at Er, the value of £r being such 
that the necessary screening electrons are 
accommodated below the Fermi level. The 
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Fig. 4. The Mossbauer spectra of I at.% Fe in Au3f alloys at 4-2°K. The per cent absorption 
scale for Au Fc 12 per cent has been reduced by a factor of ten. 


increase of density of states at the Fermi 
level Ey is 

(p - 1 

TT {Ey-ErY^ {THY 

and the increase in residual resistivity R 
per atomic per cent solute due to scattering 
is 


R a 


{THY 

{Ey-E,Y+{THY 


(see [15]). 


Similar results have been obtained by 
Anderson [16] by considering the effect of 
s~d mixing on the atomic (/-states. 

The resistivity trends for 3(/ transition atoms 


in Al, Cu and Au, may be explained on this 
model. For aluminium one obtains a peak in 
the residual resistivity near the middle of the 
"id series as the (/-resonance crosses the 
Fermi surface (i.e. = 7r/2). In copper and 

gold, where for some 3(/ solutes the exchange 
energy is sufficient for the vbs to magnetise 
[14], the residual resistivity should show two 
peaks as the centres of the up and down spin 
resonances cross the Fermi level. The fact 
that some impurities magnetise and some do 
not, could upset this prediction, but two 
peaks are observed. 

There are two mechanisms whereby one 
could obtain field gradients proportional to 
the residual resistivity. The simplest model is 
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one is which the iron nucleus is treated as an 
independent probe, and the efg is produced 
by the charge oscillations around the X 
neighbour. Kohn and Vosko[17] have ex- 
plained the nuclear magnetic resonance 
results for copper nuclei in dilute copper 
alloys [18] by this oscillating charge polarisa- 
tion, falling off as the inverse cube of distance. 
This theoretical derivation is only valid well 
away from the impurity, and the behaviour of 
the polarisation near the impurity will not 
necessarily be of this form. For a free electron 
gas of Fermi vector kf and a spherical scatter- 
ing potential, the asymptotic form of the 
excess charge density p(r) at large r is given 
by [7, 15, 17] 

p(r) = (o/IttV®) cos i2kf r + <f>) 
where a and are given by 

asin<f> = 5) (— l)'(2/-l- 1) sin* i7( 

I 

acos<f> = 2(— l)'(2/-f 1) sin T}( cos Tj,. 

I 

The resulting electric field gradient at a probe 
nucleus is [17] 

<7= (2a/7rr^)pcos (2kfr + <i)) 

where p is an enhancement factor due to 
antishielding effects by the atomic electrons. 
Using the values of tjj for 3d impurities in 
gold [9], the values of a do correspond 
approximately with the variation of efg 
shown in Fig. 2. However {2kFr) for a first 
nearest neighbour in gold is 2-2 Itt, and the 
effect of the additive <i> is to destroy the 
correspondence. Also in alloys as con- 
centrated as Au Fe 20 at.%, the sharp dis- 
continuity in occupancy at a certain Fermi 
vector kF will be smeared out, and the 
second oscillation at the first nearest neigh- 
bours will be reduced in amplitude and 
broadened. Results for AuFe alloys show that 
the spectra can be fitted quite well on a point 
charge model [2], with a charge per iron neigh- 
bour which decreases only by 30 per cent 


in going from 1 to 20 at.% iron (Window, 
unpublished). 

There are many qualifications concerning 
the applicability of Friedel oscillations at 
nearest neighbours in these alloys, and, apart 
from antishielding of the Friedel oscillations, 
no account has been taken of the influence of 
an impurity X neighbour on the probes own 
electrons. A simple alternative model which 
does to some extent include this effect may be 
derived from a Thomas Fermi model for the 
screening near the impurity. The magnitude 
of the efgs observed suggests that the iron 
screening electrons on the atomic site are 
responsible. 

The virtual bound state on the impurity 
produces an increased local density of states 
at the Fermi level, and this enhancement, 
which varies in the same way as the residual 
resistivity, distorts the screening charge on 
the neighbouring iron atom. The iron screen- 
ing, because of the low density of states at the 
Fermi level in the gold matrix, extends 
appreciably into the nearest neighbour cells. 
On a Thomas Fermi model for the screening 
of a charge Z(—7 for Fe in Au), the screening 
charge p(r) i.e. the charge in excess of that 
for the unperturbed matrix, is given as a 
function of distance r by 

p(r) 

where \* = 47rn(£f) (see [7]), and niEp) is 
the density of states at the Fermi level. For 
Ag and Au. K is 1-8A®~‘, and thus about 
12 per cent of the screening charge resides 
outside the atomic cell. This large screening 
length (I/X) explains why quadrupole 
effects at “*Fe nuclei are observed mainly in 
noble metal rich matrices. 

If an impurity atom is in a nearest neighbour 
site the increased local density of states will 
cause the screening length in this direction 
to decrease. It becomes energetically more 
favourable to remove electrons from this 
region than from the neighbouring gold atoms, 
and the screening will change so that more 
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electrons are localised between the iron atom 
and the impurity and correspondingly fewer 
are present in the directions of the gold atoms. 
The magnitude of the distortion from cubic 
symmetry will depend upon the increase 'in 
density of states on the impurity, and it is 
only for d impurities (with a narrow virtual 
bound state accommodating ten electrons) 
that this increase is sufficiently large to 
produce resolvable quadrupole splittings. 

This explanation also accounts for the fall 
off in the effective point charge on an iron 
neighbour found by analysing the spectra of 
Au Fe (1-20 per cent) alloys on the point 
charge model. The seven screening electrons 
will be distributed according to the density 
of states on the twelve neighbours. If the ratio 
of densities of states (Fe/Au) is a, and the 
number of iron atoms present is n, then the 
charge in the direction of one iron neighbour 
will be 

7a 

^ (12 — n) + na‘ 

Analysis on the point charge model for a 1% 
Fe sample (n = 1), and a 20% Fe sample 
(n = 3) shows that the effective point charge 
per iron neighbour decreases by i for n = 1 
to n == 3 i.e. a = 5. The increase in density of 
states expected is from 0-25/eV for a gold 
atom to about 2/eV at the maximum in the 
Lorentzian density of states i.e. a factor of 5, 
so these order of magnitude calculations agree 
with experiment. Effects of this sort will act 
to make the Mossbauer spectra of concen- 
trated alloys resemble doublets even more 
closely than is expected on the point charge 
model. 

For some impurities, in particular Ti and 
to a lesser extent Fe, one can observe the 
effects of neighbours further than the nearest 
shall. The magnitude of this effect found from 
fitting the AuTi spectrum was approximately 
0-25 of that for first nearest neighbours. As 
there is a low probability that one of the 
6 second nearest neighbour sites is occupied, 
the bulk of this effect must come from X atoms 


in the 24 third nearest neighbour positum. The 
magnitude of this effect indicates an inverse 
cube dependence on distance of the distortum 
of the screenii||g chaige for the neighbours in 
the first three shells, but it is to be expected 
that these direct screening effects will fall 
off much more rapidly for further shells. 
Friedel oscillations could also be important 
for these 1 -3 per cent alloys. 

In explaining this correlation with virtual 
bound states, the possibility that the mag- 
netised iron atoms will also force neighbour- 
ing atoms (Ni, Co) to magnetise [19] has not 
been considered. The splitting of the vbs for 
impurities with nearly full d states will not 
affect the density of states much on the 
scale we are considering here. The cor- 
respondence between the efg and the residual 
resistivity observed for id impurities does not 
hold for transition elements of the same 
column e.g. Ni, Pd Pt (Fig. 2). On a Thomas 
Fermi model the efg will be increased by the 
larger 4d and 5d impurities, whereas the 
resistivity which depends mainly on the 
screening charge via the phase shifts should 
not change. 

5. ISOMER SHIFT EFFECTS 

The changes in isomer shift with a neigh- 
bour X (Fig. 2) follow the quadrupole effects 
and presumably have the same origin. The 
distortion of the screening charge will alter 
the isomer shift i.e. the s-electron density at 
the nucleus. 

In Fig. 3 the results few the isomer shift 
of the isolated iron atom as a function of 
lattice parameter are plotted. In general the 
pressure dependence defines the smadlest 
change of isomer shift with various solutes, 
and deviations from this straight line are 
produced by discrepancies in the fitting and 
by valency effects where the impurities donate 
electrons to the host conduction band. 

6. MAGNETIC ORDERING 

Impurities which show the biggest electric 

field gradients and do not have localised 



1066 


B. WINDOW 


moments e.g. Ti, V, Ni, Pd, Pt decrease the 
ordering temperature. This is as expected— 
impurities which increase the resistivity most 
will strongly scatter the conduction electrons 
and decrease the indirect exchange interac- 
tion between iron localised moments. Those 
impurities which do have localised moments 
e.g. Cr, Mn increase the ordering temperature. 

The range of hyperfine field values for those 
spectra where the iron hyperfine field is almost 
saturated in Fig. 4 (Cr, Mn, Fe) correlates 
also with the magnitude of the efg and isomer 
shift change. For example, the Au Fe 12 per 
cent sample gives a spectrum which is broader 
than those for the Au Cr 10 and Au Mn 10 
samples. The distortion of the screening 
charge will alter the hyperfine field at the 
iron nucleus. The change in hyperfine 
field at the iron nucleus for a nearest neigh- 
bour iron atom in gold iron alloys is much 
smaller than is observed for iron in copper- 
in copper the acquisition of an iron neighbour 
increases the magnetic hyperfine field from 
80 kOe for the isolated iron atom to approxi- 
mately 150kOe[6], but it could be that this 
change is associated with an increase in 
stability of the localised moment [19], 

7. CONCLUSIONS 

The Mossbauer spectra of 1 at.% *^Fe in 
Au X alloys have been analysed to show that 
the efg at an iron nucleus with an impurity 
neighbour comes from the distortion of the 
atomic shielding electrons due to the enhanced 
density of states on the neighbour. The 
electric field gradient produced is proportional 
to the extra density of states, and a model, 
where the number of shielding electrons 
localised in the direction of a neighbour is 


proportional to the density of states on the 
neighbour accounts for the behaviour of 
concentrated gold iron alloys. 

The electric field gradient, the residual 
resistivity per atomic per cent X, the eifect 
on the ordering temperatures, and the dis- 
tribution of magnetic hyperfine interactions 
for the impurity X are shown to be consistent 
with virtual bound states on the 3d impurities 
in gold. 
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ISOTOPE EFFECT IN IRON DIFFUSION IN 
Fe/3% Si ALLOY 

C. OVIEDO DE GONZALEZ* and N. E. WALSOE DE RECAt 

(Received 16 March 1970; in revised form 8 May 1970) 

Abstract— Values of “Fe, “Fe and a mixture of “Fc and “*Fe diffusion coefficients in Fe/3% Si 
single-crystals were measured over a temperature range from 707 to 902°C, by tracer sectioning 
method. The D dependence with temperature can be expressed in paramagnetic and ferromagnetic 
ranges as follows: 

DSr.n,. = 0,22 + 0,06 exp (52-200+ 1320//fr) 

DPIrron,. = 0,58±0,29exp (54-322 ± 1-310/RT) 

Df.lr.n, = 0,23 +0,07 exp (51-567 + 1 -300/RT) 

= 0,60 + 0,30 exp (53-668 + 1 -300/RT) 

DKm. = 0,19 + 0,05 exp (51-086+ 1-240/RT) 

= 0,47 + 0,23 exp (52-695 + 1 -290/RT) . 

Because of the ‘magnetic anomaly’ the possible diffusion mechanism was studied by measuring the 
isotope effect in the whole range of temperatures with the isotope pair “Fe-“Fe. 

The isotope effect data are consistent with a highly relaxed vacancy mechanism or a interstitialcy 
one and the same process seems to be valid in both paramagnetic and ferromagnetic regions. 


I. INTRODUCTION 

The FERROMAGNETIC Order produces a devia- 
tion of the Arrhenius plot (In D vs. l/T) in the 
vicinity of the Curie Temperature (Tc). This 
‘magnetic effect’ was observed by several 
authors in self-diffusion and ferromagnetic 
tracer diffusion in a-Fe[l-7]; in nonferro- 
magnetic tracer diffusion in a-Fe[5] and by 
internal friction measurements in Fe/V[8]. 
An anomalous behavior was also found in 
Young’s modulus measurements as a function 
of temperature in Fe/3% Si near rc[9]. 
This phenomenon is not confined to b.c.c. 
elements. 

The small decrease of diffusion coefficients 
(D), below Tc was explained as a change in 


*C1TEFA (Institute de Investigaciones Cientificas y 
Tecnicas de las Fuerzas Armadas). Ciudad de la Paz 
1340. Buenos Aires, Argentina. 

tCIFEFA and CNICT (Consejo Nacional de 
Investigaciones Cientificas y T6cnicas). 


elastic properties related to magnetic order 
flO]. This effect was also associated to a 
decrease in vacancy concentration related 
with a long-range magnetic order influence 
on the formation energy of vacancies [4, 11]. 

The presence of a ‘fast impurity’ in a-Fe 
lattice enabled us to study the possible 
diffusion mechanism far below (756°C) of 
Fe/3% Si alloy, although errors on E values 
are considerable higher than those in para- 
magnetic range. Previous isotope effect works 
in pure iron [12, 13] only report a value below 
Toll 3]. 

Isotope effect measurements were per- 
formed in paramagnetic and ferromagnetic 
ranges with the isotope pair “Fe-**Fc (~7 per 
cent mass difference). The more advantageous 
pair **Fe-®*Fe was not used because of the 
impossibility for us to acquire the “Fe isotope 
of very short half-life (X = 8,2 hr). 

We assume valid for the isotope pair “Fe- 
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**Fe the well known relation: 

£=/.A/C- 0 (1) 

where: E: strength of isotope effect. A A: is 
related to elastic relaxation of atoms neigh- 
boring a vacancy and to the coupling of the 
neighboring atoms to the jumping atom. /: 
correlation factor. Z)®“ and D*®: diffusion co- 
efficients of ®*Fe and ®*Fe in the alloy, m*® 
and m**: masses of ®®Fe and ®®Fe. 

If A£ ~ I it is possible to identify the 
diffusion mechanism because the isotope 
effect measurements give an unambigous value 
of f. The self-diffusion behavior in a dilute 
tilloy is not a simple mechanism because in 
addition to the jumping atom there is another 
impurity atom participating in the process. 
A/T is then related to one or some magnitudes 
associated with the lattice elasticity, such as: 
the formation volume of the defect which 
includes the relaxation around the defect: 
the activation volume of motion, which takes 
in account the displacement of neighboring 
atoms at the saddle point or the dilation 
around an impurity. The contribution of these 
effects yields AK < 1 . 

E values of our work are comparable with 
those evaluated for Na[14] and a-Fe[12I 
and suggest an interstitialcy or a relaxed 
vacancy mechanism. 

2. EXPERIMENTAL PROCEDURE 

High purity Fe/3% Si single-crystals were 
cut by the spark method in pieces of about 
lOmmX lOmmx 10 mm. Impurities contents 
are given in Table 1 . 

All specimens were previously annealed 
together at 900'’C during 20 days in vacuum 
(10“*mmHg). 

A mixture of pure ®®Fe and *®Fe (as chlo- 
Table 1. Impurities content 


Si = 2,998% C = 0,00 15% O = 0,008% 

Mn* 0.044% P = 0,012% Ni = 0,036% 


rides) in a proportion 10:1 was electroplated 
on one of the specimen surfaces from an 
ammonium oxalate bath. Characteristics of 
both isotopes are given in Table 2. To get 
D®® and D®®, other specimens were deposited 
with pure ®®Fe or ®*Fe, by the same method. 


Table 2. 


Isotope 

Half-life 

Radiation 

Absorption 
in iron 

“Fe 

4 years 

Mn-X (6 KeV) 

71.S cm"' 

“Fe 

44 days 

P (0,46-0.26 MeV) 
•yd. 1-1,3 MeV) 

0,41 cm"' 


Diffusion annealing temperatures were 
measured with a controlled chromel-alumel 
thermocouple, with a precision AT ^ ± TC, 
during times reported in Table 3, under 
dynamical vacuum (10“®mm Hg). The de- 
posited surfaces of the samples were placed 
together to avoid radioisotopes evaporation 
during annealing. 

To avoid surface diffusion effects 0,20/0,30 
mm were removed from the specimen sides 
after diffusion annealings. 

(a) Diffusion coefficients measurements 

®®Fe diffusion coefficients (D*®) were 
measured by Gruzin's method, modified by 
SeibelllS]. 

The solution of Fick’s second law for a thin 
layer on the planar surface of the specimen 
considered as a semi-infinite medium is: 

k M 

p,ln — dljdx„ = 'JXp {~X„^l4Dt ) (2) 

where: p.: linear absorption coefficient. /„: 
residual activity of the specimen after 
removal of a thickness D: diffusion co- 
efficient. t: diffusion annealing time. For 
y-radiation of ®*Fe, equation (2) is reduced to 
equation (3) because: 

pl„ < dljdx„ 

-a/„/djc„ = ;^7j~exp (-x„*/4Dr). (3) 
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This solution is integrated between 0 < x, < » 
/„ = /o[l + erf(-x„/2VDF)] (4) 
where: Iq: initial activity at t = 0 and x = 0. ' 
erf (z) = 2/V^ f‘ e-*' dt (5) 

is the error function. 

Experimental residual activity after each 
section is plotted vs. penetration in Gauss- 
arithmetic graph: 

/„/2/o = i[l + erf(-x„/2V^)] (6) 

from the slope — (l/2VDt) of the straight line 
for volume diffusion D values are obtained. 
Sections were removed by polishing and 
thickness was evaluated by weight differences 
with a precision of 10~*g. Diffusion co- 
efficients measurements with ®**Fe (y-radiation) 


Low temperature D measurements with ’"Fe 
are the mean value of five determinations wiUi 
a high initial activity. Diffusion coefficients 
with the mixture **Fe-(-®*Fe were measured 
by counting “Fe X-rays smd ®®Fe ^-radiation 
with the flow counter protected by an Alumin- 
ium absorber (2,5 /i). 

Counting error was diminished under 0,5 
per cent and some corrections, detailed below 
were taken in account. 

3. RESULTS 

Table 3 gives values of experimental Z)“, 
D®* and diffusion coefficients in Fe/3%Si 

alloy in the range of temperatures between 
707 and 902°C and the corresponding diffusion 
times. Figures 1 and 2 show typical activity 
profiles for D*® and D“ in Fe/3%Si alloy for 
diffusion annealings at 735 and 803®C re- 
spectively. The diffusion coefficients depen- 
dence on temperature follows the Arrhenius 


were performed with a 3 x 3 Nal(Tl) scintil- 
lation counter. 

®®Fe X-rays were counted with a flow 
counter filled with a mixture of methane and 
pure Argon. For soft **Fe radiation equation 
(7) is valid: 


law in paramagnetic and ferromagnetic 
ranges and evidences the ‘magnetic anomaly’, 
near the Curie point (Fig. 3.). Table 4 shows 
values of AH (activation energy variation 
from paramagnetic to ferromagnetic range). 
Values of diffusion coefficients (D), frequency 
factors (Do), activation energies (Q) and their 


In /„//„ = -x„y4Dt. 


(7) 

errors 

were calculated 

with 

an electronic 





Table 3. 





TCO 

£)ss (cm*/sec) 

D'* (cm*/sec) 

£)»+»» (cm*/sec) 

1 (sec) 

902 

(6,01+0,24) , 

10-“ 

(5,85 

+ 0,21) 

. 10-“ 

(5,77 ±0,21) , 

10-" 

6,60 

. w 

874 

(3,48 + 0,14) , 

10-" 

(3,46 

±0,12) 

. 10" 

(3.38 ±0,12) . 

10-" 

1,20 

. 10* 

855 

(2,50 + 0,10) , 

10-" 

(2,39 

±0,09) 

. 10-" 

(2,42 ±0,09) . 

10-" 

1,36 

. 10* 

827 

(1,33 + 0,05) 

I0-" 

(1,29 

±0,05) 

. 10" 

(1,28 ±0,06) , 

10-" 

1,73 

. 10* 

810 

(9,33 ±0,37) 

10-"“ 

(8,98 

±0,32) 

. 10-'* 

(8,94±0,32) , 

10-'* 

2,31 

. 10* 

803 

(7,92 ±0,32) , 

10-iJ 

(7,71 

±0,28) 

. 10-'* 

(7,70 ±0,28) . 

10-'* 

4,02 

. 10* 

789 

(6,50 ±0,26) , 

10-*' 

(6.30 

±0.23) 

. 10-'* 

(6,18 + 0,22) . 

10-'* 

4,10 

. 10* 

766 

(3.12±0,I9) . 

10-'* 

(3.29 

+ 0.16) 

. 10-'* 

(3,23±0,16) . 

10-'* 

7,60 

. 10* 

750 

(2,96±0,18) . 

10-'* 

(3.18 

±0,16) 

. 10-'* 

(3,06±0,15) , 

10-'* 

8,60 

. 10* 

743 

(1,97±0,12) . 

10-'* 

(2,05 

±0,10) 

. 10-'» 

(1,91 ±0,10) . 

10-'* 

9,70 

. 10* 

735 

(1,39±0,08) . 

10-'* 

(1,37 

+ 0,07) 

. 10-'* 

(I,35±0,a7) . 

, 10-'* 

3,76 

. 10* 

723 

(1,07±0,06). 

. 10-'» 

(1,04±0,05) 

. 10-'* 

(I,04±0,05) 

, 10-'* 

3,43 

. 10* 

707 

(6.50 ±039). 

. !0-'» 

(6,46 

±0,32) 

. 10-'* 

(6.50±0.32) 

. 10-'* 

8,59 

. to* 
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Fig. 1. Typical activity profile for^Fe diffusion in Fe/?%Si (7?5°C), 
erf //2/o vs. x,. 


computer machine. We used least squares 
method. 

4. DISCUSSION 

Activation energies values of iron diffusion 
in Fe/3%Si alloy in the considered range of 
temperatures are in excellent agreement with 
previous works on diffusion [ 1 6] and creep [ 1 7] 
in b.c.c. phase of the same alloy at high 
temperatures. 

Self-diffusion in a-Fe is enhanced by the 
presence of a 3 per cent of a substitutional 
‘fast impurity’ in its lattice, due to electronic 
and steric effects (in which we work at present) 
besides the correlation factor associated to 
a change in vacancy jump frequency in the 
immediate neighborhood of impurity. 



Fig. 2. Typical activity profile for “Fe diffusion in 
Fe/3%Si (803°C). In ///„ vs. (x,«). 

The ‘magnetic anomaly’ is observed in Iron 
diffusion in Fe/3%Si and the magnitude of 
the difference between activation energies of 
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Fig. 3. InD vs.d/D.O = D“;« = D“;X = D“+*», 


Table 4. 


1 sotope 

A/y (cal/mole) 

“Fe 

2122 

’»Fe 

2101 

AlV-fSflp^ 

1609 


ferromagnetic and paramagnetic ranges (AH) 
is comparable to AH values reported by 
previous works [1-7]. In spite Graham’s data 
[13] don’t report this anomalous effect. 

To avoid grain boundary contribution to 
bulk diffusion, which is significant at low 
temperatures [18] we employed single-crystal 
specimens. 

The observed decrease in diffusion rate 
below Curie temperature seems to be justified 
by a change in elastic constants and in vacancy 
concentration accompanying the magnetic 
ordering process. Both magnitudes, which 
are not independent, modify the diffusion rate 
and diffusion jump frequency. Lytton[9] 


reports for Fe/3%Si an unusual variation of 
Young’s modulus with temperature at Tc, 
similar to that observed in pure iron. Besides, 
it would be interesting to confirm experi- 
mentally, the changes in vacancy concentra- 
tion near Te in iron, calculated by Schc^jet 
y Girifalcofll] employing a statistical model 
analogous to that of order-disorder, in which 
spontaneous magnetization replaces the 
degree of long-range order. 

(a) Isotope effect measurements 

Special precautions were necessary in the 
isotope effect experiments to achieve measure- 
ments with the required accuracy. 

Isotope effect was measured on specimens 
deposited with the mixture “Fe-t-**Fe and 
separation of both isotopes activity was per- 
formed by their different radiation. Specimens 
were annealed together with those used for 
D determinations. Sectioning was performed, 
in this case, with ultramicrotome and cuttings 
were dissolved in hot HCl, and measured as 
liquids, which were standardized to constant 
volume. We treat to maintain concentration 
of dissolved metal constant to avoid variation 
of self-absorption. Errors due to non-parallel 
cuttings with ultramicrotome were negligible. 

Measurements were achieved by counting' 
the activity of each section with the mentioned 
counters (®*Fe X-rays with the flow counter 
and ®*Fe y-radiation with the scintillation 
counter). The liquid specimen activity was 
measured simultaneously by the two detectors 
placed vertically above and under the speci- 
men. This arrangement, detailed by Heumann 
et a/.[19] enabled to conserve the same 
counting geometry. We used a plastic con- 
tainer for each measurement because we had 
difficulties in decontaminating them. We con- 
firmed that error in changing (identical) 
containers was negligible by measuring suc- 
cessively the same solid standard specimen 
in different containers. The absorption of 
**Fe y-radiation by the plastic container 
bottom wall was considered negligible too. 

As the flow counter registered the contribu- 
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tion of “Fe /9-radiation to “Fe X-rays we 
corrected each measurement using a pure “Fe 
liqirid standard specimen [191. In addition, we 
performed several measurements with the flow 
counter with a Beryllium absorber (0,078 cm 
thickness) to separate the soft ®'Fe X-rays 
from »»Fe /3-radiation but the efficiency of our 
flow counter (filled with a mixture of Argon 
and methane) was poor[20]. 

Temperature effects on counters were con- 
sidered because at higher temperatures the 
counter plateau becomes shorter and more 
sloping and its starting potential becomes 
higher. Precautions were taken to measure 
when radiactive solution temperature was 
near 20‘’C. 

Atmospheric pressure dependence on 
counting rate was taken in account. Gas flux 
in flow counter was maintained constant. High 
voltage was constant during measurements. 
Dead time of counters was taken in account 
and this correction was significant when 
counting rate was high. Background data 
were substracted from each measurement; 
this correction was important for specimen 
with low activity. Corrections for decay of 
“Fe and ®®Fe during experience time were 
taken in account too; previously we had 
measured '“Fe half-life (See Table 2. A = 44 
days). 

As desintegration is a random event 
Poisson's distribution is valid. The standard 
deviation (o-) is related to the total counts 
number (N) by o"= V^. We considered the 
standard proportional deviation cr/N ~ N-"'* 
which gives a good idea of the required 
accuracy. It can be reduced by counting large 
N in longer times of measurements. The higher 
value of with which we worked was 

0,5 per cent. If isotope concentration after a 
diffusion annealing during t is given as a func- 
tion of Xn as; 

/ = IjVirDt . exp (-x„V4Dt). (8) 

Since both isotopes are diffused simul- 
taneously the relative concentration as a 


function of position will differ because their 
D are different, and: 

In /“//»» = cte+ {I- £)®»/D“)jt„*/4D''»t. (9) 

According to equation (8) it is possible to 
rewrite equation (9) as: 

In /“//»* = c/e - ( 1 - D®*/D“) In /»». ( 1 0) 

The plot In /i*®//*® vs. In /** gives a straight 
line of slope (1— Z)“/D®®). Values of slopes 
in equation (10) are introduced in equation (1) 
to get E values. ( I — D®®/D®®) and E values and 
their errors were calculated with a computer 
machine with programs specially developed 
for this work. 

5. RESULTS 

Figure 4 is the normalized plot In /“//“ 
vs. ln/“ for different temperatures. Note 
that abscissa scale is a decreasing one from 
left to right. Table 5 gives E values with their 
errors in the considered range of temperatures 
and AA values assuming a vacancy mechan- 
ism (/= 0,727 forb.c.c. elements [21]). 



to right). 
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Tables. 


TCC) 

1 -D>*ID^ 

E 

AX 

902 

0,0137 + 0,00)6 

0,397+0,040 

<>,546 ±0,050 

855 

0,0130+0,0015 

0,377 + 0,034 

0,^17 ±0,047 

810 

0.bl 19 + 0,0014 

0,346 ±0,035 

0,475 ±0,048 

803 

0,0120+0,0016 

0,349 ±0,036 

0,480 ±0,044 

789 

0,0119 + 0,0016 

0,346 ±0,037 

0,475 ±0,051 

766 

0,0118+0,0016 

0,343 ±0,038 

0,471 ±0,052 

750 

0,01 17 ±0,0018 

0,339 ±0,041 

0,466 ±0,056 

743 

0,0118 + 0,0020 

0,343 ±0,045 

0,471 ±0,061 

735 

0,0116 + 0,0020 

0.336 + 0.044 

0,461 ±0,061 

723 

0,0117 + 0,0020 

0,339 ±0,045 

0,466 ±0.062 

707 

0,0116 + 0,0021 

0,336 ±0,048 

0,461 ±0,066 


6. DISCUSSION 

The near equality of isotope effect value 
reported by this work in paramagnetic and 
ferromagnetic ranges shows that the details 
of diffusion are the same in both ranges. 
Analogous results were found by Peterson 
et aL[22] in isotope effect in Zn diffusion 
in ordered and disordered Cu/Zn, although 
validity of equation (1) is questioned in this 
work. 

Low E values (Table 5) can be attributed 
to a strongly relaxed vacancy mechanism. 
Experiences of diffusion coefficient variation 
with pressure in Fe/2%V and Fe/3%V alloys 
[23] support a vacancy mechanism. Activa- 
tion volume enables to get information on 
AX; if there is a lattice relaxation a small 
AVIV is related to a low AX. As AV/V was 
not still measured for a-Fe or Fe/3% Si, we 
used the value reported by Hanneman et al. 
[23] {AVIV = 0,45) to compare with our values 
(Table 5) and agreement is good. Results are 
also compatible with an interstitialcy mecha- 
nism. 

7. CONCLUSIONS 

Diffusion coefficients of ®*Fe, **Fe and 
55+sitpg jj, Pe/3%si single-crystal specimen 
were measured in a range of temperatures 
between 707 and 902°C. Diffusion coefficient 
variation with temperature follows the 
Arrhenius law in paramagnetic and ferro- 
magnetic ranges showing the ‘magnetic 
anomaly’, near the Curie temperature. Iso- 


tope effect measurements show that the same 
mechanism is valid in both regions. Low E 
values are associated to a highly relaxed 
vacancy mechanism or to an interstitialcy one. 
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Abstract— The contribution from direct interband transitions to the photoelectric effect in Silicon is 
calculated for photon energies up to lOeV. Refined computational techniques for the calculation of 
the energy distribution curves allow a detailed comparison of the theoretical and experimental curves. 
The agreement for the higher electron energies is excellent and the structure is interpreted in terms of 
the details of the energy bands. 


1. INTRODUCTION 

There has been considerable interest on the 
photoelectric energy distributions in Si as a 
means of studying its energy band structure. 
There exist experimental results [1-4] for 
photon energies covering the range 3-10 eV 
and showing very interesting structure. 
Theoretical analysis has been performed 
for photon energies below 6 eV on the 
assumption that the bulk of the optical 
transitions are direct. Kane [5] has developed 
a theory for the critical point structure on the 
energy distributions. Brust[6] has performed 
a detailed calculation of the distributions using 
a model of the energy bands of Si based on a 
pseudopotential approach. Its resolution is 
not enough to allow a clear identification of 
the structure in terms of the energy bands. 

On the present work we improve the resolu- 
tion of the photoelectric energy distribution 
calculations applying the numerical tech- 
niques introduced by Gilat and Raubenheimer 
[7] to study the critical point structure of 
phonon spectra and recently used in the study 
of the optical properties of Si in terms of its 
electron energy bands [8]. Also, the photon 
energy range for the calculation is extended to 
10 eV, allowing the interpretation of structure 
of importance because of its relation with 
conduction bands not usually studied through 
optical experiments. It is expected that the 


structure at higher energies will be easier to 
interpret as several effects, like escape 
probability factors and transport effects, are 
not so important for those energies. 

The procedure to compute the photo- 
emission energy distributions is described 
in Section 2. A direct transition model is 
adopted. The contribution from the different 
energy band transitions is calculated, but no 
detailed study of the scattering of electrons 
in the crystal is performed. The escape 
probability factor is calculated using the 
hypothesis adopted by Brust[6]. The model 
adopted for the energy bands of Si is explained 
in Section 3. They are calculated using a 
pseudopotential approach combined with a 
k.p extrapolation procedure. Spin-orbit effects 
are included. The theoretical results are given 
in Section 5. The agreement is shown to be 
excellent for the higher electron energies. The 
experimental structure shows considerable 
broadening, making difficult its interpretation 
in terms of individual critical points. All the 
same, the contribution from a whole interhand 
transition is in general quite localized, and it is 
possible to interpret the peaks in terms of 
them as well as indicate the region in the 
Brillouin Zone responsible for the structure. 
For lower electron energies, especially forthe 
higher photon energies, the discrepancies are 
large, showing that other effects should be 
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taken into account. Several types of transport 
processes [9-1 1] as well as contributions from 
non-direct transitions [12] have been con- 
sidered in the past as possible sources for the 
difference. No attempt has been made to 
include them in the present calculation. 

2. CALCULATION OF THE ENERGY 
DISTRIBUTIONS 

We are dealing with photoelectrons pro- 
duced in the volume of a semiconductor by 
direct optical excitation. If <u is the frequency 
of the incident photon and £ the final conduc- 
tion band energy of the excited electrons, the 
energy distribution function N(£, ta) is given 
by 

N(£,oi) =/l 2 / |p„,(k)l^P,£,„S(a)„.(k) 

»u •'m 

-o>)8{E„W-E)d-'k. (1) 

The sum is over all conduction bands n and 
valence bands s. The integral is performed 
over all the Brillouin Zone (BZ). p„,(k) is the 
momentum matrix element between bands 
n and s, /4 is a normalization constant and 
h<o„,{k) is equal to £„(k)-£,(k). P(£.k) is 
the probability that the electron produced 
with energy E and wave vector k will escape. 

We are interested in the calculation of 
N(E,w). A method previously used [6] con- 
sists on the calculation of the energy bands 
£„(k) at a number of points over a cubic mesh 
in the BZ. and their classification according to 
energy and photon frequency. Because of the 
double classification, we need a large number 
of points in order to reduce the scattering on 
the histograms to a reasonable value. This was 
solved by Brust[6] increasing considerably 
the number of points initially obtained with 
the energy band calculation through a quad- 
ratic interpolation. All the same, the resolution 
obtained by this method is not enough to study 
in details the sharp structure produced by the 
two dimensional critical point structure 
related to the energy distributions. 

We develop here a method based on the 


analytical calculation of integral [1]. If we 
consider o) and £ as independent variables, 
we can perform a change of variables in (1). 
Because of the delta functions, the integra- 
tions in E and w are immediate and we get 


N(E,w)=A2 flp«{k)|*P(£,k) 

n.« p 

^|Vfc£XV*a>|'*^- 


( 2 ) 


The curve C in the BZ is defined by the 
surfaces 

£„(k) =£. w„(k) =aj (3) 


d/ is an element of the curve C. 

in order to perform the integration in (2) we 
need an analytic expression for £„(k) and 
w„,(k). The energy band calculation gives 
numerical values for the energy bands over a 
cubic mesh on the BZ. We introduce a 
linear interpolation as explained elsewhere 
[8]. Briefly, each cube in the mesh is divided 
in six tetrahedrons. Inside a tetrahedron we 
adopt a linear expression for £„ (k) ; 


£„(k) = a . k-f h. (4) 

The four constants in (4), a and b, are 
determined by matching the values of £„(k) 
at the four comers of the tetrahedron, which 
are known from the numerical calculation. 

Inside each tetrahedron, the surfaces defined 
by (3) are planes and the curve C is a straight 
line. Its length and end points C 2 Ui be deter- 
mined algebraically. If we also fit the other 
terms in the integrand of (2) by a linear form, 
the evaluation of the contribution from each 
tetrahedron is immediate. 

For the calculations to be performed in this 
work, the cubic mesh necessary to obtain a 
good resolution will have about 1600 points in 
the asymmetric part of the BZ. The energy 
distributions will be computed at intervals of 
energy equal to 0 01 eV. As an example, we 
show in Fig. 1 the result of a calculation for an 
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Fig. 1 . Contribution of an interband transition in Si to the 
photoemission energy distribution curve for a value of 
photon energy equal to 5-39 eV. The calculated values are 
indicated as obtained from the computation (black dots). 
The scattering of the points is typical for this type of 
calculation. Structure produced by the threie types of two- 
dimensional critical points can be seen in the figure. 


interband transition in Si where the three 
types of two dimensional critical points 
discussed by Kane [5], minimum (/), maxi- 
mum («), and saddle point (s), are present. 
We see that the scattering of the calculated 
points is small and the critical points are well 
defined. 

In (1) and (2) there appears the escape 
probability factor P(£,k). To treat this 
function exactly would require having rather 
detailed information about the surface poten- 
tial and scattering mechanisms. We will 
compute it adopting the hypothesis proposed 
by Brust[6]. We assume that an electron 
produced with an energy E„ (k) has a momem- 
tum k which is completely randomized by 
elastic scattering processes before the elec- 
tron reaches the surface of the crystal. Elec- 
trons whose momentum is directed towards 
the surface are assumed to leave the crystal 
with an escape probability 
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Constant, if £«{k) > 

2m 

0.if£,(k)<^ 

} 

where kr is the component of k parallel to the 
surface of the crystal and Ey^ is the vacuum 
level. This factor is obtained on the supposi- 
tion that the absolute value of the momentum 
k is conserved during the process and kr is 
continuous through the escape surface. Next, 
we average the escape probability over all 
the available states of energy £ in the BZ, 
obtaining an escape probability factor £(£) 
independent of k. 

3. CALCULATION OF THE ENERGY BANDS 

We need to compute the energy bands and the dipole 
matrix elements over a cubic mesh in the BZ containing a 
considerable number of points. We use a pseudopotential 
method to generate the bands and a k . p extrapolation 
procedure to increase the size of the cubic mesh as 
explained elsewhere [8]. Briefly, one computes eigen- 
values and eigenvectors at a small number of points in a 
coarse cubic mesh (around 100 points in the asymmetric 
part of the BZ) by solving the secular equation generated 
by the semiempirical pseudopotential approach. Then, a 
refined mesh of points is generated from the previous one 
(around 1600 points) by a k . p extrapolation procedure. 
The combination has the advantage of greatly expediting 
the computational work. 

The convergence errors have been discussed elsewhere 
16], and the same conclusions apply here. 

The spin-orbit terms have also been considered. We use 
the formalism developed for Ge[l4]. taking the orthogon- 
alization coefficients proper to Si. 

The pseudopotential parameters used for Si are; 
K(1. 1. I) = -0 21 Ryd. K(2, 2. 0) = 0 058 Ryd, K(3. 1. 1) 
= 0-078 Ryd. The spin parameter was selected to fit the 
experimental value of the spin-orbit splitting at the Tss- 
level(15]. The spin-orbit parameters in Si are rather small 
and have little importance from the point of view of the 
interpretation of the photoemission results. The splitting 
at some of the most important levels are given in Table 1. 
The present pseudopotential model for the Si energy 
bands is very similar to one previously discussed by 
Saravia and Brust[8], and we refer to their work for a 
comparison with the energy bands calculated by other 

authors [16’ 17]. 

The resulting energy bands along two principal 
directions in the BZ are shown in Fig. 2. The double 
group notation is not used. In the discussion that follows 
the energy value at a general point in the BZ is denoted by 
E, (i = 1 , 2. . . .). not taking into account Kramer’s 
degeneracy, i.e.. each value of i corresponds to two 
eigenvalues. 
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Fig. 2. Energy bands of Si along some principal symmetry lines. They 
were computed using the pseudopotential method together with a k.p 
extrapolation procedure. The energy bands are labeled by £( (i = 
1.2....), with / increasing with energy. The single group notation is 
given for some of the points of the BZ. 


Table 1. Si: theoretical spin-orbit splittings 
in eV 


Levels 

Splittings 

r,5. 

0-044 

^ IS' 

0-031 

Lr 

0-030 

L, 

0-012 


4. RESULTS 

(a) Escape probability 
Calcott [2] has published energy distribution 
curves measured on surfaces covered with 
Cesium films of different thicknesses: one 
monolayer, 0-3 of a monolayer, and no mono- 
layer. The film thickness affects the escape 
probability function, since the position of 
vacuum level is changed. Also, the dynamic 
processes related to the emitted electron, 
especially the randomization of the crystal 
momentum accepted as one of our hypothesis, 
are altered. We are not going to attempt a 
study of the last point and the same hypothesis 
are used throughout all the calculation. We 
adopt different vacuum levels for the three 


cases: 5- 15, 3-0 and 2-2 eV over the top of the 
valence band respectively. The resulting 
escape probability curves are shown in Fig. 3. 

In the discussion that follows all the electron 
energies are referred to the top of the valence 
bands. 

(b) The photoelectric energy distribution 
curves 

One of the calculated curves, not taking into 
account the escape probability factor F(£), is 
shown in Fig. 4. We include interband transi- 
tions involving valence bands 2-4 and conduc- 
tion bands 5-12. 

The results are extremely rich in details and 
the structure is in general quite sharp. This is 
produced by the fact that the structure due to 
saddle points is logarithmic, and the discon- 
tinuities related to maxima and minima points 
can take large values, even approaching 
infinite. A direct interpretation of the experi- 
mental peaks is not possible because they are 
much broader than the calculated ones, 
as can be seen from Figs. 5-7. This is 
expected because effects such as electron- 
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E ,eV 

Fig. 3. Shows the three different escape probability 
functions used in the present calculation. The differences 
are produced by the position assumed for the vacuum 
level in each case. 



Fig. 4. Photoemission energy distribution curves of Si for 
a photon energy of 7 56eV. Escape probability and 
broadening factors have not been included. 


phonon and electron-electron scattering, inter- 
action of the electrons with the Cesium film 
and band bending have not been considered. 

In order to perform a comparison, we intro- 
duce a phenomenological broadening of the 
form 


yV'(£:',a)) = J“ TV (£',a>)L (£,£') dE' 

where 

= - p +(£_£:' )2 


(6) 

(7) 


r is the broadening constant. We adopt 
different values of F according to the thick- 
ness of the Cesium film: 0-15 eV, for the case 
with no Cesium, 0-20 eV for 30 per cent of a 
monolayer, and 0-25 eV for a full monolayer. 
The energy distribution curves for different 
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Fig. 5. Shows the calculated (solid lines) and the experi- 
mental (broken lines) energy distribution curves in Si for 
several values of photon energy corresponding to a 
sample with no Cs on its surface. The experimental 
curves are those given by Callcott (Ref.[2]). Their peaks 
are identified by numbers, from 1 to 1 1 , as used by 
Callcott (Ref.pj). The calculated curves include an 
escape probability factor with the vacuum level at 5-15 eV 
and a broadening factor equal to 0T5 eV. Partial results 
indicating the contribution from some of the inlerband 
transitions are also shown. They are identified by the 
numbers labeling the bands involved in the transition 
(e.g. label 4-7 indicates the contribution from transitions 
between valence band and conduction band Ei), For 
the sake of clarity only partial contributions important 
from the point of view of the interpretation of the peaks 
were included. 

photon energies, including the effects of the 
escape probability factor and broadening, are 
given in Figs. 5-7. The experimental curves 
(2) are included. Relative scales have been 
selected since the absolute one has not been 
measured. Partial results from the most 
important interband transitions are also 
indicated. 
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Pig. 6. Shows the calculated (solid lines) and the experi- 
mental (broken lines) energy distribution curves in Sr for 
several values of photon energy corresponding to a 
sample with 0-3 of a monolayer of Cs on its surface. The 
experimental curves are those given by Callcott(Ref.I2}). 
Their peaks are identified by numbers, from I to 1 1, as 
used by Callcott (Ref, [2]). The calculated curves 
include an escape probability factor with the vacitum 
level at 2-8 eV and a broadening factor equal to OTOeV 
Partial results indicating the contribution from some of 
the interband transitions are also shown. They are 
identified by the numbers labeling the bands involved in 
the transition (e.g„ label 4-7 indicates the contribution 
from transitions between valence band £< and conduction 
band E,). For the sake of clarity only partial contributions 
important from the point of view of interpretation of the 
peaks were included. Particularly, partial contributions 
producing peak No. 10 are not included since they 
were discussed in connection with the clean surface 
experiments. 

5. DISCUSSION OF THE STRUCTURE 
Two general remarks can be made about the 
results shown in Figs. 5-7. First, the structure 
at higher electron energies is well reproduced 
both in position and relative intensity. We will 
be able to interpret it in terms of the details of 
the energy bands. Second, the energy distriba 



Fig. 7. Shows the calculated (solid lines) and the experi- 
mental (broken lines) energy distribution curves in Si for 
several values of photon energy corresponding to a 
sample with 1 0 of a monolayer of Cs on its surface. The 
experimental curves are those given by Callcott (Ref.[2]). 
Their peaks are identified by numbers, from 1 to 1 1 , as 
used by Callcott (Ref.[2)). The calculated curves include 
an escape probability factor with the vacuum level at 
2-2 cV and a broadening factor equal to 0-25 eV. Partial 
results indicating the contribution from some of the 
interband transitions are also shown. They are indicated 
by the numbers labeling the bands involved in the.transi- 
tion (e.g.. label 4-7 indicates the contribution from 
transitions between valence band E, and conduction band 
Ej). For the sake of clarity only partial contributions 
important from the point of view of the interpretation of 
the peaks were included. 

tions at lower energies show a large contribu- 
tion. increasing as the electron energy 
decreases, which is not reproduced at all 
by our calculation. Part of the direct interband 
structure is superposed on this contribution. 
The pair production scattering mechanism 
[9, 13] or contributions from indirect transi- 
tions [12] could be possible sources for a 
secondary distribution of this type, although 
this is not definitive and the possibility is open 
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for errors in the experiment, the band calcula- 
tion or the escape probability factor. 

On the following we study the interpretation 
of the different peaks in terms of the direct 
interband transition contributions. We use the 
notation adopted by Callcott [2] for the experi- 
mental peaks. We will not perform a detailed 
study of the critical point structure appearing 
in the theoretical calculation because it would 
be too lengthy. 

We find that each peak is produced by 
contributions from a few interband transitions 
at most. They are indicated in Table 2. In 
general, the energy distributions for each 



Fig. 8. Shows the contributions from different interband 
transitions in Si to the energy distribution curves corres- 
ponding to several values of photon energy. Escape 
probability and broadening factors are not included. 


transition shows a dominant peak. lUs is 
shown for some photon energies in Figs. 8^10. 
A plot E-ho) for these peaks is shown in Fig. 
11 together with the experimental ones as 
given by Callcott [2]. The regions of the BZ 
producing most of the contribution to these 
peaks are shown in Figs. 12-19, where the 
electron energy and optical energy contours in 
the principal symmetry planes of the BZ are 
given. Regions were both types of contours 
are parallel give the large contributions to 
N(E, h(o). This data establishes the connec- 
tion between the experimental structure and 
energy bands and it has been summarized in 
Table 2. 

Peak No. 10 is well reproduced by the 
present calculation. For the higher photon 
energies most of the contribution comes from 
interbands and £ 4 - 10 . The main contribu- 
tion comes from a region near the T point. 
Since the bands £3 and £4 have very similar 



Fig. 9. Shows the contributions from different interband 
transitions in Si to the energy distribution curves corres- 
ponding to several values of photon energy. Escape 
probability and broadening factors are not included. 
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Fig. 10. Shows the contributions from different interband 
transitions in Si to the energy distribution curves corres- 
ponding to several values of photon energy. Escape 
probability and broadening factors are not included. 

values at F, it is reasonable to expect them to 
contribute to the same peak. The photon 
energy corresponding to the Fas- Fij. transi- 
tion. about 7-7 eV. indicates the limit below 
which these bands will give no contribution to 
the peak. Below 7-7 eV interbands £3-9 and 
£4-9 are mainly responsible for peak No. 10 . 
The analysis of their energy distribution 
curves is complicated somewhat by the fact 
that level £# is really composed of different 
crossing bands. For example, for fiw = 7-56 
eV there are two different surfaces in the 
BZ contributing to the energy distribution 
curves. 

Peak No. 9 appears in a small range of 
values of photon energy. Interband £3-8 is 
mainly responsible for it. The energy distribu- 
tion function shows two peaks. The upper 



Fig, 1 1 . E-hui curves for the most promiment calculated 
peaks (solid lines) and for the experimental peaks as 
given by Callcott (Ref. (21), (broken lines). The curve 
corresponding to transition 3-7 is shown twice. The 
second one corresponds to the peak shifted by the 
inclusion of the escape probability factor. 



Fig. 12. Contours of constant electron energy (solid lines) 
for band £,,, and constant photon energy (broken lines) 
for interband transition £ 3 -,^ for some of the principal 
planes of the BZ (in eV). 
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Fig. 1 3. Contours of constant electron energy (solid lines) Fig. 14. Contours of constant electron energy (solid lines) 
for band £, and constant photon energy (broken lines) for for band £, and constant photon energy (broken lines) for 
interband transition £<-» in some of the principal planes interband transition £s_g in some of the principal planes of 
of the BZ (in eV). the BZ (in eV). 

Table 2. Interpretation of experimental structure in terms of interband 
transition contributions. The region of the Brillouin Zone responsible for the 
peak is indicated. Photon (hw) and electron (E) energies in eV for the most 
prominent theoretical peaks are given for each interband transition 





Data for prominent peak 

Peak 

Interband 

Location in* 

hw- upper value (eV) 

No. 

transition 

Brillouin Zone 

£ - lower value (eV) 

10 




hw >7-7 

3-10 

Region along A line 

8- 16 8-55 8-92 9-31 



near T point 

7-50 7-70 7-86 8-06 


4-10 

Similar 


fttu < 7-7 

4-9 

Near S line 

7-21 7-38 7-56 

6-90 7 00 7- 12 


3-9 

Similar 


9 

3-8 

Along 2 line 

7-21 7-38 7-56 

6-20 6-28 6-40 

8 

4-7 

Plane LKWU 

7-56 8- 16 8-92 

5-65 6 10 6-60 

7 

6 

3-7 

Plane LKWU 

7-21 7-56 8- 16 8-92 

4-76 4-98 5-32 5-80 

5 

3-6 

Plane PLK 

7-21 7-38 7-56 

4-40 4-46 6 56 

4 

3-6 

Plane XWU 

8-55 8-92 9-31 



near WU line 

4-36 4-62 4 98 


*For details of location see Figs. 12-19. 
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Fig. 1 5. Contours of constant electron energy (solid lines) 
for band E, and constant photon energy (broken lines) for 
interband transition in some of the principal 

symmetry planes of the BZ (in eV). 


Fig. 17. Contours of constant electron energy (solid 
lines) for band and constant photon energy (broken 
lines) for interband transition E.j.., in some of the principal 
symmetry planes of the BZ (in eV). 


Fig. 16. Contours of constant electron energy (solid 
lines) for band E^ and constant photon energy (broken 
lines) for interband transition Es-, in some of the principal 
symmetry planes of the BZ (in eV). 


Fig. 18. Contours of constant electron energy (solid 
lines) for band E^ and constant photon energy (broken 
lines) for interband transition £ 4,5 in some of the principal 
symmetry planes of the BZ (in eV). 
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Fig. 19. Contours of constant electron energy (solid 
lines) for band E, and constant photon energy (broken 
lines) for interband transition £4-, in some of the principal 
symmetry planes of the BZ (in eV). 

one, produced by regions near the X line, is 
responsible for the experimental structure. 

Interband £4-7 gives the main contribution 
to peak No. 8. The region responsible for it 
is related to the plane LKWU. It approaches 
the L point as the photon energy decreases. 

Peaks marked as No. 6 and 7 in the experi- 
ment are treated together because they are 
mostly produced in the theoretical calculation 
by the same interband transition £3-7, al- 
though there is some contribution from £3-8. 
Their position are determined through experi- 
ments with Cesium films of different thick- 
nesses and differences in the position of the 
structure are produced by changes in the 
escajje probability factors. The peak pro- 
duced by £3_7 is shifted because P(£) is 
changing at very different rates in both cases. 
The £3_8 interband, at a slightly larger energy, 
enhances the effect. 

£.3-8 produces peaks No. 4 and 5. There 
are two regions in the BZ giving important 


contributions to £3-6* One, very near tiie W 
point, is important at higher ^oton energies 
and produces peak No. 4. The other becomes 
important at Idwer photon enei^es and it is 
related to a flat zone in electron enerpes near 
the L point. 

We have not been able to reproduce cleariy 
peaks No. 1 and 2, as well as dip No. 3. 
Interband transition £4., produces a structure 
near peak No. 1 but the agreement is not very 
good. Up to photon energies about 4-41 eV 
the theoretical peak follows the experimental 
one, although its position is at slightly higher 
electron energies. For higher photon energies 
the experimental peak becomes very large, 
while the contribution from £4.5 practically 
disappears. The peak produced by £4.8 
reaches a maximum near 4-41 eV, when the 
surface in the BZ contributing to N{E,ui) is 
near a three dimensional optical critical point 
in the Y XL plane. Contribution from interband 
£4^8 appears as related to peak No. 2. Again, 
for the lower photon energies the agreement is 
reasonable, but for the higher energies the 
experimental structure becomes very large 
and it is difficult to perform any comparison. 

Peak No. 11 was not reproduced by our 
calculation. A possible source for this struc- 
ture are transitions from band £1, which were 
not included in our calculation. 

6. CONCLUSIONS 

We have shown that a direct transition 
model for the photoelectric effect provides a 
good prediction of the experiments for higher 
electron energies, giving a possibility to study 
the details of conduction band energies no 
accessible to optical experiments. Through 
the use of refined computational techniques 
we have been able to obtain in detail the 
critical point structure present on the theoreti- 
cal spectrum. This has been useful to correlate 
the most important peaks and the energy 
bands. We have shown that many details are 
erased from the experimental spectra by a 
large broadening. If it were possible to de- 
crease it, the information to be extracted from 
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the energy distribution curves could be 
increased considerably. At lower energies the 
agreement is worse but we expect to improve 
it by the consideration of other physical 
effects. 
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LINE BROADENINCi OF URANYL SALTS AT 
LOW TEMPERATURE 

V. A. LODATO 

Gulf General Atomic In?. P.O. Box 608, San Diego. Calif. 921 15, U.S.A. 

(Received 9 April 1 970) 

Abstract— A model is developed for the energy transfer between uranyl ions for the resonant and 
non-resonant cases. The periods of excitation transfer are estimated and the spectral broadening of the 
resonant line is examined in terms of the excitation transfer between ions. The question of whether the 
initial excitation is due to dipole orquadrupole radiation is resolved. 


1. INTRODUCTION 

One of the main features [1 , 1] of the fluores- 
cence spectra of the uranyl salts is the loss 
of high resolution at low temperatures. The 
width of the spectral lines can be attributed to 
five basic processes; ( 1 ) the emission of light 
energy which is accompanied by the transition 
of the uranyl ion into the non-excited electron 
state: (2) the conversion of the electron energy 
of the uranyl ion to the energy of the oscilla- 
tions of the lattice; (3) the conversion of the 
energy of the intramolecular oscillations to 
the energy of oscillations of the lattice; (4) the 
energy transfer of intermolecular oscillations 
initially located around the absorbing or the 
emitting uranyl ion along the whole lattice: 
(5) the transfer of the energy of the electron 
excitation from one uranyl ion onto other 
uranyl ions. 

Stepanov [3] has obtained an order of 
magnitude for the line widths for the first four 
processes from the Heisenberg uncertainty 
principle arguments, but he was not able to 
draw any conclusive evidence for the period 
of excitation transfer for the fifth process. 
According to Rabinowitch and Belford[4], 
the width of the fluorescent bands is due 
primarily to the excitation transfer between 
uranyl ions, but there has been no quantitative 
analysis for the frequency of exchange. In this 
paper, an order of magnitude calculation is 
presented to estimate the line widths due to 


resonance and non-resonant broadening that 
may occur due to excitation transfer between 
neighboring U 02 ^“ ions in the lattice. 

In the non resonance case the excitation 
transfer is considered between different 
isotopic species of uranyl ions. (The isotopic 
splitting is of the order of 0-5cm~‘.) We 
conclude that the excitation transfer accounts 
for the line broadening in the fluorescent spec- 
tra at low temperature. 

2. MODEL 

Consider the system of two molecules A 
and B that are fixed at some distance. The 
interaction with lattice vibrations of the 
surrounding medium is considered to be 
negligible since the total system is at a very 
low temperature. We assume that each mole- 
cule has a single electronic slate in the 
energy region of interest. 

Given an initial excitation on A, designated 
as /!*, the question is what is the characteris- 
tic time for excitation transfer between 
two states. 

A* + B ^A + B* 

(State 1) (State 2). (1) 

If the period of molecular vibration is much 
less than the period of excitation transfer 
between A and B, then for any probable 
nuclear configuration in the neighborhood of 
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the minimum of the potential surface of A* B 
a number of vibrations will be complete 
within a single period of excitation transfer; 
the potential field felt by the two ions is that 
obtained by applying the adiabatic approxima- 
tion to the coupled system of A and B. 

The total Hamiltonian for the system is 

^ + W/’(q2) 

+ //B'''*(Q2)+iJ(|q2-q.+R|) (2) 

where the coordinates q,, Q, and q^, Q^. are 
the collective electronic and nuclear coordi- 
nates of A and B respectively and |R| is the 
distance between the two. In the present two 
state case the total wavefunction for the 
system may be written as 

il'(qi.q2.Qi.Q2./) = G«fl(/)d>.<'(qi)0fl(q2) 
Xx,r(Qi)XB(Q2)e'‘'' 

+ Cah* 

Xx.(Q,)X«-(Q2)e«=' (3) 

where the </)'s and x’s correspond to the 
electronic and vibrational wavefunctions and 
€i and are the sums of the electronic and 
vibrational frequencies in states 1 and 2 
respectively. 

The squares of the moduli of the two coe- 
fficients, |G<fl(r)|^ and |G8•(0|^ corres- 
pond to the probability of finding the system 
in State 1 or State 2. Using time dependent 
perturbation theory, the Schroedinger equa- 
tion reduces to two coupled linear first order 
differential equations with explicit time 
dependent factors 

ih 0*fl(r)e'''“' = e"""' 

xe-'«'G«-(/) (4a) 

X (xJX/r'Xx/iIXfl*) 

X e" C<<B ( f ) •+ ( 8*1 V I 

^ <t>A<t> B") (4b) 


Defining the variables yA'BU) = 

e"“'' and y.<8*(0 = GaXOe''®', the equations 

become 

i^yA‘B(t) = MA-<l>B\v\<t>A-<f>B) 

-fie^]yA’B(0+(4lAr(f>g\v\<l)A4>B>} 
X < X4 1 X/i*> < Xb I X fl‘> .V/fB*(0 (5a) 

ifiyAB-(t) = <Xa|x.<*>(XBlXs'><</>a*d»fl|i’l«#'.4d>B>) 
X y4>8(/) -b ) 

-hii\yAB‘{t). (5b) 

Solving these two differential equations sub- 
ject to the boundary conditions 

Og(0)=^,andG8.(0) = ^2, 

the probability of excitation transfer is 

I Cab-U) I - = /f 2^ cos^ ji [4^2 + y2] ^ j 

^ (A,y-lA,li)‘^ 

4/B‘-hy‘^ 

Xsin^|L4/82-l-y-]'''-|| (6) 

where jS is the product of the electronic 
exchange energy {<f>A4>H\v\<l>A<t>H‘} and the 
Franck-Condon factors (X/iIx^-Xx-bIxb-). 

andy = - {(l>A<f>B'\v\<l>A<f)B^ 

+ AE, where A£ = h{€., — f,). 

In the case of exact resonance y = 0, and 
equation (6) reduces to the well known for- 
mula (5,6) for the probability of excitation 
transfer |C,„.(r)r'= = cos^ {p(tlh)}+A,^ 
sin^ {/3(//fi)} with the period of excitation 
transfer being t = (hlA/S). 

The second case of interest is that in which 
the excited electronic state of A is the same as 
B. and the energy difference A£ is due to the 
vibrational isotope shift in the resonant state. 

The probability of excitation transfer for 
the case, (7,8) with the initial conditions 
/1 1 = 1 and /4 2 = 0 is 
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4/8* 

Xsin*{^[4j8* + A£*]’'*|j. '(7) 

The period of transfer is t = (A/2){4/3* + 
AE^)~''^. The effect of AE will clearly be 
greatest if AE > As will be seen below, 
this is the relevant case. 

Under these conditions the period of excita- 
tion transfer becomes small, however the 
amplitude of the transition probability is also 
small, being given by 

48* 

max{ I Cb- (t) I*} =1 Gb* (t) |*= '^^.'Xe^' 

Representing the decay of initially excited 
/4 * as a first order process 

nA>U) = e"''' (9) 

k can be evaluated as follows. The amount of 
A* At the end of successive periods, t. is 
given by the series: 

«^.(r) = [l-|OB-(T)*]/;^.(0) 

«.<.(27) = (l-|GB*(r)|*]*n^^0) 

«^.(t) = [l-|OB.(T)|*]"^n,.(0). (10) 

Then 

= (11) 


To carry out the evaluation of |8 the elec- 
tronic exchange matrix element, the interac- 
tion Hamiltonian, which is the coulombic 
energy between, electrons of A and B, can be 
expanded in a multipole series which is 

V = {M, . Mb - 3(M,4 . ^)(Mb . (?)} 

+ {'VeRn{^(^.Q^./?)(MB.^) 
-(Mb.Q.4./^)} 

+ {•}(/?. Qb./?)(M^.^) 

+ {^/€/?n {(^ . Q . Qb . k)+iiR Qa-^) 
x(A.Qb.^)+HQ.:Qb)} + ..-. (15) 

Here M^, Mb and Q^, Qg are the dipole 
and quadrupole transition moment operators 

Mb =2 •‘fli'Qfl = 3MflMB "M b . Mfl 1 (16) 

i 

The vector R = 1 R | R is the intemuclear 
separation, e is the electronic charge, and e 
is the static dielectric constant of the medium. 
In the case where the transitions A* 
and B-*B* are optically allowed, the 
major interaction is dipole-dipole. However, 
if the transitions are strictly forbidden due to 
odd parity in the product of the wavefunctions 
of the initial and final states the major inter- 
action arises from the quadrupole term in the 
interaction potential. Hence the matrix 
element may be approximated by 


substituting from (8) and taking the logarithms {<I>a<I> kl*/* «!»«) = 


I 

T 



4/8* ' 

4/3* + A£*. 


= -k. 


Since A£* ^ 8^ 


( 12 ) 


> 48* _ 

t48* + A£* 


(13) 


approximating t on the same A£ > 8 b^^sis 


2A£ 48* 88* 

h 48* + A£*“ftA£' 


( 14 ) 


—^UaUb Dipole-Dipole 

— iQaQr Quadrupole-Quadrupole. 

(17) 

Here the u's and Q's correspond respectively 
to the dipole and quadrupole transition 
elements. 

With regard to the evaluation of the vibra- 
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tional overlap integrals, it is sufficient to 
consider the transition O — » O in the vibra- 
tional spectrum. Hence the Franck-Condon 
factors tecome 

/ V \ V \ 25 Syi 

exp{-J8-ie'Xj^) (18) 

where and Ra is the force 

constant for A and M its mass. We have 
another corresponding expression for B. 

Evaluation of the force constant factors 
from the spectral data of Dieke and Duncan 
[9] gives a value of ~ 0-997; these terms can 
be assumed to be unity and /3 is given by 
electronic interaction matrix elements. 

The following is a table for the relaxation 
times where t is the energy transfer period 
in the resonant case and the inverse of the 
decay constant in the non resonant case, and 
« is the static dielectric constant CsUO* 
(NOala which is approximately equal to two. 

3. CONCLUSION 

Using the numerical values from Hall and 
DiekeflO] for CsUOaiNO,)^ at 4-5°K one 
may calculate the dipole and quadrupole 
transition elements which are 3-66x10'*” 
esu*cm*and 3-6x 10*“ esu* cm"* respectively. 

Since the uranyl ions are separated by 
approximately 1 0 A one calculates from Table 
1 that for dipole-dipole (D-D) interaction 
the relaxation time is 8-9x 10~'' sec, while 
for quadrupole-quadrupole (Q-Q) interaction 
it is 1-06 X 10“*' sec. Since the resonant line 
width |3-9) is less than 0-3 cm*' and much 
larger than the natural line width, one con- 

Table 1. 


T(sec) 

Dipole-Dipole 

Quadrupole- 

Quadrupole 


hiR^ 

htR^ 

Resonance 




htsEf^R*' 

hlsEf^R'o 

Non-resonance 

8eV/M/ 



eludes that the excitation transfer can not be 
due to Q-Q interaction but agrees with the 
D-D case. 

In the non resonant case the two isotopic 
species of uranyl ion of the natural salt is 
separated by 50 A and the energy splitting 
is 0-5 cm*' at 20°K[3]. Using Table 1, one 
calculated a relaxation time of 3-9x10“" 
sec for the D-D case while for Q-Q interac- 
tion one has 5-2x10"*'. Hence from the 
relaxation time the interaction must be dipole- 
dipole, if it were not, one would not observe 
the isotopic splitting. 

Since UOj*^ is linear in character a dipole- 
dipole transition would be zero. However the 
electron cloud around the uranylion is dis- 
torted. due to the crystal field interaction with 
other ligands. A relaxation of the selection 
rules occurs and one has a forced dipole 
transition occuring. This is based on the fact 
that the oscillator strength for most uranyl 
salts is 10"” [4], 

Thus from the above discussion we con- 
clude that the excitation transfer between 
uranyl ions must be dipole-dipole and the 
line width can be explained in terms of the 
energy transfer. 

Arknowleduemeni - 1 would like to thank Dr. John P. 
Porter for several helpful conversations, 
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Energy of migration of anion vacancy and 
interstitial in calcium fluoride 

(Received 14 May \910\ in revised form 16 July 1910) 

A CALCULATION based on Bom model has 
been made of activation energies of migration 
for F~ vacancies as well as F~ interstitials in 
CaFj lattice. The method used was that 
described by Franklin [1]. 

For vacancy migration the path considered 
was along the <100) direction. The saddle 
point configuration was assumed to consist of 
two neighbouring vacant anion sites and a F~ 
ion at the mid-point of the anion cube edge. 
Region 1 ions (interactions treated explicity) 
included both the nearest as well as the next 
nearest neighbours. Each of these ions was 
assumed to relax radially with respect to the 
nearest defect site. The displacements and 
dipole moments of Region II ions were found 
by the Mott-Littleton[2] dielectric continuum 
theory assuming each defect to distort Region 
II independently of the others present. The 
Brauer effect [3] however has been neglected 
in the present case. The displacements and 
dipole moments of Region 1 ions were deter- 
mined by minimizing the energy to create the 
defects making up the saddle point configura- 
tion. The minimisation was done by using 
Rosenbrock’s method [4]. Table 1 gives the 
breakdown of the Coulomb, Repulsive and 
Polarization terms for the activation energy 
values obtained using repulsive parameters 
suggested by different authors [1,5]. 

It is evident from this table that Franklin 
parameters used with Bom-Mayer-Verwey 
modification [6] as well as Axe potential give 
activation energies which are in satisfactory 
agreement with experimental value 0-56 eV [7]. 

For interstitial migration the saddle point 
for the anion was first assumed to be at (iii) 
of the cubic cell of the f.c.c. cation lattice. By 


Table 1. Breakdown of terms in activation 
energy values for anion vacancy migration 
(eV) 


Repulsive 

parameters 

^£Coul. 




Franklin 

-0-95 

+ 1-04 

+0-22 

+0-31 

Axe 

-0-95 

+ 1-19 

+ 0-22 

+ 0-46 

Franklin (Bom- 
Mayer-Verwey 
modification) 

-0-71 

+ 1-15 

+ 0-20 

+0-64 


treating Regions I and II in identical manner 
as above an activation energy of 2-08 eV was 
obtained, the breakdown of terms being shown 
in Table 2. This is rather large compared to the 
experimental value of 1 -55 eV [7]. 


Table 2. Breakdown of terms in activation 
energy vaiue for anion interstitial migration 
(eV) 


Repulsive 

parameter 


^£Rpn 

££-PO] 


Franklin 

- 1-85 

+ 4-73 

-0 80 

+ 2-08 

Axe 

-1-19 

+ 4-65 

-0-94 

+ 2-52 


Finally, migration of F~ ions by interstitial- 
cy replacement in a (111) direction was 
investigated. Figure 1 shows schematically 
the configuration of the two anions B and C 
participating in the mechanism and the 
corresponding vacant site A. Denoting the 
distances of the interstitial ions B and C from 
the lattice site A by and fjo respectively, a 
being the inter-anionic spacing, energies were 
calculated for different values of and ^ 2 . 
From these results, the saddle point configura- 
tion was found to be = 0-577, = 0-485 
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Fig. I, Schematic diagram of anion interstitialcy confi- 
guration in CaFj. 

and the breakdown of different energy terms 
is as shown in Table 3. 

It is evident that Franklin parameters used 
with Bom-May er-Verwey modification give 
an activation energy which is in agreement 
with experimental value. 

Table 3. Breakdown of terms in activation 
energy value for anion interstitialcy migration 
(eV). Saddle point configuration: = 0-577. 
= 0-485 


Repulsive 

parameters 



A£''“' 


Franklin 

-(-0-63 

+ 0-87 

-0-21 

-f 1-29 

Franklin (Bom- 
Mayer-Verwey 
modification) 

-f 1-10 

+ 0-70 

-0-24 

-(-1-56 


However, in these calculations the ground 
state of the interstitial has been assumed to be 
at the anion cube body center. Also, other 
possible reaction paths have to be explored 
before a true comparison with experimental 
value could be made. Such work is now in 
progress. 
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"'Br magnetic resonance in fresh silver 
bromide’" 

(Received \(s April 1970) 

Aging of fresh silver bromide has been 
studied by recording the intensity of the 
magnetic resonance absorption derivative 
line of "'Br. Other potentialities of the method 
are discussed. 

Silver bromide is an interesting material for 
starting nuclear magnetic resonance absorp- 
tion studies of aging phenomena in Tresh 
insoluble salts. Its aging has been investigated 
in the past by means of the technique of 
isotopic exchange (Kolthoff and O'Brien 
(1939); Langer (1943); Kolthoff and Bowers 
(1954)) and very detailed bromine magnetic 
resonance work has been performed by Reif 
(1955) on the pure annealed salt and samples 
with controlled concentration of point defects. 

One still open question is whether the 
isotopic exchange in fresh precipitates takes 
place by recrystallization of the individual 

♦Based on part of the Dr. Chem. thesis presented by 
Rodolfo d’Alessandro at the University of Rome, March 
1969, 
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microcrystals (by motion of crystal surfaces 
in contact with the solution) or by some other 
mechanism. The most direct evidence for 
recrystallization offered by Kolthoff and his 
co-workers in their important investigation^ 
was the isotopic exchange behavior of fresh 
lead chromate (Kolthoff and Eggertsen 
(1941)). However, it has been shown (Collotti, 
Conti and Zocchi (1959)) that in this case a 
phase transition occurs in the fresh precipi- 
tate. Therefore its exchange behavior must be 
carefully interpreted (Conti, d’Alessandro and 
di Napoli (1970)). We believe that some 
diffusion mechanism is the solid can explain 
the exchange experiments when there is no 
phase transition. (Precipitates obtained by 
flocculation from the colloidal state should 
perhaps be considered a special case.) Aging 
is detected as a decrease of the rate of 
exchange with time. 

By the nuclear magnetic resonance tech- 
nique one can attempt to detect this diffusion 
in very fresh microcrystals by motional 
narrowing of the absorption line and to 
follow, if the resonant nucleus has an electric 
quadrupole moment, the decrease of lattice 
imperfection densities with aging. Silver 
bromide is a simple ionic solid, it has a face- 
centered cubic lattice, two bromine isotopes, 
^"Br and “‘Br, of nearly equal abundance, 
both with spin number I — i (hence both with 
an electric quadrupole moment), and under- 
goes no phase transition after precipitation 
from aqueous solutions. 

In order to get information on the order of 
magnitude of the possible Br~ diffusion 
coefficient in fresh AgBr we have analyzed 
the data of Kolthoff and O’Brien on the 
'""’’Br isotopic exchange in fresh precipitates 
obtained at room temperature (~25°C) from 
approximately 0- 1 M solutions of KBr and 
AgNOg. (We discovered a mistake made by 
them in calculating the exchange values given 
in Table 7 and curve 1 of Fig. 3 of their second 
paper. Starting from their radioactivity data, it 
can be seen that the maximum exchange, 
asymptotically approached, is not higher than 


the thermodynamic value, 100 per cent 
exchange, but is equal to it. Hence the 
diffusion hypothesis is justified and recrystal- 
lization appears,: to be unlikely.) Knowing 
from the work of Kolthoff and O'Brien that 
the number of Br“ ions in the surface of the 
microcrystals so prepared is 2-0 per cent of 
the total number of Br~ ions in the solid and 
utilizing the curves given by Crank (1956) for 
the ideal case of diffusion of matter in spheri- 
cal particles from a well stirred solution of 
limited volume, an apparent average Br~ 
diffusion coefficient of the order of 1 0~‘® cm*/ 
sec has been calculated for a fresh AgBr 
precipitate and for an isotopic exchange time 
of the order of 1 hr. (The microcrystals were 
initially supposed to be of cubic shape with 
{100} faces and of uniform size. Since the 
Br" ions in the surface can be imagined to be 
contained in a depth of half lattice constant, 
it is simple to calculate the edge of the cubic- 
shaped microcrystals. From this value the 
radius of spherical microcrystals has been 
obtained with the assumption of equal vol- 
umes.) The above Br" diffusion coefficient 
can be compared with the equilibrium value 
of 10"*®cm*/sec obtained by a rather un- 
certain extrapolation from the high tempera- 
ture data of Tannhauser (1958). 

In order to see if the apparent Br~ diffusion 
coefficient in fresh AgBr is so high as to have 
the possibility to cause motional narrowing of 
the ®'Br magnetic resonance line we have 
used the equation valid for a face-centered 
cubic lattice (Spokas and Slichter ( 1 959)) 


where Aj^ is the rigid-lattice width of the 
resonance line, t the average time between 
two consecutive diffusion jumps of a bromine 
ion, a the lattice constant and the limit 
diffusion coefficient which causes motional 
narrowing. This formula is valid for a vacancy 
diffusion mechanism. Applying this formula to 
our case, with Av = 1-02 kc/sec, the theoreti- 
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cal *‘Br magnetic width of the observed 
magnetic resonance absorption line, corres- 
ponding to the i transition (Reif 

(1955)), and a = 5-77 . 10“®cm, a value Du = 
2’8 . 10“‘® cmVsec is obtained. As can be 
seen, at least in the limit of the crude approxi- 
mations introduced above, in no case can 
one expect a narrowing of the ®‘Br resonance 
line in moderately fresh precipitates prepared 
from 0-1 M KBr and AgNO^ solutions. As an 
attempt to introduce in the solid a higher 
concentration of defects, we have precipitated 
AgBr, at a temperature of ~18°C, from 
equimilar solutions approximately 0-5 and 
2 M of KBr and AgNO;,. Besides, we have 
precipitated AgBr also from solutions approxi- 
mately 0-5 M of HBr and AgNOa. All chemi- 
cals used were of C.P. quality. 

The *'Br magnetic resonance was examined 
with a Pound-Knight-Watkins radiofrequen- 
cy spectrometer (Pound and Knight (1950)); 
Watkins and Pound (1951); Pound (1952) 
equipped with a permanent magnet (manu- 
factured for this laboratory by Soc. Imicam 
Nucleare, Milano, Italy) which provides a 
field strength of 5880 G in a 3'8-cm gap. The 
field was varied linearly with time by a current 
regulator and field-modulation was used at 
280c/sec The lock-in amplifier was a commer- 
cial instrument of the Princeton Applied 
Research Corporation, Model HR-8. Absorp- 
tion line derivatives were recorded from 
which peak-to-peak intensities 5 relative to a 
standard of commercial polycrystalline AgBr 
were obtained. Peak-to-peak line widths Av 
can be found from the relative intensities by 
the relation (Ar')^ = K/S, where K was deter- 
mined to be 4-0 kcVsec^ 

No line narrowing was found in all the 
cases considered, even in samples examined 
about 10 min after precipitation. This negative 
result can be explained in several ways. First, 
it is of course quite possible that even in the 
very fresh precipitates obtained from the 
given supersaturations the Br“ diffusion 
coefficient does not reach the value of about 
3 . 10“’® cm*/sec. Second, a high initial concen- 


tration of Ag point defects (which are very 
mobile) might preclude the possibility to 
observe the ®‘Br line narrowing effect by 
causing, by quadrupole interaction, a shorten- 
ing of the spin-lattice relaxation time of the 
®'Br nuclei, so leading to lifetime broadening 
of the *’Br line. (As Reif has shown, this 
mechanism, for Ag vacancies, is particularly 
effective near room temperature.) Third, 
diffusion short circuits, i e., stationary or 
moving dislocation channels, could justify 
both high Br“ diffusion coefficients and the 
absence of motional narrowing of the reson- 
ance line. Returning to our experiments, 
aging was apparent by an increase of the 
relative intensity S with time elapsed after 
precipitation. Line widths were larger than 
the magnetic width thus showing presence of 
point defects and/or dislocations (Reif (1955); 
Bloembergen ( 1 955)); in the microcrystals. The 
best results obtained are shown in Figs. 1 and 
2. The aging at room temperature of AgBr 
microcrystals precipitated from solutions of 
HBr and AgNO.., and dried at 120°C for 15 hr 
is shown in Fig. 1. Figure 2 shows the aging 
at room temperature of microcrystals precipi- 
tated from the same solutions and stirred in 
the mother solution. Very probably the aging 
of fresh dry AgBr is due to the low Tammann 
temperature of this salt. These results suggest 
that a diffusion study of aging of AgBr by the 
isotopic exchange technique should not be 
interpreted only in terms of a decrease of 
exchange rates of Br“ and Ag+ ions ascribed 
to Ostwald ripening of the precipitate (Langer 
( 1 943)). A decrease of crystalline imperfection 
densities and therefore of diffusion coefficients 
should not be overlooked in similar experi- 
ments. Unfortunately these densities cannot 
be estimated by nuclear magnetic resonance 
absorption unless one has an idea of the 
nature of the imperfections. Further experi- 
ments, both by nuclear resonance and iso- 
topic exchange, on the same microcrystals 
should help to clarify some of the above 
discussed points. 

One of us (L.G.C.) thanks George Murray 
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Fig. 2. Aging of fresh silver bromide stirred with mother solution 
(•*Br resonance) . 


for information obtained some years ago at 
the Pennsylvania State University about 
his version of the Pound-Knight-Watkins 
spectrometer. We are also indebted to 
Antonio Bolle for much help with electronics. 
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Cation distribution and Curie temperature in 
the copper-manganese-zinc ferrites 

^Received \ ()July 1970) 

We have previously investigated the influence 
of cation distribution on the Curie point of the 
copper-zinc ferrites[l]. In the present note, 
some preliminary results concerning this prob- 
lem for copper-manganese-zinc ferrites are 
discussed. 

The samples, of toroidal shape, were pre- 
pared from oxides by usual ceramic tech- 
niques. Sintering in air at 1200°C for 4 hr 
was followed by quick cooling. X-ray and 
chemical analyses, carried out after sintering, 
showed only the presence of a spinel phase 
with a small deviation from the initial chemi- 
cal composition. The Curie temperature was 
determined from the temperature dependence 
of the saturation magnetization, with a preci- 
sion of 1-2°C. The cation distribution was 


modified by thermal treatment in an oxygen 
atmosphere. Results obtained for two samples 
of three compositions are shown in the Table. 

Because the sintering temperature is higher 
than 950°C. where the reduction of Cu“+ to 
Cu'*^ ions begins [2J, the number of Cu'^ ions 
at the end of the sintering process is large. 
Assuming that Cu“ ions have a certain pref- 
erence for the tetrahedral sites, this fact 
accounts for a lowering of the Curie tempera- 
turejll. The oxidation of Cu'+-»Cu-+ ions 
involves movement of the copper ions from 
the tetrahedral to the octahedral sites since 
Cu-' ions prefer octahedral sites [3]. This 
will result in an increase in the Curie tempera- 
tures. At the same time with the migration of 
copper ions from tetrahedral to octahedral 
.sites, an inverse migration of Fe’*^ ions takes 
place. 

Oxidation of Cu'+ ions in the sintered 
samples was accomplished by an oxygen 
treatment followed by rapid cooling. As can 
be seen in the Table the Curie point does in 
fact shift to higher temperatures after this 
treatment. After an analogous nitrogen treat- 
ment however, the Curie point does not 
change since in an inert atmosphere oxidation 
cannot take place. 

The change in Curie point after oxygen 
treatment, for copper-manganese-zinc fer- 
rites. is less pronounced in comparison with 
the copper-zinc ferrites[ll. We explain this 
fact in the following way. In the copper- 
manganese-zinc ferrites, on the tetrahedral 
sites there are Cu'+. Mn^+, Zn^+ and Fe-'* ions, 
and on the octahedral sites there are Cu^^, 
Mn''^, Fe^^ and Fc'’^ ions (Mn’’^ ions on the 
octahedral sites are present due to the exist- 
ence of Fe-^ ions on these sites [4]; the Fe^"^ 
ions result from the reduction Fe^^ Fe-+ in 
(he sintering process due to the evaporation 
of zinc at the ferrite surface [5]). In the oxida- 
tion process, as a result of the oxidation Fe^+ 
Fe’’’+. migration of manganese ions from octa- 
hedral to tetrahedral sites takes place; this 
causes a small decrease in the Curie tempera- 
tures. 
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The passage of copper ions from the tetra- 
hedral to the octahedral sites in the oxidation 
process, accompanied by an inverse passage 
of the Fe-'^ ions (or of Mn“^ ions), has bepn 
proved by saturation magnetization measure- 
ments. 


zation of this lattice. This fact is responsible 
for the decrease in magnetization of the fer- 
rites. The substitution of Fe*+ ions by Cu*"^ 
ions on the octahedral lattice, decreases the 
magnetization of this lattice, having a similar 
effect upon the magnetization of the ferrite. 


Table 1. Initial chemical composition, Curie temperature (Tr) 
and saturation magnetization (Jj for the ferrites studied 



sintering in air 

treatment in Oj 

treatment in N 


( 1 ZOO^C for 4 hr) ( 1 OOO'C for 2 hr) (1 OOO-C for 2 hr) 

Initial chemical 

Tr 

J. 

T, 

J. 

Tr 

J. 

composition 

CC) 

(Gs/g) 

(°C) 

(Csig.) 

(“O 

(Gs/g) 

C u„,2Mn„,2Zni,,aFe,(L 

45 

.398 

66 

369 

— 

— 


43 

389 

— 

— 

43 

387 

Cu„..|Mn,i.,,Zn,i,,Fe 204 

158 

276 

193 

234 

— 



162 

273 

— 

— 

165 

269 


268 

183 

310 

1 12 

— 

— 


273 

179 

— 

— 

271 

181 


In the Table, the saturation magnetizations, 
measured at 77°K, for three of the samples 
studied are shown. We observe that the satura- 
tion magnetization decreases in the oxidation 
process but does not change in the nitrogen 
treatment. Because the magnetization of fer- 
rites is determined by the difference between 
the magnetizations of octahedral and tetra- 
hedral lattices, the substitution of Cu'+ ions 
(which have no magnetic moment) by the 
Fe*+ ions (which have a magnetic moment) on 
the tetrahedral lattice, increases the magneti- 
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ELECTRICAL RESISTIVITY. HALL EFFECT AND 
OPTICAL ABSORPTION IN TIS, TlSo.,Sco.5 AND TlSe» 

R. & ITOGAt nd C. R. KANNEWURF 

Department of Electrical Bngmeering, NwthwestelfruiSveraity , Evanston, 111. 6020 1 , U.S A. 

(Received 1 1 June 1970; in revised form 2 October 1970) 

Abmraet— Various ternary compositions in the TlS-TlSe system were prepared and found to have the 
same tetragonal structure as TIS and TlSe. Resistivity and Hall measurements on the compositions 
TIS, TlSe and TISa.«Seo.t were performed over the temperature range of 78 to dOO’K. Activation 
energies obtained from these data are compared to direct and indirect band transition energies ob- 
tained firom optical absorption measurements for radiation polarized both parallel and perpendicular 
to the direction of the principal crystallographic symmetry axis. Some results are idaitified with 


previously proposed band structure details. In the 
energies reported by several other investigators. 

1. INTRODUCTION 

In the thallium chalcogenide systems with 
sulfur and selenium several binary compounds 
have been identified [1]. Probably the most 
studied and best known are TltS from the 
Tl-S system and TlSe from the Tl-Se system. 
Recent interest in TlSe has been concerned 
primarily with electrical transport and related 
properties. Similar studies have not been 
reported for TIS. The preparation and study 
of crystalline ternary systems based on binary 
thallium chalcogenide compositions have 
also not been considered for the most part in 
the literature. The present investigation of the 
binaries, TIS and TlSe, has two objectives: 
to develop ternary compositions of the form 
TlS;tSe(,_x), 0 r « 1 , which provides the 
simplest chalcogenide interchange and to 
extend the study of the binary compositions 
by electrical and optical measurements on 
TIS. 


*This research was supported in put by the Advanced 
Research Projects Agency of the Department at Defense 
through the Northwestern University Materials Research 
Center. This paper is based on a thesis sutnnitted by 
R. S. itoga in partial frilfillment tte requirements for 
thePh.D.d«iee. 

tPresent Address: Oennal Dynamics, Pomona 
Divisioo, Pomona, California, U.S.A. 


case of TlSe a comparison is made with band gap 

The crystal structure of TlSe is body- 
centered tetragonal [ 2 ]; the crystal structure 
of TIS is isotypic to that of TlSe [3]. The 
genera] bonding arrangement consists of 
chains in which thallium atoms are surrounded 
tetrahedrally by four chalcogenide atoms; the 
remaining thallium atoms are located be- 
tween the chains [4]. The identification of 
semiconductor behavior in TlSe was first 
reported by Mooser and Pearson[S]. Subse- 
quently, in over thirty papers various proper- 
ties of TlSe have been discussed. Conductivity 
and Hall measurements indicate an intrinsic 
activation energy of 0-57 to 0-60 eV at 300TC. 
Optical measurements place this eneigy in 
the range of 0-7 to 0-8 eV. Reference to 
specific papers will be given in later sections. 
In the measurements repmted here electrical 
data obtained for TlSe are also presented for 
comparison, and optica] absorption measure- 
ments extend the previously reported work. 

2. EXPERIMENTAL 
(a) Sample preparation 

To obtain single crystal material of the 
specific compositions TIS, TlSe.sSeo .5 and 
TlSe, stoidiiometric quantities of the con- 
stituent elements were first sealed in tapered 
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quartz ampoules at a pressure of 10'® Torr.* 
The usual precautions were taken throughout 
this investigation to prevent oxide formation 
on all ingot material containing thallium ; nearly 
all operations were performed in an argon 
atmosphere. In the case of TlSo-sSco-s and TlSe 
the ampoules were placed in a furnace and the 
temperature increased to 375®C, maintained 
for several hours, and then slow cooled to 
room temperature. The ampoules were then 
placed in a vertical zone melting furnace and 
lowered at rates varying from 3 to 9mm/h 
through three separate heating stages: the top 
region is 100°C below the ingot melting 
point, the center 1 5 to 20‘’C above the melting 
point and the bottom at ISO^C for TlSc and 
nO^C for TlSosSeo-s. Large single crystal 
sections were found to have developed in 
the ingots. Preparation of TlSe by various 
methods has been described in the literature 
[6,7]. 

In the case of TIS polycrystalline material 
decomposes upon heating by way of a peri- 
tectic transformation and satisfactory single 
crystal development was not possible by 
vertical zone melting. A modification of a 
horizontal zone levelling technique for 
crystal growth as discussed by Pfann[8] was 
employed. In this method the polycrystalline 
ingots are sulfur enriched; the range of 52 to 
56 at. % sulfur was found to give the most 
satisfactory results. The zone heating furnace 
moved at the rate of 5 mm/h. The minimum 
temperature along the ingot was maintained 
at nO'C. The furnace travels four or five 
times in each direction. The ingot is then 
annealed at 1 50°C for a period of 24 hr and 
slow cooled to room temperature. Single 
crystal sections of TIS ingots were generally 
of smaller volume than those of TlSe. 

(b) Ternary compositions 
Since TIS and TlSe are isotypic in crystal 


^Thatliuni. sulfur and selenium were obtained from the 
American Smelting and Refining Co., purity of each ele- 
ment; 5 — nines +. 


Structure, nearly all combinations of TIS and 
TlSe may be part of a continuous solid solu- 
tion. It was found that the TlS-TlSe ternary 
system may be represented as a quasibinary 
system except at compositions near TIS. A 
thermal an^ysis for the ternary TlS^Secj-x) 
was performed over the temperature range of 
180 to dOO'C. For some samples the cooling 
curves were monitored until the temperature 
returned to 23°C. Although super-cooling 
effects were observed, the thermal breaks in 
the cooling curves were reproducible to ± S^C. 
The solidus and liquidus temperatures, Tu 
and Tf respectively, obtained from the 
thermal breaks are given in Table 1 for various 
ternary compositions. 

From a least squares analysis of X-ray 
powder film patterns the tetragonal lattice 
parameters were determined for each com- 
position to ±0-01 A and are also listed in 
Table 1 . A linear variation in a and c between 
the two binary compositions was observed. 
The phase diagram for the Tl-S binary 
system indicated an incongruent melting 
point of TIS [ 1 ]; consequently, as x approaches 
1-0 another phase will precipitate along with 
the TlSxSe(,_x) ternary from the liquid state. 
The X-ray analysis indicated that a continuous 
tetragonal solid solution exists for ternaries 
containing more than 3 at. % selenium. From 
these results and additional metallographic 
studies samples in this range of composition 
were found to be homogeneous. For lower 
selenium percentages an unidentified amor- 
phous material is also present with the crys- 
talline ternary and melt compositions appear 
to deviate from the quasi-binary system. 

(c) Crystal orientation 

As shown in Table 1 the lattice parameters 
determined in the present work for the two 
binary compositions are in good agreement 
with those reported in the literature. The 
body-centered tetragonal space group is 
14/mcm — there are eight formula units 
of the compound per unit cell; the structural 
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Table 1. Solidus and liquidus tenq>eratures, and 
lattice parameters for ternary compositions 
TlS,Se(i_j,) 


X 


TA°C) ' 

a\ 

(A) 

riiA) 

0-0 

345 

345 330"' 

8-03 

8-03 1">' 

6-98 6-989"" 

0-1 

332 

336 

800 


6-97 

0-2 

316 

330 

7-99 


6-95 

0-3 

304 

325 

7-97 


6-93 

0-4 

291 

317 

7-92 


6-91 

0-5 

279 

305 

7-90 


6-90 

0-6 

270 

295 

7-88 


6-86 

0-7 

263 

285 

7-87 


6-85 

0-8 

256 

277 

7-83 


6-84 

0-9 

249 

264 

7-81 


6-82 

10 

235 245'“' 

251 257'"' 

7-79 

7-787''' 

6-80 6-807''' 


'“'Estimated from ( 1], 
‘•■'FromilOl. 

"'From [11]. 


arrangement is labeled the B37 type. The 
natural cleavage planes were confirmed to be 
(110) type planes [9]. Freshly cleaved sur- 
faces, which have a reflective luster, are 
metallic gray for most samples; those of TIS 
appear more gray-black. All ingots prepared 
to obtain single crystal material were found 
to have the [001] direction along the length 
of the ingot. All single crystal material was 
prepared for stoichiometric composition. The 
following is a typical chemical analysis of the 
binary compositions: (1) TIS experimental 
85-49±0-l per cent Tl, 14-42 ±0-1 percents; 
calculated 86-44 per cent Tl, 13-56 per cent 
S and (2) TlSe experimental 72-78 ±0-05 
per cent Tl, 27- 19 ±0-05 per cent Se; cal- 
culated 72-13 per cent Tl, 27-87 per cent Se. 
Samples containing sulfur as a constituent 
generally showed greater deviations Irom 
stoichiometric composition. In view of the 
general behavior of the various ternary phases 
as summarized in Table 1, the intermediate 
composition TlSo.sSeo-s was selected for 
optical and electrical measurements as 
representative of these compositions. 

(d) Resistivity and Hall measurements 
Single crystal samples for all electrical 
measurements were cleaved from selected 


ingot material. Typical dimensions for the 
rectangular samples were: length 5 to 10 mm, 
width 1 to 3 mm and thickness 1 to 3 nun. 
Some samples had nearly a square cross- 
sectional area. Electrodes for simultaneous 
Hall and resistivity measurements at the 
same temperature were attached to samples 
in the usual five-probe configuration at either 
freshly cleaved surfaces or regions that were 
treated with a disodium EDTA solution. A 
gold film was first deposited using vacuum 
evaporation at the contact areas and 3-5 mil 
copper wires attached to the gold film with 
indium alloy solders. This technique gave 
ohmic contacts for nearly all TlSe samples. 
As the concentration of sulfur increased in 
the TISj,Se„_a:) compositions to TIS, many 
samples showed some degree of nonohmic 
behavior and were discarded. 

Resistivity and Hall voltages were obtained 
with a conventional d.c. type measurement 
system; the principal electronic units were 
Keithley types: 61 OB electrometer and 147 
nanovolt detector. In all measurements the 
applied current direction was parallel to the 
crystallographic c axis of the samples. The 
crystals and electrode connectors with tem- 
perature sensors were attached to a bakelite 
support, suspended in a dewar which was 
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then evacuated and later filled with helium gas. 
This procedure provided a controlled ton- 
perature range from 78 to 400®K by keeping 
liquid nitrogen in the outer jacket of the 
dewar to obtain the temperatures below 
300®K and by supplying current to a small 
resistance heater attached to the sample 
mounting support to obtain temperatures 
above 300“K. In Fig. 1 the behavior of the 
resistivity over this temperature range is 
shown for single crystal samples of TIS, 
TlSo.»Seo.6 and TlSe. The data shown in Fig. 1 
is representative of the behavior of all samples 
studied in this investigation. Few samples 
were found to have resistivities either signi- 
ficantly greater or less than those selected 
for Fig. 1. 

For Hall measurements the magnetic field 
was perpendicular to the crystallographic c 
direction and along the [110] direction. 
Tliermal probe tests in addition to the Hall 
measurements on single crystal material 
indicated all samples to be p-type. In previous 
Hall measurements on TlSe it has been 
demonstrated that at high temperatures lattice 
scattering predominates [6, 12], Therefore all 
Hall data was analyzed using the following 
expression; Rh = 37r/8pc. Above a magnetic 
field strength of lOkG Hall voltages were 
found to vary linearly with field strength. In 
Fig. 2 the variation of the Hall coefficient with 
temperature is shown for TlSo-gSco-s and TlSe; 
the field strength is 13 kG. The samples 
selected for Fig. 2 are representative of the 
range in Rh encountered for all crystals 
prepared for Hall measurements. Electrode 
problems prevented Hall data from being 
obtained for TIS. Preliminary data indicated 
lower carrier concentrations than those 
found for TlSo-sSeo-g samples over the tem- 
perature range of Fig. 2. The variation of the 
Hall mobility for all samples examined was 
15 to 150 cmVV-sec for TlSe and 3 to 30 cniiV 
V-scc for nSo^Seo-s. 

(e) Optical measurements 
The optical measurements system was 


developed around a Zeiss MM12 mcmo- 
chromator; the general features of this system 
have already been described elsewhere! 13]. 
A discussion of die technique for obtaining 
specular reflectance measurements using 
polarized radiation with this system has also 
been given previously [14]. All reflection and 
transmission measurements were taken at 
300°K with the incident radiation along the 
[110] direction polarized both parallel and 
perpendicular to the principal symmetry axis, 
thee direction. 

Reflectivity data at approximately normal 
incidence was obtained to provide reflection 
coefficients in order to analyze transmission 
data at the onset of the fundamental absorp- 
tion edge. Although not reproduced here the 
peaks in the reflection spectrum between 0*5 
and 5*5 eV for TlSe compare favorably with 
those reported in the literature [9, 15]. The 
reflection spectrum for TlSo-sSeo-s has peaks 
which show a general correspondence to those 
in the TlSe spectrum; fewer peaks were 
observed in the corresponding data for TIS 
[16]. 

Samples selected for absorption measure- 
ments were prepared with freshly cleaved 
surfaces normal to the incident radiation. 
Sample thickness varied from 10 to 100 /u. 
In Fig. 3 the absorption coefficient (a) as a 
function photon energy {hv) is shown for all 
three materials with both E || c and. E Ic. 
These curves are the result of processing data 
obtained from many samples. Absorption 
coefficients were obtained from transmission 
and reflection data by computer methods [17], 
TTic shapes of the three curves just above the 
onset of the absorption edge are quite similar 
for both polarizations. However at o =« 10® 
cm“* the TlSe curves show a more pro- 
nounced change in slope. On the long wave- 
length side of the absorption edge a consider- 
able variation in the magnitude of die 
background absorption was observed; typical 
behavior is shown by the curves of Fig. 3. 
Hall measurements show different samples 
contain different extrinsic conditions; for 
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ABSORPTION COEFFICIENT (cm"' ) 


ELECTiUCAL R^ISTIVITY 



PHOTON ENERGY (eV) 


Fit 3. Absorption coefficient Vs. photon energy for TIS, TlSo-sSeo., and TiSe with the 
incident radiation polarized both parallel and perpendicular to the direction of the c axis. 
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TlSe the thicker optiod samples had carrier 
concentrations in the order of lO'^cm"*; 
those of TISo bSCo.*. 10'»cm-». 

3. RESULTS AND DISCUSSION 

A general discussion of the symmetry 
features of the energy bands for the body- 
centered tetragonal space group and 

its application to TlSe type crystals has been 
given by Gashimzade[18, 19], Of major 
interest has been the determination of the 
intrinsic activation energy for TlSe itself. 
From the electrical resistivity and Hall 
data, such as shown in Figs. 1 and 2, the 
intrinsic activation energies were obtained 
for TIS, TlSo sSco s and TlSe and are listed in 
Table 2. The top part of the table is a summary 
of the various activation energies determined 
in the present investigation; the bottom part is 
a condensed summary of the corresponding 
values previously reported for TlSe. 

The resistivity curves for TIS in Fig. 1 
show a definite minimum before entering the 
intrinsic region. The presence of this minimum 
is interpreted as evidence of some defect or 
impurity energy levels in the forbidden gap 
region. Some samples of TlSo sSco s also show 
a shallow minimum in the resistivity data; 
samples of TlSe do not show similar behavior. 
As the percent of sulfur increases toward 
TIS, the deviation from crystal stoichiometry 
becomes greater and maybe partly responsible 
for this behavior. In studies on p-type TlSe 
it has been noted that the usual presence in 
sufficient concentration of acceptor levels 
associated with intrinsic lattice defects 
tends to mask the effect of chemical impuri- 
ties [26[. 

The combined behavior of the resistivity 
and Hall coefficient for TlSe indicates that, 
as the temperature increases above liquid 
nitrogen temperatures, the increase in the 
resistivity is due primarily to the decrease in 
mobility since carrier concentrations remain 
effectively constant until the intrinsic region 
is reached (e.g. sample # 6A in Figs. 1 and 2). 
This same observation was also made for 


similar measurements on TlSe[21,6]. Some 
samples of USo-BSeo-s exhibit this same 
general behavior in the change of resistivity 
and Hall coefficient with temperature. 

The absorption curves of Fig. 3 were anal- 
yzed for evidence of direct and indirect band 
transitions 127]. At the onset of the absorption 
edge the absorption coefficient for both polar- 
izations was found to be proportional to the 
energy dependence for an allowed indirect 
transition: (hv — £„‘±£'p)*/hv, where E®* is 
the indirect band gap energy and Ep is the 
energy of the phonon absorbed (+) or emitted 
{— ) during the process. In Fig. 4 the extra- 
polated threshold values for Eg are shown for 
TIS and TlSe. Background absorption 
prevented any information from being ob- 
tained concerning the phonon interaction in 
the transition. The indirect band gaps are 
listed in Table 2. The relatively high back- 
ground absorption in TlSosSco-s crystals 
prevented a similar analysis for the ternary 
being performed with meaningful results. 
The energy values entered in Table 2 were 
obtained from a consideration of the rate of 
change in a where the absorption becomes 
appreciable. 

The curves of Fig. 3 were also examined for 
evidence of direct band transitions. As 
shown in Fig. 5, a good fit for both polariza- 
tions was obtained with the absorption co- 
efficient having the following dependence on 
photon energy for a forbidden type direct 
transition: {hv — EJ^^'^lhv, where is 

the direct band gap energy. The values of 
£/ for TIS and TlSe are also listed in Table 2. 
No fit for either polarization to the energy 
dependence for a direct allowed type transi- 
tion could be found in the high absorption 
region over any appreciable energy interval. 
The absorption data for TlSosSco-s did not 
extend far enough into the high absorption 
region to identify the threshold for direct 
band transitions. 

The papers referenced in Table 2 are rep- 
resentative of the various groups that have 
considered TlSe; the energy values listed 
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Table 2. Activation energies for TIS, TlSo.sSeo^ 
and TlSe 



Activation 


Technique and 


San^tle 

eneigy (eV) 

sample orientation'**^' 

Ref. 

TIS 

-- 2-7 ' 

P 

T 

/ (|c 



< 1 -36 (indirect) 

or 

£Xc 



« 1-37 (indirect) 

a 

£||e 



1 -50 (direct) 

a 

AXt 



1-57 (direct) 

a 

E||c 


TlSo-gSe^g 

0-73 

p 

/ ||c 



0-75 

A 

/ )|c,«|)[110] 



~ 0-92 

a 

EXc 



-0-96 

a 

E||c 


TlSe 

0-71 

p 

/ lie 



0-67 

A 

/ lie. All [110] 



c 0-74 (indirect) 

a 

E±c 



< 0-77 (indirect) 

a 

E\\c 



0-97 (direct) 

a 

EXc 



1 -03 (direct) 

a 

£||c 


TlSe 

0-57 

p 


[20] 


0-56 

p 

/ lie 

[21] 


0-6 and 1-3 

P,R 

[22] 


0-567 

P 

1 lie 

[6] 


0-57 

A 

/ lie 

[6] 


0-65 

PC 


[23] 


0-8 , 

tt 


[24] 


0-574 

P 

/ II [110] 

[12] 


0-73 (indirect) 

a 

EXc 

[25] 


0-72 

PC 

EXc 

[25] 


1-03 

OR E II c, Ale 

[15] 


“'The symbols refer to the following measurement tech- 
niques: p, electrical resistivity; /?. Hall coefficient; a, optical 
absorption; FC, photoconductive response; OJt, optical reflec- 
tivity. 

''■'Orientation of current, /; electrical field, E; and magnetic 
field, /f ; with respect to crystallographic directions. 


denote measurements on p-type material, and 
in the case of the optical data the values 
quoted are for a temperature of 300°K. As 
observed in previous papers, the energy 
values for the minimum band gap obtained 
by electrical measurements are less than the 
threshold values for indirect optical transi- 
tions, In the present work the band gaps 
obtained from resistivity and Hall data are 
larger than the 0-56 eV values obtained by 
most other investigations but are in much 
closer agreement with the optical values. 
However, a comparison of electrical data 


shows that several workers report data farther 
into the intrinsic region at higher temperatures 
for samples with a wider variation in resistiv- 
ity-cmrier concentration than those shown in 
Figs. 1 and 2. Therefore, possibly the pre- 
viously reported lower eneigy values rep- 
resent a more accurate determination from 
the intrinsic region. The rather short intrinsic 
range in the TIS data of Fig. 1 is believed to be 
responsible for the band g{q> energy being 
considerably huger than the more accurately 
determined values from the optical analysis. 
In both the resistivity and Hall measurements 
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Fig. 4. (ahv)'’^ vs. photon energy extrapolated to the threshold energy for indirect 

transitions in TIS and TlSe. 


on all materials the maximum temperature 
was kept considerably below the melting 
point in order to insure that there would be no 
crystal decomposition and loss of the chalco- 
genide constituents. 

The optical band gap of TISe, E 1 c is in 
very good agreement with the previously 
reported energy value [25], The separation of 
both the indirect and direct band gaps for 
E I) c and £ 1 c for all three materials is quite 
small, being only a few hundredths of an 
electron volt. The activation energies for 
TlSo. 5 Seo.s obtained by electrical and optical 
measurements differ by about 0-2 eV. As also 
noted for TlSe, the values obtained by 
optical measurements give the larger band gap 
energies. 

Optical absorption measurements beyond 
the onset of the fundamental edge are not 
available for comparison with direct transition 
energies reported here. In the reflection spec- 
trum for nSe a reflection peak has been 
identified at 1 03 eV for both £ || c and £ 1 c, 
which are the peaks with the lowest energy 
erf ^ those observedllS]. These reflectivity 
peaks agree quite well with the TlSe direct 
transition energies. These transitions for both 
polarizations are forbidden according to selec- 


tion rules for dipole transitions, but allowed 
for both polarizations if spin is accounted for 
[9]; in Fig. 5 the direct transitions for both 
polarizations have been identified as the 
direct-forbidden type. 

The various irreducible representations and 
group characters for the possible electronic 
transitions in the TlSe type materials have 
been developed in the literature[]8, 9], 
Some of these tables were confirmed during 
the present work [16], It has been proposed 
that the valence band maximum is located 
at the M point (termination of the 2 axis on 
the zone boundary) and belongs to the rep- 
resentation Ms [9]. From the optical absorp- 
tion analysis all band gap energies for £ ± c 
are slightly less than those for £ || c. Depend- 
ing upon the location of the conduction-band 
minimum, which in view of the identification 
of indirect optical transitions is presumed to 
lie at a different point in the Brillouin zone, 
the optical absorption analysis tentatively 
substantiates the location of the valence 
band maximum in the 1 direction. 

This work has shown that TIS, TlSe, and 
TIS-TISe ternary compositions are not only 
isotypic in the B37 structure type but also 
exhibit similar behavior in several electrical 
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PHOTON ENERGY (eV) 

Fig. S. (ahvY‘^ vs. photon energy extrapolated to the direct band 
gap energy value for TIS and TISe. 
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and optical properties. Measurements on 
nSe have been extensively compared to 
previously reported work and a more com- 
prehensive optical absorption analysis 
presented. Similar measurements on TIS and 
TlSo-sSeo-g have not been previously reported. 
A satisfactory explanation has not been given 
for the difference in the intrinsic activation 
energies determined by electrical and optical 
methods for these materials. The identifica- 
tion of some results with proposed band struc- 
ture details is of interest. 
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Abstract— The relationship between paramagnetic and saturation moments of localized /electrons in 
a strong cr ystal fiel d is examined. It is found tiiat while the simple atomic-like results /x, <= gjJ and 
gjX v7(7+T) no longer hold, there exist definite bounds for the ratio ix,lix, according to the 
symmetry of the crystal field. Experimental data cm the heavy rare earth and actinide compounds are 
examined in the light of these results. 


1. INTRODUCTION 

The question of whether a particular 
magnetic solid fits closer into the localized 
or itinerant models of magnetism is often 
controversial. Various types of experimental 
data are often invoked as criteria [1]. Among 
the most common types are the paramagnet- 
ic moments (measured by high-temperature 
susceptibility experiments) and the saturation 
moments (measured by magnetization and/or 
neutron experiments). According to the 
localized model of a moment sitting in the 
mean molecule field of all others [2], when 
the total angular momentum 7 is a good quan- 
tum number, the saturation moment is given 
by M’f = gjJ and the high-temperature suscep- 
tibility should follow Curie-Weiss law corres- 
ponding to an effective moment of ^ip = 
gjV/(74-l), where gj is the Landi factor 
and the units are in Bohr magnetons. (These 
expressions for fi, and tip are often referred 
to as atomic-like results.) In such a situation, 
we have a definite ratio between fi, and fip 
so that one quantity determines the other. On 
the itinerant model, there is in general no 
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such simple relation between these two 
quantities. 

This kind of criterion is believed to be borne 
out in most compounds of the rare earths in 
which the f electrons are well localized and 
the total angular momentum 7 is a conserved 
quantity because of weak crystal held. The 
paramagnetic moments are found to follow 
the Hund’s rule values closely while the 
saturation moments are only sllghUy below 
[17]. Recently, it has been suggested that 
compounds of the actinides should fit also 
into the localized picture. Studies [3] on the 
magnetic properties of intermetallic com- 
pounds of uranium with group VA and VIA 
elements using the Russel-Saunders coupling 
scheme however reveals a difiScuity. While it 
is possible, by invoking crystal field and 
molecular field effects, to bring the saturation 
moments in line with the experimental values, 
it is not always possible to obtain simul- 
taneously reasonable agreement for the 
susceptibility data. This raises the interesting 
question of what the implication of this 
pitfall is. Since according to the atomic 
representation in Hubbard’s theory of elec- 
tron correlation in narrow bands [4], the 
concept of crystal and molecular fields 
remains valid even in solids which are not 
ionic, this difficulty may indicate either 
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A breakdown of Russel-Saunders coupling 
scheme or that the localized model is not 
appropriate for these uranium compounds. 
The original motivation of this work was to 
clarify this matter. The objectives of this 
paper are therefore limited to (1) establishing 
a relation between the paramagnetic and 
saturation moments in situations in which the 
crystal field is strong enough to cause a 
significant mixing of J-multiplets resulting in 
a breakdown of the simple atomic-like results 
and (2) applying the modified form of atomic- 
like results to uranium and other actinide 
compounds as a criterion to test whether the 
experimental data on paramagnetic and 
saturation moments favour the localized 
model. 

The plan of this paper is as follows. In 
Section 2, ti, and ixp are expressed in terms 
of the eigenvalues of the Hamiltonian rather 
than in terms of J. In Section 3, the relation 
between ft, and ftp are examined according to 
the symmetry of the crystal field. It is found 
that while we no longer have the simple 
atomic-like results, the ratio r = ft, j ftp should 
lie within definite bounds. The results in the 
weak crystal field limit when J becomes a 
good quantum number are also examined. 
In Section 4, the significance of the results 
are summarized. Experimental data on both 
the actinide and heavy rare earth compounds 
are discussed in the light of these results. 

2. THE PARAMAGNETIC SUSCEPTIBILITY AND 
THE MAGNETIZATION 

Van Vleck[5] has shown that when the 
temperature range is such that the crystal 
field energy levels may be separated into low 
and high frequency groups, the one-ion 
paramagnetic susceptibility is to a good 
approximation given by 

+2 2’2*t<r|it,|r'>|*/(£p.-£r) . 

r r* 


Here and S* sum over the low and high 
frequency groups respectively. jP) is the 
crystal field eigenstate. The partition (unction 
is Z = 2 exp {-ErIkT ) as 2* exp (—ErlkT) as 
N, where N is the total multiplicity of the low 
frequency group. The param^etic moment 
is therefore given by 

The magnetic dipole moment operator /i = 
2 h + 2 Sj is in general a Hermitian opera- 

tor. In Ref.[6], it is shown how the matrix 
elements between crystal field states may be 
calculated. For the present purpose, all we 
need is the Hermitian property. From a 
mathematical theorem (Appendix 1) which 
states that the sum of the squares of the 
moduli of elements of a Hermitian matrix is 
equal to the sum of the squares of its eigen- 
values, we have 

= ( 1 ) 

where c, represent the eigenvalues of the 
matrix whose elements are < P 1 | P '> . 

In the presence of an exchange field, the 
Hamiltonian of the magnetic ion is // = 
Ho+Hi, where H / —p^cft,. Here we 
restrict the discussion to the cases when-the 
exchange field is parallel to one of the sym- 
metry axes of the crystal. Hq includes the 
Coulomb, spin-orbit and crystal field inter- 
actions. The eigenvalues and eigenstates of 
Ho are Er and IP) respectively. o- = ±l 
indicates that the magnetization may be either 
parallel or antiparallel to the exchange field. 
The eigenstates of H are given by the 
unitary transformation R that diagonalizes 
//, i.e.,by 

r 

The eigenvalues are given by the roots of 
the secular determinant 


||(£r-g’„)6rT'-)8^o-<P>,|P)|| = 0. (2) 
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The magnetisation is 
rr[/i,exp {-HIkT)] 2 

^ m 

Xexp(-^JA:ri. 

The saturation moment may be obtained by 
letting T tend to zero. We have 

(3) 

where I'P^o) is the lowest eigenstate of H = 
Ho + H,. 

The matrix elements may be 

expressed in terms of the eigenvalues in 
equation (2) in the following manner. Since 
R is the unitary transformation that diagonal- 
izes H, we have 

But 

(R-'HR)„„>=T 

rr 

X /?r'm' 

= ^'/?r*™(£r5rr--/3^‘^ 

X<r|Mjr'>)Rr-m-. 

It follows therefore that 

= (S R?mRrmEr^rr' 

Tr 

= Er\Rv,n\^-^n,)/iP^a-). 

(4) 

3. THE CONNECTION BETWEEN PARAMAGNETIC 
AND SATURATION MOMENTS 

Equations (1), (2), (3) and (4) contain all 
the information on how the paramagnetic 
and saturation moments are related. For 


ctHivenience, we set tlie eaergy scale ia 
a mannm- that the origmal ground crystal 
field eigenvalue is zero. We ^lall analyze the 
following three aeparate cases. 

A. When the loW-frequency group is made 
up of a single crystal field state, the seculm 
determinant (2) becomes 

||gr„6rr- + i8^o-<r|/Lt,ir>l| = 0. (5) 

We obtain from equations (3) and (4) the 
result 

fi. = ( 6 ) 

where gfo i® the lowest eigenvalue of fi. In 
equation (S), the matrix of the secular deter- 
minant is just a constant ip^a-) times the 
matrix of the magnetic dipole moment opera- 
tor between crystal field eigenstates. We 
obviously have where €„ is 

as defined in equation (1). The saturation 
moment is from equation (6) 

IM, = -€o. (7) 

Equations (1) and (7) determine tiie relation- 
ship between the paramagnetic and saturation 
moments. 

For all point-group symmetries, the Zeeman 
splittings are symmetrical with respect to the 
original level and may be classified into 
doublets, triplets and quadruplets as shown 
in Fig. 1. We shall use the short-hand nota- 
tions (±fl), (±0,0) and (±a,±b) to represent 
the eigenvalues of matrix ||(r|/i,^|r')|| in the 
doublet, triplet and quadruplet situations 
respectively. We have firom equations (1) and 
(7) the following results: — 

1. Doublet 

We have — 3a* and /it, = o so that 

2. T riplet ( r 4 , F*) : 

We have /ip* = 2a* and /i, = a so that 
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Fig. 1 . Splittings of a single crystal field level by an exchange 
field. The splittings in all three cases increase linearly with the 
magnitude of the exchange field. They are also symmetrical 
with respect to the unperturbed level. 


3. Quadruplet (Vg): 

We have + and fi, = a. But 

b must lie in the range 0 < b < a. We obtain 

Therefore, when the ground state is a quad- 
ruplet, we can only narrow down the ratio 
r = ijijfjip to a range of values without doing 
a detailed calculation. The precise value of 
the ratio depends on the nature of the ad- 
mixture of different J components in the 
r* wave function and on the ratios of the 
2nd, 4th and 6th order terms of the crystal 
field potential. 

The above results 1-3 are independent of 
the magnitude of the exchange field and hold 
for both ferromagnetic and antiferromagnetic 
substances. 

B. When the low-frequency group includes 
one or more other crystal field states that 
have matrix elements connecting the ground 
state, the saturation moment is obtained by 
first solving equation (2) and then using 
equations (3) and (4). We have 

where 2* sums over all the higher states that 


are coupled to the ground state. Since fr > 0 
and ^0 is more depressed with the exchange 
coupling that without (Appendix 2), the 
magnitude of the saturation moment is 
invariably increased as a result of the coupling 
with the higher states. This is illustrated 
schematically in Fig. 2. We may interpret 
this as ‘transfer of moment' from the higher 
states to the ground state via the coupling 
effect of the exchange field. This increase is 
independent of the direction of the exchange 
field and is therefore the same for both ferro- 
magnetic and antiferromagnetic materials. 
The result however varies with the magnitude 
of the exchange field and we can only estab- 
lish a lower bound to the saturation moment. 
We have the following results: 

4. Doublet (r«, r 7 ) or quadruplet (F*) 
lowest: 

. 1 

5. Triplet (r 4 , F*) lowest: 

. 1 

6. N on-magnetic singlet (Fi, F*) or doublet 
(Fa) lowest: 


Ml > 0. 
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Fig. 2. Schematic illustration of the difference between 
the splittings of coupled and uncoupled crystal field levels 
in the cases of (a) two triplets, (b) a singlet and a triplet 
and (c) a doublet and a triplet. Without exchange coupling, 
the splittings increase linearly with the magnitude of the 
exchange field and are symmetrical with respect to the 
respective unperturbed levels. With exchange coupling, 
the splittings become nonlinear and asymmetrical. The 
effect of the upper state on the lower is to bend down the 
splittings of the latter. This leads to an increase in the 
saturation moment. 


The precise value of n, depends OQ the 
magnitude of die exchange field and &e 
spacing between the crystal field states. 

The results obtmed so far hold even when 
Russel-Saunders coupling scheme breaks 
down and when there is /-mixing. They are 
summarized in Table 1. For convenience, the 
selection rules governing the matrix elements 
of the magnetic dipole moment operator 
between crystal field states are summarized 
in Tables 2 and 3. 

C. In the special case when / is a good 
quantum number, we can speak of at least an 
intermediate coupling Land6 factor gj. The 
crystal field eigenstates are in general con- 
structed from linear combination of |M), 
M being the magnetic quantum number. We 
can therefore write 

|r> = S e«r|A/). 

M 

where Qmt represents the matrix of the 
unitary transformation Q that diagonalizes 
H,,, the sum of the Coulomb, spin-orbit and 
crystal field Hamiltonians. From this we have 

MU' 

It can be shown easily that (A/|ju.,|Af') = 
SjMBmu' when / is a good quantum number. 


Table 1. 


Number of localized 
/electrons 

Symmetry of 
ground 
state 

N umber of excited 
states coupled 
to the ground 
state by 
exchange field 


Remark 

even 

r4,r. 

0 

r = 0-71 

A,C 

even 

r,.r. 

»1 

r > 0-71 

B,C 

even 

r.,r„r, 

(non-magnetic) 

^1 

r > 0 

B,C 

odd 

r.,r. 

0 

/■ = 0-58 

A.C 

odd 

r.,r, 

3»1 

r > 0-58 

B,C 

odd 

r. 

0 

0-82 > r > 0-58 

A,C 

odd 

r, 

»1 

r > 0-58 

B,C 


A : r independent of magnitude of exchange field. 

B: r increases with magnitude of exchange field. 

C ; Result hold for both ferromagnetic and antiferromagnetic materials. 


JI>C8VoL}2N«.< B 
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r, r, r4 r. 


r, 0 0 0 X 0 


r. 

0 

0 

0 

0 

X 

r. 

0 

0 

0 

X 

X 


X 

0 

X 

X 

X 

r. 

0 

X 

X 

X 

X 



Table 3. 





r. 

r, 

r. 



r\ 






r. 

X 

0 

X 



r, 

0 

X 

X 



r. 

X 

X 

X 



Substituting this in, we get 

M 

This leads to the equation 

2 Kr|/x,|r')|» = g/2: \Qs,vV) 

x(2 le.ifrP)+^/2 

' r ' M 

X Af I 2 M (2 Gwp'Gmt') 
X (2 Gmi'Gmt)}- 

From the orthonormal condition ^ QurQu'r — 
we find that the second term vanishes 
while the first term is g/ 1 The para- 
magnetic moment is therefore given by 

where M runs from —JtoJ. Making use of the 


formula 

« — 1 

we finally get 

We therefore have the following result. 

7. When 7 is a good quantum number, the 
parama gnetic m oment has its free-ion value, 
i.e. gjVjJj+T) regardless of the symmetry 
and the strength of the crystal field, provided 
that all the crystal field splittings of the 
ground state of total angular momentum J 
may be included in the low-frequency group. 
The ratio r = however still obeys 

results 1-6 so that the saturation moment 
fig may differ quite considerably from the 
value gjJ. 

4. DISCUSSIONS 

The analysis of the preceding sections 
demonstrates clearly the intimate relation- 
ship between the paramagnetic moment, 
saturation moment and the nature of the low- 
lying multiplets of the localized / electrons. 
The most significant result is that for an odd 
number of localized / electrons, the ratio of 
the saturation to paramagnetic moment is 
always greater than 0-58 while for'an even 
number, this ratio should be normally greater 
than 0-71. In the latter case, a smaller ratio 
is nevertheless possible if a nonmagnetic 
ground state acquires a moment via the 
exchange coupling with a higher magnetic 
state. These ratios hold only in the simple 
ferromagnetic and antiferromagnetic align- 
ments. They break down when effects such 
as anisotropy and magnetostriction become 
important. The results summarized in Table 1 
represent an extension of the simple atomic- 
like results in the presence of a strong crystal 
field. When the localized model is appropriate, 
they provide a ‘theoretical link’ between the 
high temperature (susceptibility and para- 
magnetic scattering of neutrons) and low 
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temperature (magnetization and coherent 
magnetic scattering of neutrons) experiments. 
An experimentalist, with both types of 
measurements on hand, may benefit from' 
these results in several ways. If the situation 
is such that the ionicity of the magnetic ion 
and hence the symmetry of the wave function 
are known, he may use these results to cross- 
check his high and low temperature measure- 
ments. On the other hand, if the nature of the 
localized electrons is largely unknown but 
there is reason to believe that both types of 
measurements are highly reliable, he may use 
the results to select a model for the interpreta- 
tion of the experiments. The usefulness of 
these results may be further extended if 
magnetic entropy measurements above the 
transition temperature are also available. 
Such measurements can provide the valuable 
information of the total multiplicity of the 
low-ffequency group. 

To conclude this paper, we shall ex^ine 
some of the available experimental results. 
Although it was the actinide compounds that 


stimulated this work, we shah also examme 
the heavy rare earth compounds because we 
have results for the weak crystal field limit. 
We choose to Iraw out the li^t rare earth 
compounds due to lack of neutron data, The 
experimental results on the actinide and the 
heavy rare earth compounds are summarized 
in Tables 4 and S respectively. Before we 
discuss them, we should bear in min d the 
difficulties associated with these experiments. 
In general, the results do not seem to have a 
better than 10 per cent accuracy as is evident 
in most cases when more than one measure- 
ment have been carried out. 

Table 4 shows values of the measured 
moments for some of the actinide compounds. 
All the intermetallic ones are of the NaCl 
type structure. The ionic UOj and NpOt have 
CaF 2 type structure. The crystal field split- 
tings are 500 cm"' upward [6]. There is of 
course the possibility of crossing of levels of 
different symmetry. The relative strength of 
the exchange field may be estimated from the 
transition temperature. Except with UN and 


Table A. 


Compound 

Structure 

Ordering 

Transition 

temperature 

(°K) 

li. 

Fp 

'•“Fi/Fp 

UN [8] 

NaCI 

A 

53±2 

0-75 

3-11 

0-24 

UP [8] 

NaCI 

A 

123 

1-90 

3-56 

0-53 





1-72 

3-31 

0-52 

UAstS] 

NaCl 

A 

128 

1-89 

3-54 

0-53 





2-13 


0-60 

USb[8,9] 

NaCI 

A 

213 

2-85 

3-85 

0-74 

UBi[8,91 

NaCl 

A 

290 

3-0 

4-06 

0-74 

UO,[10, 11] 

CaFj 

A 

31 

1-8 

3-12 

0-58 






3-2 

0-56 

US(12] 

NaCl 

F 

178 + 2 

1-55 

2-12 

0-73 





1-8 


0-85 

USe[8] 

NaCl 

F 

160-5 

1-31 

2-51 

0-52 

UTe[8] 

NaCl 

F 

103 

MO 

2-84 

0-39 






2-36 

0-47 

NpCtl3, 14] 

NaCl 

FIA 

310 (.4) 

1-4 

3-0 

0-47 




220(F) 

2-1 


0-70 

NpO,[13, 15] 

CaFj 

A 

25 

<0-5 

2-95 

<017 

PuP[16] 

NaCl 

F 

126 

0-42 

106 

0-40 


A : Antiferromagnetic ordering. 
F: Ferromagnetic ordering. 




Table 5. 
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NpOt, the results show that the ratio Mj/Mp 
lies either within the range predicted for 
magnetic ground state or slightly on the lower 
side of it. At this stage, it is too optimistic to 
contemplate a classification of the symmetry 
of the ground state and the number of local- 
ized electrons using only the results in Table 
1. We can nevertheless apply the results to 
conclude that something is anomalous about 
Np 02 because the ratio is too small to be 
accountable. Unless the 6d electron plays a 
role, the ratio of saturation to paramagnetic 
moments should be greater than 0-58. If both 
the susceptibility and neutron experiments are 
reliable and if the 5/ electrons are solely 
responsible for the magnetic properties, it 
would probably mean that some kind of 
structural changes takes place below the 
ordering temperature. X-ray experiments 
should help to sort this out even though 
neutron experiments do not have the required 
sensitivity. The intermetallic UN is out of 
step with other members of the group VA 
compounds of uranium. The apparently small 
ratio is only accountable if the number of 
localized 5 / electrons is even and if the 
ground state is non-magnetic but coupled to a 
nearby m 2 ignetic state. 

Table 5 shows results for intermetallic 
compounds of the heavy rare earths. They all 
have NaCl type structure. The crystal field 
splittings are of the order 100cm“‘ with the 
possibility of crossing of levels of different 
symmetry. The ratio r = lies well 

within the range predicted for magnetic 
ground state. Comparison of the measured 
paramagnetic moments with the calculated 
values for the free ions indicate that the 
agreement is better on the Russel-Saunders 
coupling scheme than on the intermediate 
coupling scheme. This need not mean that 
the Russel-Saunders coupling scheme is 
closer to reality. It probably means that 
conduction electrons play some role in the 
susceptibility of the intermetallic compounds. 
It is significant to point out that the para- 
magnetic moment of trivalent Er in ionic 


Er^Os is 9*2 Bohr magnet<nis{7] which is 
very close to the values for Uie interoMstallic 
compounds of Er in spite of the difference in 
synunetries. Thii is precisely the conclusion 
reached in result 7 that the parama^etic 
moment does not depend on synunetry in 
the weak crystal field limit. 

To sum up, when the crystal field is strong 
enough to cause a significant breakdown of 
the Russel-Saunders coupling scheme, the 
sim ple atom ic-like results pi, = gjJ and fip = 
gjVjiJTT) no longer hold. Instead we have 
definite bounds for the ratio pi,/pip as summar- 
ized in Table 1. Allowing for such a possibil- 
ity, then the available susceptibility and 
neutron data on the actinide compounds are 
not inconsistent with the picture of localized 
/ electrons. 
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APPENDICES 

1 . Let Cl be the eigenvalues of Hennitian matrix A and 
let P be the orthogonal transformation that diagonalizes 
it. Then 

{PAP Mtj “ €f6tf so thatyI^f = 2 P ik^kP ki- 

k 

We therefore have 

X ul* ~ X 

IJ u 

= X X Pr*’*»P*jP/7V,p„ = 2 

kl U k 


2. To show that the ground state is more dqsressed as 
a result of coupling with a higher state through the 
exchange field, we note that such coupling involves only 
one component from each of the original crystal field 
states. The problem therefore involves only solving a 
2x2 determinant. In short-hand notations, with 0 
representing the original ground crystal field state, 1 the 
coupled higher state and Fu = — /8^(rX<r,|/i,)rj), the 
secular determinant of equation (2) reduces to 


F, 

To. 



= 0 . 


Solving this, we find that the ground state energy is 


=i { -I- F« -I- - V( F„ - F» -I- £•, ) ' + 41 F.ol*} . 


Without the exchange coupling, the ground state energy 
is Foo. The difference is therefore 




F„-l-£:,-F„ 






*+|F„ 


The ground state is always more depressed as a result of 
coupling. 
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Abstract— A study of the temperature, magnetic field, and doping dependence of the conductivity. 
Hall coefficient, and magnetoresistance of gray tin has been interpreted within the framework of the 
Groves-Paul band structure model allowing the determination of several of its parameters as well as 
an investigation of the charge carrier scattering mechanisms. Suitable choice of temperature and dop- 
ing limited conduction to at most two bands so that the single-band characteristics could be obtain^ 
using standard two-band theory. In a series of filaments having donor concentrations, Ng, between 
5 X 10“ and 2-5 x 10“ cm~’ the 4-2°K values of Hall number, number from oscillatory magnetoresis- 
tance period, low field magnetoresistance, and 1^'^ electron mobility all exhibit discontinuous be- 
havior as functions of at a critical concentration, Nc => 5 x 10“ cm~’, at which the (111) minima 
begin to be populated. The observed mobility enhancement is in good qualitative agreement with 
screened-ionized-impurity scattering theory. Tlie energy separation of the two conduction bands is 
evaluated ( £„ = 0-092 e V), and an upper limit is placed on the < 1 1 1 ) density of states effective mass 
(mu < 0-21 m,). For < N,. the mobility agrees welt with the above theory if a doping dependent 
dielectric constant is employed. Between 4-2 and 100‘K samples having 2 x 10” « « 2-5 x 10“ 

cm"’ exhibit an increasing Hall coefficient with temperature due to thermal transfer of electrons from 
the (000) to the (111) minima. This is consistent with the above energy separation and mass values. 
We also show that d£,/dT « -4x 10"‘eV/°K. For intrinsic single crystal samples the hole mobility 
follows a r~’'’ dependence down to 20°K and has an absolute value compatible with acoustic phonon 
scattering. 


1. INTRODUCTION 

In this paper measurements of the electrical 
conductivity, magnetoresistance, and Hall 
coefficient of gray tin as functions of magnetic 
field strength, temperature and doping are 
analyzed within the framework of the Groves- 
Paul band structure model [1] shown in Fig. 1. 
Several previous galvanomagnetic studies 
contributed to the development and accept- 
ance of this model. In particular, the change in 
symmetry type of the magnetoresistance be- 
tween 77 and 273°K was the first definitive 
evidence of a complicated conduction band 
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Structure [2]. Early oscillatory magnetoresis- 
tance measurements [3] yielded an electron 
effective mass that was too large to be consist- 
ent with a ‘mass energy gap’ of about 0*1 eV 
[4], the measured thermal g^[S]. Thirdly, 
the 7“®'* dependence of the intrinsic Hall 
coefficient at low temperatures which did not 
change with hydrostatic pressure confirmed 
the postulated zero band gap at the zone 
center [1]. While they proved to be particulariy 
significant, these results constituted only a 
fraction of the experimental data that had 
been accumulated [6] when the model was 
proposed. Much of it, including extensive 
data on doped samples, could not be analyzed 
because it had unwittingly been taken under 
conditions in which three bands contributed. 
In the present experiments conduction was 
limited to two, or in some cases a sin^ band 
through suitable choice of temperahire and 
doping. ’The results are in good agreement 
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Fig. 1 . The Groves-Paul band structure model of gray 
tin. The band edges are labeled in both the double group, 
and in parentheses, single group representation. The 
energy gap between the Pa''' conduction and valence bands 
is zero. The subsidiary conduction band minima, £.«■*, are 
separated from Pa'*^ degeneracy by the energy 

with the model giving firm support to its valid- 
ity and permitting us to determine some of its 
parameters. 

Having established that our measurements 
are consistent with this energy band scheme 
we are able to devote considerable attention 
to the other aspect of transport properties, the 
relaxation mechanisms. These are studied 
under a variety of experimental conditions. 
For extrinsic samples at low temperatures the 
mobility of both electrons and holes is shown 
to be limited by ionized impurity scattering 
and the dependence of the mobility on impur- 
ity concentration is explained by the Dingle 
[7] and Brooks-Herring[8] treatments of 
screened, ionized-impurity scattering. At low 
donor concentrations this involves the intro- 
duction of a doping-dependent dielectric con- 
stant. When both electron bands are populated, 
a screening enhanced mobility is observed at 
4‘2‘K. This is analogous to the enhanced life- 
time obsm^ed in oscillatory magnetoresistance 
experiments under similar doping conditions 

f9J. 


For pure and lightly doped n and p type 
samples the 7“®'* dependence of the Hatl 
coefficient, characteristic of a zero band g^ 
semiconductor, is observed. Using this result 
and the temperature dependence of the con- 
ductivity and magnetoresistance we are able 
to determine the behavior of the light electron 
and hole mobilities as a function of tempera- 
ture. The 7“®'^ dependence of the hole mobil- 
ity strongly suggests that it is limited by 
acoustic phonon scattering, at least down to 
30°K. 

2. EXPERIMENTAL DETAILS 
(a) Sample preparation and mounting 

Most of the samples were prepared by trans- 
forming cast, single crystal white tin wires to 
the gray phase [10], For the present work this 
method offered several advantages over that 
of growing single crystals from mercury solu- 
tion[ll]. Besides growing faster and being 
easier to prepare, the samples could be made 
with a pre-determined, easily controllable, and 
homogeneous impurity concentration. The 
starting material from which the alloys were 
prepared was Cominco six-nine pure tin. Low 
temperature Hall measurements on this 
material indicate 8 x 10*® donors/cm*. These 
presumably are residual Sb atoms which are 
not removed by zone refining due to the small 
segregation coefficient of antimony in -tin. A 
master alloy containing 3 X 10*® Sb atoms/cm® 
and a submaster alloy of 2x 10‘®cm“® were 
used to prepare other alloys covering the high 
and low concentration ranges. In this way the 
impurity could be controlled to within a few 
per cent of nominal without making exces- 
sively large quantities of alloy. 

After seeding and starting the transforma- 
tion at -35°C, the wires were maintai ned at a 
temperature of either - 10 or -2X. The rate of 
transformation depends upon the temperature, 
impurity type and concentration, and upon the 
orientation of the white tin c axis relative to 
the filament axis. The above temperatures 
were chosen to give a transformation rate of 
about 0-5 cm per week. This represents a com- 
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promise since better crystal quality is achieved 
by raising the temperature but this results in a 
d^reased rate[12a]. Samples were selected 
by finding straight segments about 0-5 cm long, 
free of cracks and other macroscopic imper- 
fections. While single Crystal segments can be 
found in the transformed wires, this requires 
heavy etching which distorts the cylindrical 
shape thereby introducing greater uncertainty 
in the conductivity and Hall coefficient values. 
Therefore, except for a few high purity sam- 
ples [12b] grown fi-om mercury solution, the 
samples were somewhat polycrystalline. To 
ensure proper determination of the Hall volt- 
age a 4-to-l or greater length-to-diameter 
ratio was always used. 

After selection the sample was mounted on 
the copper sample probe using eutectic alloy 
solder of 23 per cent indium and 77 per cent 
gallium having a melting point of 16°C. The 
copper thermally coupled the sample to the 
heater and thermometers all of which were 
isolated from the bath by a vacuum space. To 
make electrical connections to the sample, 
four spring-loaded pressure contacts were 
used. These provided low resistance, small 
area contacts and allowed measurements of 
the resistance and Hall effect at two different 
places on the sample. These measurements 
were averaged to give a value more represen- 
tative of the sample and were also used as an 
indication of sample inhomogeneity [1 3a]. The 
probe was designed to fit into a conventional 
liquid helium dewar having a tail section that 
extended between the magnet pole pieces. 

(b) Measurement techniques 

The oscillatory magnetoresistance of each 
Sb-doped filament was measured at 4-2®K. To 
do this, the magnetic field was swept continu- 
ously and its value displayed on the x-axis of 
an x~y recorder, using a Hall probe to sense 
the field. A constant current source supplied 
the sample current so that voltage across the 
potential probes was proportional to the sam- 
ple resistance. This voltage was amplified and 
impressed upon the y-axis of the recorder. The 


magnetic field was oriented to give the 
est non-oscillatory magnefiwesistaace. This 
was generaUy near the longitudinal direction. 
No attempt was made to crystallographkaUy 
orient the sampled, even though it is quite pos- 
sible that only one crystallite was being mea- 
sured because of the close spacing of the 
potential probes. This uncertainty in orienta- 
tion introduces an error no greater than S pm* 
cent in the determination of the number cf 
carriers in the central minimum due to the 
asphericity of the Fermi surface [ 1 3b]. 

The same apparatus was used for fixed tem- 
perature measurements of RiH) mid a-(H), 
the field dependent Hall coefficient and con- 
ductivity. Here the absolute values of the 
voltages were read directly from the recorder 
tracing after calibrating the entire system by 
replacing the sample voltage with a known 
voltage of comparable magnitude. These 
measurements were generally taken at bath 
temperatures of 4-2, 47, 63 and 77®K. The 
temperature could also be stabilized above 
that of the bath using a feedback heater cir- 
cuit. 

To measure R (0), l/tr(0) and Ap(0) (the low 
field limits of Hall coefficient, reciprocal con- 
ductivity, and magnetoresistance) an a.c. 
double modulation technique was used [14]. 
Consider the low field expression for E: 

E = (l/o-)J-l-/?(JxH)-i-Ap//*J. (1) 

If J and H vary sinusoidally, E is given by 

E = {Her) Jo exp {itOjt) + R{Jo X Ho) 

X exp [i (cDj ± u)„)t] + 

X exp [/ (<uy ± 2ioh)]. (2) 

The sample mixes the two frequencies gener- 
ating a system of side band frequencies about 
the carrier frequency, oiy. If the am{ditudes Jo 
and Hq are kept constant and the d.c. magnetU; 
field is zero, then /{(O) is proportional to the 
voltage component of frequency a>y±<Uff and 
Ap is proportional to the voltage ccunponent of 
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frcciucncy There is also a compon- 

ent of frequency <i>h due to the inductive 
coupling between the magnet and sample 
wires. In these experiments <i>j =» 400 hz and 
^ 25 hz. The composite signal was ampli- 
fied. The desired frequency component was 
selected, and its magnitude obtained from the 
d.c. output of a wave analyzer and impressed 
upon die y axis of the recorder. The thermom- 
eter signal was supplied to the x axis and the 
temperature swept to obtain a trace of l/<r(0), 
/?(0) or Ap(0) vs./lT). Here/(r) relates the 
temperature to the thermometer output volt- 
age. No a.c. calibration was made; the d.c. 
measurements provide the absolute values. 
The a.c. measurements are shown as solid 
curves in the figures. 

3. EXPERIMENTAL DATA AND RESULTS 
AT 4-2 K 

In this and the following sections the experi- 
mental data are presented and analyzed to 
determine some of the physical properties of 
electrons and holes in gray tin. We show how 
certain of the band structure parameters are 
evaluated and examine the scattering mechan- 
isms present under a number of different con- 
ditions. We start with the data that is simplest 
to interpret and then proceed to more complex 
situations [15]. 

(a) Populations of the conduction bands 
The magnetic field dependence of the Hall 
coefficient of the series of Sb-doped samples at 
4-2“K is shown in Fig. 2. Defining the Hall 
number for degenerate statistics as 

Ah =-!/[/? (0)ec] (3) 

we may compare n^ with the donor concentra- 
tion, Ni. This is done in Table 1 . We note that 
for Na < 5 y. 10*^ cm~* n„ and are equal 
within the experimental uncertainty. (The 
aj^KOximately 10 per cent uncertainty exists 
maiidy because of the difficulty in measuring 
the sample dimensions). For samples having. 
iVrf > 5 X 10*^ cm“* a discrepancy exists be- 
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tween % and which increases with incteas- 
ing Ng. Also, in this concentration range the 
Htdl coefficient is magnetic field dependents 
Both effects are manifestations of two-band 
conduction which begins at the critical donor 
concentration JV, = 5 x 10>^ cm~®. At this con- 
centration the Fermi level at low tempera- 
tures just touches the subsidiary conduction 
band minima at the L points in reciprocal 
space. Independent evidence of this is the 
sudden increase in the amplitude of Shub- 
nikov-de Haas oscillations as reaches Nc 
[91. 

In the two-band region the Hall coefficient 
in the high field limit, /?(<»), allows an evalu- 
ation of Wt- = Wo + «!. the total electron concen- 
tration in both the central (subscript 0) and 
(111) (subscript 1) valleys. The total concen- 
tration is obtained from the expression, 

nr = -\l[R(cc)ec]. (4) 

To reach the high field limit, however, H must 
be much larger than lOkOe. An alternative 
approach, requiring much smaller magnetic 
fields, is to obtain /?(») from /?(//). This is 
possible at low temperatures where both bands 
have degenerate statistics through the follow- 
ing equations. 

RiH)=-(llec)(a + ^H^)l{y + 8H') ~ (5) 
where 

a ^ nofio^ + niii,’^ ^ ^ {n^ + ni)pLfp.^^ 

y = + mtJiiY 6 s (/i«-Fn,)=‘/LioVi*. 

( 6 ) 

Then 

R(0) = -d/ec) (a/y), /?(oo) = -(i/gf) (^g/g) 

( 7 ) 



jSy— a6 


( 8 ) 
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Table 1 . Summary of experimental parameter of Shaped samples 4*2® K 


(cm-*) 

(cm'*) 

(cm*) 

"r 

(Cl^~*) 

R(b) ff(0) 

(cm'/coui) (fl— cm)r'(cm*/V— sec) 

1 

(cm"’) 

10X10” 

1-0x10” 

1-OxiO” 



62-5 

1,145 

7-16x10* 

— 

20xl0>' 

2-1x10" 

1-9x10” 

— 

29-3 

2,270 

6-65 X 10* 

— 

2-5x10” 

2-0x10” 

2-4 X W’ 

— 

30-8 

1,800 

5-54 X 10* 

— 

3-0x10” 

2-7x10” 

2-7 X 10” 

— 

23-2 

— 

— 

— 

4-0 X 10” 

3-7x10” 

4-Ox 10” 

— 

17-0 

2,860 

4-85 X 10* 

— 

5-0x10” 

4-4 X 10” 

4-8x10'’ 

— 

14-3 

4,520 

6-45 X 10* 

2X10” 

7-0X10” 

5-6 X 10” 

— 

— 

11-2 

5,020 

5-62 X 10* 

1-4X10” 

1-0 X 10” 

6-1 X 10” 

6-1 X 10” 

— 

10-3 

7,880 

8-08x10* 

3-9x10” 

2-5x10” 

7-3 X 10” 

6-8x10” 

2-3x10” 

8-6 

8,420 

7-20 X 10* 

1-8x10” 

5-0 X 10” 

9-2 X 10” 

7-9 X 10” 

4-6 X 10” 

6-8 

9,040 

6-17 X 10* 

4-2 X 10” 

1-0x10” 

1-5X 10” 

9-6x10” 

9-4x10” 

4-3 

10,300 

4-43 X 10* 

9-0x10” 

2-5 X 10” 

3-5x10” 

1-3 X 10” 

2-8x10” 

1-8 

12,200 

2-20 X 10* 

2-4 X lO’.* 



Fig. 2. The field dependence of the Hall coefficient at 
4-2°K is shown for the series of Sb-doped samples. The 
curves are denoted by their donor concentrations, I- 
17 * 1 X 10” donors/cm’. For samples having 5 x 10” 
donors/cm’ or less, conduction is confined to the Fg* con- 
duction band and R is field independent. As the donor 
concentration exceeds 5x10” cm”* a field dependence is 
observed which increases with concentration and indi- 
cates that two bands contribute to the conductivity. 


or, using equation (7) 



A plot of [A/?//?(0) //*]“* vs. f/* should then 
be a straight line of slope B s [/J(oo)//j(0) — 
1]”> and intercept A = (,ylS)B. Such curves 
are shown in Fig. 3 for the four most heavily 
doped samples. Using the measured values of 
R (0) and B we obtain n^- from equation (4) and 
the definition of B with the results shown in 
Table 1. The excellent agreement between nr 
and Na (within the same experimental un- 
certainty as for the lower concentration 



Fig. 3. The data of Fig. 2 for the four most heavily doped 
samples has been used to obtain AR/RfO)//* as afime- 
tion of field. The notation 1-18 m i x 10” donors/cm* is 
again used. The data has been plotted against H‘ to show, 
through equation (9), the excellent fit to simple two band 
theory that is possible when both bands are degenerate. 
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samples) gives firm support to our hypothesis 
that two-band conduction causes the discrep- 
ancy between % and Na and introduces the 
field dependence. We also conclude that all of 
the Sb atoms put into the white tin allop have 
become ionized donors in the gray tin. The 
curves of Fig. 3 give a good example of the 
excellent fit to the simple two-band theory 
that is obtainable when the conditions of ex- 
treme degeneracy are valid for both bands. 
Information deduced from the intercepts in 
Fig. 3 will be discussed later in conjunction 
with the mobility. 

We consider now the determination of «o 
throughout the donor concentration range. 
For Na < N^. it is equal to obtained from 
the low field Hall coefficient. This is no longer 
true in the two band region. From equations 
(6) and (7) the low field Hall coefficient may 
be rewritten as 

/? (0) = - ( 1 lectia) ( 1 + 1 b")/( 1 + ^ fc)* (10) 

where f = njno and b = /x,//lio. Only for 
1 is rif, approximately equal to «o and this is 
not satisfied in most of the two-band region. 

A more straightforward way of measuring 
no is from the period of the oscillatory mag- 
netoresistance. It may be shown that for an 
electron band having spherical energy sur- 
faces the electron density is related to the 
period of oscillation by 

n = (3-17x 10»//»)3'»cm-\ (11) 

where P is in (oersteds)”*. Ignoring the ~6 
per cent anisotropy in the period of the oscil- 
lations we obtain values of no from data such 
as that shown in Fig. 4, using equation (11). 
These values should be accurate to better 
than 9 per cent. The electrons do not enter 
here because their heavier mass requires a 
much larger field to obtain conditions for 
quantization of their energy. The values of no 
for the series of Sb-doped filaments are listed 
in Table I. 

These results of the 4-2®K Hall coefficient 


measurements leading to n^ and n^ and of the 
oscillatory magnetoresistance measurements 
leading to no are summarized in Fig. 5 where 
no, nff, and nr are shown as functions of Na. 
There are several points worth reemphasizing; 
first, the nr data are very close to the line 
represented by nr = Nal second, both no and 
n„ break sharply from this line at Na = Ng, 
when the subsidiary minima begin to be popu- 
lated; third, for Na > Ng, increases more 
rapidly than does no because of the contribu- 
tions to /?(0) of the electrons shown in 
equation ( 1 0). 

(b) Determination of the density-of-states 
effective mass and the energy separation of 
the subsidiary minima at 4-2°K 

It is a simple matter to find Wi. the carrier 
density in the Lg"* states, by subtracting no 
from either nr or Na- We prefer to use the 
latter because of the smaller experimental un- 
certainty. Thus n, = Nd — no, and the values 
may be found in Table 1 . 

We use these values of and the corres- 
ponding Fermi levels, to obtain an estimate of 
m*j, the density-of-states effective mass, and 
Eg, the 4-2‘’K energy separation of the two 
conduction bands. This may be done by using 
the standard expression for the carrier popula- 
tion in the limit of extreme degeneracy, 

«, = (iTr'O (2m*kTlh^r'^ [( - Eg)lkTf>’‘ 

( 12 ) 

or 

£f = 3-64 X 10- ** (4*«m* )-» (13) 

Here the 4*'® enters because there are four 
ellipsoids in the subsidiary conduction band. 

Values of Ep may be obtained from the work 
of Booth and Ewald[16] who from detailed 
measurements of the effective mass of the 
central valley, have obtained a semi-empirical 
expression relating Ep with /ig. Thus knowing 
no and /i,, and hence Ep, we may obtain a 
straight line fit to equation (13) with a plot of 
Ep vs. n,*'®. The intercept and slope then 
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Fig. 4. The oscillatory magneioresistance is shown for 
the series of Sb-doped samples. The period of oscillation 
is used to obtain the number of carriers in the central 
minimum through equation (II). Notice in particular that 
oscillatory behavior begins at lower held strengths for the 
samples having 1 and S x 10” donors/cm’ because the 
screening is enhanced by electrons in the subsidiary 
minima. 


R*a*Na^'^, wbwe R* and a* are the effe(:tive 
Rydberg and Bohr r^us, respectively, in ^ 
crystal. This amounts to many meV in our 
case; certainly not a neg^igibie amotuit, A 
compensating factor is that the cenhal mini- 
mum will also be lowered, m-esumably by a 
smaller amount. 

In spite of these complications we fit die 
data to equation (13) in curve (a) of Fig. 6. In 
curve (b) an attenqit has been made to correct 
for the presumed impurity-induced energy 
shift, &Eg. This quantity has been added to the 
experimental values of Ep to allow plotting 
both curves together. We may see this from 
equation (1 3) by introducing so that 

- [ £„(0) - S£„( No)] = const. 
or 

Ef + S£,(Nd) = £„(0) + const. 

The correction has little effect on the energy 
separation. £„; however, it must be realized 
that the corrected curve gives an estimate of 
£ 0 ( 0 ) while the uncorrected curve assumes a 
rigid band structure. It is also clear that 
changes in the magnitude or doping depend- 
ence of 6£p will have little effect on Eg. We 
may thus assign a value 


yield values for Eg and m*^. This approach in- 
volves several assumptions. First, equation 
(12) is valid only for parabolic bands and it is 
questionable whether the band edge is 
parabolic for doped material. In fact, it will be 
shown later that the band edge appears to be 
distorted due to the presence of quasi-bound 
impurity states that have merged with the band 
minimum. This distortion must also be a func- 
tion of Ng. We have also assumed that Eg is a 
constant independent of Afj. This is rather un- 
likely because the electrons, those that 
screen the impurity sites most effectively, 
must have their energy lowered because of 
this additional attractive impurity potential. A 
recent theory by Wolff! 17] estimates the mag- 
nitude of the band edge shift, SEg, as ~ 2-5 
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for this band structure parameter in pure gray 
tin at 4-2°K. 

Evaluation of the effective mass from the 
slope is not so clear-cut. From curve (a) of 
Fig. 6 a value of /«,* = 0-21 is obtained for 
the density-of-states effective mass. This must 
be considered an upper limit, for any correc- 
tion SEg will increase the slope and thus de- 
crease the experimental value for m,* . We 
speculate that a value as low as 0-17me, 
[obtained from (b) of Fig. 6] is not unreason- 
able. The value of this parsuneter in Ge is 
0-22 m,. 

Fintdly we note the band edge distortion 
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Fig. 5. Electron concentrations are shown as a function 
of donor concentration. The 1',* concentration no was 
obtained from the oscillatory magnetoresistance period; 
the total concentration nr from the field dependence of 
the Hall coefficient. The concentration n„ = l/ec/f(0) 
was obtained from the low field Hall coefficient. The 
critical concentration at 5 x 10” donors/cm’ is clearly 
indicated. 



Fig. The Fenni energy at 4.2°K is shown as a function 
of Ibt electron concentration to the i power. The 
btterc^ts and slopes give determinations of E„ and m,* 
for the two nXMlels studied. 


mentioned above. For small values of rii the 
data points fall below the curve representing a 
parabolic band and we take this as an indicai 
tion of a small density of states lying below the 
band edge proper due to a stronger interaction 
of a small number of electrons with the array 
of impurity potentials. If the band edge under 
consideration were not a subsidiary minimum, 
we would consider these states to be formed 
from the coalescence of discrete impurity 
levels into an impurity band wide enough to 
have merged with the conduction band. Such 
a band edge ‘tail’ has been discussed theoreti- 
cally by Paramenter[18] and Kane[19]. A 
good experimental discussion of the problem 
is the work of Shepherd[20]. In the case of 
gray tin the central minimum causes further 
complications for there are now quasi-con- 
tinuous band states degenerate with the im- 
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purity levels. A similar system, GaSb, has 
been studied by Kosicki and Paul [21], al- 
though at lower donor concentrations. We 
will not attempt to fit our limited data to any 
theory, but merely note the presence of a band 
edge ‘tail’. 

(c) Mobilities at 4-2®K limited by ionized 
impurity scattering 

In doped gray tin at 4-2‘’K ionized impurity 
scattering should dominate. In this section we 
will obtain experimental values for the mobili- 
ties of both electrons and holes as functions of 
impurity concentration and compare these 
results with the screened ionized impurity 
scattering theories of Brooks and Herring[8] 
and of Dingle [7]. 

In the limit of extreme degeneracy the 
mobility when one carrier type is present is 
given by 

M = /?(0)<r(0). (14) 

In the region of two electron-band conduction 
the contributions of the two carrier types must 
be separated. The data obtained from the Sb- 
doped filaments may be used in different ways 
to obtain po and /x,. From the measurements 
at 4-2° on the four most heavily doped sam- 
ples we know: i?(0) and cr(0) from R(H) and 
a{H); A and B, the intercept and slope of 
(A/?/B(0)ff*)~' vs. W*; Ap/p(0); fiofrom oscil- 
latory period; and Na, the alloy donor con- 
centration. In all there are seven known 
quantities that may be used to obtain the four 
unknowns («„, n,, p,,). Clearly the problem 

is over determined. We will again use the mea- 
sured no and Na to obtain the two unknowns 
no and nj. We choose not to use Ap/p(0) for 
there appears to be a spurious contribution to 
it due to inhomogeneities. There remain four 
measured quantities to determine po and p, 
so that there should be at least two independ- 
ent ways of doing so, providing a check of the 
internal consistency of the data. 

In the two band region po tnay be found 


from 

Po =■ /i (0) <r(0) < 1 -I- bm 1 + ) (15) 

where, as before, b and ^ are the mobility and 
number ratios, pjpo and njno- This expres- 
sion is the most direct way of obtaining po 
because the factors involving b and ^ are not 
very different from unity. In fact, for the sam- 
ples studied, 1 -f is never more than 3 per 
cent larger than unity. This procedure does 
have the disadvantage, however, that R and a- 
depend upon the sample dimensions and there- 
fore have large uncertainties. 

The most direct way of obtaining p, is from 

p, = (BlA)>'Hl-i-bmi-^i) (16) 

obtained from equations (6) and (^9). This 
should be very accurate since A , B, and f are 
known to a few per cent and b enters weakly. 
Then the ratio of equations (15) and (16) 

b = ( = ( B/A )>'»( I + b^m 1 + 0 

XR(0)o-(0)==Cn+b^i) (17) 

gives the best estimate of b. Explicitly, 

* = [- 1 -f ( 1 - 4C*^)‘«}/2Cf . ( 1 8) 

Values of A, B, R(0), and o-(O) are given in 
Table 2 and p„, p„ and b computed from equa- 
tions (15), (16), and (18) are given in Table 3. 
To check the consistency of the data we have 
computed B(0), ofO), A, and B from n^, fli, 
and Pi using equation ( 1 0) and the following. 

tr(0) = enoMofl +hf) (19) 

-B = (l-l-h*f)(H-f)/(l-b)*f (20) 

A=B(\+b^)VpiM+i)^. (21) 

These results are compared with the experi- 
mental values in Table 2. As can be seen the 
agreement is excellent, especially fory4 and B. 
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Table 2. Comparison of experimental and calculated parameters of heavily 
doped samples at 4 -2‘’ K. Values of the parameters A and B ( defined in text) 
are the intercepts and slopes, respectively, of the curves of Fig. 3. 


Arffcm ®) 

A(oe.f 

cxpt calc 

B 

expt 

calc 

R{0} (cmVcoul) 
expt calc 

expt 

cm)"' 

calc 

2-.^ X 10'* 

4-82 

4-72 

1-46 

1-43 

8-59 

8-25 

8-4 X 10* 

8-7 X 10* 

50x 10'* 

1-63 

1-64 

1-25 

1-25 

6-83 

6-39 

90X 10* 

101X10* 

J.Ox 10'* 

Ml 

1-14 

1-19 

1-16 

4-32 

4-56 

1-03 X 10* 

1 -00x10* 

2-5 X 10'* 

0-85 

0-84 

114 

1-13 

1-77 

2-12 

1-22X 10* 

1-02 X 10* 


Table 3. Electron concentration ratios and electron 
mobilities of heavily doped samples at 4‘2°K 


/Vrf(cm-*) 

f = njrio 

b = 11, Ip, 

#i„(cmVV-sec) 

fii(cm*/V-sec) 

2-5x10'* 

2-7 

0-021 

7-6 X 10* 

1-6X 10“ 

5-OX 10'* 

5-3 

0-022 

7-2 X 10* 

1-5X 10* 

1-Ox I0‘" 

9-4 

0-022 

5-4 X 10* 

1-2X 10* 

2-5 X 10'" 

18-2 

0-028 

3-2 X 10* 

0-9x10* 


The mobility, /xo, determined above together 
with the values given in Table 1 for 
are exhibited in Fig. 7 as a function of donor 
concentration. Also included are the measured 
values of other investigators. We notice in the 
curve a gradual drop-off in po as A'^ is in- 
creased until the critical concentration, = 
5 X IfF^cm"*, is reached. At this point /Xo rises 
to a maximum and then falls at a somewhat 
faster rate. This rise in p,o at N(. is similar to 
the effect seen by Becker, Ramdas and Fan 
in GaSb[22J. We shall return to it after con- 
sidering the theory. 

In the limit of extreme degeneracy the 
mobility limited by ionized impurity scatter- 
ing is given by 

Pi = (i) irihlef (ulm *Y nlN,g{z) (22) 

where 

g(i) = \n{\+z)-zl0+z) (23) 

and 

2 *» Ol'trY'^tY'ihlef Kn^'^lm * = (Ikpaf. £24) 
Here kp is the wave vector at the Fermi level 


and a is the screening length. When there are 
two types of carriers equation (22) is still valid 
but z becomes 


z: = 





1/3 


m 


* 

U 


{ 1 + 43/3 



to include the screening by both carrier types. 

The calculated values of Z and g(z) have 
been used to obtain a theoretical curve for /xo 
which is shown in Fig. 7 along with the experi- 
mental values. The agreement between theory 
and experiment shows that the general notion 
of a screening enhanced mobility for Na > N<- 
is correct. Satisfactory agreement is obtained 
for the decade 4 X ]0'« < Na< 4 X 10*^ cm”®, 
where z is the largest. As is made smaller 
the theoretical curve increases too slowly, 
until at 1 X 10'® cm~® it is a factor of 2*5 below 
the experimental values. At large concentra- 
tions the slopes of the two curves rather 
well although the absolute values differ by a 
factor of two. Just above the critical concen- 
tration a sharp rise in mobility is predicted; a 
much more gentle maximum is observed. We 
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Fig. 7. Light electron mobility at 4-2°K is plotted as a function of 
donor concentration. The solid tine represents calculated values 
using the screened-ionized-impurity scattering theory. The dashed 
line results from a similar calculation using the dielectric constant 
values shown in Fig. 8. The mobility increase due to screening en- 
hancement may be seen for concentrations greater than 5 X 10" 
cm"’. Experimental points arc from Refs. [1] (plus signs). [2} (tri- 
angles), [3] (open circles) and the present work (crosses). 


now discuss these deviations in greater detail. 

The above discussion is based upon the 
Bom approximation, used in obtaining the 
expressions for the mobility. For the screened 
coulomb potential used here, it is possible to 
show [23] that the Born approximation is valid 
if the scattered wave amplitude at r = 0 is 
much less than unity. This may be over-re- 
strictive. This inequality holds by a factor of 
more than ten for ail concentrations above 
10'® cm“*, and by a factor of three at 10'® cm~*. 
In view of this we judge the Bom approxima- 
tion and the mobility expressions to be valid 
over most of the range of concentrations 
studied. 

The concentration range just above Nc is 
that dominated by the impurity band tail noted 
above. Because of this tail the density of 
states could be much lower than that pre- 
dicted by the parabolic band model used to 
obtaan s. Since the screening length squared is 
inversely proportional to the ttensity of states 


at the Fermi level the presence of the tail 
states should make the screening less effective 
for 5 X 10'^ < Nd < 1 X 10’* cm~®. It is just 
this region, at the onset of the screening en- 
hancement, where the parabolic model pre- 
dicts a much more dramatic rise than is 
observed. A corresponding discrepancy exists 
between the predicted sharp drop and the 
observed more gradual decrease in the Dingle 
temperature [9]. For still higher concentra- 
tions it must be remembered that we have 
ignored the anisotropy of the subsidiary con- 
duction band, concerning ourselves only with 
the total number of states. This approxima- 
tion, as well as the fact that for such large 
impurity concentrations the overliq) of the 
impurity potentials must become important, 
leads us to consider the agreement for AJa > 
Nc quite good. 

Considerably more may be done for the 
concentration region Na < Nc where diese 
problems do not exist. Of principal concern 
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here is the dielectric constant. We have as- 
sumed that K is doping-independent and equal 
to 24. That this might not be the case for 
lightly doped samples may be seen from the 
following argument. Direct interband transi- 
tions between the r8+ bands are allowed away 
from k-0, and have been observed optically 
for the light and heavy hole bands in Ge. These 
transitions can contribute to the dielectric 
constant only if the valence band slate is 
occupied and the conduction band state 
empty. Furthermore the strength with which 
they contribute depends inversely upon the 
energy. Thus as the Fermi level approaches 
zero energy more transitions of smaller energy 
are possible and the dielectric constant can be 
expected to increase dramatically. The con- 
tribution of these transitions to the dielectric 
constant has been computed by Wagner [24] 
who obtains an expression of the form 


Ki2 = 1 H 2 

** mJ^ fr 


TT kp 


(26) 


where l/mi, = (l/m*)-F(l/m*), kA^ is the 
optical (momentum) matrix element between 
the two bands and hkp is the Fermi momen- 
tum. By relating kp to tio'^ and adding the two 
contributions, we obtain the total dielectric 
constant 


K= K^ + C (27) 

where C is a constant and = 24. We have 
used our mobility data to obtain k indirectly 
by forcing the computed mobility (through 
adjustment of k) to agree with the experi- 
mental values in the range < Nc- The 
adjusted theoretical curve for the mobility is 
shown in Fig. 7. The values of k needed to 
obtain agreement are plotted against in 
Fig. 8. The fit to equation (27) is excellent. 

Although the experimental evidence is in- 
direct, it appears that the dielectric constant is 
enhanced by a contribution from the zero- 
band-gap aspect of the band structure. 
Theoretically it has been shown[25, 26] that 



Fig. 8. The variation of the dielectric constant with light 
electron concentration. The values of k were obtained 
from the adjustment of the computed values of to 
give agreement with experiment. 

in the random phase approximation the static 
dielectric constant c(q) of pure a-Sn diverges 
as as q-* 0. The presence of impurity 
carriers removes the divergence leaving a fin- 
ite interband part which is strongly dependent 
on concentration. Liu and Tosattil27] have 
calculated e{q) under these conditions and find 
an enhanced ionized-impurity-limited mobility 
in agreement with the experimental values of 
Fig. 7. This explanation of the enhanced 
mobility has recently been questioned by 
Broerman[28] who fits the data without re- 
sort to a concentration dependent e(q) by 
taking account of the nonparabolicity of the 
conduction band and the p-like character of 
the conduction electrons. Clearly the interest- 
ing phenomenon of mobility enhancement 
merits further study. In particular, measure- 
ments on higher purity samples would be 
desirable because the above calculations pre- 
dict quite different mobility values at «# = 
10'^ cm"’. 

4. TEMPERATURE DEPENDENT EFFECTS IN 

THE r,^ and L6+ conduction bands 
(a) Determination ofEjiT) and m*j 

The temperature dependence of the low 
field Hall coefficient for the series of Sb-doped 
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filaments is shown in Fig. 9. Of particular 
interest is the rising Hall coefficient with 
increasing temperature observed between 4-2 
and IICK for samples having 2‘0xl0”<; 
Na < 2-5 X 10‘* cm"®. Outside this concentra- 
tion range R{T) more typically decreases 
with increasing temperature. Similar effects 
have been seen in some compound semicon- 
ductors having subsidiary conduction band 
minima [29], and have been attributed to 
thermal transfer of carriers from the central to 
the subsidiary valleys. If the number of low 
mobility carriers (electrons in the subsidiary 
valleys) is small, the low field Hall coefficient 
is approximately proportional to lino, so that 
an increase in R signifies a decrease in no with 
increasing temperature. The decrease in «o is 
caused by two effects; the change in Eg with 
temperature and an increase in the kT spread 
of the Fermi distribution function. A further 



Fig. 9. The temperature dependence of the low field Hall 
coefficient for the Sb-doped series of samples. The circles 
represent d.c. measurements at fixed temperature, used to 
calibraie the a.c. temperature-sweep measurements 
represented by the continuous curves. 


contribution to the increase in is the tem- 
perature variation of r(i), /3), the ratio of the 
low field Hall and conductivity mobilities (in 
which 7} = EfIkT and /3 = kTIEe). In fact, this 
is the dominant effect for the 1 and 2 X 10*^ 
cm~* doped samples. 

By generalizing equation (10) for arbitrary 
statistics we may write 

/?(0) = -(l/ec«o)(ro-l-r,h®f)/(l +bsr (28) 

for the low field Hall coefficient. In the con- 
centration range under study both b and ^ are 
small, this allows the approximate form 

«o ^ rtffro(7},/3) (29) 

to be used, where — l/ec/?(0) and 
roiVf )8) == (t®)/{t)®; t is the relaxation 
time for the light electrons. This sqiproxima- 
tion introduces an error that is at most 5 per 
cent for the 1 x 10’* cm"® sample and con- 
siderably less for those having lower donor 
concentrations. Using the values of r(i 7 , ^) 
tabulated by Kolodziejczak[30] it is possible 
to solve equation (29) by an iterative proced- 
ure to obtain no and tj from /!«. The values of 
/3 are based on a value of Ec = 0’41 eV[31] 
and no is related to Ep and thus to -q via the 
empirical relation of Booth and Ewald[16] 
discussed in Section 3(b). This relation is 
exact only for large values of q and gives too 
large a value of Ep for a given no; as t) is always 
larger than 6, however, the error involved is 
less than 3 per cent. This error, of course, 
decreases as the doping level is increased, but 
the approximation of equation (29) becomes 
worse. We now may use values of noiT) and 
Ep(T) to obtain information about the sub- 
sidiary minima. Since these samples are ex- 
trinsic below about lOO^K the totd number of 
electrons is constant. This fact allows nt to be 
given by n,(T) — b/a — no(T). For those 
samples having Na < Nc we will use n,( T) — 
/io(4-2'’K)— /io(r) for this gives greater accur- 
acy. Neglecting any distortion of the subsidi- 
ary band edge, is given as a function of Eg 
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andfpby 

mi T)IT^<^ = 4-831 X 10‘* X 

5^»,*[tJ-E»(7’)/(-tr)] (30) 

where ^,/2 is a Fermi integral and the 4 arises 
because there are four ellipsoids, each having 
a density-of-states effective mass of m,* . If the 
temperature is high enough, may be re- 
placed by the non-degenerate approximation, 
exp (r}-EglkT). Using this in equation (30) 
and taking logarithms gives 

In - T? = (t) In (m*Jing) -E^T)l 

(k7)-f const. (31) 

If we now express EgU) as 

£^7) = £„(0)-f(dE„/d7)7’ (32) 



equation (3 1 ) becomes 

In - 1} = [(f) In (m,* /m,) - ( l/k) 

(d£o/d7)]-£„(0)/(k7) 

-F const. (33) 

so that a plot of the left-hand side vs. 1/7 gives 
a slope of £„(0)/k and an intercept, / .related to 
the effective mass and d£„/d7. We expect 
AEgtdT to be small but not constant in this 
temperature range so the value must be con- 
sidered an average. Also, the mass and d£y/ 
d7 values can not be separated from one 
another but the upper limit established earlier 
for the mass allows a similar limit for d£^d7. 
Curves of [In (ni/7®'*) — 17] vs. 1/7 are shown 
in Fig. 1 0 for three of the samples studied. The 
experimental slopes and intercepts (minus the 
constant) are t^ulated in Table 4 for all 
samples exhibiting a substantial effect. The 
variation of these values with doping probably 
reflects the experimental uncertainties, ap- 
proxima^Ms made, and over-simplification of 
the mode/ rather than a physical effect. The 
more heavily doped samples have a smaller 


Fig. to. A fit to the two-band model of data obtained from 
the temperature dependence of the Hall coefficient for 
samples having donor concentrations near the critical 
concentration, 5 x tO” donors/cm“ = 5-17. The slopes of 
these curves give a measure of the subsidiary minima 
energy separation at 0°K through equation (33). 

Table 4. Parameters evalu- 
ated from the slopes and 
intercepts of curves such as 
those of Fig. 10. The inter- - 
cept I is equal to ff) In 
(m,Vme)-(l/k)dEs/dT 


N^cnr^) 

fi'.XOllnteV) 

1 

2-5 X 10" 

83 

316 

30X 10” 

76 

205 

40 X 10” 

84 

3-23 

50x 10” 

90 

3-49 

7-0 X 10” 

93 

3- 14 

lOx lO'* 

92 

3-42 


uncertainty in ni and thus provide more reli- 
able results. The values of Eg for these agree 
well with the 0-092 eV value obtained above. 
By taking the average value of the intercept 
and using the fact that m* « 0-2 m, we see 
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that dEjdt < — 4 X 10”* cV/^K. The limiting 
absolute value is small, about an order of 
magnitude smaller than the estimated high 
temperature value (~ —5 x 10”^ eVriC). This' 
is as it should be for dEgIdT must approach 
zero at absolute zero. The inseparability of 
m*a and dEJdt is similar to the inseparability 
of mfli and dEgldNa discussed in Section 3(b). 
In fact, the argument presented here parallels 
that of the earlier section with T replacing Na 
as the parameter which increases the popula- 
tion of the subsidiary minima. 

(b) The temperature dependence of for 
samples having Nd 

The screening enhancement and resultant 
increase in po with doping discussed in Section 
3(c) leads one to an interest in the temperature 
dependence of p^, for samples having Nd = Nc- 
For these samples n, increases with tempera- 
ture so that perhaps a similar screening en- 
hancement can occur. Experimentally po(T) 
may be obtained from oiT) since, under the 
approximations of b and ^ 1, po (T) — 

criDlenoiT). Measurement of oiT) for 
4-2 < T < 273®K have been made for the 
entire series of Sb-doped filaments and values 
of po(T) were obtained for the 4, 5 and 10 x 
10*^ cm”* samples for T < 100°K. The mobil- 
ity is little enhanced (not at all for the 1 x 10 '® 
cm”* sample); this requires some explanation. 
In the earlier section the screening was 
analyzed using expressions valid for extremely 
degenerate statistics. Here these no longer 
apply and the expression which includes the 
Fermi integrals and temperature dependence 
exactly, must be used. If the Lo^ electrons 
dominate the screening then 


^miv-EJkT) 

2ne* n, ^ ^ 1 , 2 ( 7 ) -EJkT)' 


(34) 


cm”* smnple where it] is already large at 4'TK. 
The ratio of the Fermi integrals also decreases 
slowly with inerting T. We thus expect, at 
best, a weak decrease in screening length 
with temperature for samples havii^ Nd < 
Ne and' an inorease in a*, due to kT, for 
samples in the Nd > Nc concentration rtmge. 
From the expression for the mobility of the 
degenerate (17 > S) central electrons [equation 
( 22 )] we see that p^ will also decrease as no 
decreases with kT. This may easily overwhelm 
a much stronger screening enhancement be- 
cause the screening enters only logarithmic- 
ally through giz). Thus it is clear that no 
pronounced mobility enhancement should 
occur and our results are in good qualitative 
agreement with the screened ionized impurity 
scattering theory. 

(c) The temperature dependence of the 
magnetoresistance for Sb-doped filaments 
Measurements of the temperature depend- 
ence of the magnetoresistance for the Sb- 
doped series of filaments have been made and 
qualitatively analyzed. The data for pure 
samples represents an upper limit for the 
magnetoresistance at any temperature, a limit 
that is approached by all the samples as the 
temperature is raised. Deviations from this 
intrinsic curve occur at the higher tempera- 
tures for samples having the larger Nd values. 
Below lOO^K two different types of behavior 
may be distinguished. For samples having 
Nd < Nc the magnetoresistance, tending 
toward the small one-band value, decreases 
with decreasing temperature. For more 
heavily doped samples an increase with de- 
creasing T is observed. This is clearly a mani- 
festation of the two-band conduction. Analysis 
of this data is complicated by the contribution 
of the one-band magnetoresistance to the 
multi-band effects. 


In order for a* to decrease (better screening) 
with increasing temperature Wj must increase 
faster than kT, the cause of the increase of «i 
in the first place. This happens for the 4 and 
5 X 10'^ cm”* samples but not for the 1 x 10** 


5. TEMPERATURE DEPENDENT TWO-BAND 

coNiHJcnoN ns the electron and 
HOLE BANDS 

In this section data from samples having 
very few impurities will be presented and dis- 
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cussed. Under these conditions intrinsic be- 
havior extends to temperatures at least as low 
as 30*K and properties of the hole and light 
electron bands may be studied at tempera- 
tures below about 100°K. 

(a) The temperature dependence of po for 
intrinsic samples 

Hall coefficient vs. temperature data for 
two lightly doped p-type samples and two n- 
type samples, one of purified material and one 
of material as supplied by Cominco, are shown 
in Fig. 1 1 . The log-log plot is used to em- 
phasize the T”®'* behavior of the Hall coeffi- 
cient in this intrinsic region; behavior 
characteristic of a zero-band-gap semicon- 
ductor. No sign of carrier freeze-out is evident 
for either « or p-type samples. 


In the two-band portion of the intrinsic 
range 

R (0) = -( 1 tn^ec) (ro - rph*)/( H- h)* (35) 

and 

or = ecnopoi 1 -t- b) (36) 

where b is now pp/po- The product Rcr equals 
Pff-, solving for p« we find 

p^ = -(PnlroK 1 - b)l[l - (rp/ro) b^. (37) 

The temperature dependence of po shown in 
Fig. 13 was determined using equation (37) 
with ro= 1-4, rp= 1-2, and values of b ob- 
tained in the following section. We may easily 
compare p«( T) with po( Nf) obtained earlier if 



Fig. II. Temperature dependence of the low field Hall 
coelficient for pure and lightly doped n and p-type sample,s. 
The log-log plot emphasizes the T-"* dependence oiR(T). 
The notation )-I6 » 1 X 10*“ indium acceptors/cm’. The 
circles represent d.c, meamrements used to calibrate the ax. 
temperature sweep measurements denoted by the continuous 
curves. 




TWO-BAND GALVANOMAGNETIC EFFECTS IN GRAY TIN 


lt3T 


we now assume electron-hole scattering 
dominates for the light electrons. If mcH% than 
one band is populated the inverse squared 
screening length is < 




2££!y n, 

KkT^ ^Ur,-dt) 


(38) 


where i is the band index and Oi the band-edge 
energy divided by kT. For the pure sample 
no = p and evaluating the two terms in the sum 
for 1 } = 2-35 we obtain 


a-^ = {iTre^njKkT )(0-9S+ 1-94) 


= {nolE^)6-&5. (39) 

For the degenerate sample the second term of 
equation (38) is zero and using approximate 
forms for and valid when ij > 0, 

gives 



fl”* = (Irre^nalKkT ) Oh) = (nolEp) 3 . (40) 

Comparison of equations (39) and (40) shows 
that for a given rio the screening length for a 
pure sample is less than half that of the de- 
generate sample and, all else being the same, 
we may relate the two mobilities by merely 
changing a. This similarity between po(Na) 
and PitiT) is present because electron-hole 
scattering in the pure sample is similar to 
ionized impurity scattering in the doped 
samples. 

(c) The temperature dependence of the 
magnetoresistance; evaluation of p,p 
Curves of ApIpoH^ vs. T for the pure and 
~ 1 X 10‘*cm~® doped n and p-type samples 
are shown in Fig. 12. Clearly the addition of 
small amounts of impurities can have pro- 
nounced effects on the measured magneto- 
resistance. Comparing the doped and pure 
samples we see that the values are nearly the 
sMne for temperatures above about 80°K. 
Below this temperature the effects of the im- 
purities begin to dominate. With decreasing 


Fig. 12. Temperature dependence of the low field mag- 
netoresistance coefficient for pure and lightly doped n 
and p-type samples. 

temperature the pure sample magnetoresist- 
ance continues to rise while the doped sam- 
ples. as they become closer to a one-band, 
degenerate system, show a sharp drop in Ap/ 
PoH^. This results in a difference of three 
orders of magnitude between the pure and p- 
type sample values at 4-2'’K. The n-type sam- 
ple has a higher value at 4-2°K because of the 
inhomogeneity contribution to the magneto- 
resistance. This is much smaller for the p-type 
sample because the hole mobility is much 
smaller than the electron mobility under these 
conditions and the inhomogeneity contribu- 
tion is proportional to p,*. 

In the intrinsic region the two-band mag- 
netoresistance is given approximately by 

Ap/po H * = 10->«po/ipro*[l + (rp/ro)h]*/ 

{\ + bf. (41) 

Solving this for p,p and using equation (37) for 
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Mo gives 

= 10>“(Ap/po//*)[(l + 

[ 1 — {rp/ro)i*]/[l +(rplro)bY- (42) 

Letting Pp = 10'®(Ap/pb//*) Olrofin) Mo 
Mw/ro be first approximations to Mp and po, 
respectively, we obtain from the pure sample 
data an estimate of b as Pp/Mo- 
the complete expressions [equations (37) and 
(42)] to obtain po(T) and pp(T) shown in Fig. 
1 3. The electron mobility is seen to agree with 
theory including the k(/i) dependence, both in 
absolute value and slope. The hole mobility 
temperature dependence is a more interesting 
result. Because of the small value of b the 
holes enter only weakly into the conductivity 
coefficients. This makes the hole mobility a 
rather elusive quantity, generally approach- 



Fig. 13. Temperature dependence of the electron and 
hole mobilities. The electron mobility ^ agrees well with 
theory if the carrier concentration dependent dielectric 
constant is introduced. The hole mobility fi, obeys a T~^'* 
power law that strongly suggests acoustic phonon scatter- 
ing as the dominant mechanism. Estimates of iip(T) hy, 
Kohnke and Ewald (see Ref. [33]) obtained from data at 
father temptfatures, are sho^ for comparison. 


able only through a field dependent effect such 
as ARiRo or Ap/po- For intrinsic samples, 
however, ARIRo “ 0. This leaves the present 
method as possibly the only way p,p may be 
determined in pure gray tin, although ARiRo 
might be used for nearly intrinsic samples. 
Over most of the intrinsic range pp(r) ex- 
hibits a T"®'* temperature dependence that 
strongly suggests scattering by acoustic 
lattice vibrations. Theoretically, for non- 
degenerate statistics (because t) = -2-3), we 
have 

P-/. = (4) VTreTo/m * and n 

= (2TTpv.^b*)l[ (43) 

Here p is the density and v, the sound velocity. 
We have obtained an estimate of p/, at 1()0“K 
using equation (43) and the known physical 
constants for gray tin. The value for the 
deformation potential, t/ = — (l-9±0-5)eV, 
was obtained from the work of Roman[32]. 
The calculated value of p;. is shown slightly 
below the experimental curve in Fig. 13, re- 
inforcing our thesis that in intrinsic samples 
the holes are scattered predominantly by 
acoustic phonons. 

We also notice from equation (43) a strong 
dependence upon the effective mass, 

It is this behavior that makes phonon scatter- 
ing insignificant for electrons. If only lattice 
scattering were present po would be 3 X 10® 
cmVV-sec at 100°K. This is 20 times larger 
than the observed value. 

One might ask why electron-hole scattering 
does not enter into the hole scattering appreci- 
ably. It may be argued that the reduced mass 
is the same for electrons scattering from holes 
and holes scattering from electrons, thus the 
apparent mass dependence of equation (22) 
is misleading. The only difference in calcu- 
lated mobility arises from the Fermi integrals. 
This difference in statistics would cause only a 
factor of 2 reduction of pp below po- The mea- 
sured hole mobility is much lower than this 
except below about 30°K so electron-hole 
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soaring clearly does not limit the mobility 
£d)OVe 30*K. Below 30“K there is some evi- 
dence that another scattering mechanism is 
present. This may be electron-hole scatteriiig 
as b has risen to about 0*25. 

Also shown in Fig. 1 3 are data of Kohnke 
and Ewald{33] for /Xp< J) obtained by analyz- 
ing the conductivity and Hall coefficient for 
relatively pure filaments at high temperatures. 
Their analysis was based on the then conven- 
tional two-band semiconductor model. We 
might expect their results to ^ee more close- 
ly with our extrapolated 7“®'* behavior at 
high temperatures where the two band model 
is more appropriate. This does occur, the two 
determinations giving the same result when 
extrapolated to somewhat above room tem- 
perature. From all of these considerations we 
conclude that phonon scattering dominates 
the hole mobility at all temperatures above 
about 30“K. Contributions from two valence 
bands, which in Ge give a stronger tempera- 
ture dependence, are not present here so that 
at least at low temperatures the theoretical 
behavior is observed. 

6. CONCLUSIONS 

The results of this study fall into three dis- 
tinct categories: Those obtained at 4-2‘’K 
from Sb-doped samples, making use of the 
oscillatory magnetoresistance. The tempera- 
ture dependence of these same samples for 
temperatures below 100®K, and results ob- 
tained from ‘pure’ and lightly doped samples 
in this same temperature range. The first two 
provide information about the F and L con- 
duction bands. The third involves the, r*'’', 
light electron and hole bands. All results are 
consistent with the Groves-Paul band struc- 
ture model. 

At 4*2‘’K the existence of a critical donor 
concentration, above which two bands par- 
ticipate in the conduction processes, was 
observed. The contributions of the two bands 
were separated and a consistent picture of all 
the galvanomagnetic effects formulated. From 
the population of the two bands, a value of 


their energy separation. Eg, and an upper Hout 
for the density-of-states effective mass ctf the 
ellipsoids were ^determined. The presence of 
an impurity band-tail, con^stii^ oi states 
below the ellipsoidal band edge {HOper, was 
alsontrted. 

The mobility of the central electrons at 
4*2°K was shown to be screening enhanced 
for donor concentrations above the critical 
concentration, in complete analogy with the 
reduction in Dingle temperature reported by 
Booth and Ewald. Our results are in good 
qualitative agreement with screened, ionized 
impurity scattering theory. At considerably 
lower donor concentrations serious discrep- 
ancies exist between this theory and the mea- 
sured values. A doping dependent dielectric 
constant was assumed to account for this 
difference. 

The temperature dependences of the gal- 
vanomagnetic properties were also shown to 
be consistent with the Groves-Paul band 
structure model. The rising Hall coefficient 
with temperature, observed for samples hav- 
ing donor concentrations near the critical 
concentration, was attributed to a thermal 
transfer of electrons from the central minimum 
to the ellipsoids. Values of the energy separa- 
tion, Eg, and dEjAT were determined from 
these data. Using the conductivity and Hall 
coefficient data we were able to obtain the 
central electron mobility as a function of 
temperature. This is not strongly screening- 
enhanced because of the temperature depend- 
ence of the screening length. We have treated 
the magnetoresistance in a qualitative manner 
because of spurious contributions to it dw to 
impurity density fluctuations. We still are 
able to distinguish one or two-band behavior 
as the temperature is lowered depending upon 
the relation of the donor concentration to the 
critical concentration. 

Pure and lightly doped n and p-type samples 
were shown to exhibit a temperature 
dependence of the Hall coefficient, thus ex- 
tending Groves’ result to lightly doped 
samples. The magnetoresistance of the pure 
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sample is very large. This indicates that two- 
band effects extend into the liquid He tempera- 
ture range. Lightly doped samples (especially 
p-type) show a sharp drop in magnetoresist- 
ance as the temperature is lowered, making 
the material extrinsic. By using measurements 
of conductivity, Hall coefficient and magneto- 
resistance and the intrinsic nature of the 
material the electron and hole mobilities were 
obtained as functions of temperature. The 
light electron mobility was then related to the 
4'2°K value having the same Fermi level. The 
two are equivalent if the additional screening 
of the holes is taken into account. The hole 
mobility follows a 7"®'“ dependence in this 
intrinsic temperature range. This, combined 
with a theoretical estimate of the magnitude 
of the mobility, strongly support the conten- 
tion that phonon scattering dominates the hole 
mobility in pure material at least down to SO^K. 
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HARTREE-FOCK DETERMINATION OF THE ENERGY 
BANDS AND THE OPTICAL PROPERTIES OF 
LITHIUM BROMIDE* 

A. BARRY KUNZ and NUNZIO O. UPARl 

Department of Physics and Materials Research Laboratory, University of Illinois, Urbana, III. 61801, 

U.S.A. 

{Received 1 July 1970) 

Abstract— Using the nonrelativistic mixed basis (M.B.) method and self-consistent local orbitals for 
the LiBr crystal, energy bands in the Haitree-Fock approximation have been obtained. These results 
are similar in quantitative features to those recenOy obtained by one of us (A.B.K.) for the LiCl 
crystal. Using Ae polarization corrections of Fowler these bands have been modified to incorporate 
many body effects. The final band structure has been fitted with pseudopotential and a density of 
states computed for the upper valence bands and the lower conduction bands. A joint valence-conduc- 
tion band density is also obtained. These results are compared to several recent experiments. In 


general, the experimental companson is excellent. 

I. INTRODUCTION 

Of all the alkali halides, the lithium halides 
are the least understood and studied. The lack 
of experimental investigations are understand- 
able since, excepting LiF, these crystals are 
hygroscopic and hence very difficult to 
experiment with. In regard to optical proper- 
ties the substances LiCl, LiBr, and Lil seem 
to be quite similar. This has been seen in the 
region of the fundamental absorption edge and 
in the soft X-ray absorption [1-5]. Using 
potentials structured on modifications of the 
Slater exchange, energy band calculations 
have been reported for the Lithium halides [6]. 
These calculations were incomplete in the 
sense that insufficient points in the brillouin 
zone were computed to allow complete 
experimental analysis. In addition, the use of 
an effective exchange approximation is 
questionable [7, 8], 

In this paper we present a calculation for 
LiBr which avoids ffie difficulties associated 
with the previous work. That is, the correct 
Fock exchange is used and, via a pseudo- 


*This research was supported in part by the Advanced 
Research Projects Agency under Contract S D- 1 3 1 . 


Suggestions for further mvestigations are made. 

potential interpolation, densities of states are 
obtained for the valence bands, the lower 
conduction bands and a joint valence conduc- 
tion density of states is computed. It has 
been seen in previous work that the inclusion 
of the correct Fock exchange yields results 
which differ greatly from those obtained using 
a Slater type potential. This difference is 
chiefly associated with the width of the 
valence bands [8, 9], In this calculation, 
many body corrections are included via the 
method of Fowler [10], It will be seen that 
these corrections are substantial and 
necessary. 

In the next section the techniques used in 
this calculation are briefly reviewed. In 
Section 3, the results are presented and these 
are compared to experiment. Finally, in 
Section 4 conclusions are made and sugges- 
tions for further work are made. 

2. THE METHOD OF CALCULATION 

The various techniques used in this 
calculation have been given previously and 
hence only a sketch of them will be given at 
this time. Firstly, a self consistent charge 
density is obtained for the LiBr crystal. To do 

141 
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this one solves the local orbital equations for 
the LiBr lattice correct to first order in 
interatomic overlap [11]. These are obtained 
by solving the equations 

^Fa + Ua ~ 0 ) 

for the Li+ and the Br“ ions. Here the 4>ajS are 
local orbitals about the lattice site A. The 
quantum number j refers to the usual set of 
orbital, angular and spin quantum numbers. 
The quantities Ua and Fa are given as 


FA<i>Ai~ S’ j 


x^dr,, (2) 
kial 


Here we include only one member of a spin up, 
spin down pair of orbitals in a sum. The prime 
in U A means that we exclude site A in the sum. 
The exact expression for the local orbitals for 
LiBr are being reported elsewhere [1 1] and 
are not included in this manuscript. 

Once one obtains the local orbitals one must 
evaluate the energy bands. This is done using 
the mixed basis (M.B.) method [6], As this 
method has been discussed in great detail 
elsewhere as have the techniques of evaluating 
elements of the Fock operator in this method 
[8,9] it needs no discussion at this time. In 
this calculation the technique used for evalua- 
ting matrix elements of the Fock operator and 
plane waves is that of Ref. [9] rather than that 
of Ref. [8] which was used previously for 
LiCl. As will be seen from the results the 
bands for LiBr are very similar to those for 
LiCl and it is suggested that both techniques 
are equally accurate. 

Polarization corrections are included using 
the static limit as demonstrated by Fowler [10]. 


Polarization corrections occur for several 
reasons: ( 1 ) all electron correlation is neglected 
except for that which arises from a totally 
antisymmetric wavefunction; (2) we assume 
an invariant core (Koopmans’s theorem); 
(3) we assume the ionic positions remain 
undisturbed during an excitation. Of these 
assumptions only (3) is justified. The technique 
of Fowler allows for inclusion of types ( 1 ) and 
(2) effects. 

Fowler’s method is an extension of the 
theories of Haken and Schottky and of 
Toyozawa[12]. Fowler demonstrates for the 
insulator these theories tend to a static limit, 
and this is evaluated by a Mott and Littleton 
approach [13]. This result which we apply in 
an appropriate manner lowers the conduction 
bands with respect to the valence bands by 
about 3-82 eV. As we apply this theory it is 
essentially k independent. 

The method of application is quite simple. 
One evaluates the amount of wavefunction 
contained within the ionic radius of Li*^ ion 
and assume the rest to be associated with the 
Br' ion. Then the polarization correction to an 
energy is given by 

= ± [d (-t-) £e,eci + d (-) £h,„e] . (4) 

Here E^, is the correction, d(-l-) is the wave- 
function density about the (-f) ion and 
d (— ) = 1 — d (-I-) . £ejeci is the correction due to 
an extra electron on the alkali ion and £hoie is 
the correction due to a hole on the halogen 
ion. The + sign is used for a hole and the 
— sign for an electron. 

3. THE RESULTS AND COMPARISON TO 
EXPERIMENT 

The M.B. calculation was performed using 
181 planewaves at the F point and also 137 
plane waves at the point. The changes 
were negligible and 181 planewaves were used 
for subsequent calculations. The points 
r, X, L were actually computed. The core 
states included in the calculation were the Li+ 
Is and the Br-fr, 2p, 3s, 3p, 3d. In Table 1 the 
values of the core states and the valence 
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Table 1. The results for the core and 
valence slates cf LiBr and also LiCl are 
shown. In column 1 the state is specified, in 
column 2 the LiBr H — F result is given, m 
column 3 the LiBr result with respect to 
r,* valence level is given including polariza- 
tion correction and in column 4 the LiCI 
H — F results are given by way of com- 
parison. Results are in eV 


1 

2 

3 - 

4 

Li+ If 

-67-39 

-56-52 

-66-74 

Br" If 

-13333-00 

-13325-00 

-2854-00 

2f 

-1773-00 

-1763-00 

-287-7 

2p 

-1594-00 

-1584-00 

-218-5 

3s 

-268-1 

-238-3 


3p 

-200-8 

-191-2 


3d 

-87-13 

-77-53 


4f(3f)ri 

-29-59 

-19-99 

-31-56 

X, 

-26-86 

-17-26 

-28-79 

L: 

-27-32 

-17-92 

-29-45 

4p(3p)r„ 

-9-60 

0-00 

-8-00 

x: 

-16-47 

-7-14 

-15-25 

X.' 

-12-00 

-2-40 

-10-44 

w 

-17-17 

-7-57 

-15-96 

w 

-10-31 

-0-71 

-8-69 


levels are given with and without polarization 
corrections. In Table 2 the same information 
is given for the condutions states. The 
probable Hartree-Fock bands are shown in 
Fig. 1. The band shapes are modeled after 
those for LiCl which was found to be quite 
similar as may be seen from the Tables 1 and 2. 
The B.S.W. notation is used [14]. 

The principal results may be summarized as 
follows. The 4s valence band is 2-73 eV wide 
and the 4p valence band is 7’57eV wide, 
results in good agreement with those found 
for LiCl. In the Hartree-Fock approximation, 
the photo emission threshold is found to be 
9-6 eV, the electron affinity is found to be 
— 2-62 eV and the optical band gap is 12*22 eV. 
If one includes polarization corrections, the 
band gap reduces to 8*40 eV. 

In order to facilitate comparison of results 
to experiment, the valence bands were fitted 
to tight binding forms and the conduction band 
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Table 2. The conduction 
levels of LiBr tmd LiCl are 
given. In column 1 the 
stati i^ given, in column 2 
the H — F result for LiBr is 
shown and in column 3 this 
is corrected for polarization 
and is with respect to the 
4p Fis level. In column 4 the 
H — F LiCl result is shown. 

Results are in eV 


1 

2 

3 

4 

r, 

2-62 

8-40 

3-47 

ri. 

8-87 

14-65 

11-22 

r„ 

11-44 

17-22 

14-07 

r,s 

10-75 

16-53 

13-98 

X, 

3 59 

9-37 

5-37 

X, 

3-82 

9-60 

5-31 

Xi 

11-18 

16-96 

14-04 

x; 

10-35 

16-13 

12-60 

x« 

14-71 

20-49 

17-41 

L, 

2-81 

8-59 

3-84 

u 

4-75 

1053 

7-55 

u 

10-77 

16-55 

13-61 

Li 

12-23 

18-01 

16-42 

Lz 

11-68 

17-46 

17-28 

L, 

15-64 

21-42 

18-51 



Fig. 1 . The probable energy bands for LiBr are shown. 
Only the points T, X, and L were actually computed. 



1144 


A. B. KUNZ and N. O. LIPARl 


by a pseudopotential scaled froin that used 
for UC1[8]. Using 505 none^valent points 
in 1/48 of the Brillouin zone a density of 
states was evaluated for the valence bands 
and the lower conduction bands. These 
results are shown in Figs. 2-4. Also a joint 
valence-conduction density was computed 
and is given in Fig. 5. In Fig. 4. the optical 
absorption from the Li+K shell after Brown 
[5] is given. 


possible to direcUy compare tiie jomt density 
calculation with experiment due to the 
neglect of spin orbit effects in the calculation. 
These effects are of some size since the spin- 
orbit splitting of the 4p band at the T point is 
about 0-5 eV. We note, however, there seems 
to be a fair degree of correlation between the 
joint density curve and the experiment of 
Teegarden and Baldini conunencing about 
2 eV above the band edge. We attribute the 



Fig. 2, The density of states for thc4r valence band is shown. 



Fig. 3. The density of states for the 4 valence band is 
shown. 


One expects that the density of states 
calculation for the 4s and 4p levels in LiBr 
should be useful in interpreting X-ray emission 
data or electron emission data for these sub- 
tances as they become available, just as this 
calculation for LiCI has been useful. It is not 


poor agreement in the lower energy region to 
the omission of exciton levels in the calcula- 
tion. It is expected that exciton activity could 
be present at the L and X points as well as at F. 
This is felt to be consistent with the^bove 
discussion. 

In the case of the soft X-ray region, LiBr 
presents a system which is ideal. In the region 
from about 60 to 300 eV there are the 
Br~ Jd, Br“ 3p and Br~ 3s core levels. These 
levels are well separated and of good diversity 
of symmetry type. In Fig. 4 the computed 
conduction density of states and the Lithium 
K shell absorption is shown. It is seen that if 
we assume a constant transition matrix 
element there is an excellent degree of 
correlation between the theory and experi- 
ment. It is seen that the presence of excitons 
are not necessary to enable us to understand 
the X-ray structure. This is in keeping with 
previous results for K1 and LiCl[15, 8]. 
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Fig. 4. The density of states for the conduction band of LiBr 
is given and the soft X-ray Li'^ K sheU absorption data after 
Brown is given. The zero of energy is arbitrary. 



Fig. 5 . The joiht density of states for the valence and conduc- 
tion bands of LiBr is shown. 


4. CONCLUSIO^S 

It has been possible to compute self 
consistent Hartree-Fock energy bands for 
LiBr crystal. These results feature a valence 
band which is wide (ca. 8 eV for the 4p land) 
and which exhibits a band gap about 4-5 eV 
greater than experiment. If one includes 
polarization corrections the band gap 
decreases to the point where it is about 0-7 eV 
or less greater than experiment. Thus in LiBr 
as in LiCl, Ar. Kr the polarization corrections 
are very great. It is suggested that including 


polarization corrections by other than a 
static limit approximation should be tried. 

Experimentally, the emission spectra Grom 
the 45 and Ap levels should be measured as 
should the soft X-ray absorption spectrum in 
the range 60-300 eV . 

Acknowledgement— Ths authors wish to thank Professor 
F. C. Brown for permission to use his unpublished data 
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PHASE TRANSITIONS AND CONDUCTIVITY 
ANOMALIES IN SOLID SOLUTIONS OF VO* WITH 
TiOj, NbOa AND MoO** 
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Department of Chemistry, Indian Institute of Technology Kanpur, Kanpur- 1 6, Imtia 

(Received 16 June 1970) 

Abstract— The solid solutions l^,-.j.TiiO, (0-02 ^ a « 0-4) which are monoclinic at room temperature 
(with the monoclinicity decreasing with increasing x) transform to rutile structures at Tt- The Ti, 
A// as well as the conductivity jump (at T,) decrease with increase in x. Incorporation of 2 at.% of 
Nb (or Mo) lowers the T, of VO-j considerably, while 10% Nb stabilizes the high-temperature rutile 
structure. The high temperature rutile phases of all the solid solutions show semiconducting behavior 
indicating that the conductivity anomalies correspond to semiconductor-semiconductor transitions. 


1. INTRODUCTION 

Since the discovery of the semiconductor- 
metal transition in VO 2 by Morinfl], there 
have been several reports on the phase equi- 
libria in the vanadium-oxygen system [2] and 
on the mechanism of the phase transition in 
V02[3-5] and related oxides[5,6]. The crys- 
tallography, magnetic susceptibility (x) and 
electrical conductivity (a) of the pseudo- 
binary system V 02 -Ti 02 have been examined 
by a few workers [7-9]. Some of these studies 
are limited to narrow ranges of composition; 
further, the variation of x with T of this binary 
system reported by two groups of workers 
[7, 8] differ significantly. We now wish to re- 
port the preliminary results of our investiga- 
tions of T,_jTij.02 employing X-ray crystallo- 
graphy, differential thermal analysis (DTA) 
and electrical conductivity measurements; 
these studies are of value in understanding the 
mechanism of the conductivity anomalies in 
these solid solutions. Riidorff and Marklin[10] 
have reported the crystallography and x of the 
binary system, Ki_xNb,Oj, along with some 
conductivity data; the conductivities have, 
however, not been measured as functions of 


‘Supported by the U.S. National Bureau of Standards 
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Florida. 


temperatures. We have presently examined 
the effect of addition of Nb and Mo on the 
transition of VOj. 

2. EXPERIMENTAL 

The solid solutions were prepared by taking 
the metals and their stable oxides (all of better 
than 99-99 per cent purity) in stoichiometric 
proportions and melting the mixture in a d.c. 
arc furnace in an atmosphere of gettered argon 
[11]. X-ray powder diftaction patterns were 
recorded with a GE diffractometer. DTA 
curves were recorded (in an atmosphere of N 2 
or Ar) by employing an Aminco thermo- 
analyzer [12]. Conductivity measurements 
were made on polycrystalline pellets by the 
four-probe technique (in an argon atmosphere) 
after cycling [13] each sample 3-4 times 
through T,. 

3. RESULTS AND DISCUSSION 

Crystal structure data on K,_xTixOs in the 
low (monoclinic) and high (rutile) temperature 
phases are shown in Table 1. We see that the 
monoclinic structure persists up to x = 0-4, 
the monoclinicity decreasing with increasing 
X. These results differ from those of Ariya and 
Grossman [8] who report a rutile structure at 
room temperature for x = 0-4. It seems pos- 
sible that the solid solution with x ^ 0*6 may 
possess the rutile structure [14], DTA results 
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0 

Table 1. Crystal structure, DTA and conductivity (in ohm"* cm *) data on the K,_j.ZxOg 

systems (Z = Ti, Nb or Mo) 


Composition Distorted rutile (25”C) Rutile (80»C) DTA Electrical Conducttv.ty 

A//, cr(40“C) £„.eV 

«A bA cA a.A c,A cal/mole x 1(F r,.°C f<f,T>T, 


000 5-744 

4-520 

5-376 

122-6 

4-559 

2-801 

69 

750 

0-8 

69 

0-I5"« 

(0-28) 


0-02 5-729 

4-530 

5-364 

122-3 



— 

65 

630 

1-2 

65 

0-18 

— 

0-05 5-727 

4-560 

5-390 

122-5 

4-545 

2-844 

63 

600 


— 

— 

— 

0-10 5-716 

4-499 

5-424 

122-0 

4-537 

2-868 

60 

400 

5-8 

63 

0-15 

0-25 

0-20 5-704 

4-490 

5-448 

121-3 

4-539 

2-891 

58 

190 

4-7 

59 

0-23 

0-43 

0-40 4-833 

4-380 

5-530 

97-9 

4-546 

2-894 

48 

100 

0-3 

45 

0-16 

0-31 

. -Nb.O, 

0-02“" 4-510 



2-890 



— 

— 

42 

250 

4-5 

35 

0-13 

0-41 

O-Oy*' 4-540 

— 

2-880 

— 

— 

— 

38 

200 

5-9 

34 

0-12 

0-33 

O-lOin 4-569 

— 

2-880 

— 

— 

— 

— 

— 

2-8 

— 

0-06 

— 

._.Mo,0.. 

0-02“" 4-560 

— 

2-868 

— 

__ 

— 

45 

350 

4-6 

40 

0-12 

0-41 


[a] Peak temperatures; thermal hysteresis of ~ 15° is seen with all samples. 

[b| Value in parenthesis is £„ just before transformation 
[c] Monoclinic at 25°C, 

[dj This has monoclinic distortion, but we have indexed it as rutile. 

[e] Shows another transformation al -7°C (possibly monoclinic -♦ distorted rutile) with Mt SO cal. mole'' 
(Fig. 1 ): the 40° transition may be from distorted rutile to rutile (like in NbO,). 
ft) Rutile structure at room temperature. 


(Fig. 1 and Table 1 ) clearly show that both the 
T, and AW decrease with increase in x. The 
transition is first order in V02[3, 4], but seem 
to show higher order components in solid 
solutions with high x. 

The room-temperature tr of K,_j.Tij0.j with 
X = 0-02-0-20 is higher than that of VOj, a 
being maximum when x~010; when x = 
0-40. however, the room temperature o- is 
lower than in VOj. The 7, values determined 
from the O' — 7 data agree well with the DT A 
results (Table 1). The jump in conductivity. 
Act, at 7( is always smaller in the solid solu- 
tions than in pure VOj; Ao- is largest when 
X = 0-02 and lowest when x = 0-40. The values 
above T, are of the same magnitude for 0 02 « 
x 0-20 even though the tr values at 7 < T, 
are appreciably different (Fig. 2a). In this re- 
gard, the tr — 7 curves of the present study are 
similar to the x ~ 7 curves of Rudorff and co- 
workers[7] rather than those of Ariya and 
Grossman [8], Riidorff and coworkefs find 
that X values of the solid solutions are similar 


above 7,. but considerably different below 7,. 

All the solid solutions presently studied, 
0-02 « X « 0-40 (as well as the composition 
with X = 0-01 studied by MacChesney and 
Guggenheim [2]). seem to show semicon- 
ductor behavior above 7, with activation ener- 
gies (£„) in the range 0'25-0-43 eV (Table 1); 
we realize, however, that it is difficult to dis- 
tinguish between semiconducting and metallic 
behavior on the basis of such conductivity 
data alone. Our results support the observa- 
tion of MacChesney and Guggenheim [2] that 
the incorporation of Ti^"*^ in VO^ reduces 7,. 
Futaki and Aoki[15] report that 7, in such 
solid solutions increases with c-axis of the 
rutile phase. The present results on the series 
of F,-.,TijOjj solid solutions, however, show 
the opposite trend. 

In the monoclinic structure of VOj, addition 
of Ti^^ creates holes in the valence band* and 

*Seebeck coefficient and Hall data on these solid solu- 
tions would be necessary to be able to obtain a complete 
understanding of this aspect. 
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Fig. I. DTA curves (heating rate 16° min"') of VOi and 
y, -rZj-Ot (Z = Ti, Nb or Mo); x values are shown next 
to the curves. 


decreases the eoergy gap thereby caasifig 
higher <r at T < Tt and lower Cur at ft- In VOfc, 
the hoinopolar,iV^+ — V‘‘+ bonds can trap con- 
duction electroris in the low-temperature 
phase [16]. Apparently, the heteropolar bomls 
in the solid solutions are not as effective in the 
trapping of charge carriers. The A<r (just as the 
A^) in the solid solutions decreases with the 
monoclinicity of the low temperature phase 
(Table 1 and Fig. 2a). This is reasomd)le since 
the magnitude of crystal distortion should in 
principle determine these changes; this ob- 
servation may be taken as indirect evidence 
for the Adler-Brooks model [17] of semi- 
conductor-semimet^ transitions. The c/a ratio 
of the high-temperature rutile phase ap- 
proaches the value in pure Ti 02 at high x. 
This would cause a decrease in a above Tt 
with increase in x as observed experimentally. 
Above r, it is possible that the cation-cation 
and cation-anion-cation overlaps are much 
lower than the critical overlap [18] necessary 
to make them metallic. 

NbOj has a distorted rutile structure at 
room temperature and transforms to a rutile 
phase[19] at -SOO'C (A// = 250 cal/mole) 
with a hysteresis of 10°. The solid solutions 
F,_i.Nb2.02 have rutile structure (Table 1) 
when X 3= 0-1 in agreement with the results of 
Rudorff and Marklin[10]. When x 0-05, the 
solid solution seems to possess a distorted 



lOOO/T, "K"' lOOO/T, “K'' 

Fig. 2. Plot of electrical conductivity (ohm"' cm"’) against reciprocal of absolute tem- 
perature (heating curves); (a) K,_,Ti,0,; 1, x = 0 02; 2, x = 010; 3, x = 0-20 (b) 
P,-,Nb^O,: I. * = 0 02; 2.x = 005. 
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rutile structure as evidenced by the DTA 
phase transition data (Fig. 1); when x ss o-l, 
there is no transition in the range 1 5‘’-8(X)°C. 
K 0 .MMOtt. 02 Oj seems to possess a distorted 
rutile structure which transforms to the rutile 
structure at 40“C (Table 1 and Fig. 1 ). 

In K,_j,Nba.02, the Ti and Ao- are both 
lower when x = 0’02 and 0-05 (Table 1 and 
Fig. 2b) relative to VO 2 ; the conductivities of 
the low-temperature phases are higher. It is 
interesting that T, is about the same when 
X = 0-02 and 0-05. The high-temperature rutile 
phases are semiconducting with E„ in the 
range of 0-3-0-4 eV. When x = 0 05, we have 
noticed a change of slope in the cr — T curve 
at ~ TC in addition to the transition at 34°C. 
This is in accord with the DTA curve (Fig. 1 ). 
which shows two phase transitions, the one 
at ~TC being associated with much lower 
A//. When x = 010, the rutile structure is 
stabilized and we do not see any conductivity 
anomaly corresponding to that of VOj or 
NbOj consistent with the DTA results (Fig. 
1); instead, it appears to be semiconducting 
with a low Ea of 0-06 eV in 20°-90‘’C range. 

The solid solution with 1% MoOj shows a 
higher cr of the low-temperature phase com- 
pared to VO 2 , lower r, and Act. Here again, 
the high-temperature phase seems to show 
semiconducting behavior with an Ea of 0-4 e V. 
The 5% M 0 O 2 sample appears to be metallic 
just as expected [20]. 
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Abstract -Theory of electron transport phenomena in the relaxation time approximation, treating 
consistently the nonparabolic band structure of InSb, has been compared with available experimental 
data for various effects. Mixing of p-like components into the conduction band wave function in the 
nonparabolic region of energies has been incorporated into the theory of electron scattering by chaiged 
centers, polar optical phonons and acoustic phonons. In the limit of high degeneracy the analytical 
formulas for (he mixed scattering mode have been obtained. Numerical values for the Hall mobility 
at 77, 300. 500 and 773°K, the thermoelectric power, and the longitudinal and transverse Nemst- 
Ettingshausen effects at room temperature for electron concentrations up to 1 x 10‘* cm'’ have been 
computed for mixed scattering and compared with experimental data of various authors to obtain the 
best over-all ht, treating a controversial value of the deformation potential as an adjustable parameter. 

It has been found that all the effects, together with the free-carrier optical absorption, can be satis- 
factorily described with the deformation potential constant of 14,6 eV. Using this value it has been 
demonstrated that at room temperature the electron scattering at high electron concentrations is 
dominated by charged impurity and acoustic phonon modes, whereas at lower concentrations all three 
scattering mechanisms should be taken into account. The presented procedure can be readily applied 
toother II l-V compounds. 

1. INTRODUCTION AND HISTORICAL SURVEY being those of Spitzer and Fan [2] and Smith 
Since the nonparabolic shape of the conduc- et a/.l31. On the other hand the predominant 
tion band in InSb had been derived by Kane scattering modes at various temperatures and 
[1], it was recognized that the band non- impurity concentrations have been until 
paraboljcity must be taken into account when recently a matter of controversy. It seems of 
interpreting the electron transport phenomena interest to review briefly the previous work 
in this material. Kane showed that, due to the devoted to this problem, 
narrow energy gap between the conduction 
and the valence bands, the energy-wave vec- 
tor dependences in the conduction and light- Scattering processes 

hole bands differ appreciably from the simplest In the range of validity of the relaxation 
parabolic relation € = The second time approximation, i.e. for elastic collisions, 

consequence of the strong coupling between the theory of scattering has to take into ac- 
the bands is the mixing of p-like components count the influence of band structure on the 
into the total wave function of a conduction relaxation time behavior. As is well known, 
electron in the region of band’s non-paraboli- the relaxation time for electrons in a spherical 
city. Kane's e(k) relation for electrons in InSb energy band can be expressed in the form 
has been confirmed by many experimental 
data in wide range of energies, the earliest 
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where />{c) is the density of states in k space 
for the surface e ® const., and lV(e) is the 
scattering probability for a given energy sur- 
face integrated over the angles. It is easy to 
show that for a spherical band the density of 
states per unit energy is 

pie) = (W^)kHdkld€). (1.2) 

For a parabolic band this becomes pie) = 
ill2iT^)i2m*lfiy’‘€''^. Since in this case also 
the scattering probability can be shown to be 
a power function of energy, the resulting 
relaxation time is of the form Tp = Tpoc", with 
p = i for scattering by charged centers (i.e. 
ionized impurities and heavy holes),* p = i 
for polar optical phonons and p = — i for 
acoustic phonons. 

For a non-parabolic band neither k nor del 
dk are power functions of energy, so that the 
relaxation time also can not be expressed in 
this simple form. A number of authors cal- 
culating relaxation times for various modes 
took into account the non-parabolic density of 
states, computing, however, the scattering 
probability 1F(€) like in the case of a para- 
bolic band. In other words they used the 
proper e(^) dependence but took the electron 
wave functions which apply only to the para- 
bolic region of the band. Thus, for polar optical 
phonons (OP) it was done by Howarth and 
Sondheimer[4], for acoustic scattering (AC) 
by Radcliffe[5], for charged impurity (CC) 
and non-polar optical modes by Barrie [6], The 
screening length for electron-hole collisions 
in a non-parabolic band was calculated by 
Ehrenreich [7] and for ionized impurity scatter- 
ing by Kolodziejczak[8]. These results were 
summarized by Kolodziejczak and Sosnow- 
ski{9] (hereafter referred to as KS) who ob- 
served that, taking into account the energy 
dependence of the effective mass,. the mobili- 
ties for the main modes can be expressed by 


*Assumtng, as it has been usually done, that an addi- 
tional eneigy dependence due to screening = cottsl., 
see equation (3.7). 


the general formula, 

Ur = Unhide! dk)^k'^ (1.3) 

where the values of and r are to be specified 
for a given mode: r = -t-l for scattering by 
charged centers, r = — 1 for polar optical pho- 
nons, and r = — 3 for acoustic phonons. The 
above expression for the mobilities has been 
widely used in many interpretations of experi- 
mental results. It proved very convenient, 
since on its basis one could express all integrals 
occuring in the transport theory by the 
generalized Fermi-Dirac integrals "Lfc*" 
[ 10 , 11 ]. 

However, a complete and consistent theory 
of electron scattering for non-parabolic bands 
should take into account not only the actual 
e(k) relation in the band, but also the wave 
functions appropriate for the band region with 
pronounced non-parabolicity. In other words, 
the non-standard structure of energy band in- 
fluences not only pie) but also lF(c). This 
was first observed by Ehrenreich [7, 12], who 
used the complete wave functions when solv- 
ing the Boltzmann equation by the variational 
procedure [12]. Also Haga and Kimura[13] 
used the correct wave functions calculating 
the scattering processes for the free-carrief 
optical absorption in InSb. Recently Koren- 
blit and Sherstobitov [ 1 4] calculated, relaxa- 
tion times for the main scattering modes 
taking into account the non-parabolic struc- 
ture of energy bands in InSb-like crystals. 
Unfortunately this work contains numerous 
mistakes and the problem has been redone by 
the present authors [15]. In the next section 
we present the main assumptions and results 
of this theory. 

Formula (1.3) contains one more over- 
simplification which has been widely applied 
until recently. Namely, for scattering by 
charged centers the complete energy depen- 
dence of mobility contains, due to screening 
effects, an additional function of energy, 
which is usually considered constant and as 
such incorporated into UrD- However, as 
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shown recently by Szymanska and Ginter [16], 
this additional energy dependence gives im- 
portant corrections, pardcularly to the 
thermoelectric effects, and it must be (Con- 
sidered explicitly in the theory. 

Hall mobility 

All authors agree that in heavily ddped 
samples at low temperatures the electrons are 
scattered mainly by ionized impurity atoms. A 
theoretical analysis of mobility in this range 
has been carried out by Kolodziejczak [8] 
who, using essentially formula (1.3) and tak- 
ing into account compensation effects, found 
a good agreement between the theory for CC 
scattering and experimental data. Ehrenreich 
[7, 12] in the first detailed analysis of mobility 
in intrinsic samples concluded that at room 
temperature polar optical phonons constitute 
the most effective scattering mode. Using the 
values k{<x>) = 16 for the dielectric constant 
in electron-hole scattering, 0'13<e*/e< 
0-20 for the effective ionic charge and 6 = 
290'’K for the Einstein temperature in optical 
phonon mode, Ehrenreich was able to give a 
fairly gewd theoretical account of the tempera- 
ture variation of mobility in intrinsic samples, 
as measured by Hrostowski et a/.[17]. For 
the deduced value of the deformation poten- 
tial Crf = 7-2 eV Ehrenreich concluded that 
scattering by acoustic phonons gives negli- 
gible contribution to the observed mobility. 
This was confirmed by Hilsum and Barrie [18]. 
Further support of this conclusion came from 
Galavanov and coworkers [19] who were 
able to describe their experimental mobility 
data for various temperatures and impurity 
concentrations using KS treatment with the 
above values of material constants and assum- 
ing combined CC and OP scattering. They 
observed, however, that at higher tempera- 
tures and impurity concentrations AC scatter- 
ing should also come into play. This was 
further developed by Filipchenko and 
Nasledov[20] who combined all three scatter- 
ing modes to account for the temperature 
dependence of mobility in an impure sample. 


On the other hand Haga and Kimutud?], 
interpreting free-carrier tdjsorptioo data of 
Kesster and Sutter{21], concluded that elec- 
trons are scattered mainly by a(»>ustic]dtonons 
and deduced the deformatiem potential value 
of 30 eV. This conclusion was supported by 
another optical work of Kessler and Sutter 
[22]. Other methods also gave quite different 
values of the deformation potential. Puri [23] 
from the phonon-drag thermoelectric power 
in a nu^netic field obtained — 8*25 eV, Nill 
and McWhorter [24] from magneto-acoustic 
experiments —4-5 eV. In newer estimations 
Whalen and Westgatel25] from a direct 
measurement of the electron relaxation time 
obtained = 16-2 eV, Tanaka et a/.[26] from 
acousto-conductive effect ert=16eV, and 
Szymanska and Maneval[27] from hot elec- 
tron experiments = 13 eV. 

Thermoelectric power 
Early measurements [28-30] were inter- 
preted with the use of relations for a parabolic 
band and employed to determine the effective 
mass in the material. Values obtained this 
way showed an increase with growing elec- 
tron concentration indicating a non-parabolic 
shape of the band. In such a procedure, how- 
ever, the non-parabolicity is introduced ex 
post, and only via the effective mass. Ehren- 
reich [12], using Kane’s band model in the 
variational procedure, described flawlessly the 
temperature dependence of the thermoelec- 
tric power, as measured by Weiss [31] in 
intrinsic material. As we have mentioned 
before, Ehrenreich's treatment taking into 
account only the polar optical and electron- 
hole scattering is valid only for pure samples. 
KS [9] working in the relaxation time approxi- 
mation developed a procedure which was 
subsequently used in many investigations. 
Using equation (1.3) for the mobilities they 
computed numerically the thermoelectric 
power curves for single scattering modes at 
T = 300'’K as functions of electron concen- 
tration and compared them with experimental 
data of various authors. It turned cnit that the 
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experimental points lie between the theoretical 
lines for CC and OP scattering modes, the AC 
line being far away. This was interpreted as an 
extension of Ehrenreich’s conclusion about 
the predominant role of OP + CC scattering 
at room temperature to higher impurity con- 
centrations. (For pure samples it was once 
again confirmed by Wagini[32], who used KS 
procedure for temperature dependence). There 
was, however, one feature that did not fit into 
this picture. Namely, at the highest impurity 
concentrations, due to the predominant role 
of impurity scattering as compared to the 
optical mode, the experimental points should 
fit almost exactly to the theoretical CC curve. 
Instead, they lie rather close to the OP curve. 
In terms of the index r appearing in formula 
(1.3) this means that for high impurity con- 
centrations the experimental points should 
correspond to the theoretical values for r = 
-1-1, whereas they correspond to the values of 
— 1 < r < 0. The experimental results were 
subsequently confirmed by Byszewski et al. 
[33], and also by Filipchenko and Nasledov 
[20] who emphasized the role of AC scatter- 
ing at higher electron concentrations. How- 
ever, combining all three scattering modes 
according to KS theory and using material 
constants according to Ehrenreich, they 
showed that at high concentrations the mixed 
mode curve runs very close to the CC curve. 
In other words the effective scattering index 
R=‘rcc = + i, whereas the experimental 
points lie clearly lower, corresponding almost 
to I? = — 1. A similar thing is observed in 
HgSe[34], HgTe[35] and CdSnAs2[36]. 

It was this discrepancy between the theory 
and experiment which made us undertake the 
present investigation. 

Longitudinal and transverse Nernst-Ettings- 
hausen effects 

The transverse Nernst-Ettingshausen effect 
in weak magnetic fields has been always an 
important criterion in the controversy on 
icattering processes in InSb as it is considered 
to lie very sensitive to the nature of electron 


collisions. This is due to the fact that for a 
parabolic band, both in the non-degenerate 
and strongly degenerate limits, the effect for a 
single scattering mode is proportional to the 
scattering index p. Thus the sign of the effect 
can, in principle, distinguish between various 
kinds of scattering; for AC mode, p = i, the 
effect should be positive, for OP mode, p = 
+4, it should be negative, and for CC scat- 
tering, p = +f , the effect should have large 
negative values. The same may be said about 
the longitudinal Nernst-Ettingshausen effect, 
by which we understand the difference be- 
tween the thermoelectric powers in a very 
strong and a vanishing transverse magnetic 
field. 

An early measurement of Zhuze and Tsidil- 
kovskii[37], who found in a pure sample 
(n = 7-3 X 10'® cm”®) the sign of the transverse 
effect changing from negative to positive with 
increasing temperature, was interpreted as an 
indication that at low temperatures the elec- 
trons are scattered predominantly by CC and 
at higher ones by AC. This was followed by a 
similar interpretation of Emeljanenko et al. 
[38]. Rodot[39], who first clearly recognized 
that one can obtain similar information 
employing the transverse effect at low mag: 
netic fields and the longitudinal effect at high 
fields, investigated the range of low electron 
concentrations (up to n = 2-4 X 10‘^ cm”®) and 
found at room temperature the negative sign 
of both effects. According to formulas for a 
parabolic band his measurements correspond 
to small positive values of the scattering index 
p, and they were taken as a confirmation of 
Ehrenreich's conclusion that in pure samples 
at room temperature the electrons are scat- 
tered mainly by OP mode. Subsequently, 
however, KS showed theoretically for the 
limit of high degeneracy that at higher elec- 
tron concentrations the effect for the single 
OP mode (r = — 1 in equation (1.3)) can change 
sign and become positive due to the pro- 
nounced non-parabolicity of the band. They 
concluded that the observed change of sign 
from negative to positive with growing 
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impurity concentration at room temperature, 
as observed in [3 8], is consistent with the 
theory for OP scattering in the entire concen- 
tration range. On the other hand Guseva atnd 
Tsidilkovskii[40] carried out numerical 
integration for arbitrary degeneracy and 
showed that the N-E effect for OP mode of 
scattering is positive in the entire concentra- 
tion range, due to band’s non-parabolicity. A 
substantial progress in this matter was made 
by Nasledov and Filipchenko[41] who, using 
KS theory and carrying numerical integra- 
tions for the mixed mode of all three scatter- 
ing processes, were able to give a fairly good 
theoretical account of their experimental data. 
They used the values of material constants 
according to Ehrenreich and observed that, 
even upon using his value of = 7-2 eV for 
the deformation potential constant, the AC 
scattering is mainly responsible for the posi- 
tive sign of the effect at high electron concen- 
trations (or temperatures), since the combined 
CC-fOP mode gives the negative sign of the 
effect. One should, however, bear in mind that 
their procedure used equation (1.3) for the 
mobilities, which, as we shall show later, 
leads to considerable overestimation of the 
role of CC scattering in thermoelectric effects. 

2. GENERAL FORMALISM 

Now we shall summarize general expres- 
sions for the galvanomagnetic, thermoelectric 
and thermomagnetic effects of interest, as 
derived for a spherical energy band with 
arbitrary ^(k) dependence by Kolodziejczak 
[42]. Expressions for other thermomagnetic, 
diffusive and optical effects in the same for- 
malism can be found in Ref. [43-45], res- 
pectively. 

The effective mass which enters into the 
transport properties of carriers in a spherical 
energy band of arbitrary shape is given by 

l/m*= (l/ft*it)(dc/d)t). (2.1) 

It can be seen that in general this mass 
depends on energy. The electron concentra- 


tion in the band is. 

,,n=(l/3w*)(l> (2.2) 

t 

where, in general we define 

(A) = J7 (-dfJd€)Ak>{t) d€. (2.3) 

Here 

/o= l/[exp(z—r,)-hl] (2.4) 

is the Fermi-Dirac distribution function, with 

z = e/koT T, = HkJ (2.5) 

denoting the reduced energy and reduced 
Fermi level, respectively, is the Boltzmann 
constant and T the absolute temperature. 

The average values are defined in general 
as, 

/f = (/()/( 1). (2.6) 

The mobility of a carrier is, 

u — qrim* (2.7) 

where t is the relaxation time, and q the elec- 
tric charge; q = —e for electrons and +e for 
holes, with e = |q| denoting the absolute value 
of the electron charge. 

The electric conductivity in a single band, 

(7 = qnii (2.8) 

where « denotes the average mobility accord- 
ing to equation (2.6). 

The Hall constant at low magnetic fields, 

R„ = Qrlqnc (2.9) 

where 

Or = <W*) (!)/(«)* = (2.10) 

is the Hall scattering factor. We have 

R^ = arulc. ( 2 . 11 ) 
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The thermoelectric power in a vanishing 
magnetic field. 


a(0) = 



(2.12) 


of the band. Hence, using equation (2,1), the 
effective mass for energy e above the bottom 
of the band is 


m* = m^(l + 2€/eg). (2.17) 


The thermoelectric power in a strong trans- 
verse magnetic field. 


The concentration of free carriers in the band, 
given by equation (2.2), becomes 



(2.13) 


The longitudinal Nernst-Ettingshausen effect 
in a strong magnetic field. 


Aa = a(“) — a(0) 



(2.14) 



(z+/37^)*'*dz 

(2.18) 


where 

l3 = koTl€,. (2.19) 


3. SCATTERING PROCESSES 


The transverse Nernst-Ettingshausen coeffi- 
cient, defined for weak magnetic fields as 
E = . H X grad 7, is* 



c\(u^) (U)) 


(2.15) 


In order to calculate all the above quanti- 
ties one has to know explicitly e{k) depen- 
dence in the band (or the inverse function 
k(e)), and the energy dependence of mobility. 

In the present paper we shall use a simplified 
version of Kane’s band model, in which the 
energy of the spin-orbit interaction A is as- 
sumed to be much larger than the energy gap 
Cg. (The validity of this approximation for 
InSb is discussed in Section 5). In this case 
the dependence between the energy and the 
absolute value of the wave vector in the con- 
duction band is given by the following relation 
(we set the zero of energy at the bottom of the 
band, i.e. at it = 0), 

= €( 1 -f e/e,) (2. 1 6) 

where mS is the effective mass at the bottom 


•The sign of the effect is defined according to tradition 
to agitt with experimental results, see Fig. 7. 


We shall now summarize the results of the 
present authors [15] concerning the relaxation 
times for scattering of electrons by charged 
centers, polar optical phonons and acoustic 
phonons. The theory has been carried out for 
the real energy band structure of InSb-like 
crystals taking into account mixing of valence 
p-like components into the total wave func- 
tions of conduction electrons. Consistently 
with our approach to InSb we shall use sim- 
plified formulas putting A ?> c,. 


Scattering by charged centers (CC) ~ 

It has been calculated for the screened 
Coulomb potential of Brooks and Herring [46] 
following essentially the procedure presented 
in Ref. [14]. Since in InSb holes are much 
heavier than electrons, it has been the com- 
mon practice to treat the scattering of elec- 
trons by heavy holes in analogy to that by 
immobile ionized impurities. In principle the 
Coulomb interaction in the first case is de- 
scribed by the high frequency dielectric con- 
stant k(<») and in the second by the low fre- 
quency constant k( 0), but in InSb both values 
differ only slightly. Thus we shall apply the 
usual procedure noticing that the number of 
scattering charged centers, i,e. ionized im- 
purities and holes, is equal to the number of 
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free electrons in the conduction band, 
Ni+p == n. 

Final result for the relaxation time is 


27re*n Fcr 


As we have mentioned before, it has tieen 
the general practice to regard the fiuictkm Fc 
as a constant, taking it out of the integral s%n 
I when calculatiiig ^various average values of 
mobility in galvanomagnetic and thermo- 
magnetic effects. We want to emphasize 
. .. here once again that this procedure can lead 
^ ^ to serious errors, as we shall show later. 


Function Fee 's to a good approximation given 
by 

Feci^o, ^i) = [1+^(1 -f)] In 1) 


with 




and f 


_ 2e/e„ 

1 + 2 €/€„ 


(3.3) 


Scattering by polar optical phonons ( OP) 

The relaxation time is calculated assuming 
all optical longitudinal phonons to have the 
same energy ftw/.. For temperatures at which 
the scattering may be regarded as elastic, 
i.e. for kt,T > the relaxation time is ob- 
tained in the form,* 


1 MVefuOL* 1 d€ 
9n(ee*flceT Fapdk 


(3.8) 


where 1/X. is the screening length. According 
to Kolodziejczak[8} 


, iTTKh eil+€l£g) 

~ eHlmSkoTV'^ /3) 

with 


(3.4) 


«L,''*(t,,/3) = /J (-afjdz)(z + pz^)'‘^ 

x(]-(-2^z)dz. (3.5) 


The reduced Fermi level tj is to be deter- 
mined from the carrier concentration accord- 
ing to equation (2.8). Using equations (2.1) 
and (2.7) we can write the mobility for the 
scattering by charged centers in the form 


u 


CC 


1 

Iwe^n Fee 



(3.6) 


where M — the reduced mass of the ions, Vg— 
the volume of the elementary cell, wt— the 
optical frequency of longitudinal oscillations 
and e*-the effective ionic charge. The func- 
tion Fgp is 


leltg ^ 3/ 2e/eg 
l-l-2e/e„ 8\l-4-2e/e„/ ' 


(3.9) 


Hence, the mobility for optical polar scatter- 
ing can be written as 


^op 


_ J_ Mvgik^di,)^ 1 /deV. , 
“ 87r ft='e(e*)*ito7' F„Ad(ty 


(3.10) 


where ©j, is the Einstein temperature, defined 
as kgOi = hoi^- The transition to the case of a 
parabolic band can again be made by putting 
€ < Cg, which gives Fgp = 1. 


In order to reduce the above formula to the 
case of a parabolic band one has to put c e,,. 
This gives -♦ 0, and 

fr(fo) = ln(fo+l)-fo/{f«+l) (3.7) 
in agreement with the well known expression. 


Scattering by acoustic phonons (AC) 

The deformation potential scattering in the 
narrow sense, i.e. scattering due to short range 


‘This result agrees with that of Korenblit and Shersto- 
bitov. 
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component of the potential has been con- 
sidered in the deformed ion model. It turns out 
that, due to the p-like components of the total 
electronic wave functions, also transverse 
phonons give rise to scattering, particularly 
at higher electron energies. Taking into ac- 
count both spin conserving and spin-flip 
transitions the final result for the longitudinal 
acoustic mode is obtained in the form 

(3,,) 

e,%T 

where p-the density of the crystal, w,,-the 
longitudinal sound velocity in the crystal and 
€d-the deformation potential constant. The 
function is to a good approximation 


fL = 
■ /ir 



l-3e 
£„ 4- 2e, 


2 


(3.12) 


It should be noted that F};^ determines the 
energy dependence of the matrix element 
which is a constant for a parabolic band. The 
relaxation time for the transverse phonons 
can be expressed in a similar form 


T‘ = 


nhput^ 1 d€ 1 
eAoT F‘^dkk^ 


where 




(3.13) 


(3.14) 


One can write the mobility associated with 
both kinds of acoustic phonons 


^ac 


1 /de\ 

e/hkoTFAdkJ 


k-^ 


(3.15) 


where 


calculated directly for InSb. In the final ex- 
pressions (3.12) and (3.14) the approximate 
values of these integrals were used taken as 
averages between the values for atomic and 
empty lattice limiting approximations. 

The transition to the parabolic band formula 
can be made putting e < €g, which gives Fgc = 
1 . 

General expression 

We note that the above expressions for 
mobilities can be written in the following 
general form, 


where r = -l-l for CC scattering, r = — 1 for 
OP scattering and r = — 3 for AC mode. 
and UrD for the three modes can be easily 
deduced from the above equations. 

Thus, as compared to KS formula (1.3), we 
deal with the additional energy dependences 
introduced by F^. It should be emphasized 
that for all three modes F^ increase the 
mobility values as compared to those given 
by formula (1.3). i.e. F„p < 1, Fge < 1, and 
frnpnr < ppar gjygj, tjy gquations ( 3 . 2 ) and 

(3.7). Since Fr functions can not be expressed 
by power series of k or dtjdk, the statistical 
integrals involving mobility can not be in 
general represented by functions, 

although they still remain the integrals wkh 
two parameters 17 and /S. 

If, which is usually the case, one has to 
consider simultaneously more than one 
mode of scattering, the total relaxation time 
is as usual, 1 /t = 1/tcc+ l/rop+ l/xac. Hence 

«=(!/«„+ l/ttop+l/«ac)-'- (3.18) 



(3.16) 

The calculation of scattering by acoustic 
phonons involves integrals which could not be 


4. TRANSPORT PHENOMENA IN HIGHLY 
DEGENERATE ELECTRON GAS 

Now we are going to discuss the transport 
phenomena in conditions of high degeneracy, 
i.e. for large positive values of the reduced 
Fermi level tj. As we shall demonstrate later 
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the validity of expressions obtained for this 
case is rather limited (e.g. in InSb at room 
temperature they can be used only for n > 
10‘* cm~®). On the other hand the possibiliti^ 
of avoiding the numerical integrations is very 
attractive, since the analytical expressions, 
which can be obtained in this case, give a 
much better physical insight and are often 
instructive. Also the influence of band’s non- 
parabolicity is strongest for high electron 
concentrations since the Fermi level probes 
high energies in the band. In the derivations 
we shall be essentially following Refs. [ 8 ] and 
[9] paying, however, due attention to the 
modified expression (3.17) for the mobilities. 
Moreover, we shall consider the case of the 
mixed scattering mode. 

For large positive values of t) it is possible 
to approximate the statistical integrals (A ) of 
equation (2.3) using the following expansion 
[47] 

M> = 22 

where C = /4fc®(c), and are the Bernoulli 
numbers. In general this expansion omits a 
contribution of the order of exp(— »j). For 
large 17 values the series is quickly converging 
and the first two terms give a good approxima- 
tion, i.e. 

Actually, we shall limit ourselves to the first 
non-vanishing approximations. For the 
galvanomagnetic phenomena this amounts to 
retaining only the first term in equation (4.2). 
This is equivalent to putting in equation (2.3): 
3ifo/^€ = 8 (e — O' the Dirac delta function. In 
physical terms this means the complete 
degeneracy of the electron gas. 

In this approximation we obtain from 
equation (2. 18) 

" = (4.3) 


d^ 7r^^|(2^^-’-l)g,J 
dz^'- (2L)! 


ns9 


which can be solved for the Fermi energy, to 
give 

i^(K)(VA-l) (4.4) 

where 

A = 1 -l-2ir*(3/ir)*'»(ft*/m«*€,)n*'®. (4.5) 

U sing equation (2. 1 7) the effective mass at the 
Fermi energy is obtained in the form 

m*(0=mSVK. (4.6) 


From equations (2.1) and (2.2) we obtain 

deldk = and k = ( 37 r"/»)*'«. (4.7) 


This way all the quantities at the Fermi level 
can be expressed by the electron concentra- 
tion n. It can also be seen from definition 
( 2 . 6 ) that in this case we have for the average 
values A = A( 0 . 

Thus the Hall scattering factor ar 1 in this 
approximation. Using equation (3.6) we obtain 
for the mobility in case of CC scattering 


. 37r 1 

2 e^ Fec(m*)= 


(4.8) 


where in the parameters fo and f i, necessary 
to calculate the value of Fee, we are to put 
c = ^ in equations (3.3) and (3.4). These 
qualities can be also expressed directly by n 
and m* , 




\7r) e* m* 





(4.9) 


Similarly, for the mobility in case of OP 
scattering. 


- 1 (3Y^ VaMh{koe^r 

8W e(e*)*;fco7' Fop(m*)* 


(4.10) 


and for AC scattering 


/Try epuiW 1 


(4.11) 
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where in F„p and Fo<-, given by equation (3.9) 
and (3. 16), we are to put e = {. 

On the basis of equation (3.18) the mobility 
for the mixed scattering mode in case of 
complete degeneracy becomes 

U — (1/Mfc+ 1/«0P+ l/«ar)"'- (4.12) 


d[(l/A:)(d5/d;t)1 
>' (IM) (dc/d^) ~dPl 


[l k(^ 

e\-> dU] 

*Vd 

k) d/t*J 


and observe that, upon using equation (4.7), 


In order to calculate the thermoelectric 
effects in the region of high degeneracy we 
have to use two terms in expansion (4.2), 
since in conditions of absolute degeneracy, as 
described by the first term atone, all thermo- 
electric effects vanish identically. Thus the 
full formula (4.2) gives in this case the first 
non- vanishing approximation. 

First we shall calculate the thermoelectric 
power a(0). Since, in general 

d^2 2 d;' dz ^ ^ 

we obtain from equation (2. 1 2) for electrons 


y = {nlm*){dm*ldn). (4.18) 

With the use of equations (3.17), (4.16) and 
(4. 1 7), we have 


1 d^r 
Ur de 


deAL'’ 


_A^+2- 

Fr Ak 



(4.19) 


Taking into account equation (4.7) we obtain 
finally the thermoelectric power for a single 
scattering mode in highly degenerate condi- 
tions 


ar(0) = 


1 f-rTV'^ kp^T m* 
3V3/ 


(r'-l-5-6y) (4.20) 


where 

= (4.14) 

e3 \C d€/,=j r' =^r-{klFr)(AFrlAk) (4.21) 


where, in our case. C = uk^. This yields 

.(0)— ,4.151 

In order to proceed further we have to specify 
the mobility as a function of energy. First, we 
shall consider a single scattering mode. Using 
the general expression (3.17). we have for any 
single mode 


de V Frdk 


■klk 


W/ Ak:\- 


(4.16) 


denotes the effective scattering index for the 
scattering mode in question. 

Formula (4.20) is similar to that obtained by 
KS, with the important difference that, due to 
the additional energy dependence Fr in equa- 
tion (3.17) as compared to equation (1.3), we 
deal with the effective scattering factor r' in- 
stead of r. 

Now we shall consider the combined mode 
of scattering. Suppose we deal with two dif- 
ferent modes represented by «, and Mj, whose 
energy dependences can be expressed by 
equation (3.17). The total mobility is given by 
equation (3.18). Hence 

«= (l/u,-f l/Uj)-*. (4.22) 


We introduce a parameter y by means of i-ela- 
tion 


We are to substitute this mobility into general 
formula (4.15). Since, using equation (4.19) 
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we obtain 

u de \Mi^ de de / de A; , 

[-(r;+2-6T)+-(rJ + 2-6v)l (4.23) 
L«i Ui J 

the general formula for the thermoelectric 
power of highly degenerate electron gas is 

a(0) = -|(|)'''^^(/? + 5-by) (4.24) 
where 


This is a very simple result, dq^ending neither 
on r nor y. The non-parabolidty a( die band 
enters here only,tthrough /n*(/i). This fact has 
been commonly employed to determine the 
e{k) dependence in many eneigy bands. 

Using equations (4.24) and (4.27) we can 
calculate directly the longitudinal Nemst^ 
Ettingshausen effect, 

(i? + 2-6y). (4.28) 


^ ^ccl^cc ^opl^op ^acl^ 

— (4 25) 

is the effective scattering index for the com- 
bined mode. Here we have generalized the 
procedure outlined in equations (4.22) and 
(4.23) to take into account three scattering 
modes. Also the denominator and numerator 
of equation (4.25) has been divided by (1) in 
order to express R in terms of the phenomeno- 
logical average mobilities. It can be easily 
seen that if a mobility for one scattering mode 
is much lower than the other two, the effective 
index R reduces to r' for this mode. 

As follows from the derivation, all quantities 
in the above relations, i.e. m*,y, rj and are 
to be taken at the Fermi energy or expressed 
directly by the electron concentration corre- 
sponding to its value. Thus the parameter y 
on the basis of equations (4. 18), (4.5) and (4.6) 
becomes 


Finally, we can use expansion (4.2) to 
calculate the transverse Nemst-Ettingshausen 
effect, as given in equation (2.15). We have 


P 


X-E 


irknufl dt/\ 
3 q c\Md6/{ 


(4.29) 


and now the procedure used in the derivation 
of the thermoelectric power can be applied 
again, to give for electrons 


P M kisT m* 


(7?-l-2-6y). 


(4.30) 


Comparing expressions Aa and P it is easy 
to see that the following relation occurs 


= — Iw/tiAa (4.31) 

or, putting it in more phenomenological terms 


y=(A-l)/3A. (4.26) 


It changes from y = 0 at low electron con- 
centrations n to y == i at high n. 

Applying expansion (4.2) and equation 

(4.13) to the thermoelectric power in a strong 

magnetic held as given by equation 

(2. 1 3) , we obtain for electrons 


a(oo) 


q \kWi \y efi* 

(4.27) 


P N-B 

\Rh ■ w| 


+ a(0) = «(“) 


ko^Tm* 
,3/ eA* n"®- 


(4.32) 


Thus, as observed by Zhitinsktqa et a/.[48], 
the above combination of quantities measured 
experimentally at low magnetic fields provides 
miother way to determine the effective mass 
value avoiding the considerations of carriers’ 
scattering. 
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5. ASSUMPTIONS AND PROCEDURE 

As far as the band structure is concerned we 
have assumed, both in equation (2.16) and 
the expressions for mobilities, the validity of 
the so called two-band model for the conduc- 
tion band of InSb. This amounts to taking in 
Kane’s model the it . p interaction between the 
j-like conduction band and the p-like valence 
bands and then putting A ^ since A = 0.9 
eV. This model neglects also the small free 
electron term h^k^llnio in the energy. When 
interpreting results of precise optical experi- 
ments the complete Kane’s model is neces- 
sary [49], however in transport phenomena 
the simplified relation (2.16) seems to be 
adequate up to energies corresponding to 
electron concentrations of n = 10'® cm"*. 

Thus, there remain two parameters describ- 
ing the band: €„ and nta- At T = 0°K we have 
taken the commonly used value of eg = 0-23 
eV. As to the temperature dependence of the 
forbidden gap, it has been often assumed after 
Ehrenreich[7] that it is only the dilatation 
part of the temperature dependence of the gap 
that determines the effective mass value. This 
dilatation change has been deduced by 
Ehrenreich to be 

(degldT)g = -9-6 x 10"* e V/deg. (5. 1 ) 

On the other hand, according to theoretical 
analysis of Ravitch [50] the total change of the 
gap, due both to the dilatation and lattice 
vibrations, should be used in calculating the 
effective mass value at the bottom of the band. 
It should be noted that, according to low 
temperature optical measurements of Roberts 
and QuaiTington[5l], the total temperature 
change of the gap is ideJdT)g,^^ = 2-9x 
lO"® eV/deg. Thus the shift of e, due to dilata- 
tion is only about i of the total shift in InSb. 
There have been some experimental indica- 
tions (Smith et al.[52]) that it is equation (5.1) 
which should be used to calculate the effective 
mass at higher temperatures. We have as- 
sumed the validity of equation (5.1) for all 
temperatures. Moreover, assuming that the 


interband matrix element of momentum does 
not depend on temperature we calculate the 
effective mass ( T) according to the relation 

mS(T) = moMO) . €.(T)/€„(0). (5.2) 

For the low temperature value of the effective 
mass we took m* (0) = 0-0145 nto according 
to the newest optical data[49]. Table 1 gives 
the values of eg{T), mS(T) and p = koTI 
eg{T) used in the calculations. 

Table 1. Energy gap, effective mass, 

)8 = koTjeg and intrinsic electron con- 
centration in InSb at various tempera- 
tures, as used in the theory 


T(“K) 

«o(eV) 

m^lntg 

b 

n,„ir(cm-*) 

77 

0-22 

00139 

0-03 


30p 

0 20 

00126 

0-13 

1-8 X 10'* 

500 

0 18 

00113 

0-24 

3-4 X 10" 

773 

015 

0-00946 

0-44 

1-3 X 10'* 


It is clear from the above considerations that 
there is significant uncertainty about the values 
of these band parameters, especially at the 
higher temperatures. 

All throughout the present investigation we 
assume validity of the relaxation time approxi- 
mation in the description of transport pheno- 
mena. As is well known, this approximation 
holds only for elastic or nearly elastic colli- 
sions. In case of scattering by optical phonons 
this amounts to restriction T > 8^, where fli, 
is the Einstein temperature for the longitudinal 
optical phonons in question. Since 8^ = 283°K 
we use the relaxation time for OP mode in 
calculations for 300, 500 and 773“K, and 
assume no OP scattering at 77°K. In our 
treatment we also neglect the electron- 
electron collisions. Bate et a/.[53] showed 
that e-e scattering can affect the mobility 
at liquid nitrogen temperature in pure samples, 
i.e. outside the region of our main interest. 

In order to calculate the mobility due to CC 
scattering according to equation (3.6) it is 



I 


ELECTRON SCATTERING im 


necessary U> know the low frequency dietec- 
ttic constant k{ 0). The value of i^O) = 17-5 
was taken, in agreement with optical measure- 
ments of Spit2%r and Fan {2] and Sanderson i 
[S4]. It should be mentioned (see [16]) that 
at the highest impurity concentrations, the 
formal criteria for the validity of Dingle's 
model of CC scattering [55], on which the 
calculation is based, are not fully satisfied. 

Computing the mobility due to OP scatter- 
ing we took the reduced mass of ions M — 
0-99 X 10~**g, the volume of the unit ceil Va = 
a^/4, where the lattice constant a = 6-48 x 
10~*cm. In his calculations Ehrenreich[7] 
used the vsilue of 8l = 290°K corresponding 
to »'{. = 6*0x 10’* sec"*, determined fiom the 
measurements of Yoshinaga and Oeljen[561. 
Value of effective ionic charge e* (defined 
according to Callen[57]) was used by Ehren- 
reich as an adjustable parameter in fitting 
experimental data for mobility, thermoelec- 
tric power and optical reflectivity in pure InSb 
samples, and estimated 0.13 < e*/e < 0-20. 
Taking the value of Oj. = 283°K. corresponding 
to vt = 5’91 x 10'* sec~' as determined by 
Hass and Henvis[58], we used the value of e* 
as one of the two adjustable parameters 
according to the procedure described below, 
and found e* = 0-13e, in close agreement 
with Ehrcnreich’s values. Hass and Henvis 
from optical experiments obtained e* = 0- 16e. 
Thus, for scattering by charged centers and 
polar optical phonons we employ the values 
of material constants very similar to those 
used by Ehrenreich in his analysis of pure 
InSb samples. 

In calculations for AC (deformation poten- 
tial) scattering we used sound velocities Ut. — 
3-4x10® cm/sec. and «, = 2-3x10® cm/sec. 
according to McSkimin et a/.[59], and Slutsky 
and Garland [60] (Ehrenreich in his estima- 
tions used 3-7 X 10* cm/sec.), and the 
crystal density p = 5-77 g/cm"® according to 
Potter[61]. As to the controversial value of 
the deformation potenhal, it was used in our 
procedure as the second adjustable para- 
meter. The best overall agreement was ach- 


ieved fCM- = 14*6 eV and this value was 
subsequently used in all detailed calculations. 

In expoimental meflsility data of Galavanov 
et u/.[19] die authors do not quote dectron 
concentrations in the conduction band at a 
given temperature but the number of impuri- 
ties measured at low temperatures. Since 
all our plots are made as functioas of the 
actual electron concentration in the conduc-r 
tion band, we have replotted the mobility 
data assuming that to a good approximation: 
n(T) = nintr.(T)-t-N(. The intrinsic concen- 
trations /iinir.(T), as calculated from the Hall 
effect measurements of Madelung and 
Weiss [62], are quoted in Table 1 (/itn»r. at 
773“K was found by extrapolation). When 
determining nintr. from R}, it was assumed that 
the Hall scattering factor Or = 1 at all tempera- 
tures. As we show in the next section, this is 
certainly a good approximation, at least at 
room temperature. 

In actual calculations we have related the 
reduced Fermi level tj to the electron con- 
centration n in the band at a given tempera- 
ture employing equation (2.18) and using the 
values of niS and /3 according to Table 1 . Then 
all the other integrals appearing in the theory 
were computed for the same values of 17 
and this way related to the same electron con- 
centration. In the formulas for high degeneracy 
it was more natural to use the electron con- 
centration as the initial parameter. 

The adjusting procedure carried out in order 
to determine the values of e* and was per- 
formed in the following way. First, the sep- 
arate integrals involved in u^c, Uop and Uae at 
room temperature were computed according 
to the formulas given in Sections 2 and 3. Then 
the value of the total mobility was calculated 
using the approximate formula 

1/m = !/««+ l/x«op+ 1/yWoc (5.3) 

with two adjustable parameters x and y. The 
values of x and y were determined from the set 
of two equations obtained by requiring that m 
at room temperature for 7f = — l(n= 1-83X 



1164 


W. ZAWADZKI and W. SZYMAlisKA 


I 0 **ctn~®) and 17 = 15 (n = 8-l2x 10*®) were 
equal to the experimental values of mobility, 
as shown in Fig. 1. Then the total mobility 
was computed according to the exact formula 

«= {{\IUcc + \lxUop+ \lyUac)~') IW ( 5 - 4 ) 

with the same values ofx and y. Moreover, the 
values of mobility at 500° and 773°K were 
computed employing the same parameters 
according to both formulas (5.3) and (5.4). It 
turned out that the exact values of mobilities 
were lower from the approximate ones by 
the following amounts;* at 300°K: for tj = 
— 1-13 per cent and for 77 = 17-2 per cent; at 
SOO^K: for 17 == 3-13 per cent and fori) = 1 1- 
5 per cent; at 773°K: for tj = 5-15 per cent and 
for 77 = 7-10 per cent. Now one could deter- 
mine better values of x and y from the approxi- 
mate equation (5.3), taking in advance the 
values of u larger by the proper amount in 
order to arrive at the assumed exact values of 
mobility. It was possible to find the values of 
parameters giving good results at all tempera- 
tures. It turned out, however, that appreciable 
changes of the deformation potential value do 
not influence strongly the theoretical value of 
mobility at room temperature for 77 = 15. In 
other words, to the slightly different values of 
the assumed total mobility at 300°K for high 
electron concentrations there correspond 
fairly large differences in the values of e^. Also 
the comparison between the theoretical and 
experimental mobilities at higher tempera- 
tures was not discriminating enough. For 
this reason we have used also the reliable 
experimental data for the thermoelectric 
power and longitudinal Nemst-Ettingshausen 
effect at room temperature for high electron 
concentrations, as shown in Figs. 4 and 5, and 
tried to obtain an agreement between the 
theory and experiment for the same values of 
parameters. Hiis means that the effective 
scattering index at high electron concentra- 

*It should be mentioned thatGalavanov el a/.[63j com- 

bining CC and Of modes obtained theoretically 4- 
(exact) > fl(approx.). 


tions, as given by equation (4.25), calculated 
for the parameters fitting the mobility data, 
should have the value of R == — 0-5. This 
proved to be possible and has led us to the 
values of e* and given above. Then all the 
computations of other effects were performed 
for these values of material constants. 

Table 2 presents the values of and r', 
which, together with expressions for mobili- 
ties, can be used in calculating the effective 
scattering index R in the high degeneracy 
region. 

Table 2. Values of Fr and effective scat- 
tering indices, as defined by equation 
(4.21). for various electron concentra- 
tions at room temperature (in the high 
degeneracy region) 



Fc 

r ff 


F{,p 

Fo. 

f oc 

1 X 

10"* 

1-66 

0-38 

0-526 

-0-67 

0-386 

-2-41 

2x 

10'“ 

1-63 

0 35 

0-490 

-0-72 

0-340 - 

-2-48 

5X 

10'“ 

1-59 

0-30 

0-455 

-0-79 

0-294 

-2-58 

1 X 

10'“ 

1-57 

0-26 

0-436 

-0-84 

0-270 

-266 


6 . RESULTS AND DISCUSSION 
The comparison between the theory and 
experimental Hall mobility at room tempera- 
ture is presented in Fig. 1 . The experimental 
points of Barrie and Edmond [28] and Galav- 
anov et fl/.[19) lie somewhat lower than those 
of Rupprecht et a/.[64]. Mobility values 
determined from the free-carrier optical 
absorption [22] are also included. Accounting 
for a rather low accuracy of this method and 
an assumption of complete degeneracy, as 
made by the authors, which does not occur in 
this region of concentrations, the agreement 
with the Hall mobility data seems reasonable. 
The solid line represents theoretical mobility 
calculated with the use of final values of para- 
meters (k( 0)= 17-5. e* = 0-13e, 0i. = 283°K, 
Cd = 14-6 eV) and the dashed lines denote 
theoretical values of separate mobilities 
«cc, «oj, and Mac calculated for the same values 
of material constants. The presented picture 
contains essentially all the information about 
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Fig. 1. Electron mobility in n-InSb vs. electron concentration at room temperature. 
Experimental data; O— Galavanov « fl/.ll9], A- Barrie and Edmond[28], ♦— 
Rupprecht et <il.[641, □- Kessler and Sutter(22]. Dashed lines denote the theoretical 
mobilities for various single scattering modes, solid line shows the theoretical mo- 
bility for the mixed mode calculated with the same values of material constants. 


the role of various electron scattering modes 
in InSb at room temperature. In the intrinsic 
material the polar OP mode, giving the lowest 
mobility, is the dominant scattering mechan- 
ism, with the electron-hole collisions also 
contributing to the total mobility. This agrees 
with Ehrenreich’s conclusions about the 
predominant modes in pure samples. How- 
ever, it can be noticed that, using our value 
of the deformation potential, the AC mobility 
in the intrinsic region is only 50 per cent higher 
than that due to CC scattering. Its contribu- 
tion to the total mobility is negligible, but, 
as we demonstrate later, the contribution of 
AC phonons in this region is already felt in 
thermomagnetic effects. With growing elec- 
tron concentration the role of CC scattering 
grows rapidly. However the mobility due to 
AC mode also decreases strongly with n, 
and for the electron concentrations above 
2 X 10>® cm“® this mode becomes more impor- 
tant than OP scattering. Thus, at the highest 


electron concentrations it is the CC and AC 
modes which determine the scattering pro- 
cesses. The relative shift of importance of 
various modes with growing electron concen- 
tration can be qualitatively realized by com- 
paring expressions (4.8), (4.10) and (4.11) for 
the mobilities in highly degenerate conditions. 

It should be noted that Galavanov et a/.[19] 
were able to obtain agreement between theory 
and experiment employing the value of = 
7-2 eV. However, the authors were using 
equation (1.3) for the mobilities, whereas 
according to the new theory all mobility 
values are higher than those given by equation 
(1.3) due to the appearance of Ft functions. 
This is illustrated in Table 2 where the values 
of Ft are given for a few electron concentra- 
tions in the region of high degeneracy. Thus, 
according to the older theory (Fee — 2-42, 
Fap= Fac= 1) the mobility due to mixed CC 
and OP mode at n = 1 T x 10‘* cm“® is « = 
4-4 X 10® cm*/ V sec., which is in agreement 
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with the experimental data and corresponds 
to the interpretation of Galavanov et al. How- 
ever, using the new theory with the same para- 
meters fl = 71 X KPcmVV sec which is 
clearly too high a value. Using cj = 7-2 eV and 
takin g into account all three modes accord- 
ing to the new theory one obtains « = 6-6 x 1(P 
cm*/V sec which is still too high. However, 
as we have said before, the theoretical value 
of the total mobility is not sensitive enough to 
the deformation potential constant to serve 
as the only basis for its determination. It can 
be seen from Fig. 1 that the mobility values 
obtained from optical data [22] are not reliable 
enough to serve for determination of the de- 
formation potential constant = 30 eV [ 1 3}. 

Figure 2 presents the numerical values of 
the Hall scattering factor Ur, defined in equa- 
tion (2.10), calculated for separate CC and 
AC modes and for the combined CC-l-OP-l- 
AC mode at room temperature. We have also 
calculated a^p for OP scattering and it is to a 
good approximation equal to unity in the 
entire concentration range. It can be seen 
that the scattering index for the mixed mode, 
calculated with the use of final parameters, 
is equal to 1 within 2 per cent deviation in the 
whole concentration range. Thus at room 
temperature in InSb the electron Hall mobility 


is to a good approximation equal to the drift 
mobility. 

Figure 3 presents the experimental results 
for electron mobilities in InSb at 77, 500 and 
773°K, as determined by various authors, 
together with the theoretical curves com- 
puted according to the above theory for the 
final set of parameters. 

The mobility at liquid nitrogen temperature 
is almost completely dominated by ionized 
impurity scattering. The AC mode is entirely 
negligible in pure samples and it lowers the 
total values of mobility by about 1 0 per cent 
at the highest electron concentrations. As we 
have mentioned before, the OP mode was 
omitted in the calculation for 77“K since it 
would require the variational treatment. Due 
to relatively high excitation energy of the 
optical phonons the importance of this mode is 
diminished at low temperatures but at the 
temperature in question it is still not negligible. 
This is probably the main reason for the dis- 
crepancy between the theory and experiment 
at lower electron concentrations. Two other 
features may also contribute here. First, the 
compensation of impurities becomes appreci- 
able in this concentration range. In the com- 
pensated samples the real number of scatter- 
ing centers is larger than that indicated by the 



Fig. 2. Theoretical values of the Hall scattering factor in n-InSb vs. electron con- 
centration at room temperature for charged center scattering (u„), acoustic 
phonon scattenng (a„,.) mixed mode (a). For the optical phonon mode =» I in 
the entire concentration range. 
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Fig. 3. Electron mobility in n-InSb vs. electron concentration at various tempera- 
tures. Experimental data; 77°IC: O— Galavanov et fl/.[19], •-Rupprecht et al. 
[64], O— Strau8s(65], 3-Champnes$[66|. ®-Putley[67i, a few lower experi- 
mental values are not included; 500“K: x— Galavanov et fl/.[19j; 773‘'K; ■- 
Galavanov et al.[ 1 9] . Solid lines show tite theoretical mobilities calculated for the 
corresponding temperatures. 


free electron concentration, so that the 
theoretical values of should be lower. It is 
easy to take this effect into account in the 
theory but the degree of compensation in a 
sample is usually not known. This problem 
has been considered in detail by Kolodziej- 
czak[8]. Secondly, the theory does not take 
into account inelastic electron-electron colli- 
sions which, as shown by Bate et a/.[53], may 
lower the values of mobility in this region. 

At 500°K the picture of various modes con- 
tributing to the total mobility is essentially 
similar to the situation at BOO^K. In pure 
samples the role of CC mode becomes com- 
parable to that of OP scattering (at n = 4-82 x 
10” cm“®, Ucc = 5-6 X 1(P, = 7-1 X 10* and 

Qqc * 1-34 X 10® cmVsec), whereas at high con- 
centrations the CC and AC mechanisms give 
comparable contributions (at n = 8-0 x 10’*, 
Mrc = 9-8x10®, iJ^ = 4-6xi(P and Wac = 
2-0 X 10*cm*/V sec). The experimental data 
of Galavanov et al.[ 1 9] are seen to be in agree- 
ment with the theory for the mixed mode. 


At 773°K all three modes give comparable 
contribution to mobility in the entire concen- 
tration range (at n = 2-2X 10'*cm“®, = 

2-3 X 10*, Q„p = 3-9 X 10* and Uac = 3-6 X 
10*cm®V/sec, and at n = 8-9 x 10'® cm“®, 
Mrr = 9-4x10^, «„p = 2-9x10* and Um — 

1-2 X 10* cmVV sec.). Again the measurements 
of Galvanov et o/.[19] agree with the theoreti- 
cal mobility for the mixed scattering mode. 

The agreement between theoretical and 
experimental values of mobility at high 
temperatures confirms the chosen value of the 
deformation potential constant, althou^ 
there still remains some ambiguity due to the 
dispersion of experimental data and the fact 
that the electron effective mass at these 
temperatures is not known with high accuracy. 

Figure 4 presents the tiiermoelectric power 
of InSb at room temperature, as measured by 
various authors, together with the theoretical 
curve computed for the final set of parameters. 
The experimental points of Barrie and Ed- 
mond [28] for lower electron concentrations 
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Fig. 4. Thermoelectric power in n-InSb vs. electron concentration at room temperature. 
Experimental data: x-Filipchenko and Nasledov(20]. A-Barrie and Edmond[28]. 
0-Emeljanenko el a/.130]. #-Byszewski et al.(33). 3-Ginter and Szymanska[68]. 
Solid line shows the result of theoretical calculation. 


lie systematically lower than the data of other 
authors. The calculations have been performed 
numerically with the use of equations (2.12) 
and (3. 18) and the expressions for the mobili- 
ties. It can be seen that satisfactory agree- 
ment between the theory and the experiment 
is obtained. 

As we have mentioned in the introduction 
the previous disagreement between the theory 
and the experimental thermoelectric power 
at higher electron concentrations induced us 
to undertake the present investigation. In 
order to get some insight into this problem we 
shall consider the thermoelectric power in 
highly degenerate electron gas using equations 
(4.24) and (4.25). According to equation (4.24) 
the scattering modes enter the theoretical 
formula via the effective scattering index f?. 
We shall calculate R for n = M x 10'*cm'» 
and quote the arithmetic as it is rather instruc- 
tive. Using the final set of parameters we have 
at the above concentration: 0^^. = 7-90 x lO^, 

« 7-01 X 10<, = 2-43 X 10« cmVV sec. 

and 4 = 0‘27, = -0 84 and ^ = -2-66. 


Thus 


^opl^op r qJ 


3-42-1 20 -10-25 
12-65+ 1-43 + 4-11 


-0-48. 


( 6 . 1 ) 


This value of R inserted into formula (4.24) 
gives the result which is in agreement with the^ 
experimental data in this concentration range. 
As it can be seen, in spite of the fact that the 
CC scattering gives the largest contribution to 
the mobility, it is the AC mode which mainly 
determines the sign of R. This is due to the 
large value of r'„^ or, in more physical terms, to 
the strong energy dependence of AC scatter- 
ing. It so happens that the effective value of R 
comes out fairly close to r„p for the single 
optical mode. That is why the experimental 
points lie fairly close to the theoretical curve 
for the single optical mode (r„p = -i) in the 
interpretation of Kolodziejczak and Sosnow- 
ski [9]. But it can be seen from above that this 
coincidence is accidental since the OP mode 
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gives small contribution to both Q and R in this 
concentration range. U sing the older scattering 
theory ^fcc l^r^^ 3 ^ Rce 2*42* 

f oj> = foe = I ) and the material constants cw = 
7'2 eV and Ul = 3-7 x 10* cm/sec the resulting 
scattering index is /{ => 0-27. This corresponds 
to the calculation of Filipchenko and Nasledov 
[20] and gives too high theoretical values of 
the thermoelectric power. According to the 
new theory and employing the value of 
€a = 7-2 eV we obtain R = —0-03 mainly due 
to the decreased role of the CC scattering 
(r'cc = 0-27 instead of = 1 ). This value of R 
is still too large indicating that Ehrenreich’s 
value of ea is too small. This is even better 
demonstrated in the thermomagnetic effects 
which we shall discuss presently. 

Figure 5 presents the longitudinal Nemst- 
Ettingshausen effect — [a(ao) — a(0)], as 
measured at room temperature by various 
authors, together with the theoretical curve 
computed according to equation (2.14) for 
the mixed scattering mode using the final set 
of parameters. We plot — Aa according to the 
tradition, and also in order to have the same 
sign of the longitudinal and transverse N-E 
effects. The original values of Aa measured 
by Rodot[39] were retrieved by inverting the 
procedure mentioned in his paper. His meas- 
urement — Aa = 4-4/xV/deg at «=l-3x 
10'* cm”* has been omitted since the intrinsic 
concentration at room temperature is higher. 


It can be seen that the theory cmrectly de- 
scribes the experimental data predk^ting the 
change of sign around b = 6 x cm~®. 
Again, to get some insight into the pn^em we 
can consider formula (4.28) for the longitu- 
dinal N-E effect in degenerate electron gas. As 
follows from equation (4.26) y = i at high con- 
centrations so Aat 2 — 6y = 0 and according to 
equation (4.28) the sign of R determines the 
sign of the effect. From equation (6.1) we have 
R=— 0-48 at B = M 10'* cm“® which gives the 
value of — Aa shown in Fig. 5 in this con- 
centration range. As follows from our pre- 
vious discussion the old scattering theory 
together with the value of €a = 7-2 eV give 
R = 0-27, i.e. the wrong sign of — Aa at high 
impurity concentrations. This value of the 
deformation potential also according to the 
new theory, giving R = —0-03 does not de- 
scribe properly the experimental data. 

Again, quite accidentally, the final theor- 
etical predictions for the mixed mode give 
very similar results to the theory for the single 
optical mode of scattering. This is illustrated 
in Fig. 6, which gives the values of «z>/( 1) - 
(z«)/<m) ) for different single scattering modes 
as functions of electron concentration at 
room temperature. 

It should be noted that the dependence of 
— Aa„p for OP mode at room temperature is 
rather intricate. According to the theory for 
a parabolic band the sign of — Aapp is negative 



Fig. 5. Longitudinal Nemst-Ettingshausen effect in n-lnSb vs. electron 
concentration at room temperature. Experimental data: A-Rodot[39], 
•— By8zcwskil69]. O-Galavanov et al.lTO], A— Rodot[71]. Solid line 
shows the result of theoretical calculation. 
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Fig. 6. Theoretical values of -(zuyUu)) denoted as Act and (W<f) 

«zu)/<u)-<zu’)/(tt’)) denoted as P for various single scattering modes vs. electron 
concentration in n-InSb at room temperature. 


in the entire concentration range (see e.g. 
Rodot[39] and TsodUkovskii[72]). The older 
scattering theory for a nonparabolic band, 
summarized in equation (1.3) gives positive 
values of- Aa<,p for all electron concentrations 
(Guseva and Tsidilkovskiil40])*. On the 
other hand the new scattering theory gives the 
values of -Aa«p changing sign from negative 
to positive with increasing electron concentra- 
tion. 

Now, having in mind the relative impor- 
tance of various scattering modes illustrated 
by contributions to mobility in Fig. I , we can 
say that the positive sign of — Aa at high 
electron concentrations is caused by the in- 
fluence of AC scattering, whereas the nega- 
tive sign at low concentrations is due to com- 
bined effect of OP and CC modes. Predicted 
by the theory another increase of — Aa for the 
lowest concentrations is due to the influence 


*The theoretical curve for — Aa„p presented in Ref. (73] 
as well as some experimental points have been erron- 
eously extrapolated to low electron concentrations 
without due r^ard to the lack of degeneracy in this 
F^^n. 


of AC mode in this region, which we men- 
tioned in the discussion of mobility. It should 
be emphasized, however, that the theoretical 
values at these concentrations are not very 
reliable since they depend rather strongly on 
the assumed value of the deformation poten- 
tial. Actually, this sensitivity could be used 
for a precise determination of ea if dependable 
experimental values of — Aa in this region were 
available. 

Figure 7 presents the transverse Nemst- 
Ettingshausen effect in InSb at room tempera- 
ture, as measured by various authors, to- 
gether with the theoretical curve computed, 
according to equation (2.15), for the mixed 
scattering mode and using the final set of 
parameters. It can be seen that the dispersion 
of experimental points is larger than for the 
longitudinal effect. This agrees with the ob- 
servation of Rodot(39] that it is easier to 
obtain reliable data from the longitudinal 
effect. It seems that the main experi- 
mental problem is to ensure isothermal condi- 
tions of the measurement and a proper extra- 
polation to f/ = 0, especially for high electron 




ELECraON ^AnmiNG 


1171 



Fig. 7. Transverse Nemst-Ettingshausen effect in n-lnSb vs. electron con- 
centration at room temperature. Experimental data: □— Wagini[32]. 3— 
Emeljanenko el a/.[38]. O— Nasledov and Filipchenko|41], A — Rodot[71], 
• — Holas[74]. Solid line shows the result of theoretical calculation. 


mobilities, i.e. in the region of low electron 
concentrations. One experimental point of 
Wagini: P = -2510-* [CG5M] at « = 2x 
10'*cm“* has not been included in Fig. 7. It 
can be seen that on the whole there is a reason- 
able qualitative agreement between the theory 
and the experimental data. 

In Fig. 6 we have also plotted the values of 
(<ZM>/<«) — /<«*)) for different single 

scattering modes as functions of electron con- 
centration at room temperature. They indicate 
that the relation 

<z)/<l) -<Z«)/<«) = <Z«)/(m> -<Z«*)/< uO 

( 6 . 2 ) 

is approximately valid not only in the high 
degeneracy region, as shown by equation 
(4.31), but in the entire concentration range 
at room temperature, with some discrepancy 
for AC mode at low degeneracy. Also the 
values for the mixed mode are very much 
alike (they have not been included in Fig. 6, 
being small out of scale), so that the theoreti- 
cal values for the transverse N-E effect plotted 
in Fig, 7 are to a good approximation simply 
the values of —Aa multiplied by the values of 


mobility for corresponding electron concen- 
trations, as plotted in Fig. 1. Thus all the 
above discussion for the longitudinal effect 
applies also here. We want to emphasize once 
again that the comparison of the theory with 
experiment at low electron concentrations is 
not very meaningful due to the considerable 
dispersion of experimental data and high sensi- 
tivity of the theoretical results to the assumed 
value of the deformation potential. 

It can be seen from Figs. 4 and 7 that at 
high electron concentrations the experimental 
data for thermoelectric power lie slightly 
lower and for the transverse N-E effect some- 
what higher than the theoretical curves. In 
terms of the formulas for high degeneracy, 
equations (4.24) and (4.30), this suggests lower 
values of R or higher values of y. Lower values 
of R would require a slightly higher deforma- 
tion potential constant ea, but this would lead 
to disagreement between the theory and 
experiment at lower electron concentrations, 
especially for Aa. It has been suggested 
recently by Nasledov et a/.[75] that the con- 
duction band of InSb exhibits at hi^ energies 
stronger non-paraboUcity than that given by 
the Kane model, which has been employed 
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throughout this paper. Such a stronger non- 
parabolicity would lead to higher values of y 
at high electron concentrations, which in turn 
would bring the theory closer to the experi- 
mental points. A final solution of this problem 
calls for more expcrimentol investigations of 
the transverse and longitudinal Nemst- 
Ettingshausen effects. 

On the basis of comparison between the 
theory and the experimental data for all the 
above effects we estimate the value of the 
deformation potential constant ea=U ()± 
2 eV, which agrees well with the newest in- 
dependent estimations [25-27]. 

7. CONCLUSIONS 

We have attempted to give a unified de- 
scription of existing experimental results on 
transport phenomena in n-InSb, taking con- 
sistently into account the nonparabolic struc- 
ture of the conduction band in this material. 
It turned out to be possible to describe satis- 
factorily the experimental data on mobility 
at different temperatures as well as thermo- 
electric power, the longitudinal and transverse 
Nemst-Ettingshausen effects and the free- 
carrier optical absorption at room tempera- 
ture in the range of electron concentrations 
from 2 X 10’* to 1 x 10'“ cm“^ with the follow- 
ing values of the material constants: k(0) = 
17-5, 0,. == 283'’K. e* = 013e and = 14-6 ± 
2eV. On the basis of the performed analysis 
one can draw the following conclusions con- 
cerning the material properties: 

1 . All three scattering modes, i.e. the char- 
ged center scattering, the polar optical 
scattering and the acoustic (deformation 
potential) scattering must be taken into ac- 
count when interpreting the electron trans- 
port phenomena in InSb. At room temperature 
in pure samples OP and CC modes dominate 
the scattering processes, whereas for high 
impurity concentrations CC and AC modes 
are of main importance. 

2. At room temperature the negative values 
of the longitudinal and transverse Nemst- 
Ettingshausen effects at low electron concen- 


trations are due to combined influence of 
OP and CC modes and the positive values at 
high concentrations are caused mainly by 
AC scattering mechanism. 

As far as the interpretation of transport 
phenomena in narrow-gap materials is con- 
cerned, the above analysis allows to conclude 
the following: 

1. In the theory of scattering ffie nonpara- 
bolic structure of the conduction band must 
be taken into account not only through the 
e(k) dependence entering the density of states, 
but also through the use of complete wave 
functions necessary to compute the matrix 
elements of transitions. 

2. Complete energy dependences of mobili- 
ties for various scattering modes must be 
considered explicitly. The usual procedure of 
neglecting the energy dependence due to 
screening in CC scattering leads to consider- 
able overestimation of this mode in thermo- 
magnetic effects. 

3. Comparison of experimental data for 
thermoelectric and thermomagnetic effects 
with theoretical results for separate single 
scattering modes can lead to incorrect con- 
clusions since the latter do not depend on 
material constants which determine real 
contribution of a given mode to the total 
scattering. 

4. Extension of formulas applicable to 
highly degenerate electron gas to the' non- 
degenerate region can lead in case of thermo- 
magnetic effects to completely misleading 
results. 

It seems that the presented procedure 
can find applications in the theoretical 
description of transport phenomena in a num- 
ber of narrow-gap semiconducting materials. 
Recently Ravitch and Morgovskii[76] carried 
out a theoretical analysis of acoustic and 
polar optical scattering in PbTe-type semi- 
conductors taking into account the real band 
structure of these compounds. 
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Note added in proof. After completion of this work we 
have calculated explicitly the inSuence of Eree-carrier 
screening on polar optical scattering[15]. It turns out that 
to a good approximation the efl^ of screening is repre- 
sented by replacing unity in equation (3.9) by 1 — {2/fo) 
In (^<,4- 1), where fo is defined in equation (3.3). For low 
carrier concentrations, where the optical mode is of im- 
portance, this increases theoretical values of mobility 
a„, by a factor of 1 -25. Adiusting the value of the effective 
ionic charge (in order to bring ii„ to the level indicated in 
Fig. I for low electron concentrations), the value of e* = 
0'l4Se is obtained, which is closer to the results of other 
investigations [58]. The modified energy dependence of 
u,^ does not practically affect the theoretic^ results for 
the mobilities and the thermoelectric power calculated 
for mi.ted scattering mode, as presented above. On the 
other hand it may somewhat influence the theoretical 
results for Aa and Pn-s at lower concentrations. However, 
it does not seem meaningful to try for a better agreement 
between the theory and experiment until more precise 
data concerning these effects are available. 
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lUsuml-Les complexes de formule UF^M o£i M = Na, Li, Cs, NO contiennent un Electron 5/ 
c^libataire environni d'un octaidre d'atomes de fluors. Lea spectres de r6aonance paramagnitique 
montrent que les octaidres UFi ont une Idgire ddfonnation axiale. On pi^ente ici un calcu] des 
param^tres de defonnatiun a partir des facteurs g experimentaux, effectui par la thdorie du diamp 
cristallin. Au pr^alable, il a fallu determiner les foncdons d'onde d'un electron S/, en symetrie cubique, 
quantifiees suivant I'axe 1 1 1 de I'octaedre. La validite des resultats peut Stre veriiiee sur le cas d'UFt 
Cs, bien connu cristallographiquement; des valeurs des parameires de deformation sont proposees 
pour les autres complexes etudies, pour lesquels la RPE est beaucoup plus sensible que la tadio- 
cristallographie. 

Abstract — In the complexes of formula t/F, M, with M = Na, Li, Cs, NO. the unpaired 5 / electron 
is surrounded by an octahedron of fluorine atoms. Paramagnetic resonance studies show that the f/F," 
ions are slightly axially distorted. A calculation is presented, where crystal field theory is used to cal- 
culate the strength of the distortion from the experimental g factors. The wave functions of a 5/ elec- 
tron in a cubic environment, quantized along a 1 1 1 axis of the octahedron are first determined. The 
validity of the results can be checked with UFt Cs on which accurate cristallographic studies have 
been made; values of the angles of distortion are proposed for the other complexes studied, for 
which paramagnetic resonance studies, are much more sensitive than radiocrystallography. 


1. INTRODUCTION 

Les spectres d'absorption de resonance para- 
magnetique electronique des complexes de 
type UFeM (Af = Na, Cs, Li, NO) sont 
caracterises par des valeurs tres elevees des 
champs de resonance. Ceci a et6 developpe 
dans des travaux anterieurs [ 1 , 2] ou les 
facteurs g ont etc interpretes comme carac- 
teristiques de la pr6sence d’un electron celiba- 
taire de type 5/ situe dans un environnement 
de symetrie cubique ou presque cubique. 

La forme des raies d’absorption des echan- 
tillons pulvdrulents revele que la symetrie 
locale n’est pas strictement cubique, mais 
presente une faible deformation axiale. Le 
facteur g a une valeur gn ou gj^ selon que le 
champ magn6tique est parallele ou perpen- 
diculaire a I’axe de la deformation. L’ etude de 
monocristaux [2] nous a permis de montrer 
qu’aussi bien dans les cristaux rhomboedri- 


‘Adresse Actuelle: Department of Chemistry and 
Chemical Engineeriitg University of Illinois. Urbana. 
ill. USA. 


ques {M = Li, Cs, NO, Na) que dans la forme 
cubique de Na l/F*, la ddformation des ions 
UFf est de symetrie trigonale (D^). 

Dans ces conditions, on peut espirer qu’une 
interpretation quantitative des valeurs de gg et 
g^ foumisse les valeurs des param^tres de la 
deformation des ions UFe~. C’cst cet aspect 
quantitatif que nous voulons expliciter ici. 

Les fonctions d’onde des electrons des 
atomes lourds, et en particulier leur reparti- 
tion radiale sont trop mal connues pour qu’on 
puisse songer a presenter un traitement exact. 
Nous prendrons comme point de depart le 
module des charges ponctuelles et consi- 
d^rerons I’^Iectron comme soumisaupotentiel 
61ectrostatique de six charges -e situees k 
I’emplacement des ions fluor. Cette approxi- 
mation serait tr^s bonne si I’electron c6li- 
bataire occupait une orbitale 5/ pure de 
Turanium, ce qui serait le cas si la liaison U-F 
6tait purement ionique. En fait on sail que cet 
Electron a une probability non nulle d’occupa- 
tion des orbitales des fluors[l]. Cependant 
comme elle est assez faible, nous nous con- 
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tenterons d’en tenir compte k I’aide de certains 
param^res adjustables qui seront discutes par 
la suite. 

La deformation de I’octaedre UF^ que 
nous considerons etant de symetrie trigonale, 
dans tout ce qui suit, nous prendrons I’axe 
1 1 1 de I’octaedre comme axe de quantification. 

Z POTENTTEL CRISTALLIN 

Le potentiel electrostatique qui couple un 
electron a son environnement assimile i un 
ensemble de charges - e s’exprime commode- 
ment par son developpement en harmoniques 
spheriques[3]: 

l>r=2 

n.m 

r,, Bi et (fi sont les coordonnees polaires de 
reiectron, et les coefficients B„”' s’expriment 
en fonction des coordonnees Ij, aj, y3j des 
charges eiectriques de I’environnement par 
la formule 

On a coutume d’exprimer ce potentiel cristal- 
lin a I'aide des operateurs equivalents 0„'" 
dont les expressions en fonction des harmoni- 
ques spheriques sont donnees par exemple 
dans la revue de Hutchings[4], ou figurent 
egalement des tables d’elements de matrice. 
Pour le calcul des elements de matrice dans 
des fonctions/, I’expression du potentiel n’est 
utile que jusqu’aux termes de degre au plus 
egal a 6. 

Le potentiel de symetrie 0;,^ le plus 
general depend de six parametres. Cependant 
un octa^dre de symetrie peut se deduire 
d’un octa^dre regulier par la donnee d’un seul 
angle: par exemple Tangle 8 de Taxe ternaire 
et d’un des axes de Toctaedre. La parametre 
que nous prendrons est Tangle t = 8-54°42\ 
c 6tant nul pour Toctaidre regulier et positif si 
la deformation de Toctaedre correspond a 
une compression. Si e est faible, on calcule 
par les formules (1) et (2) Texpression du 
terme non-cubique du potentiel cristallin: 


+ ^^A(0;-7V204»*) 

-yflt*)- (3) 

La formule ci-dessus est valable dans le 
referentiel dont Taxe polaire Oz est un axe de 
symetrie ternaire du site, Taxe x etant Taxe de 
symetrie C'^ qui lui est orthogonal (Fig. 1); aj, 
et Yj sont des coefficients dont les valeurs 
sont donnees dans la revue de Hutchings, r 
est la distance de T^lectron au centre du site 
et (r”) est la valeur moyenne de r"; / est la 
valeur de la distance U-F. Anticipant sur les 
calculs numeriques, il est interessant de sig- 
naler ici que le terme en Oj auquel on se limite 
quelquefois pour des calculs approximatifs, 
n’est absolument pas preponderant devant les 
deux autres termes. 



Fig. 1. Sysifemes d'axes appropries a I’dtude de deforma- 
tions quadratiques (O jr>' z) ou trigonale (OXYZ). L'axe 
OX est une axe de symetrie C, du cube. 

3. FONCTIONS D’ONDE EN SITE 
Les environnements que nous considerons 
sont des octa^dres qui presentent des defor- 
mations de symetrie et de faible amplitude 
par rapport aux octaedres reguliers. Pour 
obtenir les fonctions d’onde d’un electron 5/ 
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dans un tei environnement, il faut d’abord 
determiner une base de fonctions classees 
suivant les sym 6 tries du cube, et quantifides 
suivant Taxe de la deformation, puis deter- 
miner les fonctions d’onde en diagonalisant 
I'hamiltonien principal, de symetrie cubique, 
et enfin perturber ces fonctions par le poten- 

tiel Vf t’cublquei^]- 

Fonctions en symetrie cubique quantifiees 
suivant I’axe 1 1 1 

Un potentiel cristallin cubique decompose 
les sept fonctions / en un triplet symetrie r 4 , 
un triplet de syrndtrie F, et un singulet Fj. Les 
fonctions d’onde de ces niveaux, exprimdes 
comme combinaisons lineaires d'harmoniques 
sphdriques quantifiees suivant un axe temaire 
du cube (Qz) sont indiquees dans le Tableau 1. 
Le systdme d’axes choisi pour ce calcul est 
indique sur la Fig. 1. Ces fonctions peuvent 
etre obtenues par diagonalisation directe d’un 
potentiel cristallin cubique, dont I’expression 
peut etre deduite simplement de la formuie ( 1 ). 

Pour tenir comple du couplage spin-orbite, 
il faut en fait connaitre les 14 fonctions spin- 
orbitales. Les fonctions orbitales doivent done 
etre multipliees par les fonctions de spin, qui 
sont de symdtrie Fg. Les six fonctions F4 x Fg 
se ddeomposent en quatre fonctions Fg et deux 
fonctions Fg; de meme les six fonctions Fg x Fg 
donnent un quadruplet Fg et un doublet F 7 et 
les deux fonctions Fg X Fg donnent un doublet 
F 7 . On obtient les fonctions de chaque type de 
symetrie en diagonalisant le couplage spin- 
orbite par la technique d’Abragam et Pryce 
oil on I’exprime a I’aide d’un moment orbital 
fictif. II est importante a ce stade de jxiur- 
suivre la construction des fonctions d’onde en 
les classant systematiquement. A cette fin on 
cherche les combinaisons lindaires des fonc- 
tions de chaque symdtrie telles que les ma- 
trices des rotations du groupe cubique soient 
les memes respectivement dans le quadruplet 
Fg et dans les quatre fonctions propres de la 
composante z d’un spin j ou respectivement 
dans un doublet Fg (ou F 7 ) et dans les 2 fonc- 
tions propres de la composante z d’un spin i. 


Tableau 1 . Fonctions donde orbitales etepin- 
orbitales d'un ilectron 5f en site cubique. 
L'axe de quanfification est une axe de S]fmi- 
trie d'ordre 3. Une barre au-dessus etune 
orbitale indique que le spin est dans I'itat —4 


r*: 

r,: 

1 

II 

1 

<0 

Tlau = Si 

So = |>’»°+'-^(y»’+ya ’ 

1 vi V3j 

) Vvt~~ j 3 

g Vi .V 30 , 

V-itt “ ~6|>H — 3“S-l 


17-3/* ~ 


, - 

b-i/* “ 3 3 

Fa: 

.V 30 ,^V6 . 

‘>='— y’-^iry* 

Xs/t j j 1 

«« = — Uty-a’-y.!’®) 

VI 

-iVi .v^ 

Xi/a ~ j 

.V 30 vi , 

y, 

.vi ^ .V3 

X-i/J ~ j + 


2 V 2 l_ 

X-ait~ j *1 j*-i 


r,; 

, .V3 .vi. 

, .VI .Ve 

^-1/2 J € 0+1 ^ €-j 

r,: 

Vs VI 

|3 = ^y,'>-i-Y<^» +>> 

r,: 




Les fonctions ainsi classdes sont indiqudes 
dans le Tableau 1. 

Dans le cas des ions UFf, I’ordre des dner- 
gies des niveaux orbitaux, peut s’obtenir de 
faqon assez certaine. Contrairement k ce qui 
se passe [ 6 ] pour des ions UFg^~, I’existence 
d’un degre de covalence appreciable dans ces 
ions, qui peuvent exister en solution est ici 
une hypothdse sfire. On peut voir qu’aiors 
les niveaux doivent se classer comme la Fig. 2 
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Fig. 2. Niveaux d’energie d’un electron 5/ en champ 
cubique ou presque cubique. (a) Niveaux orbitaux en 
champ cubique. (b) Decomposition des niveaux par 
■'action combinee du potentiel cristallin et du couplage 
spin-orbite. (c) Decomposition supplimentaire apportee 
par une deformation trigonale. Les types de symetrie des 
niveaux et la nomenclature de cenaines energies ou 
fonctions d’ondes sont indiquees. En (a) et (b) les positions 
des niveaux sont appropriees au complexe Cs. 


I’indique; si I’energie du singulet est prise 
comme reKrence, I'energie du triplet Fj est v 
et celle du triplet F^ est v + v', avec v, v' > 0. 

Les fonctions d’onde s’obtiennent finale- 
ment par diagonalisation simultanee du 
potentiel cristallin cubique et du couplage 
spin-orbite, dans la base des fonctions que 
nous venons de determiner; puisque celles-ci 
ont ele classees convenablement, les equa- 
tions seculaires sont au plus du deuxieme 
degre, 

Fonctions d’onde perturb^es 

En presence d’une deformation de symetrie 
Dad, les niveaux se decomposent comme la 
Fig. 2 I’indique. L'axe de quantification que 
nous avons choisi etant l’axe de la deforma- 
tion trigonal, les fonctions valables a I’ordre 
z^ro sont celles qui ont determinees au 
paragraphe pr^c^ent. Ilya cinq doublets de 


Kramers de symetrie Fgr dont les fonctions 
d’onde sont: 


f±\t% cos ^ ‘Fii/x sin 0 

/± 1/* = K 1/2 ^ + V>± 1/2 COS $ 
8±tit ~ '’?±i/2 cos^— X±i/2 sin^ 
8±m = 'n±vs sinvj-fY±i /2 cos^p 


Les angles 0 et <p sont determin6s par les 
Equations seculaires, qui ont ete donn6es dans 
la ref. [I]. Si/ est Fetat fondamental, et si g 
est d’energie inferieure a g' elles s’^crivent 


tg 


26 = - 


v — iC ’ 


tg(p = 


3V3C 

2U-V') 


C est la constante du couplage spin-orbite. Les 
energies des 6tats de fonctions/, g, g' et h sont 
respectivement 0, w,, coj et tuj. 

Les fonctions d’onde perturbees au premier 
ordre par le potentiel (3) sont de la forme 


—f±tiz "b ^g±iii "b f^g'±\i2 "b vh±iii\ 


X, fi et p sont des Elements de matrice de 
“i^cubique- fonctions calculables de 0 et <p, 
divises respectivement par les energies <u,, 
W 2 et ct> 3 . 


4. FACTEURS g ET D^FORMAnON tXKIALE 
Les elements du tenseur g peuvent etre 
deduits des fonctions d’onde du doublet 
fondamental par les expressions 


g|| = 2 < > 

= + < l|/+i/2|/+’b 25 +|i|/_i/2 > 


ou / et 5 sont respectivement les moments 
cinetiques d’orbite et de spin de I’eleclron 
celibataire. On obtient ainsi 


^11 = ^0 -b 2y 

gi = g<,-y 

go est le facteur g de I’electron situe en syme- 
trie cubique. Son expression, donn6e dans la 
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R6f. tl], n’est fonction que de I’angte 6, c’est- 
&-dire du param^tre u/^. 

Le facteur Y est de la forme 

+ (4) 

(Oi CUj 

ou Fj et Fj sont des fonctions de 6 et tp‘, 
bien entendu, y est nuJ en symetrie parfaite- 
ment cubique (c = 0). Les valeurs moyennes 
ainsi que les anisotropies des facteurs g mesu- 
rees pr6c6demment[l, 2] dans les complexes 
UFe Li, t/Fg Na (cubique) et t/Fg Cs, sont 
indiquees dans le Tableau 2. Les signes 
negatifs des facteurs g moyens ontete justifies 
dans la Ref. [1], 


Tableau 2. Parametres des rales de resonance, 
et angles de deformation calcules pour plusi- 
eurs complexes UF^M 



So 

■yX 10» 

€ 

Li L/F, 

-0-768 

7 

8' 

Nat/F, 

-0-748 

36 

39' 

(cubique) 

Na UF, 

-0-745 

36 

39' 

(rhomboedr.) 

Cs l/F, 

-0-709 

70 

ris' 

NOt/F, 

-0-748 

< 2 

< 2' 


On a egalement indique les valeurs corre- 
spondant a la forme rhomboedrique de f/Fg 
Na. ainsi qu’a l/FgNO. Dans ce dernier 
complexe, les largeurs des raies (500 G) sont 
environ dix fois plus importantes que dans les 
autres complexes. Ceci peut etre du a des 
phenomenes dynamiques qui doivent inter- 
venir dans ce complexe du fait de la forme 
non-spherique du cation; dans ce cas les 
valeurs des anisotropies que nous donnons ne 
seraient que des moyennes au cours d’un 
mouvement. Les valeurs € des angles de 
deformation peuvent en principe etre deduites 
‘I® ;?ii et g^ par la formule (4). En fait, celle-ci 
contient plusieurs parametres que nous 
ajusterons pour tenir compte du caractere 
partiellement covalent des liaisons U-F. 


Les calculs numeriques ont effeptii6$ 
pour le complexe C/Fg Cs pour lequel on dis- 
pose d’une 6tude cristallographique i^coatte 
complite{7], qui, a donn6 une distance U-F 
/ = 2 057A ainsi qu’un angle de deformation 
€ = + 1‘’54'. D’un autre cote les positions des 
niveaux d’energie excit6s dans ce complexe 
sont connues[8]: ct>i = 4587 cm~‘,, w* = 12705 
cm~*. Les quantites (F), {t*) et <f*), qui 
dependent de la partie radiale de la fonc- 
tion d’onde electronique ont ete estim^es de 
la fa^on suivante. Nous avons suppose 
qu’elles 6taient proportionelles aux grandeurs 
correspondantes calculees pour I’ion C/®'*’ 
isoIe[9], et le coefficient de proportionnalite a 
ete ajuste de faQon a rendre compte des 
valeurs des parametres du champ cubique qui 
peuvent etre deduits des spectres d’absorption 
optique. 

Pour tenir compte de la covalence on doit 
egalement ajuster le parametre k deja d6fini 
dans la Ref. [1], et qui est determine par 
retude du facteur g moyen. Ce param^tre est 
relie a la reduction que i’hybridation apporte ^ 
I'amplitude de probabilite pour que I’eiectron 
magnetique se trouve dans une orbitale de 
I'uranium, et qui a ete prise egale k 19 pour 
cent. La constante de couplage spin-orbite { 
d’un electron de I’uranium V a ete prise egale a 
1955 cm'*. 

Dans ces conditions, on determine une va- 
leur de i’angle de la deformation de +I°15' 
pour UFfi Cs. Ce resultat est inferieur d’en- 
viron 30 pour cent a Tangle de 1° 54' deter- 
mine cristallographiquement. 

Cet accord relativement bon indique que le 
calcul de champ cristallin est essentiellement 
valable dans notre cas. Un meilleur accord 
serait illusoire au vu des approximations 
grossieres que nous avons ete amenes k faire, 
et dont les plus deiicates sont probablement 
Temploi de fonctions d’ondes / pures, alors 
que les couches 6d et 5/ ont des energies a 
priori assez peu differentes et Temploi d’un 
modeie de charges ponctuelles pour Tevalua- 
tion d’un potentiel cristallin. Pour s’afFranchir 
de ces approximations, il faudrait une bonne 
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description des liaisons chimiques dans I’ion 
t/Fg". Ccci permettrait dgalement le traite- 
ment des interactions orbite— phonons, dont 
nous n’avons pas tenu compte mais qui 
peuvent, dans certains cas apporter des con- 
tributions non— negligeables ([10-11]). Ces 
termes varient probablement assez peu dans 
les ions t/F," des diff6rents composes t/F« M 
dont on peut comparer les structures par les 
spectres de resonance paramagndtique. 

Les anisotropies des autres complexes 
l/Fg M etudies fournissent par le meme calcul 
les valeurs des angles de deformation qui sont 
indiquees dans le Tableau 2. Les parametres 
que nous determinons n’etant que tr^s approxi- 
matifs (par exemple 50 pour cent par defaut 
pour (/FgCs), nous avons neglige les differ- 
ences entre les valeurs des energies d’excita- 
tion ainsi que des facteurs g moyens des 
difFerents complexes. 

Des deformations extremement faibles, 
probablement imperceptibles aux rayons X, 
sont ainsi mises en evidence par I’etude des 
spectres de R.P.E. 
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THERMOELECTRICAIp PARAMETER$ OF FAST- 
NEUTRON-IRRADIATED Te-Se-Bi, Te-Sb-Bi AND GeSi 

PAVEL MACKO 

Department of Physics, Slovak Technical University, Bratislava 
{Received I June 1970) 

Abstract -In this paper a review of measurement of electrical conductivity <r, Seebeck coefflcient 
a, thermal conductivity X and Z-parameter of semiconductor-thermomaterials of Te-Se-Bi, Te-Sb-Bi, 
resp. GcSi, irradiated with fast neutrons with doses of O-I X 10’* n' cm"* is given. The experimental 
values are interpreted by relatively simple expressions. Negative as well as positive changes of in- 
vestigated parameters were observed, which begin to appear if the concentration of radiation defects 
N'b is greater than the concentration of intrinsic defects before irradiation. 

1. INTRODUCTION Were measured by a twin-lead modification of 

Radiation damages, which are formed in the pulse method described in detail m[l] 
semiconductors by bombarding with fast and [2]. 

neutrons, result in changes of practically all By means of this measuring method we 

characteristic parameters of the material. The were able to determine the ratio of both a/X 

sensitivity of the material to radiation damages and a^/X directly, and together with the mea- 

is more pronounced for homogeneous, single sured electrical conductivity a- to calculate the 

crystal-like, semiconductors with the lowest sought for parameters. 

possible number of primary imperfections. Each measured sample (with dimensions 

While there exists a large number of publica- cca 20 x 5 x 5 mm) was fixed in a separate 

tions concerning the changes of some physical holder. The samples were prepared and meas- 

parameters of more commonly used semicon- ured as described in [3]. 

doctors after irradiation with fast neutrons. The experiments were carried out with 

thermoelectrically active semiconductor samples of 

materials seem to be neglected, although these 1 . Te-Se-Bi and Te-Sb-Bi, respectively, 

semiconductors could possibly be utilized 2. GeSi. 

for conversion of the secondary thermal 

energy of nuclear reactors into electrical ^ „sfluence of neutron radiation 
energy. Therefore in the present paper we om the characteristic parameters OF 
tried to investigate the influence of neutron Te-Se-BU(i-TYPE)ANDTe-Sb-BiOf-TYPE) 

irradiation on the characteristic parameters Samples of these materials which were 
of some thermoelectrically active semicon- available for measuring were prepared by 
ductors which are expressed by the so-called powder metallurgic methods. The grain size 
Z-parameter, defined as for sample preparation was 1 -5 mm maximum 

(/f -material), and 0*08 mm minimum (B- 
2 _ aV material). The method of preparation proved 

X to be of utmost importance and led to dia- 

metrically different behaviour for /4-type and 
where a is the Seebeck coefficient, <r the B-type material. 

electrical conductivity, and X the thermal The semiconductor material was irradiated 
conductivity. in the nuclear reactor of the Institute of 

The parameters contained in equation (1) Nuclear Research at Prague-Rez with a 
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neutron flux of 3 x 10'* n' (cm'* s"' and a total 
dose of 1 X 10'* n' cm-*. Expenments showed 
Influence on physicaJ pammetere 

Of ^-material (big grain) 

for B-material (small grain). Measuring results 

are given in Tables 1-3. 

As B-material proved to be more con venient 
from the aspect of practical application, the 
following experiment i.e: the measurement 
of Z-parameter and electrical conductivity 
changes as a function of neutron flux, was 
carried out with these semiconductor samples. 
The measured values are plotted in Fig. 1. 
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total interpretation of measured values 

3 wed An investigation of the cause of the ch^ges 

eters of the mentioned physical parameters should 

inges start contemplating the following types of 

;sults defects: i.. u u 

(a) Defects of the bulk material, which have 

nient the character of vacancy clusters, displace- 
1 , the ment wedges etc, which have mostly negative 

ment influence. . . * 

tivity (b) Defects of surface layers and inter- 
, was mediate layers between individual grains, 
iples. which may be of positive influence. 

1 For an explanation of the different changes 


Table 1. Measuring results before and after irradia- 
tion for n-type ofA-material (grain size 1 -5 mm) 


a 

((iV deg '] 


\x 10" 

[W cm' ’ deg"'] 


Zx lO" 
Ideg"'] 


184 17.S 
180 175 
184 176 
182 176 


13-2 

13’3 

2’2 

11 

130 

12-9 

2'4 

1-9 

12-5 

12-6 

2-12 

1-6 

13-4 

13-5 

1-6 

1’24 


Table 2. Measuring results before and after irradia- 
ion for p-type of B-material (grain size 008 mm) 


1/nV deg 

r'l 


' cm '1 

[W cm 

' deg ’] 

[deg 

'] 

189 

189 

1012 

1168 

19-2 

13-6 

1-9 

313 

204 

196 

835 

914 

14-6 

12-9 

1-9 

2-6 

190 

188 

506 

620 

17-5 

15-9 

0-85 

1-37 

225 

221 

507 

650 

20- 1 

151 

1-44 

21 


Table 3. Measuring results before and after irradia- 
tion for n-type of B-material (grain size 0 08 mm) 


a 



fr 

XX 

10" 

ZX 

10" 

[/xV deg 

-'] 

in- 

cm"'] 

in' cm 

deg"'] 

[deg '] 

176 

176 

760 

900 

12-5 

111 

1-91 

2-55 

171 

175 

910 

1150 

105 

12-4 

2-5 

2-9 

174 

172 

820 

1005 

12-2 

12-1 

20 

2-46 

176 

173 

850 

9.50 

11-3 

111 

2-3 

2-55 
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0*6 10 '^ 10 '* 


^ , n' cm-* 

Fig. 1. Dependence of relative changes of electrical 
conductivity and Z-parameter on fast-neutron flux of 
Te-Se-Bi, and Te-Sb-Bi, respectively. Curve (1) 
represents the changes of Z-parameter and curve (2) 
the changes of electrical conductivity cr for a p-type 
sample, curve (3) changes of Z-parameter and curve (4) 
changes of electrical conductivity for an n-type sample. 

of the sample parameters mentioned in Table 
1, and samples in Tables 2 and 3. We start 
from the difference of structure of the mater- 
ials A and B. During the technological pro- 
cessing of the powdery material on air the 
individual grains are covered by oxide layers 
mainly by Se02, SeOs and TeOj. In the first 
case -if the the material was hot-pressed 
from big grains (/4 -material), the influence 
of negative changes in the bulk material in- 
side the grain dominate, in the second case 
(B-material) the influence of radiation damages 
of the dominating oxide layers causes positive 
changes. 

The change of electrical conductivity and 
naturally of the Z-parameter, too, was the 
most outstanding change in all experiments 
with practically constant thermal conductivity 
and Seebeck coefficient. 

The electrical conductivity o- is composed 
of two parts: (1) o-„ Uie electrical conductivity 
of the bulk material, and (2) o-* the electricsd 
conductivity of intermediate oxide layers. 


Scattering of free carriers causes a decrease 
of o-« witih increasing radiadcm defects. 

The component a-g is being clumged by 
neutron interaction with atoms forming the 
intermediate layer The disphtcement wedges 
cause the increase of electrical conductivity 
in the intermediate layer. The total change of 
el^trical conductivity then depends on the 
respective influence of changes of cr„ and a-g. 

For -material the change of is dominat- 
ing, therefore the total electrical conductivity 
decreases. 

For S-material, which is composed of small 
grains, the ratio of the outer oxide layer to the 
inside volume of the grains is sufficiently 
great, therefore the positive influence of de- 
fects in the oxide layers dominates. 

Theoretical interpretation of the measured 
results is practically impossible with respect 
to the polycristalline nature of the material 
concerned, which also in its microvolume is 
very inhomogeneous. 

4. CHANGES OF THERMOELECTRICAL 
PARAMETIERS IN GeSi 

Measuring samples were prepared from 
phosphorus doped «-type GeSi alloy, the 
content of Si being 71 -3 per cent. Five samples 
of this material were irradiated in a nuclear 
reactor with fast neutrons of an energy of 2 
MeV as follows: sample 1 was not irradiated, 
samples 2 to 5 were irradiated with an integral 
flux of lxlO“, 1X10", 5X10", 1X10*« 
n’ cm“* respectively. The temperature during 
irradiation was 300°K. 

The changes of the investigated parameters 
were measured as a function of neutron 
radiation dose and temperature. 

Non-irradiated GeSi is dealt with in p^r 
(4]- 

GeSi semiconductor alloy is a homo- 
geneous material of polycristalline character. 
The damages, which originate from the 
interaction of bombarding neutrons with the 
atoms of the semiconductor, are distributed 
regularly throughout the whole volume of the 
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sample. In most cases they are vacancy clus- 
ters, intcrsticials or displacement wedges. 
TTie influence of these radiation damages is 
negative, because they reduce conductivity 
by compensating free carriers and increasing 
the scattering probability. 

The results of n=f„(<i>) and u=fu((f>) 
at T = SOO^K are given in graphical form in 
Fig. 2. It is evident that the determining para- 
meter is the change of carrier concentration, 
which after irradiation with <f>= I x 10'* 
n' cra'^ changes by about three orders of 
magnitude, while their mobility changes only 
by about one order of magnitude. 

The investigated properties were measured 
in the temperature interval from 1 00 to 400°K. 
The measured values are plotted with solid 
lines Fig. 3 shows the dependence of the See- 
beck-cocfficient on temperature, « = fa(T), 
Fig. 5 shows the temperature dependence of 
the thermal conductivity, X = /x(7’), and in 
Fig. 6 there is the temperature dependence of 
the Z-parameter, Z — fz{T), for the irradiated 
samples as well as for the non-irradiated ones. 
The measurements showed that radiation 
damages have a negative influence on all 
investigated parameters. 



Fig. 3. Temperature dependence of electrical conductivity 
for samples No. 1 , 2, 3, 4 and 5. 

S. DISCUSSION AND RESULTS 
(a) Electrical conductivity 
From the Boltzmann equation follows for 
the electron conductivity of an ideal n-type 
semiconductor with spherical energy surfaces, 



defecUconcentmr^5C).JS-“;‘^^^^^ 
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the following relation: 


Ari^ + BNoT-’^^ ■ 


( 2 ) 

( 


For the region of extrinsic conductivity (low 
temperatures), we have 


K, = :^{A„Nar^ and = (3a) 


and for the region of intrinsic conductivity 
(high temperatures) there is 

/(:2 = e(/l„y4p)'«andA£2 = A£ (3b) 

where A and B are numerical coefficients. 
No is the total concentration of defects in the 
semiconductor, A„ and Ap are effective den- 
sities of states of donors and holes, respec- 
tively. 

Supposing that the term A is negligible, 
the relation can be approximated at constant 
temperature, as follows: 


const. 
Nd • 


(4) 


The total concentration of defects in the semi- 
conductor can be expressed in the form 


No=Noo+N’„, (5) 

where is the concentration of the defects 
in the non-irradiated material and is the 
concentration of the defects, formed by neu- 
tron irradiation. In case Ng > Nm, equation 
(4) relating to equation (5) can be written 
as follows 


Using the results of papm:[5] tihe fcrfkmdi^ 
expression for the concentration of radurtkm 
defects was obtained. 

I'l 

where n is the concentration (ff free carriers. 

The values of electrical conductivity, cal- 
culated from equation (6), are in good agree- 
ment with the experimental results. For the 
sake of comparison in Fig. 7 the experimental 
as well as the theoretical values of electrical 
conductivity are plotted as a function of 
neutron radiation. The influence of the formed 
defects N'g will be evident from the change of 
the investigated parameters only in the case 
when N’d > Ngp. 

(b) Seebeck coefficient 

To discuss the dependence of a = /o[<^, T], 
we start from the general expression for the 
Seebeck coefficient: 



where r is the coefficient of scattering and Ef 
is the energy of the Fermi level. 

In order that the expression for the See- 
beck coefficient may express at the same time 
not only its temperature dependence but also 
the influence of the neutron irradiation, we 
can write 

a = k?G oo, (9) 

where the coefficient kp”' expresses the de- 
pendence of the Seebeck coefficient on the 
neutron dose according to 


<r-K^ (6) 

which is in good agreement with experimental 
results. For the constant K and Ngo the fol- 
lowing numerical values were found: 

a: = 51 cm-‘, Nin = 4X 10« cm"*. 


k” = - 




where the exponent m has the form 


m = log 


± 


( 10 ) 


(H) 
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and <bo expresses numerically the lower limit 
of neutron irradiation. According to the given 
conditions the numerical factore the 

following values for GeSi: kn ^ 

cm’n'-'dea-. C = 2 6X IQ-^n'degV >cm 


andd»o= *• 

The values of the Seebeck coefficient calcu- 
lated from the given relation are plotted in 
Fig. 4 with dotted lines. The values of the 
Seebeck coefficient as a function of neutron 
flux at constant temperature are plotted in 

Fig. 8. 



Fig, 4. Temperature dependence of the Seebeck coeffi- 
cient for 5 samples. Solid lines represent experimental 
curves, dotted lines are theoretical curves. 


(c) Thermal conductivity 
Neglecting the electron component of 
thermal conductivity which usually repre- 
sents only a small correction of the total 
thermal conductivity of semiconductors, we 
get according to Peierls for thermal conduc- 
tivity the expression: 

>.-' = f?.T«'exp[-|]-t-«,Nfln (12) 

where R„Rt, y and z are numerical constants. 
We are looking for a dependence of the 
changes of thermal conductivity on the con- 


centration of defects Nd, or Noi resp. That is 
why we express equation (12) in such a way 
that the influence of the defects caused by 
neutrons on the changes of total thermal con- 
ductivity may be clearly visible. When N'p > 
Ndo wc get for the irradiated samples 


\ = 


R',T-‘ 
b N'd' 


(13) 


In agreement with experimental results the 
factor b, which expresses the influence of 
radiation on the change of thermal conduc- 
tivity. has the form: 

1 I 

1 = 2'“*^ (14) 

b 


where the numerical coefficients have the 
values of R'^ = 5-75 x 10'« W cm-Meg® *, 
1 - 8 . 

The values of thermal conductivity, X = 
/i/(T) calculated from equation (13) are 
plotted in Fig. 5 with dotted lines and the 
values of X =/*(<^) for T = 300“K are plotted 
in Fig. 8. 



Fig. 5. Temperature dependence of thermal conductivity. 
Solid lines experimental, dotted lines theoretical. 
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(d) Z-parameter 

We get the dependence of the Z-parameter 
on the integral neutron flux, if we substitute 
the corresponding relations for the electrics^ 
conductivity (6), the Seebeck coefficient (9) 
and the thenpal conductivity (13) into the 
expression for the Z-parameter. After re- 
arrangement we get the Z-parameter in the 
form 


Z = 


A' 


(15) 


where AT* has a numerical value of Ki = 2-15 x 
10“’^ deg"'. Equation (15) applicable for 
N'd > f^Do- The values of Z = fziT) and Z = 
2=/i(d*) are plotted in Fig. 6 and 7 with 
dotted lines. 


6. CONCLUSION 

The most important results which were ob- 
tained for both investigated semiconductor 
materials may be summarized as follows: 

1. The changes of electrical conductivity 
and also of the Z-parameter are conspicuous 



Fig. 6. Temperature dependence of the Z-parameter. 
Solid lines experimental, dotted lines theoretical. 



Fig. 7. Flux dependence of electrical conductivity and Z- 
panuneter respectively at T = 300°K. 1 -experiment and 2- 
tbeoretical electrical conductivity. 3-experimental and 
4-theotetical values of the Z-parameter. 
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C* 10'* ^ lO’^ lO'* 

^ , n' cm"* 

Fig. 8. Experimental and theoretical flux dependence of the 
Seebeck coefficient and thermal conductivity, respectively. 


at relatively small changes of the Seebeck 
coefficient and the thermal conductivity. 

2. The change of the values of measured 
parameters begins only when N'„ > Nm. 

3. The investigated parameters are not 
changed any more if the total neutron dose 
reaches the value of about 1 x 10'" n'cm'". 
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INFLUENCE DE LA PREPARATION CHIMIQUE SUR 
LES STRUCTURES MAGNETIQUES DE Ca^MnO^ 

G. OLLIVIER and G. BUISSON 
Centre d'Etudeg Nuctesiireg. Cddex 85, 38-Gienoble Gare, France 

(Received 5 February 1 970; in revised form 26 May 1 970) 

Reaumd-L'dtude par diffraction neutronique sur echantillons polycristallins de Ca,Mn 04 rdvdie la 
coexistence de deux structures magndtiques distinctes dont les vecteurs de propagation sont: K 

[iiO]etK= [Hi]- 

Nous montrons que la presence de deux phases magn6tiques depend de la preparation chimique. 

La presence d’ions Mn’* sur les sites de nous permet d’interpreter le comportement magnetique 
different d'un monocristal de formule Ca,. 7 Bi«,,Mn 04 . 

Abstract — A neutron diffraction study on Ca^MnO. polycristalline samples shows two distinct 
magnetic phases: K = [iiO] and K = [Mi] = propagation vector. 

Depending on the chemical preparation, one or both of these magnetic phases are found. The 
magnetic behaviour of a single crystal with formula Ca,. 7 BiojMn 04 is explained by the existence of the 
Mn’* ions on Mn** sites. 

INTRODUCTION 1- PREPARATION 

Depuis deux ans le volume des articles 1.1 Echantillon polycristallin 
publics sur I’ordre magnetique a deux dimen- Le compose Ca2Mn04 a ete prepare selon 
sions a considerablement augment^. Parmi la methode preconisee par Ruddlesden et 
ces composes, ceux a structure K2NiF4 PoppertI] en calcinant a 1I00®C dans un 
semblent posseder un grand interet et parmi creuset en piatine, un melange de CaCOsetde 
eux Ca2Mn04. La preparation chimique de Mn^Oj en proportion stoechiometrique 
Ca2Mn04 et I’etude cristallographique ont €t€ pendant 48 hs. Apres diverss broyages nous 
decrites par Ruddlesden et Popper[l] puis par procedons a un recuit durant quatre jours a 
Brisi et BorleraI2] qui signaient la difficult^ 1300°C suivi d’une trempe a I’air. Les para- 
d’obtenir du Mn'^'* pur. J. B. Mac Chesney mfetres sont; a = 3,67 A, c = 12,06 A. 
et al. [3] ont observe des temperatures d’ordre 

magnetique constantes (= 115°K) pour les L2 Echantillon monocristatlin 
composes CaMnOj, Ca4Mn30,o, Ca3Mnj07 et Nous dissolvons dans un flux de BijOj les 
Ca2Mn04. Goodenough [4] suggere un moddle constituants et nous cristdlisons par refroid- 
d'electrons itinerants pour expliquer ce issement lent apres fusion complete du 
phenomene et Lines [5] dans une etude melange. Pour obtenir Ca{Mn04 nous sommes 
theorique sur K2NiF4 prevoit une diminution obliges de mettre un fort exc^s de CaO, 
de spin due a un ordre bidimensionnel dans car avec BijOs les produits qui cristallisent ont 
ces composes. des formuies comprises cntre BiMnO, et 

Avant la publication deflnitive de cet article, CatMn04 suivant le pourcentage croissant de 
est publiee une etude par diffraction neutron- CaO introduit par rapport i Mn203. 
ique sur Ca*Mn04ll21 qui conceme une Nous avons done fondu k nSO^C le 
partie de notre travail. melange 4CaO-4- 2Bis03-f iMngOj, et 
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cristalUs6 par refroidissemcnt de 5° par heure 
des cristaux poss^dant la structure K 2 NiF 4 de 
formule Cai, 7 Bio^Mn 04 . Les param^tres sont: 
fl = 3.685 A,c= 12,08 A. 

2. ETUDE PAR DIFFRACTION NEUTRONIQUE 

Le diagramme de diffraction neutronique 
enregistre a la temperature ambiante avec une 
longueur d'onde X = 1 A nous a permis 
d’affiner la structure nucleaire et de determiner 
les param^tres de position de Ca^"^ et . 
Un premier calcul donne un facteur de 
confiance de 7 pour cent. En admettant 
I’hypothese emise par Brisi et Borlera dans le 
systSme Ca-Mn-0 selon laquelle les ions 
Mn’^ peuvent se substituer aux ions Ca''*^ 
nous avons procdde a un nouvel affinement qui 
conduit k 1 5 pour cent de Mn'*^ sur les sites 
de Ca®'* et qui aboutit aux parametres 
suivants; ZcaS+ = 0,350, Zo, = 0,157. Le 
facteur de confiance descend alors a 4,5 
pour cent. 

Cette hypothikse ne nous parah pas in- 
vraisemblable pour trois raisons; primo les 
poudres sont chauffees a I300°C ce qui 
favorise la presence de Mn^+. secondo la 
coexistence de Mn^^ et Mn^^ n’esl pas 
impossible comme le prouve la structure de 
MusOg {Mn 2 ”Mn 3 ^^ 0 g)[l 1], tertio si la 
d6croissance du residu n'est pas une preuve 
en elle-meme de la presence de Mn^^, on peut 
remarquer que les longueurs de Fermi 
(t(Ca) = 0,49. 10-'=“ cm, h{Mn) = -0,36.10-'^ 
cm) influent fortement sur le facteur de 
confiance. 

2.1 Structure magnetique 

Pour indexer les reflexions magnetiques 
observees a la temperature de I’helium liquide 
sur I’echantillon polycristallin (Fig. I) il est 
necessaire d'introduire deux vecteurs de 
propagation correspondant a deux types de 
mailles magnetiques. Tune de parametres 
[aVT, c] I’autre de parametres [nV2, 2c] ce 
qui correspond dans le groupe d’espace 
Fi4lm)m m aux vecteurs: K = [000] et K = 

fOOJJ. 


(al 



Fig. I. Diagramme difference /(293°K) — /(4,2°K) de 
diffraction neutronique de: (a) I'^chantillon stoechio- 
metrique, (b) r6chantillon/4. 


(a) K = [000] 

Les intensites magnetiques calcul6es avec 
CCS valeurs rendent compte d’un modele 
identique a celui observe dans KzNiFg les 
moments etant diriges selon I’axe c et anti- 
paralleles dans les plans (Tableau 1). On note 
une imprecision due a la faiblesse des 
intensites observees notamment (102>-, (013) 
et a leur petit nombre. 

(b) K = [OOi] 

Nous avons procede de maniere identique. 
Les intensites calcul6es montrent un arrange- 
ment antiferromagnetique dans les plans mais 
contrairement au cas precedent les plans sont 
antiparalleles apres une translation c (Tableau 
1). Le calcul porte sur les reflexions (101, 
103, 105). On note un net elargissement de 
la reflexion (103). En supposant I’^galite des 
moments magnetiques dans les deux phases 
obtenues nous determinons un pourcentage de 
75 pour cent pour la phase K = [OOi] et 25 pour 
cent pour la phase K = [000]. A partir de ces 
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Tableaux l.Echantillonstoechiomitrique 


hkl 


Itlle 

hkl 




too 

109,18 

96,65 


101 

45^,82 

508,64 

K= [000] 

on 

134,27 

156,54 

K=[00i] 

103 

379,% 

356,15 


102 

100,0 

99.10 

, 

105 

232,80 

207,28 


013 

65,10 

56,7 






2. Echantillon A 



hU 


hue 


101 

166,79 

161,48 

K= [OOi] 

103 

117,03 

113,57 


105 

56,45 

65,80 


3. Echantillon D 


hkl 

htulL 

hiH 

hkl 

lobtll. 

hue 


100 

51,15 

55.49 


101 

298,5 

307,8 

K= [000] 

on 

89,45 

89,90 

K = [OOi] 

103 

212,00 

214,98 


102 

61,68 

56,90 


105 

136,46 

125,11 


013 

40,1 

32,70 






1. Intensites magnitiqiies de I’^chantillon stoechiomitrique pour K = 
|000|<'/K= |00i|. 

2. intensites magnetiques des echantillons A pour K = |OOi| 

3. Intensiles magnetiques de I’echaniillon D pour K = |000| e/ K = 

|00i|, = Intensitd observie 

L = Facteur de Lorentz, l.ne'. Intensite calculee pour une direction de 
moment parallele a I'axe cristallographique c, K: Vecteurde propagation. 


pourcentages on tire la valeur de moment 
magnetique; 5 = 2,1 ±0,2 fi„. 

Les premiers calculs efFectues sur ce 
compose [7] realise avec le facteur de forme de 
Cr^+ montraient un accord des intensites 
observ6es et calculees pour une direction de 
moment faisant un angle avec I'axe quater- 
naire. Cependant la theorie des groupes 
montre I’impossibilite d’un tel arrangement si 
I’on se limite aux interactions d’ordre deux. 
Ceci nous a conduit a determiner un facteur 
de forme de en extrapolant les resultats 
de Watson et Freemann[6j. 

2.2 

Nous avons recherche sur le monocristal, a 
4,2°K les reflexions mtignetiqucs 100, 101, 102, 
103, et lOi, 10|, lot, correspondant aux deux 


vecteurs de propagation K = [000] et 
K= [OOi]. 

Nous n’avons abserv6 aucune r6flexion 
magnetique. L’etude magnetostatique sur un 
echantillon de monocristaux agglom6res 
montre un faible ferromagnetisme (Fig. 2). 
Une etude par neutrons polarises confirme un 
moment feiromagnetique de 0,5 iig. 

La presence de deux phases antiferro- 
magnetiques sur I’echantillon polycristallin, 
d’une phase ferromagn6tique sur le mono- 
cristal, nous a conduit a penser que la structure 
de Ca 2 Mn 04 ^tait li6e a la preparation 
chimique et d6pendait de la concentration en 
ions Mn^"*", Mn®^, On peut penser en 

effei qu’avec un excfes de CaO, le manganese 
n’aura pas tendance a se mettre sur les sites de 
Ca*"^. Inversement avec un exc^s de MnjOs 
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nous aurons tendance a substituer Ca*^ 
parMn. 

2.3 Etude par diffraction neutronique 
d'echantillonsA-B-D 

Nous avons alors prdpard divers composes 
selon la technique initiale mais de composition 
non stoechiometrique. Nous avons 6tudie les 
ichantillons suivants: 

/^-MnA + 5CaO 
fl-MnA+8CaO 
D-l,lMn 203 + 4Ca0. 

L’etude magnetostatique sur I’echantillon 
A confirme qualitativement les resultats 
obtenus par Mac Chesney et at. [3] 


magn6tiques sont dirig^s selon Taxe c 
(Table 2) avec un module de 2 p.B- 
Pour I’echantillon D r6alis6 avec un exc^s 
de Mn nous retrouvons la configuration de 
I’TOhantillon stoechiometrique, c’est-^-dire 
deux vecteurs de propagation K, les moments 
etant diriges selon I’axe c avec un module de 
2 pb dans les deux phases (Tableau 3). 

3. REMARQUES 

Ces differents resultats amenent plusieurs 
remarques. 

3.1. Influence de la preparation 
Nous pensons avoir prouve que la presence 
de deux phases magnetiques etait liee a la 
preparation chimique. Dans ce type de struc- 



Fig. 2 . Variation thermique de I'aimantation spontanee et de I’inverse de la 
susceptibilite de I'echantillon de monocristaux agglomeres Ca,.7Bi„,3MnO,. 


L’^tude par diffraction neutronique de ces 
composes donne lieu aux resultats suivants: 

Les ^chantillons A et B (Fig. f) contenant 
un exces de calcium pr6sentent des reflexions 
magnetiques s’indexant toutes dans la maille 
magnetique aVl, aVI, 2c. Les reflexions 
correspondant au vecteur K = [000] ont done 
dispam Dans ces deux composes les moments 


ture I'echange magnetique negatif entre ions 
Mn^+ est preponderant cependant que les 
forces d’echange, selon I’axe c, sont faibles. 
Ces forces peuvent etre, soit de nature 
anisotrope antisymetrique entre plans 
premiers voisins, soit dues a un mdcanisme de 
super^change de type Heisenberg entre plans 
seconds voisins (= 12 A). On peut alors 
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envisager I'hypoth^se qu'il coexiste deux 
types de grain dans lesquels le pourcentage de 
Mn est difr6rent sur les sites de calcium, 
pourcentage dependant de la preparation. 
Cette hypothese est difficilement verifiable 
par analyse chtmique sur des poudres non 
homogenes qui possedent toujours un exces 
de CaO et de Mn 304 . Mais la preparation avec 
un exces de CaO correspond avec la dis- 
parition d’une phase magnetique et inverse- 
ment la presence de deux phases magnetiques 
lorsqu’on synthetise le produit avec un exces 
de MnjOg nous conduit a penser que Mn 
intervient sur les sites de Ca*+ pour faire lien 
entre plan de Mn^+. Ces ions Mn creeraient 
ainsi des ponts magnetiques entre plans 
seconds voisins et produiraient des echanges 
positifs ou negatifs selon le pourcentage de 
Mn. La valence du manganese sur les sites de 
calcium n’est pas determinee mais les raisons 
que nous avons enoncees precedemment ainsi 
que I'analogie des rayons ioniques nous 
conduisent e penser que le manganese devrait 
etre sous forme Mn*+. 

Nous avons observe sur les diagrammes des 
echantillons polycristallins un elargissement 
notable de la reflexion (103) appartenant a la 
phase K=[00i]. Ce phenomene est a 
rapprocher de celui decrit par Plumier[8] sur 
K 2 NiF 4 . Toutefois I’observation de la 
reflexion (105) etant difficile (superposee a la 
reflexion nucleaire 1 0 1 ) il parait premature de 
conclure & des defauts d'empilement et ceci 
d'autant plus qu’il est impossible d’observer 
le phenomene sur la phase K = [000] . 

3.2 Cristal 

Nous n’avons pas observe de reflexions 
correspondant a I’antiferromagnetisme mais 
par contre, un faible moment ferromagnetique 
par neutrons polarises (0,5 n„). II faut 
remarquer que le cristal renferme 30 pour cent 
de Mn*+ sur les sites de Mn^^. Or les inter- 
actions Mn^^-Mn®"*^ sont positives de signe 
oppose aux interactions Mn+^-Mn'^'*. On peut 
alors admettre qu’en dessous de 1 1 5°K les 
moments magnetiques s’ordonnent mais que 


chaque ion pr6sente un spin de signe 
oppose a celui que devrait avoir un ion Mn*^. 
II s’ensuit une .incoherence des spins, qui, 
sous champ, donne lieu i un moment resultant 
non nul. 

Par la technique des neutrons polarises on 
peut observer le ferromagn^tisme car il 
correspond it un moment moyen sur chaque 
atome. Par contre I’antiferromagn^tisme n’est 
pas visible; nous pensons que la taille des 
domaines coherents est trap faible pour don- 
ner lieu d un phenamine de diffraction visible. 
Des experiences sont actuellement en cours 
sur un monocristal de composition dilf^rente. 

3.3. Diminution de spin 

Un phenomene constant observe sur poudre 
est la reduction du moment magnetique. 
La valeur de 2 pb (^ih = 3 Pb) peut s’expliquer 
par un modele d'electrons delocalises suggere 
par Goodenough. Cependant les etudes 
lecentes faites par Birgeneau et al.[9] sur 
K 2 NiF 4 ont montre la presence reelle d’un 
ordre a deux dimensions pour lequel Lines [5] 
prevoit une reduction de spins de 13 pour 
cent. Ceci est toutefois insuffisant pour 
interpreter la reduction observee de 30 
pour cent. 

Il est possible d’expliquer la difference par 
I’incoherence d’une partie des spins en regard 
des considerations faites sur le monocristal. 
En effet, sur le monocristal le moment mesure 
sur les intensites correspondant aux vecteurs 
K = [000] et K = [OOi] est nul. Sur poudre, 
du fait d’un plus faible pourcentage de Mn®+, 
le moment est voisin de 2pb, mais ne peut 
atteindre la valeur theorique. Ces considera- 
tions sont a rapprocher des resultats de 
Wollan et Koehler [10] sur CaMnOs oil les 
auteurs trouvent une diminution du moment 
correspondant a I’augmentation du pour- 
centage de Mn®"^. 

Nous pensons d’autre part que la presence 
du ferromagnetisme signaie par Mac Chesney 
et al. [3] sur les poudres, et que nous avons 
observe sur tous les produits etudies, est de 
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m£me nature que ceiui observe sur mono- 
cristal. 
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Abstract — A method is described for determining the coupling parameters (force constants) in b.c.c. 
and f.c.c. solid solutions from measurements of the elastic constants and the diffuse Jf-rey intensity 
scattered by static atomic displacements in the solid solution. Both measurements csm be made on the 
same single crystal, the diffuse intensity measurements consisting of radial scans (varying only) 
along the [100], [110], and [III] reciprocal lattice directions. The analysis of the di^se intensity 
allows the scattering due to thermal lattice vibrations to be eliminated from measurements at one 
temperature. With this method, it is possible to determine all of the coupling parameters of the first 
three coordination shells in b.c.c. solid solutions, while it is necessary to assume that some of the 
coupling parameters are dependent variables in order to determine the coupling parameters of the 
first three coordination shells in f.c.c. solid solutions. If one assumes that the third-nearest neighbor 
forces in the f.c.c. lattice are central forces, it can be shown that one need know the diffuse intensity 
along only the [ 100] and [ 1 10] directions in order to determine the remaining independent coupling 
parameters of the first three coordination shells. The proposed method is. applicable to concentrated 
solid solutions where there are large mass differences in the solute and solvent atoms and where the 
interaction distances are short-range in nature. 


1. INTRODUCTION 

In disordered solid solutions, the atoms are 
generally observed to be displaced from the 
average lattice sites as a result of ‘size’ 
differences in the solute and solvent atoms. 
Ekstein[l] and Huang [2] were among the 
first to recognize the effect of these static 
displacements on the X-ray scattering 
pattern of solid solutions, Huang [2] having 
treated the problem in detail assuming that 
the solute atoms behaved as Coulomb 
distortion centers in an elastic continuum in 
order to calculate the displacement field about 
the solute atom. Matsubara[3] and Kanzaki[4] 
refined this theory by using the microscopic 
theory developed by Bom and von KarmanfS] 
for lattice dynamics to calculate the displace- 
ment field about an interstitial solute atom 
and this same theory was applied independent- 
ly by Krivoglaz[6] to the case of a sub- 
stitutional solute. Khachaturyan[7] first 
proposed that this theory could be used to 


determine the coupling parameters in solid 
solutions and Cook [8] has recently applied 
the Matsubara-Kanzaki-Krivoglaz (M.K.K.) 
theory to calculate the solute-lattice coupling 
parameters in CugAu and p brass using 
estimated values of the lattice coupling 
parameters. A detailed derivation of the 
M.K.K. theory is given in this latter paper 
while the microscopic theory of elasticity for 
solid solutions has been treated in a recent 
paper by Cook and deFontaine[9]. 

The present woric is an extension of the 
analysis developed by Cook[8] using the 
symmetry analysis of the total diffuse intensity 
of Borie[10] and Sparks and Borie[ll] to 
obtain the individutd diffuse intensity com- 
ponents (short-range order, size-effect modu- 
lation, etc.) without any assumptions 
about the magnitudes of the coupling para- 
meters other than that they can be adequately 
described by die first three coordination shell 
interactions. The planar coupling parameters 
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defined by Cook[8] can be determined directly 
from these diffuse intensity components 
which, upon inversion of the linear relation- 
ship between the planar coupling parameters 
and the solute-lattice and lattice coupling 
parameters along the highly symmetric 
directions [100], [110], and [111], gives both 
the solute-lattice and lattice coupling para- 
meters. 

2. THE DETERMINATION OF THE COUPLING 
PARAMETERS 

In the M.K.K. theory, the diffuse intensity 
scattered solely by static atomic displacements 
and local order is given by* 


Ipihj, /I2, h;i) 


C(h,.h,.h,) 


' ImjxJ^ + Xgfg) 

L ««(/<-/«) 


xj^hte,{h„h,,h,)} ( 1 ) 

j ■* 

where 


ha) = 


of the force constant matrix derived in 
the theory of Bom and von Kann&n[ 5 ] 
while the solute-lattice coupling parameters 
are related to the initial force in the undistorted 
lattice acting in the h-direction on the 
atom at site p. 


/*:(P) = 2 y’*(p-p') 9 (P'). P-P' = nmn ( 3 ) 

P' 

where ^(p') is the solute atom composition 
variation at the site p'. 


^(P') 


Xb, if a solute atom (/ 4 ) is at site p' 
— x.4,ifnot. 


The shorthand notation for these coupling 
parameters is given in Table 1 (a). 

Although the function Ih, ha) will 

generally be a complicated, non-linear func- 
tion of the coupling parameters, in the cubic 
lattices it reduces to a rather simple function 
along the principal symmetry axes [^,, ^3] 

equal to [100], [110], and [111], 






2 ^k^skih^^, h^z, his) 
k 


( 4 ) 


2 '^j*(hi, hi, hs)<Pf(h,, hi, hi). (2) 

k 

The quantity C(/i,, hi, ha) is the diffuse 
intensity due to local order in Laue units at 
the reciprocal lattice point (/i,, hi, 1i,i),/^,/b 
and Xa, xg arc the atomic scattering factors 
and composition of the solute and solvent 
atoms respectively, and a, is the lattice 
parameter of the solid solution unit cell. 
The function h^, h^) is the J-k clement 
of the inverse matrix of the Fourier transform 
of the lattice coupling parameters, m, 
n), while the function <t>i(h„ hi, h,) is 
the Fourier transform of the solute-lattice 
coupling parameters, m, n). The 

lattice coupling parameters are the elements 


*The derivation of equation (l) is given in Ref. 18]. 
Equation (2) follows fiiom the force-balance relation 
between the solute composition variation and- the static 
displacement held{6]. 


As will be seen, it is this linear relationship 
between the coupling parameters and the 
diffuse intensity along these highly symmetric 
directions which allows us to determine these 
parameters from the diffuse X-ray "scattering 
pattern. 

(a). The b.c.c. coupling parameters 
From the relationships given in Table 1 (b), 
it can be seem from equation ( 4 ) that for the 
b.c.c. lattice 

e,(/j. 0,0) = 

t[^i sin TTh -I- 4 ^, sin Irrh) , 

['F,(l-cos7rh) + 'Fj(l-cos 27 r/i)] 

0 .(/l,/ 7 ,O) = 

<[^' sin Irrh -f ^3 sin Anh} , 

[’p3(l-cos27rA)-l->l',(l-cos4irA)] 



t 
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Table 1 (<j). The soUrte^lattice and lattice coupUng parameters* 


The b.c.c. lattice The fxx. lattice 

il 



-a, 

-yi 

-y, ■ 


■ 4 .' 


-a. 

-yi 

0 • 


rft-j 


-yi 


-yi 

#>X1.I.1)» 


»>.XI.1.0) = 

-yi 

-or. 

0 


ft 


-ri 

-y. 

-a, 




0 

0 

-ft . 


[oj 


■-a, 

0 

0 ■ 




-Ot 

0 

0 ■ 


ftl 

0> 0) = 

0 

-A 

0 

yiX2,0,0) = 

0 

^X2.0,0) = 

0 

-ft 

0 

<pf!2, 0, 0) 

0 


0 

0 

-A. 


Loj 


0 

0 

-ft. 


OJ 



-yj 

0 ^ 





-ft 

-ftl 



^„(2,2,0) = 

-yj 

-«s 

0 

¥>X2,2.0) = 


^,X2, 1, 1) = 

-S, 

-ft 

-ys 

«pX2, 1.1) » 



. 0 

0 

-A. 


. 0 


L-S, 

-ya 

-ft. 


L4aJ 


* 1 n integer units of aJ2. 


%dh,h,h) = 

/[^' sin irh + sin 2trh + sin 3rrh + 4^^ sin 47rh] 

— cosir/i) + ^'(1 — cos 2 ^/ 1 ) + '1^5(1 —cos 3irft) +'1^6(1 ~ cos 4ir/t)] ’ 


(5c) 


The parameters and 'I'j are called the 
solute-lattice and lattice planar coupling 
parameters [8]. The unprimed planar coupling 
parameters comprise a set of linearly indepen- 
dent functions of the solute-lattice and lattice 
coupling parameters given by the equations 

>1^, = 8a, 


^2 = 2a2 + 8a3 

'1^3 = 4 a, -I- 4 'yi -I- 2a2 + 2/82 + 4a3 -+- 4^3 
'1^4 = 2a3 + 2y3 

'i's = 2a, + 4y, 

% = 4 a 3 + 2/83 -I- 4 y 3 
f, = 8d, 

^2 = 2d2 -h Sds 
^3 — 20:3. 


Table 1(b). The Fourier transforms of the solute-lattice and lattice coupling parameters * 


The b.c.c. lattice 

The f.c.c. lattice 

4>,i(/l,, ft, ft) = 8 a , (1 —cos nhj cos irft cos n-ft) 

4>ii(ft, ft. ft) = 4a, (2 — cos mA, cosirAj — cos ttA, cosrrft) 

-t-io,! 1 — cos 2vhi) 

+ 4/S, (1 — cos tt/Ii cos jrft) 

+ 2pj (2 — cos 2 n-ft — cos 27rft ) 

+ 203(1 — cos 2»rA,) 

+ 4aa[2 — cos 27r>(i(cos 2irft + COS 27rft)] 

+ 2ft(2 — cos 27rAs — cos 2irAa) 

+ 4^3 (1 — cos 277ftcos 27rft) 

+ 803(1 — cos 2n’A,cos rrftcos vh,) 

+ 8 ft [2 — cos irA,(cos 2 n’A 3 Cos irAs + 

cos irftcos 2wAj)] 

ft, ft) = 8 y, sin 7r)i,sin Trftcos rrft 

"I’ltiAi, At, A,) = 4y, sin iTA,sin irft 

+ 4 y 3 sin 27r)t,sin 2irft 

+ 8 ys sin vA,sin jrAtCOs 2irft 
+ 88 ,(sin 2 irA,sin ttA, + sin irA,sin 27 rft) 
cos rrAt 

ft, ft) “= i[ 8 a, sin 7r/i,cos flrftcos irft 

'l>i(Ai, ft, Aj) = i[4a, sinirAilcosfl-ft + cosirAs) 

+ 2 fi, sin 2 irft 

+ 2&t sin 27rA, + Soisin 2ar A,cos Trftcos rrft 

+ 4 fi 3 sin 27rh, (cos 2 »rft + cos 2 ir)is)] 

+ S03 sin TrA,(cos irftcos 2ir Aj 


+ cos 2Trftcos irft) ] 


'"The remaining parameters may be obtained from cyclic permutation of the coordinate subscripts. 
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The primed planar coupling parameters are 
not linearly independent, but can be expressed 
as linear combinations of the unprimed planar 
coupling parameters, 


proportionality factor can be determined from 
the long wave relation for the elastic constant 
ctt, since this relation is a linearly dependent 
function of the planar coupling parameters. 


- ■4»,/2 - 'I'j + 2^3 + 8'1'4 - I'i'i - 4^'e 

4r; = xj/,/2 + 4'2-2l'3 
'i'; = 'i',/4 

'i'; = 2'{'3- 

From these relationships and the results of 
equations (5a) through (5c), one can see that 
the planar coupling parameters must satisfy 
the conditions 

'I'l ( 1 - cos tt/i) + 'I'ji 1 - cos IttH) 

+ 4^2 sin iTrhli&i {h, 0, 0) 

= — 'i'l sin 7r/i/(("),(/i, 0, 0) (6a) 

'I'a ( 1 - cos Inh ) + 4^4 { 1 - cos A-nh ) 

+ 4^2 sin lirkliS, {h,k.O) 

+ 4'3(sin4irh - 2sin 27r/i)/i("),(h. /i, 0) 

= — 'P, sin 2»r/!/2/Wi(/j. 0) (6b) 

'I'll 1 — 2cos nh + cos Inh)!! 

+ (- 4'2 + 2'1'., + 8'}'4 ) ( 1 - cos 2rrh ) 

+ 'I's (— 1 + 2cos 2vh— cos 'iirh ) 

+ 'I'fl (— 3 + 4cos Init — cos Arrh ) 

+ 'i'j sin 27r/i//0, {h, h, h) 

^-’^;^(2s^n Anh — A^in 2it/i ) /((•■), (/i, h, h) 

= - 4', (sin irh + sin 37r/i)/4<0,(/i, /i, h). 

(6c) 

If the function 0|(Ai, hi, /13) is known along the 
directions [100], [110], and [111], these 
equations can be solved for the planar 
coupling parameters to within an unknown 
factor of proportionality. Thus, if we choose 
the parameter 4', as the unknown proportion- 
ality factor, we can then solve for the ratios 
'pyy, and 4'V4',. As Cook [8] has shown, this 


4',+44'2 = 4aoCi, (7a) 


and hence 


4 ', 


4aoCii 


(7b) 


With this proportionality factor thus 
determined, one can determine the remaining 
planar coupling parameters 'i'l and 4'3 and 
through 'I'g. While the three solute-lattice 
planar coupling parameters are sufficient to 
determine the three independent components 
of the solute-lattice coupling parameters 
(&,, 0 : 2 . and ftri), there are only six independent 
planar lattice coupling parameters and seven 
independent components for the lattice 
coupling parameters. The long wave relation 
for cv ,4 (or c, 2 ), however, unlike the long wave 
relation for r,,, is linearly independent of the 
planar lattice coupling parameters and may be 
used as an additional equation which thus 
determines the seven lattice coupling para- 
meter components for the first three coordina- 
tion shells. 

Choosing the long wave relation for'c 44 as 
the seventh independent equation, the 
components of the first three lattice coupling 
parameters are given by 


a, = 

y, 16 + 'I'3/4 

a, = %/2~%/2-a„cJ2 
^2 = - 'J',/8 - %/4 + + 2% - %/4 

-%+aoC^/4 

a, = '1'2/8 - %/8 -h %/8 + a„Cu/8 

/3:, = -% + %/2 

73 = - %/8 -f 'l'.V8 %/2 ~ %/8 - a^cJS 

while the components of the first three solute- 
lattice coupling parameters are given by 
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a, « 4^2/2 - 24^8 
= 4 ' 8 / 2 . 

These results are predicated only on th 4 
assumption that the static displacements in 
the solid solution are adequately described by 
first, second, and third nearest neighbor 
interactions only. 

(b) The f.c.c. coupling parameters 
As in the case of the b.c.c. lattice, it can be 
shown from the relations given in Table 1(b) 
and equation ( 4 ) that the function h^, h^) 
can be described by a set of planar solute- 
lattice and lattice coupling parameters which 
must satisfy the conditions 

( 1 — cos ttA) 4 - 'I'z ( I ~ cos Inh) 

+ 4'2 sin 2 vhli%i {h, 0, 0) 

= — 4^1 sin7r/2//©i(/i,0, 0) (8a) 

H'.-jd — cos 7r/t) -f 'I'4(l — cos Ivh) 

-I- '1^5(1 — cos Swh) + 2^2 sin fr/i//0i(/i. h, 0 ) 

-I- 4 'a(sin 2 ‘rrh — 2 sin 'iTh)liSx(h. h. 0) 

+ 4^4(sin 37 t/j — 3 sin wh)li&iih, h, 0 ) 

= — sin7r/i//0,(/j, /i,0) (8b) 

(- -^^2 + %!2 -f + 9^5/2) 

( 1 — cos 2 Trh ) 4 - (— 3 -I- 4 cos 2 irh — cos Awh) 

+ 0 'Pj 2 — 4^3/2 — 24 ^ 4 )sin 27 r/i// 0 i(/i, h,h) 

(- 4^2/4 4 - 4^3/4 4 - 4 ^ 4 ) sin A^h/iSiih, h,h) 

= — 4 ^] ( lOsin 2 'Trh — sin 47 r/i ) / 1 6 / 0 , (h,h,h) 

( 8 c) 

where 

’P, = 8a, 4 - 16^83 
^2 = 2 a 2 4 - 803 

’I's = 4 a, 4 - 4 / 3 , 4-4034-4/83 — 883 
^4 = 2 a, 4 - 2 y, 4 - 2 a* 4 - 2 / 8 , 4 - 4 / 8 , 4 - 4^3 
^3 = 403 4 - 4/83 4 - 88, 

?« == 20 * -f- 4 ft, 4 - 4^8 + 883 

'^. = 8 a,-H 6 ft 8 

^* = 202-1-863 




4^3 28!| 4- 2&* +403 

4^4 = 4*8 4- 4/S3 

As before, thesd ^nations can be solved to 
within an unknown factor of proportUHudity 
if the fqnction 0,(/zi, A*, /13) is known along the 
[100], [110], and [111] directions. If we 
choose dte planar coupling parameter 4^, as 
the proportionality factor and solve these 
equations for the ratios and %1'^u we 
can determine the proportionality factor fiom 
the long wave relation for c„ , 


'I',-^4^2 = 2aoC„ (9a) 


in which case it can be seen that 


4^. 


2 a3C,i 

['I',/4',4-4'^2/4',]- 


(9b) 


Unlike the case of the b.c.c. lattice, how- 
ever, the planar lattice coupling parameters 
in the f.c.c. lattice are nowhere sufficient to 
determine all of the nine independent com- 
ponents of the lattice coupling parameters for 
the first three coordination shells, even when 
the long wave relations for the elastic con- 
stants are used as additional equations 
(either C44 or r,*. since only one of these can 
be taken as a linearly independent function, 
the other being determined by the planar 
coupling parameters and the elastic constant 
chosen as the independent variable). 

To reduce the number of independent 
parameters in the first three coordination 
shells, it has been assumed that the third 
neighbor forces are central forces [12], in 
which case one must have 


03 = 283 = 4ft3 = 4^3 

d* = 203 . 

For this situation, the planar coupling 
parameters 4^4 and are no longer linem-ly 
independent functions, but satisfy the 
relations 

4 '^, = 34 ',/ 44 - 34 ' 2 - 34'3 


9^6 = 8>y*. 
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As can be .seen from equation (8c), this means 
that the function fk, ha) along the [111] 
direction is not independent of the values 
obtained along the [100] and [110] directions 
and, hence, one need know the diffuse 
intensity along only these two directions in 
order to determine the coupling parameters. 
Thus, using the long wave relation for €44 
and the independent planar coupling para- 
meters 'P, through 'I's we can now solve for 
the six independent components of the 
coupling parameters for the first three 
coordination shells in the f.c.c. lattice 


a, = 'l',/8-'l's/18 

y, = - 'P./S - 'Pa/2 + 'P3/8 + 'P4/2 + 5'Pa/8 
- 

aa = 'Pa/2-4'Ps/9 

/3a = - ’^'a/S - 17'p5/72 -f a„C44/4 

a = 'P /9 

d’ = 3'^,/32-'Pa/8 + 'i'3/8 

da = 'l',/32-f- 4^2/8 -'P3/8. 

There are two assumptions which influence 
the validity of these results ; ( 1 ) that the static 
displacements are adequately described by 
only the first, second, and third nearest 
neighbor interactions, and (2) that the third 
nearest neighbor forces are central forces. 


3. THE DETERMINATION OF THE FUNCTION 

Oi(Ai, Aj, Aj) 

We have seen in the preceding section that 
if the function ha, I13) is known along the 
principal symmetry axes [100], [110], and 
[111], one can determine the coupling 
parameters of the first three coordination 
shells in the b.c.c. and f.c.c. lattices. In this 
section we will show that this function can be 
determined directly from measurements of 
the total diffuse intensity without any 
assumptions about the values of these 
coupling parameters. 

Thus, from the symmetry of the b.c.c. and 


f.c.c. lattices we can see that along the 
principal symmetry axes, 


0 , (h, h, h) = @2(h, h, h) = @3(h, h, h) 


and, hence, for [hi, ht, ha] equal to [h, 0, 0], 
[h, h, 0], and [h, h, h] the expression for the 
diffuse intensity given in equation (1) is of 
the form 


loihi, hi, ha) 

C(/i„ hi, ha) + hUi(hi, hi, ha) + h^lJi{hi, hi, ha) 

( 10 ) 


where 


Ui(hi,hi,ha) = 


+ AlTi(Xjif4+XBfB) 


fa) 


Kiihi, hi, /i3)©,(/i,. hi, ha)C{hi, hi, ha) 
Ui{h„hi,ha) a,^f4-fa)^ 


Kiihi, hi, ha)&i^(hi, hi, ha)C(hi, ht, ha) 

Kiih,Q,0)=l, Kiih,h,0) = 2, Ki(h,h,h) 

= 3 

Kiih, 0, 0) = 1, Kiih, h, 0) = 4, Ktih, h, h) 

= 9. 

Borie[]0] and Sparks and Borie[ll] have 
considered expressions of this foon for the 
total diffuse intensity and have shown that 
terms such as !/,(/», . /?*, ha) and Utihi, hi, ha)* 
can be separated by rather simple symmetry 
considerations of the total difihse intensity. 
This approach, which was first suggested by 
Schwartz) 1 3], is as follows; If we assume that 
the ratio /,//* is constant throughout the 
reciprocal space volume (which is generally 
a valid approximation, the variation in this 
ratio being on the order of a few percent over 

*In the theory of Borie and Sparks, the term Ui(h„ h,, 
A 3 ) corresponds to linear combinations of their term 
QAhi, hi, hi) which is due solely to static displacements. 
The term UAhi, hi, Aj) corresponds to the static com- 
ponent of the terms R,(A„ A,. A.) and 5x,(A,. A,. A,), 
which also include thermal (vibrational) displacements in 
the theory of Borie and Sparks. 
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a nther laree nuige of sin #/X), it can be seen This equation requires that the total d£Bbse 
that the functions C/i(hi, Aj, Aj) and C/i(Ai, mtensUy be known over a considetaMy 
ht, Aa) are periodic functions in reciprocal smaller range of sind/A than does equation 
space with the period of the reciprocal lattice (1 la) and henc^ improves our approximaftton 
unit cell. Following the analysis (rf Sparks and that the ratio fjfg is ccmstant. 

Borie{ 1 1], we define Knowing Ui(ht, ht. As), it can riien be 

shown that 

/o(2 + Ai, 2 + As, 2 + A3), 

[Ai, As, As] = [A, A, A] 2Ui(hi, ht. As) 

/«(2 + Aj)= /;>(2 + A.,2 + As.As). =/o(2 + A,) - /^(A,) -4(1 + A)t/s<A„ A*, A,) 

[Ai,As, As] = [A,A,01 (12a) 

/p(2 + A,, As, As), which, from equation (11c), is equivalent to 

[Ai, As, As] = [A, 0, 0] the expression 

with a similar definition for /d( 4+ Aj). Then 4f/,(A,, As, A3) 
it can be seen that 

= ( 1 - A)/x>(2 + ht) + 2hlo(hj) - ( 1 + A)/|,(2 - hj). 

%Ut(ht,ht,ht) (12b) 

= /o(4 + Aj) — 2/d(2 + Aj) + /d(Aj). (11a) Therefore, from the results of equations 

(11c) and (12b) and the expression for the total 
However, since t/sfA,, As, As) is a periodic diffuse intensity given in equation (10), it can 
function in reciprocal space, equation (11a) be shown that 
is equivalent to the expression 

8C(A„ As, As) = -A(2- A)/o(2 + A>) 

Wi(hi,ht,h3) 

+ 2(4-A^)ffl(Aj)+A(2 + A)/x,(2-A,). (13) 

= /d (2 + ht) - 2 /b(Aj) + loiht-2) . (11b) 

Thus, from the definition of the function 
Moreover, since the total diffuse intensity Ut{h„ ht, ha) it can be seen that the function 
must obey the point group symmetry of the ©,(Aj, As, A3) is given by the expression 


. (14) 

cubic system, it must be symmetric across the From this expression, it can be seen that in 
planes hj = 0, in which case equation (1 lb) is order to determine the function 0i(A,, ht, A3) 
equivalent to the expression at the points (A, 0, 0), (A, A, 0), or (A, A, A) 

one need know the total diffuse intensity at 
*t^a(Ai, ht, ha) the points (A, 0, 0,), (2 + A, 0, 0), (2 — A, 0, 0), 

(A, A, 0), (2 + A, 2 + A, 0), (2-A, 2-A, 0). 
= /d(2 + Aj)-27o(Aj)+/z,(2-Aj). (11c) (A, A, A), (2 + A, 2 + A, 2 + A), and (2-A, 
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2 — A, 2 — A) . Moreover, since the total diffuse 
intensity also contains a contribution from 
thermal diffuse scattering which is proportion- 
al to A*, the operation given in equation (lie) 
for separating the function C/j(Ai, Aj, As) will 
also eliminate this contribution at the same 
time (first-order thermal diffuse scattering), 
giving not the function (/slAi, A^, As) but this 
function plus thermal diffuse intensity. 

4. DISCUSSION 

In the preceding sections, it was shown that 
both the solute-lattice and lattice coupling 
parameters could be determined for the first 
three coordination shells in the b.c.c. and f.c.c. 
lattices from measurements of the total diffuse 
intensity along the [ 100 ], [ 1 10 ], and [ 111 ] 
reciprocal lattice directions and the elastic 
constants. In the b.c.c. lattice, this result 
assumes only that the interaction forces of 
the first three coordination shells are adequate 
to describe the static displacement field in the 
solid solution while for the f.c.c. lattice it is 
necessary to assume as well that the third 
nearest neighbor forces are central forces. 

The analysis of the diffuse intensity assumes 
( 1 ) that the scattering contribution of both the 
static and thermal (vibrational) displacements 
can be described by a second order expansion 
of the phase factor due to these displacements 
(an approximation which is consistant with 
the harmonic approximation of the micro- 
scopic elastic theory) and ( 2 ) that the ratio of 
the scattering factors is constant over the 
range of sini>/A in which the total diffuse 
intensity is measured. This latter assumption 
appears to have little effect on the results of 
the analysis of Sparks and Borie[l 1 ], since the 
application of this analysis to volume measure- 


ments of the scattering due to local order have 
routinely yielded values for aooe (which should 
theoretically be equal to unity) on the order 
of 1-2 to 1-4[14. 15, 16]. 

In practice, the two factors which one would 
expect to most influence the results of this 
analysis are ( 1 ) the assumption that the 
coupling parameters are zero beyond the 
third coordination shell (or the assumption of 
the central third nearest neighbor force in the 
f.c.c. lattice) and ( 2 ) the failure of the 
symmetry analysis to eliminate the higher 
order contributions of thermal diffuse scatter- 
ing. This latter contribution can be significant 
in materials with low Debye temperatures and 
it has been shown that the contribution of 
second-order thermal diffuse scattering can 
account for an error of over 20 per cent in otooo 
in dilute Al- Ag alloys [17]. 

Insofar as the error introduced by assuming 
that all coupling parameters are zero beyond 
the third coordination shell is concerned, the 
proposed analysis has several built in checks 
against the validity of this assumption. For 
example, in both the b.c.c. and f.c.c. lattices 
only one of the two independent elastic 
constant longwave relations is used to deter- 
mine the lattice coupling parameters (either 
£•44 or £-, 2 ) and hence the remaining elastic 
constant value can be used as a check for 
consistancy between the calculated coupling 
parameters and the measured elastic constant 
value. Moreover, if the variation of the lattice 
parameter of the solid solution with solute 
composition is known (which is not required 
for the determination of the coupling para- 
meters), the long wave relation for the solute- 
lattice coupling parameters given in Table 1 (c) 
can be used as a check for consistency in 


Table 1(c). The long wave relations for the elastic constants 


The b.c.c. laltice 


■ 2 a, -(■ 2 a, ■+ 80 , = a,c, , 

2a, + 2ft + 4a, + 4ft = 

4y, 4 8')', =*oo(c„ + <„) 

4&,+2ft + 8ft = |g(c., + 2r.,) 


The f.c.c. lattice. 


4a, + 4a, + Iba, -t- 8 ft = a„c , , 

2a, + 2^. + 4ft 4a, -f 20ft = a„c^^ 

4y, + By, + 326, = a„(c„ + ) 

85.+4a,-)-I6{a,-b4) ^(c„-b2c„) 
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these values. In tiie case of the f.c.c. lattice, 
one can also check the validity of the assumed 
central third nearest neighbor force by 
measuring Uie diffuse intensity along the [1 11^ 
reciprocd lattice direction and comparing the 
resulting values (which we know are not 
independent of the values obtained along the 
[1(X)] and [110] directions in the case of 
centra] third nearest neighbor forces) to the 
predicted values in equation (8c). 

The advantage of this method over the 
determination of the coupling parameters 
from the dispersion relationship of the phonon 
spectrum [12] is that it is applicable to con- 
centrated solid solutions where there are large 
mass difference in the solute and solvent 
atoms and where the interaction forces are 
short-range in nature. 

Finally, in interpreting the results of this 
analysis, it should be recognized that the 
measured coupling parameters are ‘averages' 
over all types of pair-wise interactions in the 
solid solution and as such are valid only for 
an ‘average’ solid solution lattice. This does 
not mean that the solid solution is assumed to 
be random, for the solute composition 
variation is inherent in the analysis, but it 
does imply that every atom interacts with its 
neighbors in an identical manner, independent 
of the local environment. Certainly this is not 
the actual situation, for it is well known that 
the displacement of any one atom is a function 
of a manybody interaction which depends on 
the local surroundings of the atom[18, 19, 20]. 
Hence, the results of this analysis will 
probably be most meaningful in solid solutions 
which have either a low degree of short-range 
order or a high degree of long-range order 
which can be described in terms of small 
deviations from perfect long-range order [13]. 

In the second part of this series of papers, 
we will present some results on the coupling 


parameters in Cu^Au above and below the 
critical temperature and for several dilute 
solutions of molybdenum in iron which 
be discussed in>' terms of the properties of 
these two systems. ’ 
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Abstract— It is noted that the residual resistivities for Ag alloyed with rare earth impurities from the 
latter half of the rare earth series are approximately three times the residual resistivity for any Other 
trivalent impurity. Moreover, these residual resistivities are essentially independent of the magnetic 
character of the impurities. New thermoelectric power data indicate the impurity contributions to the 
diffusion thermoelectric power are positive. These anomalies are shown to be consistent with a very 
simple model which includes core contributions to the scattering. 

The REALIZATION that local magnetic between the 4-/ electrons and the conduction 
moments (LMM) at impurity sites were electrons. 

causing anomalies in the properties of dilute Concentration upon ‘Kondo-like’ anomalies 
alloys has produced a plethora of experiments seems to have caused a general oversight, 
involving noble metal and noble metal alloy or slight, of several other anomalies which are 
hosts containing transition metal impurities nearly as striking. First, the residual resistivity 
[1]. Interpretation of results for these systems per atomic per cent, po, for each impurity from 
is complicated by the fact that the LMM forms the latter half of the rare earth series (hereafter 
as the result of a resonant interaction with the all references to rare earth impurities will be 
conduction electrons. Self-consistency is limited to those from the second half of the 
essential and thus ‘a priori’ knowledge of series) lies within the range of 5-7 to 
many relevant parameters is not possible— a 6-8/ift-cm when alloyed with Ag. Ytterbium, 
striking example being the continuous the one exception, will be explicitedly 
range of possible magnetic moment values, considered below. These resistivities display 
Very sophisticated theoretical models are no systematic dependence upon either the 
required to handle the resonant interaction magnetic moment or the deGennes factor, 
properly. The possibility of finding similar Susceptibility measurements [8, 10] and EPR 
anomalous behavior produced by well defined measurements [10] clearly indicate the 
magnetic moments has stimulated the study presence of moments and the validity of 
of transport properties for numerous noble normal crystalline field considerations. The 
metal and noble metal alloy hosts containing independence of po from Uie specific impurity 
dilute rare earth impurities. Despite metallur- seems consistent with two ideas; (1) mag- 
gical problems, samples have been prepared netic coupling between the 4-/ electrons and 
and most investigations have studied the low the conduction electrons is very weak and 
temperature behavior of electrical resistivity thus no pronounced ‘Kondo-like’ anomalies 
[2-7], and thermoelectric power (TEP)[8, 9]. are to be expected, and (2) impurity resistivity 
These investigations have been disappointing is dominated by charge scattering, 
in the sense that only a few ‘Kondo-like’ Charge domination of the impurity resistiv- 
anomalies have been found and these anom- ity does not mean that the rare earth impurities 
alics are very weak. This situation has will all produce the same value of po- Lattice 
been attributed to a very weak coupling parameter changes for the various alloy 
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systems alter the effective charges of the 
impurities. Blattfll] has applied this correc- 
tion to noble metal hosts containing non- 
transition impurities and his results indicate 
specific values change but the general pattern 
does not change. The general order of 
magnitude for the changes in specific values 
was about 10 per cent. Thus, for rare earths 
containing the same number of 5-d and 6-s 
electrons and having charge dominated 
scattering, one would expect po to fluctuate 
about a common value. The susceptibility and 
the EPR data[8-IO] indicate the rare earth 
impurities are tri valent. However, this 
explanation leads directly to an anomaly; 
Table 1 shows the residual resistivities for 
trivalent impurities in Ag. Clearly the rare 
earths produce an effect which is approx- 
imately 3 times larger than any other trivalent 
impurity. 

The exception Ytterbium reinforces this 
anomaly. Boes et a/. (6| have shown that as 
Ytterbium goes from a trivalent impurity with 
a magnetic moment in Au to a divalent 
impurity with no magnetic moment in a 
Au-Ag host the residual resistivity decreases 
sharply. p„ for Yb in Au is 6 7 fiSl-cm. 
Edwards and Legvoldf 12] found that Gd. Tb, 
and Ho dissolved in Au gave ap„of 7-4 pO-cm. 
These values are similar and are approx- 
imately three times as large as those for 
nontransition, trivalent impurities in Au. 

A second anomaly is derived from the TEP 
curves for the three alloys given in Fig. 1. 
The AgTm and AgHo samples were rolled 
from the same melts as those used to provide 
susceptibility specimens for Hirst et «/ [10] 
'■esistivity measurements 
[13] and TEP measurements [14] indicated the 
fabncation produced no significant contamina- 


> 

EL 

UJ 

I- 



Fig. 1. The thermoelectric powers for pure Ae and 
vijrious dilute alloys: (a) Pure Ag as reported by 
Schroeder et a/.[l5]. (b) Silver normal used as reference 
material. This alloy displays the decreased thermo- 
electnc power typical of most alloys, (c) AgTm 0-55 
at. %). (d) AgHo (~ 0-2 at. %). (e) AgGd 0-2 at. %). 


Table 1. 


tion from transition impurities. The AgGd 
sample was prepared by induction melting 
and handled in a similar manner. The TEP for 
each alloy was measured using a standard 
integral technique with silver normal as 
reference material and a copper thermometer. 
Stand^d fixed temperature points were used 
to ca ibrate the thermometer and a pure lead 
sample (59’w was used ,o calibme Sie siltS 


The residual resistivities, in fin-cmjal. % fnr 
trivalent imnuriti^f # , . • ' ’ 


Al 

Ga 

In 

Tl 

Gd 

Tb 

Dy 

Ho 

Er 

Tm 

Yb 

1-95 

2-35 

1-8 

2-2 

60 

60 

66 

6-8 

61 

5'7 

2-5 
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notmal. The smomaly in Fig. 1 is that the TEP 
for each alloy excels that of the pure host 
and monotonically increases with temperature 
at a rate equal to or greater than the rate of 
increase for the pure host. 

The analysis of the TEP contributions in 
noble metal alloys is usually accomplished 
with the aid of the relation 


P P 


where pi is the resistivity of the pure solvent. 
Pi is the residual resistivity of the solute, p is 
the total resistivity of the alloy, S„ is the 
phonon drag contribution, Sa, is the diffusion 
contribution of the pure solvent, 5* is the 
impurity diffusion contribution, and S is the 
total TEP of the alloy. The first two terms of 
equation (1) are the Gorter-Nordheim 
relation. To the same order of approximation 
used to achieve equation (I ) 


, d In Pi 

* 3le| ■ ac 


( 2 ) 


where k is Boltzmann’s constant. T is the 
absolute temperature, e is the charge of an 
electron, c is the energy of an electron, and 
Cf is the Fermi energy. At very low tempera- 
tures (i.e. ... < 4-2'’K) or near room tempera- 
ture ~ 0 and a Gorter-Nordheim plot* 
allows a separation of 5^, and 5^,. Non- 
transition impurities in Ag yield S^JT ~ 
(—2 to — pK/'K® and transition im- 
purities which do not form a magnetic 
moment yield SJT ~ (- 10 to -60)10-^^/ 
°K®. Specific values vary but the essential 
feature is that all vdues are negative. There- 
fore, the addition of impurities reduces the 

‘The usual procedure is to plot 5 vs. 1/p at a fixed 
temperature for a series of alloys with different con- 
centrations. The temperature is usually chosen so that 

~ 0. A second alternative, which is less restrictive, 
is to plot SjT vs. 1/p for an alloy of fixed concentration. 
This second alternative requires a more complete 
knowledge of S, and the reader is referred to Schroeder 
et of. 1 1 5] for a more complete discussion. 


host contribution by reducing pi/p, adids a 
negative impurity contribution amt produces 
altoy with smaller TEP. Figure 1 shows 
alloys having increased TEP. mid the most 
logical explanation is a positive contribu- 
tion. If one uses the less restrictive plot 
noted in Schroeder et of.[lS], die respective 
SaJT results for Gd, Tm, and Ho are ~ 15*2, 
13-6, 121(10-*) pFrK*. These absolute 

magnitudes are consistent with the results for 
Pd and Pt impurities in Ag. 

The anomalous behavior in Fig. I can now 
be stated in different terms; the anomaly lies 
in the positive sign of the impurity diffusion 
TEP contribution. To the best of the author’s 
knowledge only one other instance of a positive 
impurity contribution in noble metal alloys 
has been reportedt. CuCd by Blatt et a/. [16]. 
Blatt suggested core scattering as the cause 
of the reversal, but this suggestion has not 
been explored. The positive signs of 5* for 
Cu, Ag, Au have been a traditional source of 
embarrassment, and Robinson[17] has 
recently used the idea of core scattering to 
explain these positive signs. 

It is very tempting to combine the concept 
of core contributions to scattering with the 
standard phase shift analysis for alloys in an 
attempt to explain the positive sign of the 
impurity TEP in these alloys. Before suc- 
cumbing to this temptation these points 
should be made explicit; 

(a) The occurrence of this positive sign for 
J S (Tm and Ho) and for J = S (Gd) 
indicates crystalline field effects are not 
essentially related to the positive sign. 

(b) Although residual resistivities are 
relatively insensitive to the exact shape of the 
scattering potential, the TEP is very sensitive 
to the specific potential used [18]. Therefore, 
the attainment of a particular value for S* fw 


tThe alloy systems having LMM are not included in 
this statement. A positive contribution in these systems 
may well be possible but the complexity of the resistivity 
weighting factors and the size of the TEP anomaly make a 
unique separation very difficuh. The author knows of no 
reference which claims a unique separation. 
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a given model is not significant. Indeed even 
the attainment of the correct sign for 5* 
without an accompanying increase in po will 
be viewed as not significant. 

(c) Since the large po’s occur for all rare 
earth impurities except Yb and positive Sa,lT 
occur for three different rare earth impurities 
(and by inference for all impurities in the last 
half of the rare earth series), the model should 
give this result over a range of parameters 
rather than at a particular critical value. 

With the above guidelines as reference, 
a very simple phenomenological model was 
invoked. The alloying behavior of 3-cl, 4-d, 
and 5-d impurity electrons in Cu, Ag, or Au 
hosts is often depicted as a donation of these 
electrons to the conduction band with 
resultant formation of a very stronf positive 
ion which is then screened. The screening 
cloud has approximately the same number of 
electrons as the neutral impurity had d 
electrons and the net result is a resonance 
which blurs the distinction between impurity 
electrons and conduction electrons. In 
contrast, the 4~f electrons should remain 
well-defined. However, the screening which 
occurs with a normal trivalent impurity will 
lower the energy of some conduction elec- 
trons. This lowering increases the closer one 
approaches the impurity and it is not un- 
reasonable to expect a modification of 
screening charge at the core due to the 4-/ 
electrons. For computational purposes, this 
model was represented by a spherical square 
well of standard size combined with a small, 
spherically symmetric core. This core varied 
in diameter from 15 to 25 per cent of the major 
square well diameter, was allowed to be 
repulsive or attractive, and ranged in 
strength up to 15 times that of the major 
square well. The depth of this major square 
well was varied until the Friedel sum rule was 
satisfied and the associated phase shifts were 
used to calculate po. The impurity TEP was 
calculated from equation (2). 

The repulsive cores gave neither increased 
Po nor positive impurity TEP. However, the 


attractive cores displayed both features and a 
typical pattern is shown in Fig. 2. The primary 
cause of this pattern is the relation between 
the j-phase shift, 8«, and the p-phase shift, 8,. 
Below the resistive peak 8o— 8i < ir/2. As 
8o— 8, approaches njl the resistivity increases 



Fig. 2. The variation of residual resistivity as a function of 
core strength. The core strength is plotted as A" ® nor- 
malized depth of core well below the bottom of major 
well. The normalizing factor is the Fermi energy, «,. 

A * a small, virtual variation in tf. 

and then decreases sharply as 6o — 8i exceeds 
nil. It should be noted in Fig. 2 that near the 
peak the order of resistivity curves relative to 
the Fermi energy changes. One effect of this 
change is the impurity TEP becomes posi- 
tive. The actual values of po and impurity TEP 
obtained are not fully consistent with those 
obtained experimentally; p„ at the peak is 
slightly greater than 5 ph-cm (~ 2-5 times the 
result for other trivalent impurities) with the 
impurity TEP just becoming positive. The 
magnitude of the latter increases in the region 
where p„ decreases sharply. A modification of 
the model potential which preserves the 
8o— 6, relation and permits the difference of 
nl2 to be achieved at lower absolute values 
should produce results in closer accord with 
experiment. However, the need for more 
detailed experimental results and item (b) 
above would seem to indicate the significance 
of such a modification is far too obscure to 
justify the attempt. Instead, we deem it 
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sufficient to note that this very sintple model 
has produced both general features, increased 
resistivity and positive impurity TEP. 

We conclude with a few comments about our 
model potential. First, the general pattern 
shown in Fig. 2 and the phase relations 
discussed in the preceeding paragraph can 
occur at all the values of small core diameter 
used. The only criterion is that the strength 
increases sufficiently to include 6o~Si > n-/2. 
At the smaller core diameters this behavior 
was not actually achieved with the range of 
strengths employed but the increase of po 
which precedes the maximum was clearly 
evident. Second, since this model employs 
charge scattering only, the magnetic moment 
and/or spin of the 4-/ electrons are not 
essential for the results. This feature agrees 
with the experimental facts that po and, to the 
extent of limited data, impurity TEP show no 
obvious dejjendence upon which rare earth 
impurity is present. Finally, an ‘after-the-fact’ 
physicaJ picture of the model potential can be 
given. A key feature in the model was the 
assumption that the 4-/ electrons retained 
their identity in the alloy and thus do not 
participate in screening. The radius of the 4-f 
shell should be large in comparison to other 
core shells and it is not implausible to picture 
the screening charge penetrating this shell. 
Such penetration would be seen as an 
increased scattering potential. Clearly 
this physical picture is very crude and is 
intended to do no more than suggest that the 


model potential is a not pure mathematical 
construction. 
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Abstract— Single crystals of silicon grown by the Czochralski technique have been annealed at various 
temperatures in the range 600-1 350°C. l.R. measurements have teen made of the strength of the 
absorption bands due to carbon (16-S^m) and oxygen (9 /am). From the measurements, heats of 
solution of the two impurities of 33 ±6 and 38±4kcal/mole have been deduced respectively. When 
carbon precipitates broad absorption is produced in the region of 1 2 which is attributed to silicon 
carbide particles. The strength of this absorption is found to be consistent with the estimated loss of 
carbon from solution. Precipitation of silicon carbide was not observed in oxygen free crystals. 


1. INTRODUCTION 

It is now well established that silicon crystals 
may contain appreciable amounts of carbon. 
An i.r. absorption band due to the localized 
vibrations of ‘*C at 607 cm“’ (TI°K) has been 
ascribed to carbon atoms which occupy isolat- 
ed substitutional sites [1.2]. In heal treated 
crystals other techniques have indicated the 
presence of silicon carbide particles [3 , 4], and 
it has been suggested that carbon may be 
present in interstitial sites or in the form of 
graphitic inclusions in epitaxially grown silicon 
[5]. Clearly a chemical or radio-activation 
analysis of a given sample would normally 
measure only its total carbon content and give 
little or no information about the form in which 
it was present. On the other hand, the use of 
a spectroscopic technique, with particular 
reference to i.r. absorption measurements, 
has one clear advantage since in principle it 
may allow the various possible configurations 
to be separately identified. This technique 
does however suffer from two disadvantages; 
(a) the strength of an absorption band has to 
be calibrated by examining samples which 
have a known concentration of the impurity 
in a specific form, and (b) certain configura- 
tions of the impurity may not give rise to any 
detectable absorption features. 

The strength of the i.r. absorption band due 


to substitutional carbon was first calibrated 
from measurements made on pulled sin^ 
crystals containing the total concentra- 
tion of which was determined by a standard 
radiochemical technique; the band from 
at 573 cm~* is clearly resolved from that of 
‘*C and hence no assumptions had to be made 
about the relative abundance of the two iso- 
topes in these samples [1 , 2]. Apart from some 
other relatively very weak absorption bands, 
which were attributed to carbon-oxygen com- 
plexes [2], there were no other absorption 
features which could be related to the presence 
of carbon. With the assumption that no ap- 
preciable amount of carbon was present in 
any form other than simple isolated sub- 
stitutional sites, it was then possible to deter- 
mine a vedue for the apparent charge associated 
with the vibrational mode of these atoms as 
7) — 2-6e[6]. This value is very hi^ compared 
for example with substitutional B~ ions which 
have Tf — e, but is in fact consistent with the 
corresponding value determined for silicon 
carbide crystals. The apparent charge t) is 
defined as t)* = A(e*)®, where A is a local 
field correction and e* is the effective charge. 
In the work on the intrinsic reststrahl absorp- 
tion in silicon carbide, A was assumed to take 
the value (€.-f2)V9, where «« is the high 
frequency dielectric constant and a value of 
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g* = o-9e was thereby obtained [7]; the appar- 
ent charge is thus r) = 2-5e since c,. = 6*7. It 
follows that if a significant fraction of the 
carbon impurities had been present in some 
other form in the silicon crystals examined, 
the value of rj would have had to be corres- 
pondingly greater, which does not seem to be 
plausible on physical grounds. Hence we 
regard the calibration as established, with only 
a small degree of possible error; this con- 
clusion has received further support from 
other recent independent measurements 
which again showed overall self-consistency 
[ 8 ). 

It has already been mentioned that heat 
treatment of silicon may lead to the precipita- 
tion of silicon carbide, which is to be expected 
as a result of previous measurements that 
indicated that the solubility of carbon in 
silicon decreases as the temperature is de- 
creased below the melting point [9]. Con- 
sequently, the strength of the i.r. band due to 
substitutional carbon should decrease if pre- 
cipitation occurs and the residual strength 
should give a measure of the solid solubility 
of the impurity. Results will be presented in 
this paper which show that this is so. In 
addition, the precipitated silicon carbide 
particles might be expected to give rise to 
i.r. absorption in the spectral region near 
12-6 /xm. Again it will be shown that this does 
occur, although the detailed nature of the 
absorption is modified somewhat compared 
with that from a slab of pure silicon carbide. 
From these measurements, it has been possible 
to determine the solid solubility of substitu- 
tional carbon in pulled silicon single crystals 
as a function of temperature. These results, 
together with other apparently anomalous 
observations made on oxygen-free crystals 
will then be compared with the available 
information about the solubility of carbon 
in silicon as reported elsewhere. 

2. EXPERIMENTAL DETAILS 
Various crystals of high p-type resistivity 
(greater than 50 Q-cm), grown by either the 


Czochralski or floating zone techniques, were 
first characterized by their i.r. absorption 
spectrum to determine their oxygen and carbon 
concentrations. Spectra were obtained at 
77°K using the differential technique as des- 
cribed previously [2]. The concentration of 
oxygen present was determined from the 
calibration given by Pajot[10], while the con- 
centration of substitutional carbon was 
estimated from our own previous calibration 
(see Fig. 2 of Ref. [2]). 

Most samples were then heated in an open 
silica tube for various times in the tempera- 
ture range 600-1.150‘’C: other samples were 
heated in sealed-off evacuated silica tubes. 
After each heat treatment the sample was 
reground and repolished before it was ex- 
amined optically; this was necessary to remove 
surface layers of silica and silicon carbide 
respectively! 1 1]. 

In addition a few samples were given a prior 
irradiation by 2 MeV electrons at room temp- 
erature to a total dose of about 10’** electrons 
cm"'* before they were annealed in the high 
temperature region; a discussion of the 
reasons for carrying out these treatments is 
deferred to Section 3. 

3. HIGH TEMPERATLIRE HEAT TREATMENTS 
3.1. Spectroscopic results 

Two samples each containing 1 •4X 10'** atom 
cm*'* of oxygen, and carbon concentrations of 
less than 10” and 2x10"* atom cm"** res- 
pectively were given successive anneals, each 
of one hour’s duration, at 600 up to 1000°C in 
50° intervals. In both samples a large propor- 
tion ot the dissolved interstitial oxygen pre- 
cipitated at a temperature of 8(X)°C as deduced 
from the observation of the formation of a 
broad absorption band near 9 jam due to silica 
particles, and Rayleigh scattering in the 
spectral region from 1 -4 pm. Precipitation 
of the carbon, as judged from the fall in the 
strength of the local mode band at 607 cm"’, 
did not occur until the second sample had been 
given a further heat treatment for 10 hr at 
1040°C. At the same time, an intense asym- 
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metric baod of balfwidth of about 60 cm~^ and 
pesdi absorption at 12*0 p.m was produced, 
similar to that observed previously by 
Balkanski et al. in polycrystalline silicon{12]. 
Although both the width and position of the 
peak varied somewhat with further heat 
treatments at higher temperatures (see Fig. I), 
the integrated absorption remained essentially 
constant at a value of 230 cm~‘; at the hipest 
temperatures there was an indication that this 
value was reduced by about 10 per cent, but 
this is not considered to be particularly 
significant because of the errors involved in 
measurement. 

When the anneal temperature was increased 
above lOSO'C, the concentrations of both 
the dissolved oxygen and carbon increased as 
shown in Figs. 2 and 3. In order to ensure 
that equilibrium conditions had been reached 
at each temperature, the samples were heated 
for successive periods of up to 100 hr at 
temperatures in the region of 10(X)°C and for 
2 to 3 hr at 1350°C and examined at various 
stages during each treatment; in no cases 
were there significant differences in the meas- 
urements at a given temperature. Similar 
measurements were then performed in a 
second series of anneals in which the tempera- 
ture was reduced. These results were entirely 
consistent with the first set which indicates 
that a genuine equilibrium situation was 
achieved in the samples examined. Apart 
from errors of measurement, the determina- 
tion of the carbon solubility at the lowest 
temperature may have been in some error 
because of the uncertainty of the carbon 
concentration in the untreated float-zone 
silicon reference sample used in the differ- 
ential transmission measurements; this may 
have been as high as 5 x 10’® atom cm~®. 
From the results shown in Fig. 3, the heat 
of solution of substitutional carbon is found 
to be 53 ±6 kcal/mole {2-3 eV). An extra- 
polation of this data to the melting point yields 
a solubility of 4*5 x 10‘^ atom cm"® which is 
substantially lower than the carbon content 
of 2 X 10‘* atom cm“® of the sample in its 


as-^wn state; this point will be discte^ 
in Section 4. 

Figure 2 indicates that the heat of solution 
of oxygen in hiterstitiid sites is ^±4 kcs&l 
mole (1*65 ±0*15 'eV), which is significantly 
greater than the value of 22 kcal/mole (de- 
tained by Hrostowski and Kaiser[13]. |n this 
previous work, measurements wme mi^ on 
samples which had been anneaJed in the 
limited temperature range from 1()0()-125(1‘’C. 
These measurements were made with a nom- 
inal sample temperature of 4-2°K, although 
it is clear from Fig. 1 of Ref. [131 that the 



Fig. 1 . Differeniial Absorption Spectra at 80°K of heat- 
treated silicon. 

Curve a sample 2, '*C -I- '*C, after 4 hr at 1310°C 
Curve b sample I . ‘*C after 60 hr at 1040“C 
Curve c sample 1 , '*C after 1 0 hr at 1240“C 
Curve d sample 5, ”C -I- '’C, after I hr at 1350^ 

The .spectra have been vertically displaced relative to 
one another for convenience of representation. 

actual sample temperature was considerably 
higher than this value (cf. Fig. 2 of Ref. [10]), 
and furthermore, the instrumental resolution 
must have been much lower than the intrinsic 
linewidth of the oxygen vibrational absorp- 
tion band. It was pointed out that there was a 
difficulty in determining the integrated absorp- 
tion in this band particularly at the tower 
temperatures because of the underlying in- 
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trinsic ^sorption arising from the silicon 
lattice and also from the very broad band due 
to the precipitated silica which has a peak at 
around 1100 cm"'. In fact, further inspection 
of Fig. 1 of Ref. [13] indicates that the mag- 
nitude (rf this latter absorption becomes small- 
er, as the fraction of precipitated oxygen 
increases which is clearly unreasonable and 
is not consistent with the present observa- 
tions. It seems possible therefore that the 
integrated absorption in the oxygen 9 ptm band 
was overestimated for samples annealed at 
the lower temperatures and that the quoted 
solubilities were higher than they should have 
been. This could then explain the difference 
in the two values of the heats of solution, it 
should be pointed out that there is not any 
discrepancy in the value of the solubility at a 
temperature of IlSO^C when allowance is 
made for the modified calibration of Pajot as 
used in the present work. At this temperature, 
the integrated absorption in the 9 ^m band is 
large and hence subtraction of background 
absorption will make only minor corrections'. 
It is clear therefore that the measurements are 
difficult to interpret in a completely unambig- 
uous manner. It should be remembered that 
the part of the background absorption due to 
the silicon lattice has been eliminated in the 
present work, because of the technique of 
measurement used. Since our measurements 
also extend to higher temperatures of 1350°C, 
we consider that the present estimate of the 
heat of solution is likely to be more reliable 
than that previously reported. Finally our 
results give some indication that the solubility 
of oxygen may be decreased slightly when 
carbon is present, although this is a relatively 
small effect. 

At this stage, it should be emphasized that 
a single heat treatment of other similar samples 
containing high concentrations pf both oxygen 
and carbon did not lead to significant precipita- 
tion of either impurity, although a second heat 
treatment did produce this effect. It would 
appear that nucleation sites are pcoduced 
during the cooling procedure which facilitate 


the precipitation process in the second hettt 
treatment. Consequently, an attempt was 
made to produce such sites by a comptetely 
different process. Previously untreated sam- 
ples were therefore irradiated by 2 MeV 
electrons at room temperature to total doses 
of 5 X 10’* electrons cm"* (or 10’* cm"*); the 
effects of such a treatment have been discussed 
elsewhere [14]. These samples were then given 
a single anneal in the high temperature region 
which did lead to precipitation of both carbon 
and oxygen, and the residual solubility was 
entirely consistent with the measurements 
shown in Figs. 2 and 3. It was concluded that 



Fig. 2. Dissolved oxygen concenUations after heat 
treatment 

• |C'J = 2. 10‘" atoms cm increasing temperatures, sample 1 
® If) = 2 . 10'" atoms cm"", decreasing temperatures, sample 1 
□ |C] = 2 . 10" atoms cm"", sample 2 

A ICJ = 2 , 10'* atoms cm ’, sample 3 

X (C] < 10" atoms cm”*, sample 4 

the irradiation did have the desired effect of 
producing nucleation sites, which are most 
likely to be vacancy or interstitial clusters. 
One of these samples contained approxi- 
mately equal concentrations of ‘*C and ‘®C, 




THE SOLUBILITY OF CARBON 


and it was noted that the broad band in the 
reipon of 12 was shifted somewhat to 
lower energies and a small subsidiary and 
relatively sharp feature was produced 
12*61 /itm. The halfwidth of this feature was 
about 7 cm~‘ while its contribution to the 
total absorption relative to the broad band was 
about 4 per cent. It was definitely established 
by successive grinding and repolishing of the 
sample that this was not a feature due to 
surface contamination [1 1] and its presence 
is somewhat puzzling since no corresponding 
feature was observed in another sample 
containing only 



I O'* / T • K 

Fig. 3. Dissolved carbon concentrations after heat 
treatment. 

• sample I , increasing temperatures 
® sample 1 , decreasing temperatures 
□ sample 2. 

The results described above all relate to 
pulled crystals. In order to compare the be- 
haviour of carbon in oxygen free samples, 
two samples from a particular crystsd grown 


mi 

by tite floating zone techiaqo^ and wifli (As- 
location densities of about 10* cm~* wene ipyeii 
similar heat treannents in <^b silica tubes. 
The first sample^showed some very anmnalous 
results. After treatments at 126i^ the cot>* 
centrahon of substitutitHial carbon increased 
from its initial value of 4 x 10^^ to 9 x 10*^ 
atoms cm~^, only to fall again to its original 
value after subsequent treatments. The secoinl 
sample was heated for 9 hr at eadt of anunfl>er 
of temperatures between 5 SO and ISOO^C 
which led to no significant changes in the 
carbon concentration. In neither sample was a 
band produced at 12 /am, but very weak 
absorption was observed at wavelengths 
around 21 /am which is in the band mode 
region for silicon [6]. Attempts to induce 
precipitation by giving a sample a prior 
electron irradiation treatment also failed. 

Since these heat treatments were esuried 
out in air, diffusion of oxygen into the samples 
occurred at the high temperatures. For one 
sample an estimate was made of the diffusion 
coefficient on the assumption of an error 
function complement distribution and using 
a surface concentration equal to the solubility 
at 1260°C shown in Fig. 2. The estimated 
value of D was found to be 1*8 x 10“® cm* 
see"* which is considered to be consistent 
with the value of 9 x 10“*® cm* sec~* calculated 
from the accepted variation with temperature 
of D = 0-21 exp (- 2-55 eWlkT) cm* sec"' [15]. 

3.2. Interpretation of the band at 12 /im 
The band in the region of 12 p.m was only 
produced when a large fraction of carbon had 
been removed from normal substitutional 
sites. The most simple explanation is that it 
arises from precipitated particles of silicon 
carbide. However, the position of the peak 
absorption is different from that of 12*6 p.m 
found from slabs of silicon carbide [7], £md 
the width of the line is also much greater. 
These differences can be explained since (a) 
the precipitates are in the form of small 
particles and (b) they are embedded in a matrix 
high dielectric constant. The theory relevant 
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fo absorption under these conditions has been 
reviewed recently by Riippin and Englman 
[16] and their results will now be used to 
analyse the present observations. 

Absorption by ionic crystalline particles 
of a finite size occurs via surface modes at 
energies above that of the normal frequency 
of absorption corresponding to the transverse 
optic mode wr at the V point in the zone. For 
a small spherical particle of radius R (where 
vtR <'i) embedded in a medium of di- 
electric constant absorption will occur at 
w, given by.- 


_ <0 -b 2eit( 1 A) 
(ur^ e« -I- 2ev( I + A) 

where 


A 



(I) 


( 2 ) 


and €o and e« are the low and high frequency 
dielectric constants of the material of the 
particle. For silicon carbide e„ = 10-0, c* = 
6-7 and for silicon €« = 11-8. Hence the posi- 
tion of the peak absorption corresponds to 
X=ll-95Mni {R^\p.m), 12-25/xm (/? = 3 
^m) and {R> 12/im). From other 

evidence on the precipitation of silicon 
carbide, it is thought that the particle size in 
the present samples is of the order of, or 
smaller than 1 ^im, in which case a simpler 
expression may be used to determine w,; 
that is;- 


^ tQ-CAffl -47r/N|) 

Wr’ €« — e.v(l “47r/N() ' 

where /V( is an appropriate depolarizing factor 
that depends on the shape of the particle. For 
cylinders and planar particles N = 0 for at 
least one principal axis and this should lead to 
absorption at atr (12-60 /im). In general this 
was not observed, there being negligible 
absorption at wavelengths greater than about 
12-3 /im. Jt follows that under the "present 
experimental conditions, rod and platelet 


precipitation probably did not occur. Particles 
with other non-spherical shapes will however 
produce absorption at wavelengths ^ve and 
below 1 1 -95 fim (<W(). 

The magnitude of the absorption now has to 
be considered. This will be estimated only for 
small spherical particles, in which case the 
absorption coefficient is given by:- 

K = 3kolma (4) 


where 


a = 


e + Zeu 


and 


e = £»-t- 


47rp 


I — (w/wr)^ — iya>/ Wf 


Anp = (e„ — e„) and ko is the wavevector of the 
incident radiation. These expressions apply 
to unit volume of the precipitate and so the 
absorption has to be scaled down according to 
the number of carbon atoms which have 
precipitated in unit volume of silicon. If y 
is taken as 0-0107 corresponding to the width 
of the reststrahl band of /3-SiC[7] the integ- 
rated absorption deduced from the above 
equations is 220 cm"*, assuming a voliime 
fraction of silicon carbide of 4- 1 x 10~® (cor- 
responding to a loss of 2 X 10"* carbon atoms 
cm~* from solution). At this stage, it should 
be made clear that if the particles were all 
spherical, the predicted band should have a 
peak absorption coefficient of 25 cm~‘ and 
half-width of about 9 cm”’. This may be 
compared with the observed band which has 
a maximum absorption coefficient of about 
3-4 cm”‘ and a much larger half-width of 
~60cm"’. This result suggests that the pre- 
cipitate particles have a range of ellipsoidal 
shapes, each particle giving rise to absorption 
at a slightly different wavelength; this inter- 
pretation would not however be expected to 
greatly modify the estimate of the total integ- 
rated absorption in the band. The variations 
in the shape of the observed band arc now 
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easily explained as modifications of die fom 
and size of the particles as a fiinction of the 
annealing treatment given to the samples. 
Moreover, the total calculated absorption 
from the silicon carbide is entirely consistent 
with the absolute number of carbon atoms 
lost from substitutional sites on the basis of 
our previous calibration. The shift of the main 
band to lower energies in the sample con- 
taining is also explained, although the 
reason for the relatively weak feature at 12-6 
fita is still not clear. This peak which at first 
sight appears to correspond to <ot for Si‘*C 
would obviously be expected to occur at a 
lower energy due to the presence of the 
if this were the correct interpretation. How- 
ever this discrepency is considered to be of 
minor significance in the context of the 
present work and will not be discussed further. 

4. DISCUSSION 

It has been shown that substitutional. carbon 
impurities in pulled silicon single crystals 
precipitate to form silicon carbide particles 
after suitable heat treatments, and the silicon 
carbide gives rise to optical absorption which 
is explicable in terms of the theory discussed 
by Ruppin and Englman[I6]. It has also been 
demonstrated that the magnitude of the ab- 
sorption arising from the precipitated phase is 
consistent, within experimental error, with 
that to be expected from the meeisured loss 
of carbon from solution. 

The solubility of carbon as a function of 
temperature may now be compared with the 
values determined in earlier diffusion meas- 
urements involving The present results, 
which are consistent with a heat of solution 
of 53 ± 6 kcal/mole, are considered to be more 
reliable than die former [9] which suggested 
a lower value of 34 kcal/mole. However, 
there does appear to be a discrepancy at 
temperatures close to the melting point of 
silicon, since the diffusion measurements 
gave surface concentrations as high as 1-1 -5 x 
10** cm"*, whereas the extrapolated value 
from the optical measurements was only 


4-S X 10^^ atom cm"*. The hig^r vidoe 
ceitmnly iqipears to be the more reasoned, 
since it has been itemonstrated tlmt as-srown 
crystals may coht^ up to 2-3 x 10** caihmt 
mom cm~*[2, 17]. This would inqdy that the 
solidiility rises to its maximum value at a 
temperature whicdi is only slightly lower dian 
the melting point and that the relation 

[Cl*^cxp(-AH/RT) 

certainly does not hold close to this tempera- 
ture. 

A determination of the solubility close to 
the melting temperature is of interest because 
it is related to the solubility in molten silicon 
via the segregation coefficient k. Evidence 
obtained from the distribution of **C along 
the length of grown silicon crystals has 
suggested that k is less than unity, ahhough 
the two values of 0-005 [1] and 0-09[lg] that 
have been quoted are not consistent. How- 
ever it is well known that this method of 
determining k is not very accurate if k 0-1, 
since the precise value obtained depends upon 
a detailed examination of the very last part 
of the crystal to freeze. If it is assumed that 
k^O-1, it is implied that the solubility of 
carbon in molten silicon at the melting point 
is about 2-3 x 1 O’® atom cm'*, which is an 
order of magnitude greater than that which 
has been reported [19]. The liquid solubility 
was determined by measuring the weight of 
solid silicon carbide which dissolved in a 
measured weight of liquid silicon which was 
itself in contact with solid silicon. This experi- 
mental result is however open to the criticism 
that carbon from other sources, such as the 
original solid silicon and from the ambient 
in which the melting was carried our, may have 
partially saturated the liquid and so limited 
the amount of silicon carbide which dissolved. 
It would appear thru this problem could only 
be resolved by repeating the experiment and 
using ^*C as a tracer. 

The present results have indicated that 
precipitation oiUy occurs in pulled crystals 
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which also contain substfflitial amounts of 
oxygen. A possible implication of this result 
that precipitated silica particles act as nuclea- 
tion centres for the growth of silicon carbide 
is supported by other observations of the 
precipitated phase using the technique of the 
microbeam analyser [4]. It has also been 
found that a single heat treatment of an as 
grown crystal does not in general lead to 
significant precipitation of either the carbon 
or oxygen. It is well known that heating silicon 
under the conditions used in the present work 
can lead to the introduction of copper and 
other metallic impurities. It is possible that 
these elements in precipitated form, or alter- 
natively vacancy clusters produced by such 
precipitation can act as nuclei for oxygen 
precipitation in a second treatment of the 
same sample. The fact that a prior electron 
irradiation treatment has also been found to 
induce precipitation in a single anneal suggests 
that vacancy aggregates could well be im- 
portant. Hence it may be speculated that 
oxygen precipitates on vacancy clusters and 
these particles then act as nuclei for the 
growth of silicon carbide particles, it has been 
suggested elsewhere [20] that the detailed 
behaviour of copper precipitation may also 
be related to the carbon content of samples 
but this is difficult to assess as detailed meas- 
urements of the carbon content of the samples 
examined were not reported. In any case, 
there would not appear to be any discrepancies 
in these various observations. 

The question of the detailed behaviour of 
carbon in oxygen free crystals is still some- 
what open. The present results, taken in 
coiyunction with other observations relating 
to electron irradiation damage [21] seem to 
suggest that not all the carbon may be present 
on substitutional sites. Since there is also no 
indication that the impurity is present as a 
precipitated silicon carbide phase.it is implied 
that it must be present in interstitial sites or 
as graphitic inclusions. The former possibility 
seems to be unlikely in view of infra-red 
measurements made on electron irradiated 


material [22]. The second possibility certainly 
cannot be ruled out and evidmice for carbon 
in this form has been reported in ej^axial 
layers [5]. Such inclusions may not give rise 
to any detectable i.r. absorption, although 
no adequate explanation has yet been found 
for the weak band mode absorption found in 
such samples as reported in this work. 

Finally, it is necessary to consider the 
estimates of carbon contents of crystals 
obtained by chemical and other methods. 
In some cases very high values of up to and 
even greater than 10‘* atom cm~® have been 
reported[23-25]. Clearly there is no limit to 
the amount of carbon which may be incor- 
porated as silicon carbide since this is a 
distinct second phase. This may provide an 
explanation of some of the results, particularly 
those relating to polycrystalline material 
and epitaxial layers [5] where heat treatment 
of silicon can produce a substantial surface 
coating of silicon carbide [11]. One of our own 
previous determinations, based on optical 
microscopic measurements of the size of 
preciptate particles [9], is now considered 
to be too high since the size of the particles 
was probably overestimated because of the 
techniques used (for a discussion of this see 
for example Ref. [26]). Great care must also 
be exercised in estimating ‘blanks’ in straight- 
forward chemical methods. In other possible 
methods including bombardment of samples 
by high energy heavy ions to produce nuclear 
reactions with there are again certain 
problems. Such treatments usually produce a 
surface coating of cracked organic material 
on the samples. It may then be possible, under 
the conditions of the irradiation, to produce 
interstitial carbon atoms which diffuse into 
a surface layer since such atoms are almost 
certainly mobile at room temperature [14, 21]. 
These interstitials could then recombine with 
vacancies also produced by the irradiation 
and so carbon may actually be introduced into 
material which was originally free of this 
impurity. 

It is concluded finally that great care is 
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necessary in estimating the total carbon 
content of a ^ven silicon sample and it spears 
that further work is necessary to clarify the 
situation with respect to oxygen free crystals. 
In pulled material the present results, taken iii 
cop)unction with previous work, do appear to 
be self consistent and indicate that the carbon 
is probably present only as substitutional 
impurities or as silicon carbide precipitates. 
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MAGNETIC AND CHEMICAL ORDER . IN HEUSLER 
ALLOYS CONTAINING COBALT AND MANGANESE 

P. i. WEBSTER 

Oepartmem of Pure and Applied Pb)'stc«. University of Salford, Salford 5, England 

{Received 1 3 July 1 970; in revised form 1 4 September 1 970) 

Abatract- Saturation magnetization. X-ray and neutron diffraction measurements have been made 
on ferromagnetic alloys at the compositions CotMnAI, CotMnSi, Co,MnGa, Co,MnGe, COiMnSn 
and CojMnSb. The alloys have the Heusler. L2„ chemical structure and are highly ordered except for 
CojMnAI which exhibits extensive preferential Mn-Al disorder and CojMnSb which contains the 2 
approximate phases Co,.tMnSb and Co. 

This is the first scries of Heusler alloys in which magnetic moments have been definitely observed 
on atoms other than Mn. The alloys containing group 1 Vfi elements have nett moments of approxi- 
mately 5'1^ per molecule with individual moments of 0-75 and 3-6^ on Co and Mn sites respectively. 
The ^loys containing the group Illfl elements Al or Ga have nett moments of approximately 4p 
and correspondingly smaller moments on both Co and Mn sites. The non-stoichiometric alloy Co,.| 
MnSb has a nett moment 4-9/3 and moments 0-75 and 3-76/3 respectively on the Co and Mn sites. 

1. INTRODUCTION 

The Heusler alloys have been of interest 
since 1903 when Heusler[l] reported that 
ferromagnetic alloys could be made from non- 
ferromagnetic constituents copper-manganese 
bronze and group B elements such as alumin- 
ium and tin. Potter [2] and Persson[3] demon- 
strated that the ferromagnetic properties were 
related to the chemical ordering and to the 
concentration of the Mn atoms. 

The Cu-Mn-AI system has been investig- 
ated in most detail, in particular alloys near 
the composition CuzMnAI that exhibit an 
almost complete change in chemical and mag- 
netic structure with heat-treatment. Such 
alloys are strongly ferromagnetic when 
quenched from about 800“C but are practically 
non-magnetic when slow-cooled. Bradley and 
Rodgers [4] established the structure of 
quenched CuiMnAl from a comparison of 
X-ray powder diffraction photographs taken 
using 3 different X-radiation wavelengths and 
confirmed the existence of a Mn sub lattice. 

The Heusler structure (Strukturbericht 
type L2i) is illustrated in Fig. 1 . 

Felcher et al. [5] determined in quantitative 
detail the magnetic and chemical structures 
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•A, Co o6,Mn •C,Co eD,X 

Fig. I. The Heusler structure. 

of CUiMnAI from neutron diffraction powder 
measurements. The magnetic and nuclear 
contributions to the Bragg peaks were separ- 
ated using a magnetic field of 12 kOe, and it 
was concluded that the alloy was chemically 
highly ordered and that the measured moment 
of 3-2B per molecule at 298‘’K was confined 
to the Mn sites. 

Many more alloys with the Heusler, L2i, 
structure have since been reported. In parti- 
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cular, L2| alloys occur in the series CUiMnA" 
[4,6,7], NisMnAIS-ll], Pd2MnA[ll-13,8], 
and AUjMnAlM, 15], where A is a 5 sub 
group element such as Al, Si, Ga, Ge, In, Sn 
or Sb. In all cases when their magnetic proper- 
ties have been investigated it has been found 
that the alloys have an ordered magnetic 
structure with a moment of approximately 
4j8 confined to the Mn sites. The alloys are 
usually ferromagnetic but some antiferro- 
magnetic structures have been established 
[11-13]. 

In addition to the above series other L2, 
alloys have been discovered at the com- 
position CojMnA but their magnetic proper- 
ties have not been examined. The present 
paper reports an investigation of the chemi- 
cal and magnetic structures of the alloys 
CojMnAI, Co 2 MnSi, CojMnGa, CojMnGe, 
CojMnSn and CojMnSb. 

2. STRUCTURE FACTORS AND ORDER IN 
L2, ALLOYS 

The structure illustrated in Fig. 1 produces 
Bragg reflections with non-zero structure 
amplitudes when the Miller indices of the 
scattering planes are either all odd or all even. 


where and/o are the average scatter- 
ing factors for the atoms on the A, B,C and D 
sites respectively. 

Alloys at the composition CojMnA with 
the L2i structure have A and C sites entirely 
occupied by Co atoms and B and D sites 
occupied by Mn and X atoms respectively. 
For such alloys the structure amplitudes 
reduce to the following 

F(n l) = 4|/M„-/Ar| 

F(200) = 4|2/c„-(/M„+/Ar)| 

F(220) = 4|2/c„+(/M„+/r)|. (2) 

The reflections for which {h + k+l)l2 = 2n 
are the principal reflections and are unaffected 
by the state of chemical order. The remaining 
2 groups of reflections are superlattice re- 
flections. 

When disorder occurs in ternary alloys it 
may do so in a variety of ways. If disorder 
occurs randomly all the superlattice lines will 
be reduced in intensity by a factor S* where 5 
is the degree of long range order defined as in 
the binary case, i.e. 


No. of A atoms on /I sites — No. of/4 atoms on A sites 

when randomly ordered 

No. of/4 atoms onA sites when fully ordered — No. of /4 atoms onA sites 
when randomly ordered 


The reflections are of 3 types with structure 
amplitudes given by the following 

h, k, /, all odd 

F( 1 1 1 ) = 4| [(/, -/cF + Ub -hm 
(h + k + l)l2 = 2n+l 

F(200)=4|/,-/a+/c-/o| 

ih + k + l)l2 = 2n 

F(220)=4\f^+fB+f^+fo\ (I) 


If, however, preferential disorder occurs 
only between certain sites then the 2 groups 
of superlattice reflections will be affected 
differently and it is not then generally possible 
to describe the state of order in terms of a 
single ordering parameter. 

The effects of different types of disorder on 
the structure amplitudes of ternary alloys of 
the Heusler type have been discussed in 
detail by Johnson and Hall[16], and Webster 
[1 1], but in this particular series only one type 
of preferential disorder is observed and 
discussion will be limited to this case. In these 
allies the Co atoms either remain ordered or 
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contribute oidy to the random disorder. Any 
preferential disorder, if it occurs, is only 
between Mn and X sites, and may be de- 
scribed in terms of a preferential disordering 
parameter o(Mn-^ defined as the fraction 
Mn atoms preferentially occupying X sites. 
The total state of order is then completely 
represented by the two factors S and a. These 
two factors may be readily derived from the 
relative intensities of principal and super- 
lattice lines. The even superlattice lines are 
unaffected by preferential (Mn-.Y) disorder 
and are only reduced in intensity by the factor 
5*, whereas the odd lines are reduced by the 
factor (1 — 2a)S*. When a = 0‘5, complete 
disorder exists between Mn and X atoms and 
the structure reduces to the B2, CsCl type. 

The coherent neutron diffraction peaks of 
ferromagnetic alloys contain both nuclear and 
magnetic contributions. For unpolarized 
neutrons the magnetic and nuclear scattering 
intensities are additive and the total structure 
factor is given by the equation 

+ (3) 

F„uci is obtained by substituting the appropri- 
ate nuclear scattering lengths fe[ 1 7] in equation 
(2), and Fmas by substituting the appropriate 
magnetic scattering lengths p. p is related to 
the atomic moment p, (in Bohr magnetons 
by the equation 

p = 0-269p/« (4) 

where /» is the magnetic form factor correc- 
tion at the angle of reflection. The form factors 
used were those derived by Nathans and 
Paoletti[18], and Corliss et o/.[19] for Co and 
Mn respectively. If a is the angle between the 
magnetic and scattering vectors, then q* = 
sin*a. For cubic magnetic structures in zero 
magnetic field q® takes the average value §, 
but may be reduced to zero by the application 
of a saturating magnetic field along the 
scattering vector. 


3. EXPBKIMIINTAL ntOtXDVKBS 
(l)A Hoy preparation 

The alloys werp prepared in the form (^20g 
ingots by melting, together the approj^iate 
quantities of spectrographicaBy pure de- 
ments in an Argon arc furnace. Specimens 
were cut from different parts of the ingots for 
magnetic analysis and the remainders were 
crushed to provide powder samples for X-ray 
and neutron diffraction analysis. All the 
samples were hard and brittle and crushed 
readily in a hardened steel mortar. Ihe 
samples were annealed for 24 hr in sealed 
evacuated quartz ampoules and then quench- 
ed. The weight losses recorded on melting, 
and the annealing temperatures are given in 
Table 1. The compositions of the alloys that 


Table 1. Details of alloy preparation 


Alloy 

% wt. loss on melting 

Annealing Temp. °C 

CojMnAl 

2-4 

720 

CosMnSi 

0-9 

720 

CotMnGa 

0-4 

800 

CogMnGe 

0-7 

800 

CojMnIn 

CojMnSn 

0-7 

720 

CosMnSb 

0-6 

720 


had lost more than 1 per cent by weight on 
melting, or that showed any evidence of a 
second phase, were checked by chemical 
analysis. 

(2) Magnetic analysis 

All the alloys were strongly ferromagnetic 
with Curie temperatures between 600 and 
]000°K. Bulk magnetization measurements 
were made, using a Sucksmith ring-balance, 
on specimens shaped in the form of rough 
ellipsoids. Magnetic isothermals were ob- 
tained in applied fields up to 16 kOe at a 
series of temperatures between 4-2‘’K and 
lOOO'K. Effective internal fields were ob- 
tained by subtracting calculated demagnetiz- 
ing fields from the applied fields. At low 
temperatures the spontaneous magnetization. 
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(ToTt was obtained by linear extrapolation of 
the isothermals to zero fields, but near the 
Curie temperature (Tot was derived from 
( 7 * vs. H/tr plots [20]. Extrapolation of the 
resulting spontaneous magnetization curves 
to O^K was made using the P'* law. 

0) Structure analysis 

X-ray powder diffraction measurements 
were used to determine lattice parameters 
and for preliminary chemical structure analy- 
sis. The X-ray diffraction photographs were 
obtained with a 9 cm Unicam camera in a 
van Arkel mounting, using iron K(a) radia- 
tion. Lattice parameters were determined 
accurately from Nelson-Riley extrapolations, 
and line intensities were estimated visually. 

Details of the chemical and magnetic struc- 
tures, including quantitative estimates of 
degrees of order, were obtained from neutron 
diffraction powder measurements. The 
neutron diffraction patterns were obtained 
at AERE Harwell using the Curran diffrac- 
tometer and monochromatic neutrons of 
wavelength 1 056 A from the Dido high flux 
reactor. All measurements were made at 
4-2''K on powder samples enclosed in Ti-Zr 
null matrix cans in either a vanadium tailed 
cryostat or in the SRC/Cambridge cryostat 
which incorporates a superconducting magnet 
that was used to apply a horizontal magnetic 
field of 7 kOe over the sample region. 

The states of chemical order were deter- 
mined from measurements of the intensities 
of the coherent Bragg peaks observed with 
the magnetic field aligned along the scattering 
vector so that = 0, and R = The 

(220) principal reflections were used for 
normalization purposes since their intensities 
are unaffected by the states of order. In the 
single phase alloys excellent agreement was 
obtained between the observed intensities 
and those calculated for L2, alloys at the 
stoichiometric composition. In the alloys 
containing a small amount of second phase 
the neutron diflraction peak intensities were 
used in conjunction with the chemical analysis 


to estimate the composition and state of order 
of the principal phases. 

The magnetic moment distributions were 
determined by subtracting the peak intensities 
observed with the magnetic field on (o* == 0), 
from the corresponding peak intensities ob- 
served in zero field (^ = 1). The (220) 
peaks were again used to normalize the data 
since the intensities of the principal magnetic 
reflections depend essentially upon the total 
magnetic moment and not upon the moment 
distribution, except for any necessary correc- 
tion for any differences in the magnetic form 
factors. The magnetic moment distributions 
were derived from the intensities of the 
magnetic superlattice peaks. The intensities 
of the odd peaks depend only upon the mag- 
netic moments on the Mn sites whereas the 
intensities of the even superlattice peaks 
depend upon the difference in moment be- 
tween Mn and Co sites. Fortunately, in these 
alloys the magnetic moment distributions 
are such that small changes in relative moment 
distributions have a marked effect upon the 
superlatlice peak intensities, and consequent- 
ly the magnetic moments on the Co and Mn 
sites may be obtained accurately. 

4. RESULTS 

Co2MnAl 

Tsuboya and Sugihara[21] investigated 
alloys in the ternary Co-Mn-Al system up 
to 30 At. % Co and found ferromagnetic, and 
ferrimagnetic k phase alloys in the region up 
to 25 At. %Co. 

An alloy was prepared at the composition 
CojMnAI, annealed and quenched. The X-ray 
diffraction photograph that was taken was 
consistent with that expected for a B2 alloy 
at this composition, or for a Heusler alloy 
with a large amount of preferential Mn-Al 
disorder as the odd superlattice lines could 
not be resolved. Some additional weak lines 
that were present were indexed as f.c.c. with 
a lattice parameter 3'628 A, which is the same 
as that reported by Schneider and Wunderlich 
[22] for Co-Mn alloy containing 57 at. % Mn. 
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Bec£Uise of the relatively large loss in weight 
that occurred on melting and the presence of a 
second phase it was possible for the primary 
phase to differ substantially from the stoichio- 
metric composition, and so a chemical 
analysis was performed. The atomic com- 
positions determined by chemical analysis 
were Co, 49-4%-, Mn, 25-1%; Al, 25‘S%. It 
was estimated from the relative intensities 
of the diffraction lines that the amount of 
second phase present was only about I per 
cent, consequently the principal phase could 
not have differed substantially from the 
stoichiometric composition. 

The spontaneous magnetization curve for 
this strongly ferromagnetic alloy is illustrated 
in Fig. 4, together with the corresponding 
curves for the alloys containing Si, Ga, Ge, 
Sn and Sb. The principal magnetic features 
of the same alloys are summarized in Table 8. 

The neutron diffraction patterns recorded 
from CojMnAI at 4-2°K indicated some dis- 
order. The (111) and (311) peaks, which for 
an ordered Heusler alloy would be the most 
intense, were extremely weak indicating a 
large amount of preferential Mn-Al disorder. 
The calculated and observed intensities are 
compared in Table 2. The results indicate a 
small amount of random disorder, almost 
complete Mn-Al disorder, and a substantial 
moment on both Co and Mn sites. 

CojMnSi 

A summary of X-ray diffraction investiga- 
tions of alloys in the Co-Mn-Si system has 


be«n given by Pearson [21], Cladysevsky 
et al, [24] report that the alloy at tte coin- 
position Co^MnSi has the B2 structure whb 
lattice parameter 2*833 A, but Kuz'ma er al. 
[25] report that an !^oy at the same composi- 
tion, when quenched from 800°C, has the L2t 
structure with a lattice parameter 5-670 A. 

An idloy was made at the composition 
CoiMnSi, annealed and quenched.' Both odd 
and even superlattice lines were present on 
the X-ray photograph as expected for an L2i 
alloy. The lattice parameter was 5-654 A. 

The alloy was very strongly ferromagnetic 
with a saturation moment 5-07/3 and a Curie 
temperature 985°K. 

In contrast to CojMnAl the neutron diffrac- 
tion patterns of CozMnSi, illustrated in Fig. 2, 
have very strong (111) and (311) superlattice 
peaks characteristic of ordered Heusler 
alloys. It is seen from the comparison of 
observed and measured intensities in Table 3 
that the alloy is fully ordered in the L2) 
structure with a moment on both Co and Mn 
sites. 

CoiMnGa 

Hames[8] reported that an alloy at the com- 
position CojMnGa was ferromagnetic and 
probably had the L2, structure but was unable 
to positively identify the Co, Mn and Ga sites 
from X-ray photographs. The same structure 
was obtained after both quenching and fur- 
nace cooling, but with slightly different 
lattice parameters, 5-77 and 5-78 A respec- 
tively. 


Table 2. A comparison of the calculated and observed neutron diffraction 


intensities from Co^MnAl at 4-2°K 


hkl 

L2, 

Nuclear 

Calc. 

5 = 0-9,a(Mn-At) = 0-4 
Magnetic 

N uclear /u(Co) = 0-5. MMn ) = 3 -01 

Field on 
nuclear 

Measured 

Field off-field on 
magnetic 

lit 

80-8 

2-6 

1-3 

3±1 

1±1 

200 

23-6 

17-9 

4-7 

18+1 

5±2 

220 

22-2 

22-2 

22-8 

(22-2) 

(22-8) 

311 

^■6 

2-2 

0-3 

2±1 

1±1 

222 

10-2 

9-4 

0-4 

9±1 

0<2 

400 

5-8 

5-8 

1-9 

5±1 

2 + 2 


i 
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Table 3. A comparison of the calculated and observed neutron 
diffraction intensities from COzMnSi at 4-2'‘K 


Calc. Measured 


hkl 

Nuclear 

Magnetic 

/i(Co) = 0-75. ;t(Mn) = 3-57 

Field on 
nuclear 

Field ofT-field on 
magnetic 

III 

94-2 

50-6 

%±4 

50±5 

200 

16-9 

4-7 

I7±I 

4±l 

220 

280 

35-6 

(28-0) 

(35 '6) 

311 

80- 1 

ll'O 

80±3 

11±4 

222 

7-8 

03 

8±1 

0< 1 

400 

7-3 

3-7 

7±1 

3±1 
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An aSdy was made at the compositimi 
CoeMnOn, anneided and quenched. The X- 
ray pattern was consistent with that expected 
for an L2, alloy at this conqK>sition, with a 
lattice parameter 5 '770 A. The odd super- 
lattice Unes were just visible but the even 
ones could not be resolved, but this is to be 
expected since in the fully ordered Llx struc- 
ture the calculated intensities of the even 
superlattice lines are only —SxlO""* the 
intensity of the principal lines. 

The alloy was strongly ferromagnetic with 
a saturation moment 4 -05/3 and a Curie tem- 
perature 694°K. 

The observed and calculated neutron dif- 
fraction intensities are compared in Table 4. 
The alloy is highly ordered in the L2, struc- 
ture with a small amount of preferential 
disorder corresponding to a(Mn-Ga) = 0-01 , 
and a magnetic moment on both Co and Mn 
sites. 


CojMnGe 

Cerkasin et a/. [26} concli^ed from X-ray 
diffraction raeaswemeots tiuit CotMnGe haft 
an L2| struchife witii a lattice parmneter 
5-73 A. ' , 

An alloy was prepared at the composititMi 
CojMnGe, annealed and quenched. Ihe 
resulting X-ray photograi^ indicated an L2i 
structure with latti<% parameter 5-743 A. 

The alloy was very strongly ferromagnetic 
with a saturation moment 5-11/3 and a Curie 
temperature 905“K. 

The observed and calculated neutron dif- 
fraction results are compared in Table S. 
The alloy is fhlly ordered with magnetic 
moments on both Co and Mn sites. 

CogMnIn 

An attempt was made to form an alloy at 
the composition CojMnln, but the In did not 
go into solution. 


Table 4. A comparison of the calculated and observed neutron diffraction 
intensities from CojMnGa at 4-2‘‘K 


hkl 

LI, 

Nuclear 

Calc. 

a(Mn-Oa) = 0-01 

Magnetic 

Nuclear fA(Co) = 0-52, M-(Mn) =3-01 

Field on 
nuclear 

Measured 

Field ofT-field on 
magnetic 

111 

188-0 

180-4 


37-7 

182 + 6 

34 + 7 

200 

1-8 

1-8 


5-6 

2±1 

6±I 

220 

68-6 

68-6 


23-9 

(68-6) 

(23-9) 

311 

159-5 

153-0 


8-7 

152±5 

11+6 

222 

0-8 

0-8 


0-4 

1±1 

0< 1 

400 

17-8 

17-8 


1-9 

17±2 

4 + 2 


Table 5. A comparison of the calculated and observed neutron 
diffraction intensities from COgMnGe at 4-2°K 


hkl 

Nuclear 

Calc. 

Magnetic 

MCo) = 0-75, /iiMn) = 3-61 

Field on 
nuclear 

Measured 

Field off-field on 
magnetic 

111 

231-0 

56-3 

225 +7 

55 + 8 

200 

0 

5-5 

0< 1 

5 + 1 

220 

88-2 

38-6 

(88-2) 

(38-6) 

311 

195-0 

12-7 

192 + 5 

18+6 

222 

0 

0-3 

0< 1 

0< 1 

400 

22-9 

3-0 

22+1 

3+1 


jrcsvoL»No.e I 
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COjMnSn 

CasteDiz[9] investigated alloys in the series 
CoMnSn-CojMnSn and reported that the 
alloy at the latter composition had the 
Heusler structure with a lattice parameter 

5- 977 kA", The structure was verified by 
Kripjakevic et al.[21] but with a slightly 
different lattice parameter, 5-991 V.X. 

An alloy was made at the composition 
CojMnSn. It was annealed and quenched and 
the resulting X-ray photograph was consistent 
with an Z.2, structure with lattice parameter 

6- 000 A. 

The alloy was very strongly ferromagnetic 
with a saturation moment 5-08/3 and a Curie 
temperature 829°K. 

The neutron diffraction peak intensities 
compared in Table 6 show that the alloy is 
fully ordered with a magnetic moment on 
both Co and Vfn sites. 

CojMnSb 

Nowotny and Glatzll28] reported that an 


alloy at the composition CoMnSb has a Cl 
structure, but were unable to distinguish 
between Co and Mn sites. The alloy at 
the stoichiometric composition contained 2 
phases 

An alloy was made at the composition 
CoaMnSb, but a small amount of Co re- 
mained undissolved, and the X-ray photo- 
graph taken after annealing and quenching 
revealed a 2 phase structure. The principal 
phase appeared to have an L2i structure with 
a lattice parameter 5-929 A, and the small 
amount of secondary phase was indexed as 
f.c.c. with a lattice parameter 3-552 A. Cobalt 
has an f.c.c. structure with lattice parameter 
3-542 A. A chemical analysis was performed 
to check any departure from stoichiometry. 
The atomic compositions determined by the 
analysis were Co, 50-2%; Mn, 25-0%; Sb, 
24-8%. 

The nuclear peaks of the neutron diffrac- 
tion pattern from the primary phase Co,- 
MnSb are very sensitive to order and to 


Table 6. A comparison of the calculated and observed neutron 
diffraction intensities from CojMnSn at 4-2®K 




Calc. 


Measured 



Magnetic 

Field on 

Field otr-field on 

hkl 

Nuclear 

^(Co) = 0-75./x(Mn) = 3-58 

nuclear 

magnetic 

111 

173-2 

66-8 

167 ±5 

68±7 

200 

6-2 

6-6 

5±1 

8±2 

220 

56-3 

45-7 

(56-3) 

(45-7) 

311 

138-6 

15-9 

139 ±5 

16 + 6 

222 

2-8 

0-4 

3±1 

0< 1 

400 

14-5 

3-9 

14± I 

3±1 


Table 7. A comparison of the calculated and observed neutron diffraction 
intensities from Coi.jMnSb at 4-2'’K 


Calc, 

Co,.jMnSb 

CD,MnSb Nuclear Magnetic 

hkl Nuclear m(Co) = 0-75. MMn)= 3-75 


Measured 

Field on Field ofF-field on 
nuclear magnetic 


III 

137-9 

140-5' 

200 

9-9 

3-3 

220 

45-3 

30-0 

311 

116-7 

118-9 

222 

4-5 

1-5 

400 

11-7 

7-8 


6b 5 
14-6 
380 
16-3 
1-0 
31 


139+10 

63 ±13 

3 + 1 

14 + 2 

(30-0) 

(38-0) 

117 + 5 

20 + 7 

1 + 1 

1±1 

6 + 2 

3±2 
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composition. Hie results, shown in Table 7, 
obtained wiUi the magnetic field applied 
indicate that the primary phase must have 
been very highly ordet^ in the Heusler 
structure and that jt= 1-5 ±0-15. A com- 
parison of the line intensities of the two 
phases suggested that approximately S At. % 
Co was present as the secondary phase, 
rather than the 12-5 % expected from the com- 
position of the primary phase and the chemical 
analysis. The apparent discrepancy between 
these two figures is probably due to an under- 
estimate of the secondary phase that could 
occur using the diffraction data if the second- 
ary phase is dispersed in small regions. 

The spontaneous magnetization curves for 
the alloy are shown in Fig. 3. The upper curve 
is the observed composite curve for the entire 
alloy. The lower is the projected curve for a 
5 at. % admixture of Co assuming a magnetic 
moment of 1-716/3 per Co atom. The curve for 
95 at. % COj.jMnSb is the difference between 
the two. Coi.sMnSb has a saturation moment 
4-90 and a Curie temperature fiOO^C. 

The observed and calculated nuclear and 


» 22 » 

magnetic neutron diffraction peidt intensities 
are compared in Table 7. The agreement 
between observed and calculated intensities 
is good, but because the alloy contains a 
second phase and is not at the stoichiometric 
composition, there is an increase in error in 
estimating the moments on Co and Mn sites. 
However, as in all the other ^oys, there is 
definitely a substantial magnetic moment on 
both Co and Mn sites. 

5. DISCUSSION 

All the alloys investigated had the Heusler 
(L2i) structure, and the ones containing the 
group IVfi elements Si, Ge and Sn were 
completely ordered. The 2 alloys containing 
the group IIIS elements Ga or Al each 
exhibited a small amount of random disorder 
but in the latter there was also a large amount 
of preferential (Mn-Al) disorder. This amount 
of preferential disorder is so large that the 
structure of Co*MnAl may be alternatively 
described as singly ordered J92 with small 
(~ 20 per cent) doubly ordered L2i regions. It 
was not possible to dissolve all the Co in 



Fig. 3. Spontaneous magnetisation ctot vs. temperature for 
Co,MnSb*. 95 at. %Co,.,MnSb and 5 at. % Co. 
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Table 8. A summary of the principal magnetic and structural 
data for the alloys CojMnAl, CogMnSi. CojMnGa, Co*MnGc, 
CojMnSn and Coi-jMnSb 


Alloy 

Lattice 

parameter 

(A) 

Curie temp. 
(°K) 

^i^molecule 

(|8) 

AAoo(Co) 

Ai«o(Mn) 

(13) 

CoiMnAl 

5-756 

693 ±3 

4-01+0-05 

0-5±0-12 

3-01 ±0-24 

Co,MnSi 

5-654 

985 + 5 

5-07 ±0-05 

0-75 ±0-08 

3 -57 ±0-16 

CojMnGa 

5-770 

694 + 3 

4-05+0-05 

0-52 ±0-08 

3-01 ±0-16 

CojMnGe 

5-743 

905 ±3 

5-11+0-05 

0-75 ±0-08 

3-61 ±0-16 

CoiMnSn 

6-000 

829 + 4 

5 -08 ±0-05 

0-75 ±0-08 

3-58 ±0-16 

Co,.,MnSb 

5-929 

600±10 

4-9 ±0 1 

0 75 ±0-12 

3-76 + 0-24 



Fig. 4. Spontaneous magnetization o-gr vs. temperature for 
CojMnAI, CojMnSi, ConMnCa, CojMnGe, Co^MnSn and 
Co,.,,MnSb. 


CojMnSb and the resultant alloy contained 
2 phases, but the degree of long range order in 
the priinai7 phase. Coj.sMnSb, was still high. 

The lattice parameters of the alloys vary in 
a regular manner. Alloys containing group 
IV5 elements have smaller lattice param- 


eters than those containing adjacent group 
IIIB elements, and within each sub-group the 
lattice parameters increase with atomic 
number. 

It is unprofitable to analyse the magnetic 
structures of these alloys in terms of any 
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<f ?mp le model since too many possible ex- 
change forces must be considered. However, 
severed distinct features are evident from the 
summary of magnetic and structural data 
present^ in Table 8. The alloys containing 
group IV5 elements have almost identical 
magnetic properties. They all have a nett 
moment of ~ 5 - 1 /3 per molecule and individual 
moments of ~3-6 and 0'.75/3 per Mn and Co 
site respectively. The Curie temperatures 
decrease with increasing lattice parameter in 
the series Si, Ge to Sn. The alloys containing 
group IIIB elements each have a nett moment 
of ~4/3, correspondingly lower Curie tem- 
peratures, and smaller moments on both Co 
and Mn sites. The alloy Coi-jMnSb has 
moments similar to that of the alloys con- 
taining group IVB elements, but it has a 
relatively low Curie temperature. The low 
Curie temperature of this non-stoichiometric 
alloy is probably due to the reduced number of 
possible exchange interactions resulting from 
the vacancies on some of the Co sites. In L2i 
alloys nearest neighbour Mn atoms are 
separated by a/ VT and next neighbours by a, 
but in CojMnAl, where there is considerably 
Mn-Al disorder, Mn atoms may also be at 
distances all and VT all from neighbouring 
Mn atoms. It is to be expected that this 
difference would be reflected in the Curie 
temperature, but only to a small extent since 
the Co-Mn and Co-Co distances are un- 
affected. As may be seen from Fig. 4, the 
Curie temperature of CojMnAI is lower, 
relative to the ordered CojMnGa, than might 
have otherwise been expected. 

This series of alloys is the first in which it 
has been established that Heusler alloys exist 
in which atoms other than Mn may carry a 
substantial magnetic moment. Consequently 
the series is characterised by large nett mag- 
netic moments and high Curie temperatures. 
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EFFECTS OF PHASE TRANSITION ON ESR AND 
OPTICAL SPECTRA IN NKtCLCu^^ 

N. KURODA and A. KAWAMORI 
Faculty of Science, Kwansei Oakuin University, Nishinomiya, Japan 

{Received 5 August 1970; in revised form H September 1970) 

Abstract— ESR and optical studies of Cu‘^ ions in NH^CI single crystals were performed in the 
temperature range from 150 to 300°K. The spectra showed tetragonal symmetry at the site of Cu‘'^ 
and a pronounced anomaly around 243°K, corresponding to an order-disorder transition rdated 
to NH^'^ ions. The results were analyzed and discussed on the basis of the behavior of NHg molecules 
which coordinated to Cu^'^ in the cube center of Cl~ lattice. 

The order parameter p for the NHj molecules was introduced in calculation aig,A and crystalline 
splitting. Using molecular orbitals for the CufNHjljCL system and crystalline field splittings of 
0-95 X 10* and 1-37 x 10* cm"’ obtained from optical measurement, 1 1 per cent mixing of B,, to the 
ground A,, state as well as IS per cent of covalency with NHj molecules was found through ordering 


process of NH, molecules. 

1. INTRODUCTION 

Ammonium halides have been known as 
typical substances which undergo an order- 
disorder type phase transition related to the 
orientation of NH 4 + ion. Various phenomena 
due to this transition have been observed, for 
example, by NMR[1], neutron diffraction [2] 
and specific heat studies [3], etc. Among many 
observations of ESR spectra of doped transi- 
tion metal ions in these substances, the 
spectrum of Cu*^ has been of interest to 
many workers, because it was found to be 
greatly affected by this transition[4-12]. The 
complete analysis, however, has not yet been 
done because of two main difficulties. One is 
that the identification of centers has been 
difficult and many kinds of models were 
proposed for identical ESR spectra by 
different authors. The other is that the 
mechanism which produces the temperature 
dependence of the spin Hamiltonian para- 
meters has not yet been understood. 

Trappeniers and Hagen [7-9] showed that 
the kind of centers could be controlled by 
pfi of the aqueous solutions from which 
crystals were grown. They proposed models 
for three kinds of centers (centers I, II and 
III). Center I and center II were found in 


crystals which were grown from the HCl 
acidic and NH4OH basic aqueous solutions, 
respectively. In crystals grown from the 
neutral solutions, center III was found as well 
as center I and center II. Pilbrow and Speath 
[ 10 , 11 ] also proposed different schemes 
for the same kinds of centers as center I and 
III. They attempted toexplain the temperature 
dependence of their ESR spectra by taking 
account of the lattice expansion and the 
librational motion of a neighboring NH 4 ’*^ ion. 

In this paper, ESR and optical studies of 
Cu*"^ ions of one kind of center will be 
reported and our results will be analyzed by 
a different scheme from that considered by 
Pilbrow and Speath. Our previous DTA 
(Differential thermal analysis) study on the 
shift of the transition temperature with 
increase of Cu*"^ concentration showed [ 12 ] 
a clear correlation between the order para- 
meter p and the shift of T),. p was first intro- 
duced by Nagamiya[13] and was defined as 
probability for a NH 4 ^ ion to take the favored 
orientation in the crystal ammomum halide. 
This result was explained by a statistical 
treatment over the whole crystal with the 
defect centers associated with Cu^'^ ions. 
Our present problem will be treated based on 
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the Statistical aspect of order-disorder 
phenomena with the assumption that the 
crystalline field of Cu^"*" ions produced by 
coordinating ions is also correlated with this 
parameter. Our study is restricted to the 
center II, because it is believed that center II 
consists of four planar Cl~ ions with Cu*'*' 
ion and of two NH3 molecules coordinated 
above and below this plane. The NH3 mole- 
cules will produce more pronounced effect on 
Cu*^ ion than four Cl“ ions in the plane [14]. 
Accordingly this center is considered to be 
the best indicator of order-disorder effect 
among various kinds of centers. In section 2, 
the crystal structure and the defect site of 
Cu“* ion are shown. In section 3, our experi- 
mental process and results of ESR and optical 
measurements will be presented. The optical 
study was initiated to obtain the useful 
information about crystalline environments 
through crystalline field splitting. In Section 4, 
a model based on center II which is related 
to the ordering process of NH,, molecules in 
the crystal will be given, and then and A 
tensors will be calculated by the basic wave 
functions derived from this model. In Section 
5, our experimental results will be analyzed 
through some simplifications of our theoretical 
calculations. 

2 . CRYSTAL STRIJCTIJRE(15-17| 
Ammonium chloride, NH4CI, has CsCI- 
structure below 457°K. Tetrahedral NH4+ 
ion at the center of a cube formed by eight 
Cl“ ions has two possible orientations which 
are antiparallel to each other as shown in 
Fig. 1 (a). An order-disorder transition associ- 


ated with the orientations of ions occurs 
at 243“K. Above this transition temperature, 
Tx, NH4'^ ions reorientate randomly through 
the tunnelling rotation between these two 
antiparallel orientations. Although the 
translational symmetry is lost, its space 
symmetry can be expressed by Ox’ F 4111 3m, 
Below Tx, NH4'^ ions are parallel to each 
other with their N-H bonds pointing toward 
four Cl" ions at the cube comers as shown 
in Fig. lb. 

There are two possible sites for the doped 
Cu^^ ion to occupy in the crystal; one is the 
substitutional site for NH4'^ ion, the other 
an interstitial site in the cube faces accom- 
panied by appropriate defects for charge 
compensation. Hagen suggested for center II 
that Cu’’'^ ions were incorporated into the 
latter sites. 

3 . EXPERIMENTAL PROCESS AND RESULTS 
3.1 Sample preparation 

Single crystals were grown by evaporation 
of water from a saturated aqueous solution of 
NH4CI, about 0-01 mol. % of CuCl2-2H20, 
and 30 per cent urea as the growth aid with 
respect to NH4CI at 40°C. A few drops of 
28 per cent ammonia water were added to the 
solution for the purpose of obtaining only the 
center II in the sample. The initial yellow 
green color of the solution changed to light 
blue. Too much addition of the ammonia water 
produced Prussian blue color of the solution, 
when no crystal was grown. The solution was 
kept in the desiccator with KOH as an absorb- 
ant of water, to prevent the escape of ammonia 
from the solution. After about a week, rect- 










(b) 

Of NH 4 CI and orientation of NH,* ions in 
CsCI phase, (a) Antiparallel orientations and (b) parallel orientations. 
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angular crystals with li^t blue color were 
obtained. Tbeir size was about 0- 1 cm* which 
was large enou^ for ESR and optical measure- 
ments. The concentrations of ion ip 
samples used in our experiments were deter- 
mined by a chemical analysis and the result 
is listed in Table 1. 


Table 1. Concentration o/Cu*"*^ 
in various samples 


Sample 

Concentration (mol. %) 

N-1 

0-77 ±0-03 

N-2 

l•75±0•20 

N-5 

0 088 ±0-010 

N-7 

0-054 ±0-002 

N-02-2 

0-47 ±0-02 

N-02-5 

0-29 ±0-04 


3.2 ESR measurements 
Observations of the ESR signals were 
recorded on a chart using a standard X-band 
spectrometer with 100 kHz modulation. The 
sample temperature was measured by a 
copper-constantan thermocouple and con- 


!23S 

trolled to within ^O-TK by nitrogen gas 
flow fiiom A dewar in which the he^er 
current was regulated. 

Angular variation in the (100) crystal iflane 
was measured by means of the rotation of the 
sample tube holder above the cavity of TEjoa 
mode at constant temperature. The signals 
obtained consisted of twelve components, 
which corresponded to 3 sets of hfs com- 
ponents from the copper nucleus with I = 
The observed center was confirmed to be of 
one kind and to occupy the face center of 
four Cl“ ions from the symmetry of the 
angular pattern as shown in Fig. 2. In order 
to analyze the experimental results, the spin 
Hamiltonian for a Cu*'^ ion with tetragonal 
symmetry was assumed as given in following 

luSJ. ( 1 ) 

Here /3 is the Bohr magneton, g’s and /4’s are 
the components of the g and hyperfine tensors, 
respectively, and S and I are electron and 



Fig. 2. Angular variation of resonance lines at I93°K. Magnetic field H was 
rotated in the crystal (001) plane. Angles were measured between H and crystal 
( 100) axis. Solid lines are the calculated curves in accordance with equation (2) 
using g|i» l'999,gi = 2-217, Aj. =217x I0~*cm"'and/<j, = 64-5x 10"^ cm"'. 
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nuclear spin operators, respectively. The 
expression for the transition frequency corres- 
ponding to Awi/ = 0 has been derived by 
Bleaney to second-order approximation in the 
hyperhne coupling [1 8], as follows 

„ . AJ A/ + K^ 

hv = g/3//o + Km, -f 


meter in the wavelength region frtnn 0-3 to 
1-5 /u. at the temperatures from 100 to 300®K. 
The temperature of the sample was again 
controlled by nitrogen gas flow and regulated 
within ±0- 1 degree. The samples were 0- 1 to 
0-5 mm thick along the < 100) direction. The 
optical absorption due to doped Cu*"*" ions 
can be described by Beer’s law as given by 


X {/(/ -1-1 )-«/}-)- 


1 


X sin^fl cos^fl m,^ (2a) 

with = gii^cos’fl + gj “sin-^ (2b) 

/£: V * /^iiVcos^i? + A i ^g, Hin^e (2c) 


where B is the angle between Ho and z-axis. 
In the temperature range from 1 50 to 300‘“K, 
gii, gi . , An and A.i were determined so that the 
experimental angular variation fitted with 
equation (2a) at each temperature. The 
temperature variations of these parameters 
are shown in Fig. 3 A pronounced change 
around was observed in each of the 
parameters. 

3.3 Optical measurements 
Optical absorption was measured on a 
recorder using a Cary model 14 spectro- 


r=roe-"*""® (3) 

where T is the transmittance of the doped 
crystal, and To corresponds to that in a pure 
crystal, n is the molar concentration of Cu^^ 
ion, d, the thickness of the sample and e, the 
molar extinction coefficient. The molar 
extinction coefficient e for sample N-2 at 
room temperature is shown in Fig. 5. It was 
found that ions give rise to two main 
absorption bands; one at about 0-4 /x with 
relatively high intensity and the other at about 
0-7 /X with lower intensity accompanying a 
shoulder at about 1-0 /x. Hereafter 0-4 and 
0-7 /X bands denote the above mentioned bands 
respectively. The oscillator strengths are 
estimated to be 8 x 10“'* for 0-7 p, band and 
larger than 10“^ for 0-4 p band, respectively. 
0-7 p band was identified to be due to d-d 
transition and the other attributed to the 
charge transfer band from their intensities! 19], 



3. Temperature variation and Solid lines are the smoothed 
of expenmental daU and the broken line is the calculated one. See 
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Fig. 4. Temperature variation of and . 


0 1.0 2,0 3X»‘IO^crff' 



Fig. 5. Molar extinction coefficient, e, due to Cu*+ ions in NH^Cl at 296°K.. 

Details for each assignment are described in Section S.2. 

In the present work the temperature depen- Figure 6 shows the shift in the position of the 
dence of 0-7 /a band has been studied in detail, absorption maximum, Pmax* with decreasing 
since our interest is in the crystalline field temperature. A pronounced anomaly was 
splittings of <f-orbitais of the Cu*"^ ion. found around Tx as expected. Furthennore 
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lO*cnn“' 
1.4 6 



Fig. 6. Temperature variation of the absorption maximum, of 0-7 /a band for 
several specimens. Solid lines are the calculated curves in accordance with equation 
(14) with the contribution from the lattice thermal expansion shown by the broken 
lines and the appropriate values of J, where,/ = i 


k 10^ crn* 



a decrease in the width of the absorption 
band was observed just below T^, as shpwn 
in Fig. 7. 

4. THEORY 

4. 1 Behavior of N Hs molecules 
In order to explain the experimental results, 
a model based on center II is proposed. In 


center II, ions are surrounded octa- 

hedrally by four coplanar Cl“ ions and two 
NHs molecules above and below this plane. 
Since the behavior of NHs molecules surely 
plays an essential role in the anomalous 
effects on ESR and optical absorption spectra, 
it will be considered in detail in the following 
treatment. In our model it is assumed that 
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the nonbooding orbital of each NHs molecule 
lies along one of four N-Cl sides in the octa- 
hedron surrounding ion and the NH, 
molecules also undergo the order-disorder 
transition associated with these four equi- 
valent orientations. NHs molecules are 
assumed to have long range cooperative 
interaction with the surrounding NH/ 
ions and to take the same favored orientation 
as that of NH 4 '*' ions in the ordered phase 
(as shown in Fig. 8 ), while each NH 3 molecule 



Fig. 8. Favored orientation ofcoordinatedNHj molecules 
in center II in the ordered phase. Lobes represent the 
nonbonding orbitals of NHj molecules and the ground 
diji-ri orbital of Cu‘+ ion. x, y and z denote the principal 
axes of this center. 

reorientates randomly over the four orienta- 
tions in the disordered phase. Then a pair of 
NHa molecules give rise to the manifold 
configurations in their orientations. The 
process of the order-disorder transition can 


be described phenomemriogically in terms of 
the order parameter p, where p is defined as 
the inxibability that a NHg molecule takes the 
favored orientation in the crystal."' Tlie 
probability of occurence of eadi configura- 
tion is given by a fiinction of p in Fig. 9. If 
we neglect the existence of the proton on the 
bonding orbital directed to the Cl" ion on 
the opposite side in the Cu-CU plane, confi- 
gurations la and Ib can be considered to 
produce the crystalline field with tetragonal 
symmetry around Cu*"", while Ila and Ilb 
to do that with orthorhombic symmetry .t in 
the completely ordered phase corresponding 
to p= 1, only configurations la and Ib are 
present in the crystal. In the region i < 
p < I, however, configurations Ila and lib 
are also present as well as la and Ib. 


*The order parameter, j-, defined by Nagamiya is not 
identical with p but related by j = 2p — 1 . 

tSince the bonding orbital is known to be elongated 
along the N-H direction compared to the nonbonding 
one. it is expected to have stronger negative charge effect 
on Cu‘'' than the nonbonding orbital. This effect com- 
pensates partly the positive charge effect due to the 
proton on the same orbital. In practice, the two sp^ 
hybridized orbitals of NHa contribute dominantly to the 
crystalline potential and the positive point charge of the 
proton is considered as a sm^l perturbation to that This 
treatment was justified by a rough estimate which showed 
the perturbing field has the energy with the order of 0- 1 
of the orthorhombic crystalline effect shown later. 



Fig. 9. Classification of possible configurations of N H, molecules of center II. 
Black and open circles represent the center of gravity of the nonbonding 
orbital of NH., above (positive z direction) and below (negative z direction) 
the xy plane, respectively. 
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We turn our attention next to the effect of 
the reorientational motion of NHa on ESR 
and optical absorption spectra in the region 
p < 1. The two kinds of the crystalline 
field mentioned above would yield two kinds 
of values for the measurable quantities, ;?’s, 
^’s and Vmax. unless the correlations between 
the configurations are small. The correlation 
frequency for the reorientational motion of 
NHa is given in general form as 

= j.oe-"*’" (4) 

where U is a potential barrier, and U are 
known for the case of pure NH^Cl to be 
5-9xl0’MHj and 4-7 kcal/mol.f20], respec- 
tively. The value of U for NHj, however, 
should be considerably smaller than that for 
because of the lack of one proton. 
Thus the correlation frequency of the re- 
orientational motion of NH;, is considered 
to be much higher than the difference in 
Larmor frequency, so that motional narrowing 
effect on ESR spectrum takes place. In fact 
no more components than twelve were 
observed in our ESR experiment. On the 
other hand, broadening in the optical spectrum 
was observed around which showed 
existence of splitting in the and d^j. levels 
in Cu*+. Accordingly the correlation fre- 
quency may be high enough to cause motional 
narrowing in the ESR but not in the optical 
spectrum. 

In configurations I la and Ilb, the average 
crystalline field is of tetragonal symmetry, 
although it is orthorhombic instantaneously. 
Therefore the symmetry of the crystalline 
field becomes effectively tetragonal even in 
the disordered phase becuase of motional 
narrowing. In the transition region around 
Tx, however, some effects due to the orthor- 
hombic crystalline configuration are expected 
to arise through an admixture of and 
orbitals. Then such effects will appear 
in ESR and optical spectra through statistical 
average of each t^ervable over all configura- 
tions. 


On the other hand, d-orbitals of the central 
Cu*^ ion may have covalency with Is and 2p 
orbitals of ligands. It should cause reduction 
in values of some parameters, e.g. spin orbit 
coupling constant, from those for pure Cu*+ 
ion. Furthermore, thermal expansion of the 
lattice should cause variation of the Cu-N 
distance as well as the Cu-Cl distance, leading 
to a variation of the crystalline field potential. 
Thus it will also have an influence on the 
optical spectrum of the Cu*+ ion. 

Consequently, the behavior of NHg mani- 
fests its effect through an admixture between 
the dsjj-ra and orbitals, the formation 

of covalent bond with the nonbonding orbital 
of NHa and the thermal variation of Cu-N 
distance. 

4.2 Wave functions and energies 

According to the above mentioned model, 
the symmetry of the defect center restricts 
the ground orbital of 3d* — state of Cu^+ 
ion to daji-r! or dj 2 -„s. Then a consideration 
based on the spectro-chemical series shows 
that the ground orbital is d 3 ^,_r». The experi- 
mental fact that g > g|| » 2-00 verifies this 
consideration. 

In the case of configurations Ila and lib, 
the wave functions suitable to our model are 
expressed as follows in descending order of 
energy, in hole formalism. 


'1^4= (l+/3r + /3,‘^)->«(|jcy> 



(5a) 

'1^3= (1 +/33‘‘)'^‘'=‘(|yz> -|-/3;iZX) 

(5b) 

^3= (l + 03‘')'’'='(|zx)-/33|yz)) 

(5c) 


-I3,\xy}+p,\3z^-r^)) 

(5d) 


-Mx^~y^)-I37\xy}) 

(5e) 


where ^j’s are the coefficients of the admixture 
between the states. In the above expressions, 
a small monoclinic distortion is also taken 
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Hito account for the generalization of the 
discussion. The effect of the proton charge 
on the bonding orbital of NH3 and other 
crystalline distortion may be included in 
/3(’s except and /3g. Each state withoiit 
admixture can be expressed by the anti- 
bonding LCAO-MO in a tetragonal environ- 


ment; 


Bib 

Ixy) = N^d^^-bp-TT^ 

(6a) 

Eb 

lyz) = f^sduz + prrs + p'Trs 

(6b) 

Eb 

|zx) = Nzd^-bpTTa-bp'TTs' 

(6c) 

Big 

|x*-y*)N,d3.2_„,-bxo-i 

(6d) 

A IB 

|3z*-r*) = Noda^. + XO’o + x'o’o- 

(6e) 


In equations (6a)-{6e), Big, etc. are the 
irreducible representations of symmetry. 
77 and <T stand for the appropriate linear 
combinations of tt- and o--type molecular 
orbitals of ligands, of which those primed 
belong to the two NHj molecules and those 
unprimed belong to four Cl” ions. Parameters 
N , X and p are constrained by the normalization 


conditions; 

N,* + 2N4p5 + p=“= I (7a) 

Na* -I- 2N3 PS -I- 2N3p' 5' -I- p2 -b p'^ = 1 (7b) 

N22 + 2N3p5-t-2N 3p'5'-Hp='-^p'=== 1 (7c) 

N,2-l-2N,xS-bx"= 1 (7d) 

No" + 2N„x5 + 2NoX’5'+x" + x''^= 1 (7e) 


where S and S' are the overlap integrals 
between the central 3d and ligand molecular 
orbitals. The orbital energies £„’s represent 
the contribution of the crystalline field arising 
from the neighboring ions, and may be written 
as follows, correct to the second order in /3(’s, 

(8a) 

(8b) 
(8c) 


£, = £,« - /34*A£4», -b j 85 *A£?o (8d) 

£0 = £ 0 * - A.*A£fo - /3r*A£j;, (8e) 

with A£», = and 5 = <yzlF,|yz> - 

{zx\Ve\zx), where Vg is the crystalline field 
potential. 

The orbital energies for configurations la 
and Ib, which have tetragonal symmetry, can 
be expressed by a modification of equations 
(8a)-(8e), putting /3», yS, and 6 = 0 in them. 
The remaining terms are identical with those 
in equations (8a) -(8e) because of the equality 
of £„®’s and ySj’s for ail configurations. The 
temperature dependence of energy levels due 
to thermal expansion of the lattice is implicitly 
included in £„“’s. Figure 1 0 shows the energy 
level diagram of the 3d^Z) state of Cu*''^ 
ion based on the above scheme. The energy 
difference between excited and ground states 
were measured in the optical absorption 
spectra and will be analyzed in the next 
paragraph. 

4.2. gandA tensors 

The components of g and A tensors can be 
calculated by means of the perturbation 
method to second order in \L-S following 
the method developed by Abragam and Pryce 

[21] , Although Bleaney, Bowers and Pryce 

[22] have extended the theory of Abragam 
and Pryce to the case of orthorhombic 
symmetry including the second order term 
in A, their results are not available for the 
present work since they ignored the covalency 
effect. Calculations here include the co- 
valency. Detailed derivations for g and A 
tensors will be given in the Appendix. Taking 
account that (£2) = <£3) and <j8(> = <8) = 0, 
where < > means configurational average, 
application of the wave functions in equa- 
tion (5a)-(5e) to equation (A4a), (A4b) and 
(A5b) results in, correct to the second order 
in i8(’s, 

= 2-0023 - 8F.,A,d(^,*/A£Jo + j87*/A£fo) 
-3CWN2MI+P*) 


E, = £4®-l-/8.*A£li, + B2'A£,«. 

£3 — £3® -1-^6-)- ^3*8 

£2 = £*"-18-/33*8 


(9a) 
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|xy> (£4) 


iyr>,lix> (E*,,) 
Mainly tt*-y?>(Ei) 


Mainly tsP-r^Eo) 


Frit Ian Octahadral Tatrogonal Ormarttonblc Orbital (Enargy) 

dictortlon 


Fig. 10. Crystalline field splittings of *£> state in Cu“" ion as the 
octahedral symmetry is reduced by successive tetragonal and 
orthorhombic distortions. 


with 

Pu = ^i^4{x^-f\L:\xy)l 

= N,N4{N,N4+(N,p + N4x)5 

-ixp7'(h)} (9b) 

c = \3d/A£y„ 
and 

= 2-0023 -6a/’o3 - (3P„, - Pn)M^ 

- (3Po2 - P24)P7Vi} - 3rN2^ (N„^ + P«2) 

(10a) 

with 

Pm ^ N0NJ^O2 

= NoN2{NoN2+ (NoP + NjxI-S' 

+ (Nop' + Njx')^'— :^XP£(«) 

-:^x'p' ?’(«)'} (10b) 


Pu ~~ N2N4A'24 

= N2N4{N2N4+(N2+N4)pS 

+ N4p'5' + :^P^} (10c) 

P12 = N,N2A:i2 

= N.NjJn.Nj + (N,p + N2 x)^_ 

+ N,p'5'-^XP3"(«)}. (lOd) 

Here the contribution from the ligand orbitals 
to the orbital matrix element of the form 
(m|XL(ln) is neglected, since X is propor- 
tional to (r-’) and the contribution from 
ligand is small compared to that from d- 
orbitals. kmn^ are the orbital reduction 
factors[23], T(n) is the contribution from 
ligand orbitals through the linkage of cr- and 
TT-orbitals by the angular momentum operators, 
and n is the fraction of p-character in the cr- 
orbital. Unless (jSJ’s vanished, g-tensor 
would have orthorhombic symmetry. 
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Similarly the componeats of the ^4 -tensor 
are derived to the second order in X and /S/s 
from equations (A4c), (A4d) and (A5b), and 
expressed as follows ^ 

^„ = f»[-No*(l-3N**C*)K-hf 

X ( 1 -1-i WO {No* - (No* + N,* W 

- (No* + N4*)^7“} -8N,*N,*X3d 
X (^a*/A£2o-h/37*/A£f„) 

+ {¥N3 *--^)No*N 2*S*] (11a) 

/4x = £[-No*(l-fN,*0)K-^ 

X ( 1 + i N3*0 (No* - (No* + Ni*)^,* 
-(No* + N4*))37*}-6N3*4 


iui 

<£«> - £4®+/8,*A£Jo+/ 3,*A£J, (13a) 

<£,>»<£.)=£,« (13 b) 

<£»> = £i«-^4*iVfi?4 

+ 2p(l-p)/3**A£f». (13c) 

Therefore the optical absiHption frequency 
will have temperature dependence through 
p(l— p). At the same time, g- and ^l-tensors 
will have similar temperature dependence as 
given in the following forms, 

8i = g° + 2p{l-p)gi (14a) 

Ai = Ai'‘ + 2p(\-p)A' (14b) 


x{No*-(3No*-N^^)^,*/3 
-(3 No*-N4*)/87*/3}-(*;N,* 

- A N,N4 -f -fV N.Nj - fr NoNj 
+ f)No*N3*5*] (11b) 

where P = 2figt,Ps(r~^)3d and Pk is the Fermi 
contact term for Cu*"^ ion. 

4.4. Temperature dependence of E, g- and 
A-tensors 

As mentioned in the foregoing sections, 
the measurable quantities are given by the 
weighted average over all configurations. 
The weight in the tetragonal configurations 
la and Ib is p*-l-(l— p)* and that in the 
orthorhombic configurations lla and lib is 
2p(l— p) as seen in Fig. 9. Thus from 
equation (8e) the energy of the ground state 
is given by 

(£o> = {p*+ (1 -p)*} (£„<>-/37*A£J„) 

+ 2p(l-p)(£o''-/3,*A£So 
-/8**A£?o) = {Ef>-|3f^E2o) 

-2p(l-p);8,^A£?o. (12) 

The energy of the excited state will be also 
modified as follows by weighed average. 


where g/ and represent the terms propor- 
tional to ^e^ and gt” and Ai^ the remaining 
terms in the expressions of g/s and /4<’s in 
equations (9a) to ( 1 1 b). 

5. ANALYSIS AND DISCUSSION 
5.1. Order parameter 
In order to confirm the ordering effect in 
the temperature dependence of the spin 
Hamiltonian parameters and crystalline field 
splitting, the order parameter p was deter- 
mined from the experimental result for gg in 
Fig. 3 using equation (14a). The obtained 
p vs. temperature is plotted in Fig. 1 1. These 
values for p are for NHa molecules and there 
should be some correlation with those for 
NH4‘^ ions in the crystal. The latter can be 
obtained by a numerical integration of the 
specific heat which has been measured by 
Simon[3]. The result is also shown in Fig. 1 1. 
The order parameter for NH3 is found to 
coincide with that for NH4'^, which shows the 
existence of correlation between NH3 and 
NH4'^ in the crystal at low Cu*"^ concentration. 
A number of workers have determined the 
long range order parameter in NH4CI: 
Ueda and Itoh by NMR experiment [25], 
Garland emd Schumaker by i.r. absorption 
[26], Tokunaga and Koyano by neutron 
diffraction [27], etc.. The result by Garland 
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Fig. 1 1. Order parameter, />, of NHj molecules of center 11 obtained from the 
experimental data of j^h and gy . Derivation from g t was performed under an 
assumption described in Section 5.1. Order parameter of NH 4 '*' ions in pure 
NHiCl obtained by the numerical integration of the specific heat measured by 
Simon is also shown by a solid curve for comparison. 

and Schumaker, which is in good agreement lower frequency band to ''I'o The steep 

with ours for NH3, showed that the order- increase in line width of higher frequency 
disorder transition took place over the wide band around indicates the onset of such 
range of temperature from about 1 50 to line splitting. 

243‘’K. On the other hand, the results of NMR Next let us consider the temperature 
and neutron diffraction were coincident with dependence of of the higher frequency 
each other and showed that the transition band. The energy difference corresponding to 
took place over a rather narrow range the band is given from equations (12) and 
of temperature from 235 to 243°K. Although (13b) by 
the physical origins for such a discrepancy 

in p are not yet fully understood, the presence <£20) = A£§o + /37*A£So + 2p(l — p)/36*A£?o 
of short range order may be thought of as ^ (15) 

one of the probable origins. Our ESR results 

can be considered to demonstrate the long The first and second terms in the right hand 
range orderthrough the nature of the electronic side of equation (15) represent the energy 
state of Cu*^ in the crystal. difference common to the all crystalline 

configurations of a pair of NH3 molecules. 
5.2. Optical absorption j},g represents the contribution 

The absorption spectrum in Fig. 5 shows from the order-disorder process of NH3 
that the 0'7p, band consists of two bands molecules. The more p increases from i, the 
whose centers are located at l-37xl(H and more the third term decreases. The steep 
0-95 X 10« ctn-', respectively, with their change in just below as seen in Fig. 6, 
intensity ratio of 2 ; 1 . Since the orthorhombic shows this effect. However, the steady 
crystalline distortion can be considered to be decrease of with increase in temperature 
of small perturbation to the tetragonal above Tx cannot be explained by this effect, 
crystalline field, the higher frequency band is The thermal expansion of the interatomic 
assigned to the unresolved two lines due to distances must be taken into account. NHs 
the optical transition 'P’o ^2’ ^3 und the molecules are regarded as consisting of 
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dectric nwltipoles. Ttie temperature depen- 
dence of the average distance R between 
nitrogen and copper atoms is assumed to 
coincide with the thermal expansion of the 
lattice. Then the crystalline held splitting 
due to NHs molecules is shown to be propor- 
tional approximately to {r^)s 4 R~* and/or to 
by a simple calculation of Coulomb 
energy. In our model, the effect from NHa was 
assumed to be much stronger than that from 
Cr. Neglecting the contribution from CI~, 
the frequency of the optical transition can 
be given by 

= air^)3dR~* + b(r^)3dR~^ (16) 

where a and b are constants. The small 
change of R due to the thermal expansion 
is given by AR = RatA T, where a;, denotes 
the thermal expansion coefficient of the 
lattice. If is defined as A^max/^T^^'max, the 
ratio ajui is found from equation (16) to be 
—4 to — 6 , provided that (r) 3 a is independent 
of temperature. This value agrees well with 
the experimental value —4-2 above with 
a/, = 0-52 X 10~^ deg."’ [28], Extending the 
value of ajai, = —4-2 above Tx to the whole 
range of temperature, the contribution from the 
thermal expansion is shown in Fig. 6 . The 
difference between the experimental value and 
the contribution from the thermal expansion 
shows the ordering effect of NHg.* The contri- 
bution from the term including 2 p(l— p) 
shown in equation (15) are also shown in 
Fig. 6 for three different samples, with the 
values of iy36*A£,o = 500 cm"’ (0-062 eV) for 
N-] and N-2 and 550 cm-’ (0-068 eV) for 
N-02-2, using the value of p(l — p) obtained 
from the temperature dependence of ;?n- 
Putting A£io = 0-95 X 1 ( 1 * cm"’ at room 
temperature, the value 0-11 ± 0-01 was ob- 
tained for /36*, the mixing coefficient from 
1 ^ — y> orbital. 


‘From equation (15), the contribution from the thermal 
expansion should coincide with the experimental value 
far teiow Tx with p — 1, although the curve was drawn 
in Fig. 6 by fitting the values above Ty. 


5.3. Spin Hamiltonian parameters 

As shown in Secdon 4, the exprossions for 
g- and /^-tensors are of fruity conqilicated 
form with man^ unknown panuneters. In 
order to analyze our results some simpliti- 
cations .will be made in the following dis- 
cussion. As for ligand omtribution through 
covalency with Cu*’’^, o-- and ir-orbitals 
are assumed to yield the same values 
for mixing parameters p’s> namely 

X — P for the molecular orbitals arising 
from 4 Cl" and x' = P' for those arising 
from 2 NHa’s. Accordingly further simplifi- 
cations, No = Ni.a and N, = N 4 , are deduced. 
Next, for numerical parameters of the overlap 
integral and the linkage integral, owing to the 
lack of a theoretical basis to determine the 
precise values, empirical values of S = S' =• 
—0-05 and Tin) = T(n)' = 0-5 are used[24, 
29-31]. N’s and x’s have little sensitivity to 
the values of these parameters. An additional 
requirement is that x' is larger than x on the 
basis of our model since NH 3 is known to have 
more covalent character than Cl" in metal 
ion complexes. 

Let us pay attention first to the g factors. 
Solving equations (7b), (10a) and (10b) 
simultaneously under the condition x' > 
X > 0, with the values Agl= 0-2162 and 
AE-zq = 1-37 X 10* cm"’ at 150°K from experi- 
ments and with = -828-7 cm"’ for free 
Cu”^ ion, one finds 

No® = 0-850 ± 0-003, x® = 0-05 ±0-05, 

X'* = 0- 15 ± 0-04, /to 2 = 0-747 + 0-003 

where the terms including ^3 in equation 
(10a) are omitted since p = 1 at 150°K, and 
also the terms including are neglected 
since they are very small in comparison with 
the experimental error. Substituting these 
values into equations (7d), (9b), (10c) and 
(lOd), the values of other parameters are 
obtained; 

N,* = 0-99+0-01, *m = 0-%+0 04, 

= 0-911 +0-002, /t ,2 = 0-84 + 0-04 
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Furthermore, using the values Agn = — 0*0015 
at 150“K and Ag« = 0*0060 at SOO'K in addition 
to the values of known parameters, the values 
of the remaining two parameters are obtained 
from equation (9a) 

= 0*008 ±0001, 

AE^o = (4*0±0*2) X 10^ cm-' 

of which AEw was not observed by our 
optical measurement. In the above derivation 
the temperature dependence of the parameter 
except for p was neglected. With the above 
obtained values for parameters and for p 
determined from gn, however, the calculated 
value of g deviates from the experimental 
value in the disordered phase as seen in Fig. 3. 
This discrepancy can be explained by the 
3*7 per cent change in the factor P 02 ? in 
equation (10a) below and above T^. It may 
have arisen from the increase in the average 
overlap of the central and the non- 

bonding orbital in NH3 through the reorienta- 
tional rotation of NH3. Assuming that P 02C 
also include a part proportional to p(l -p), 
p was obtained from the temperature depen- 


dence of g and found to agree well with that 
from gii as shown in Fig. 1 1 . 

Next let us turn our attention to the A- 
tensors. P and k, which appear in the ex- 
pressions of equations (11a) and (11b), can 
be calculated from the experimental values 
of hyperfine constants. In order to obtain the 
values of these two parameters from the 
experimental values, their relative sign must 
be taken into consideration. Assuming 
AttlAj^<0, one finds that F = 0*07 cm"' 
at 120“K and 0*057 cm"' at 300°K, and k = 
0-14 and 0*10 below an* above Tk, respec- 
tively. which seems to be quite unreasonable 
since F = 0*036 cm"' [24] and /c = 0*4[28] 
are known in the ordinary copper salts. On 
the other hand assuming A^IA^ > 0, it is 
found that P = 0 039 and 0 042 cm-* below 
and above respectively, k being negative. 
The temperature dependence of P and k 
for > 0 is shown in Fig. 12, where k is 
found to vary remarkably with temperature. 
Since our experimental result for the tempera- 
ture dependence of I'max has shown that (r) 3 d 
is almost constant in the whole temperature 
range, P can be considered to be almost 
constant. Thus taking account of relatively 



cm 



Fig. 12. Temperature variation of F anil i. Broken line is the calculated curve. 

See text. 
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rough aiq>roxiination in determining A aboive 
T^, these values seem to be more likely than 
those for A\[IA± < 0. As for the origin of k, 
the mixing of the excited 4^ to the ground 'id 
orbital would give the additional hyperlute 
field which had the different sign from the 
contribution of the core polarization. There- 
fore the anomalous nature of k may be inter- 
preted to have arisen from the change of the 
mixing of a small amount of the excited 45 
orbital to the ground id orbital through the 
change of symmetry around Tx- Since the s 
orbital can hybridize with but not with 
the change of symmetry will cause the 
temperature dependence in k of the form 
K = Ko + 2p(l— p)k'. a curve with ko=— 0-165 
and k' = 0-300 is drawn in Fig. 12. It agrees 
fairly well with the experimental values, 
which is evidence for the above interpreta- 
tion. Details for this problem are left for 
further investigations. 

6. CONCLUSION 

ESR of in NH4CI has shown that the 
defect coincides with center II found by 
Trappeniers and Hagen. The anomalous 
temperature dependence in g- and /I -tensors 
around Tx were studied in detail. The ano- 
malous shift and line broadening of the optical 
absorption line due to the d-d transition of 
Cu*"^ with temperature were first observed 
around Tx. In order to analyze our results 
a model is proposed, in which two NH3 
molecules coordinating to a Cu*+ ion undergo 
the order-disorder transition of their orienta- 
tions. The various configurations of possible 
orientations of two NH3 molecules can be 
classified into those producing tetragonal 
symmetry and others producing orthorhombic 
symmetry at the site of Cu**. Introducing 
the order parameter p for NH3 to take the 
favored orientation, all the anomalous 
temperature dependencies were explained 
well in terms of the statistical average over 
those configurations. The obtained value of 
P for NH3 molecules coincides with that for 
NH4'' ions obtained from the specific heat 


data measured by Simon in pure NH4O. 
Numerical calculations have shown that the 
configurations with ortiiorhombtc symmetry 
give rise to the ^^dmixture of about 1 1 per cent 
of the excited y*) orbital into the ground 
|3z* — r*) orbital, and also shown that |3z* — r*) 
has the covalency of about 15 per cent with 
the o^-orbitals of two NH3 molecules. Optical 
measurements allowed to detomine the 
crystalline field splitting of the ground 
state of Cu*'*'; A£io = 0-95 x 10^ cm"' and 
AE20 = AEso = 1 -37 X 10* cm"' at room tem- 
perature. The value of A£4o was derived to 
be about 4-0 x 10* cm"’ from the analysis. 
The Fermi contact term was found to be 
negative, which suggested a contribution 
from the 45 orbital in addition to the core 
polarization. 
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with 

-. (0|tf'l«)(«|tf1<» 


_ (0|H'|m)(m|H'j()) 

t (Eo™ -£«“”)• ' 


(A2b) 

(A2c) 


(A2d) 


g- and A-tensors are derived, reducing the perturbation 
energy to the spin Hamiltonian; 


,r=S-g-H+I-A-S-(-... 

(A3a) 

with 


g = g"’+«^'’+s‘“ + , • • 

(A3b) 

A=A^" + A'^’+A'’‘' + .. . 

(A3c) 

Following the calculations by Abragam and Pryce,[21] 

gsy = 2-0023 

(A4a) 

H,,.. . ,„,(0|L,|n><n|XL,|0> 

OT 2 A,,* 2 2 £(»(_£•.«» 

(A4b) 

/11/’ = -Pk-8u 

(A4c) 


APPENDIX 

The detailed derivation of equations (9a)-(l lb) in 4.2. 
is given. The perturbation Hamiltonian can be repre- 
sented as follows: 


H' = AL-S-f-/3(L + 2-0023S) H -(-P[-»cSH-L I 

+ ({LiL+ l)S-J-i(S-S)(L I) -i(L I)(L S)}] 

(Ala) 

where 


Pk 


(21-1-1)-4S 


S(21-1)(2) + 3)(2L-1) 


8ir _ ^ 1 

-JgagaPafiX !'('«(«) I*)- 


(Alb) 

(Ale) 


Then the perturbation energy of the ground state is given 
from the ordinary perturbation Uieory by 

... (A2a) 


AW=-P{m,i + 2h.„~Hu,i) (A4d) 

where 

h, = L,L^-iUL+ DIP) (A4e) 

«o = 2 ' + ’ CA4f) 

^ „ On 1^0 

As for g”’ and A',’/, application of equation (Ala) into 
equation (A2d) results in 

~ 2 (£(*•» —£,'•») 

X («UL,|0) + <mlL,|n)<«lA.£.,10)<0|\L.im) 

+ <n|L(|0>(0|)tL*|m)(m|4L||n)) 

- S' (g> _ <m|^L,|0) 

+ <0|)iL,|m>(mlAL,l0))6u-(0|)UU)m) 

X <m|kLj|0>p„} (A5a) 
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and eiQiecially for 5 » i for simpticity, 

_ iP 

-^55* “2 (Eo«> - £.W) (£o<« — £.<»>) ^ 

k*l 

X { (Z-fL^ + /<>Z,f)oif,(A£|[)i,iH(^^fc) MO 

(X£fc)o*(Z*4Z-j+ f'jf^t)iiiii(^^fc)ta>'^ (^f'fc)(>iii 

X (\Lfc),„„(£i£j + £i£j)rt) + “ (f->f'it'^‘i'jtf'j)6ii! 

X (AZ,f)MO “ (ALjt)om(AZ<j)Min(Z->£fr + 


28 

28 

~S' 2(E,<»-£«<«)* [(7”*)^^^^)“"^'^^*)"® 
+ (U.,).«(XL,)«o)6u- (XL,),„(XL,)«/»„ 

1 

(Z-^j + LjLt)^^ V (X/<a)oiii(X/^k)mi (A5b) 
14 

where Pu = 1 for / 9^ j. and p,j “ 0 for i = y. O'W) is 
a cyclic permutation of (Jtyz). 
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Abstract— Molecular orbital calculations based on the Extended Huckel Theory have been performed 
for clusters of two and eight SiOj molecules. We report here the results for an ordered structure in 
which periodic boundary conditions are imposed to saturate the peripheral bonds which otherwise 
cause extraneous localized states to appear. We find an energy sap of ~ 13 eV as compared to the 
experimental value of ~ 1 1 eV. The removal of an oxygen results in several levels in the energy gap 
which move upon displacement of the two neighboring silicons. The levels appear to account for the 
observed ultraviolet optical absorption band and are also a possible origin for the positively charged 
slow surface states present near a SiOj-Si interface. The addition of either atomic or molecular hydro- 
gen to a perfect crystal is predicted to yield preferentially a double hydrogen-single oxygen center. If 
ambient oxygen atoms are present, a two hydroxl group center is then most favorable. 

1. INTRODUCTION ^ Structure which may result if oxygen 

The properties of various defects in SiOj interstitials and/or water is also present, is 
are of great technological interest. Vacancies shown in Fig. 1(g). 

and interstitials have been invoked to explain Experiments by Bell, Hetherington and 
both ‘fast’ and ‘slow’ surface states at the Jack [5] have shown that exposure of vitreous 
semiconductor-oxide interface of a metal- silica to hydrogen or to water vapor at high 
oxide-semiconductor field effect transistor temperatures leads to the formation of OH 
{Mosfet)[l-3]. The ‘fast’ states which affect groups in the SiO* system. These are detected 
the voltage, frequency, and temperature de- by a strong i.r. absorption at 2 '75 fi due to the 
pendence of the capacitance characteristics stretching of the O-H bond, 
can interact rapidly with the Si space charge Defect states also result when pure amor- 
and are known to be well localized at the inter- phous or crystalline SiOj is irradiated with 
face. These states lie within the Si band gap. neutrons, electrons or gamma rays[6]. In par- 
We consider here the ‘slow’ states which ticular optical absorption!?] and Epr studies 
are responsible for translation of the C(V) [8-10] have indicated the existence of a para- 
curves along the V axis, and are thought to be magnetic state associated with an oxygen 
localized at defect centers in the oxide (within vacancy. 

200 A of the silicon). These defects are in- There have been no even semiquantitative 
duced by the junction fabrication. The growth calculations of the electronic properties of the 
of the SiOj-Si interface may result in oxygen various postulated defects states. We attempt 
vacancies and accompanying bivalent Si near such a treatment in this paper, 
the interface. This structure is indicated The defect states may lie well within the 
schematically in Fig. 1(b). SiO* band gap (~ lOeV) [1 1] and as a result 

If, as is often the case, hydrogen is present can not be considered using the effective mass 
during fabrication, a variety of other defects approximation [12], We apply a simple mole- 
may exist. Hydrogen additions to the perfect cular orbital scheme, the Extended Huckel 
crystal are shown in Figs. 1(c) and 1(d); addi- Theory (EHT) developed by Hoffman and his 
tions to the vacancy structure in Fig. 1(e) and collaborators [13- 15], to a finite array of Si 

I2SI 
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Fig. 1 . Atomic configurations in p crystobalite in the vicinity of 
(a) a normal oxygen site (b) an oxygen vacancy and (c-g) vari- 
ous centers containing hydrogen. The plane of the paper is the 
(110) plane in which we have assumed the defect atoms to lie. 
The X and y axes are (1 1 1) and (112) respectively. The arrows 
in (b) show the extent of the Si displacements. 


and O atoms chosen to represent the insulator. 

As is well known, the EHT yields quite 
useful semi^uantitative results when applied 
to small molecules. Interaction effects, not 
considered in single bond arguments, are nat- 
ur^y included in such calculations. Recently 
Messmer and Watkins [16] have successfully 
used the method in a study of the nitrogen 
defect in diamond. Although probably best 


suited to totally covalent systems, the method 
will be applied here to Si 02 where the ionicity 
is not extremely large [17]. 

The SiO* films present in Mosfets are, in 
general, amorphous. Locally, however, there 
exists strong short range order. X-ray and 
neutron scattering data indicate that even in 
SiO: glasses, the basic Si 04 tetrahedra are 
maintained [18]. Since the defect states are 
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probably well localized on an atomic scale, 
we use a crystalline model of the insulator, in 
particular a simplified cubic /3-crystobalite 
structure[19]. j8 crystobalite has a density 
similar to that of the amoiphous phase and 
hence is a reasonable choice for a crystalline 
model. The structure can be visualized by 
noting that the silicons form a diamond lattice 
with oxygens midway between adjacent sili- 
cons. In the actual crystal, the oxygens are 
somewhat displaced from these positions. One 
disadvantage of the use of an ordered struc- 
ture is that we are unable to consider certain 
networic defects such as non-bridging oxygens. 

The edge atoms of our finite representation 
of the SiOj system have unsaturated bonds 
which are responsible for perimeter states, 
localized at the edge of the representation. 
In this study periodic boundary conditions 
will be applied to eliminate these states. 

In the next section we briefly describe the 
EHT, the representations used, and the appli- 
cation of periodic boundary conditions. Sec- 
tion 3 contains our results and comparison 
with experiment. We summarize in a final 
section. 

2. FORMALISM 

The Extended Huckel Theory has been dis- 
cussed extensively in various publications 
[13- IS]. It is a molecular orbital method in 
which the wave functions <pi are taken as lin- 
ear combinations of all the valence orbitals, 
|X > (Slater functions) centered on the various 
atoms of the system. 

= 2 CulX >. (2.1) 

The Schrddinger equation written in that 
non-orthogonal representation is given by 

|//-E5l=0 (2.2) 

where 

«u = -/x (2.3) 

(2.4) 


5x«,= <X|o-> (2.S) 

/x is the valence state iomzadmi potential, K 
is a constant eq]i|ial to 1*75, and (Xlo*) is an 
overlap integral Iwtiween atomic orbitals. 

Cohesive energies are calculated as the diff- 
erence between the sum of the molecular 
one-electron energies and the sum of the one 
electron energies of the separated constituent 
atoms. The neglect of explicit electron-elec- 
tron and core-core interaction is a distinct 
wetness of the approach. The results are, 
therefore, only semiquantitative. We find, for 
example, too much ionicity in the system 
which is a consequence of the lack of any 
provision for self consistency in the method. 

Two representations of the SiOj structure, 
consisting of six and twenty four atoms res- 
pectively, were used in our calculations. The 
smaller representation is shown in Fig. 2 by 
the solid circles. 

Extraneous perimeter states are eliminated 
by including Si-Si and Si-0 bonds between 
an atom in the cluster and its nearest and next- 
nearest neighbors in translated versions of 
the representation. The cluster thus serves as 
one unit cell of a periodic system. 

The dotted circles in Fig. 2 represent atoms 
in the translated versions of the small cluster. 
The silicons la, lb, and Ic, which are not in 
the cluster, are considered to be equivalent to 
silicon 1 . To the overlap matrix element be- 
tween silicon 1 and oxygen 2, we add the over- 
lap between silicon la and oxygen 2. Similarly, 
we add overlaps of silicon lb with oxygen 3 
and silicon Ic with oxygen 4, to the silicon 
1 — oxygen 3 and silicon 1 — oxygen 4 overlap 
integrals respectively. In addition, we add to 
the overlap matrix element between silicon 1 
and silicon 2, three terms corresponding to 
overlaps between silicons la, lb and Ic with 
silicon 2. 

We are able to use the small cluster due to 
the short range nature of the overlaps in SiOt. 
For some defects containing two hydrogens, 
however, it was found necessary to go to a 
larger cluster of 8 SiOj mdecules, which 
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Fig. 2. A portion of our idealized beta crystobalite lattice showing 
the small cluster which consists of silicons 1 and 2, and oxygens 
I, 2. 3, 4. Silicons la, 1b, and Ic are outside the cluster and are 
equivalent to silicon I. The dashed cube shown is Jl of the cubic 
unit cell for the diamond lattice upon which the silicons occur and 
is drawn to show the tetrahedral arrangement of silicons. (It is not 
a unit cell-thc neighboring cube has no Si in the center.) 


then serves as the unit cell. Similar periodic 
boundary conditions were applied to this 
larger model. 

The above procedure for applying periodic 
boundary conditions is intuitively the obvious 
one to use. It is interesting to justify it formally 
by requiring the wave function for the system 
repeated periodically, to be periodic with unit 
cell given by our cluster. This is accomplished 
by adopting as basis functions the it = 0 Bloch 
states. 

I^>' l^(>- (2.6) 

Here i labels the unit cell in which |\t) is to be 
centered, and A/ is the number of cells. The 
overlap integral is then 

<m|A>'“2 </4o|A,). (2.7) 


The rule is therefore to add to a given overlap 
•Su„x„ within the cluster, all overlaps be- 
tween fjLo in the cluster and the outside the 
cluster which are equivalent to \o- ■■ 

We have followed this rule in the procedure 
described above. However, the overlaps be- 
yond a certain distance are quite small (< 
10 per cent of those included) and are ignored. 

In practice a difficulty could arise which 
should be noted. The matrix S associated with 
a finite molecule is readily shown to be posi- 
tive definite [20]. If arbitrary additional over- 
laps are added to that matrix this property 
can be destroyed creating technical difficulties. 
The positive definite property holds also for 
a periodic array of molecules with all overlaps 
included. In practice, therefore, if the 5 matrix 
ceases to be positive definite, we must include 
more overlaps. Out system is quite tightly 
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bound and we have had relatively little diffi- 
culty in this regard. 

Our method is equivalent to a tight binding 
energy band calculation with nonorthogonality/ 
taken into account. The wave vector is, how- 
ever, restricted to k == 0 for the Brillouin zone 
of the unit cell corresponding to the cluster. 
The energy values correspond to those of a 
selected set of k values for the Brillouin zone 
of the conventional primitive unit cell of the 
crystal. 

3. RESULTS 

The basis set consists of 25 and 2p orbitals 
on the oxygen and 3s, 3p, and 3d orbitals on 
the Si. The calculations were performed on a 
GE 635 computer using a modihed version of 
an EHT Program used in chemisorption 
calculations [21]. The silicon and oxygen 
orbital exponents are taken as 138 and 2-27 
respectively. The ionization potentials are 


shown in Fig. 3. Because computer time 
limitations we have selected reasontdde con- 
figurations for varicHis defects rather than 
extensively varying the configuration to ob- 
tain a minimum energy. 

(a) Perfect lattice 

We begin with the perfect /3 crystobalite 
lattice [19]. Figures 3(a) and 3(b) show respec- 
tively the electron states associated with the 
24 atom representation of the actual Beta 
crystobalite lattice and the simplihed model 
of that lattice used in the following calcula- 
tions. The band gap is changed somewhat by 
the simplification. In these figures, and those 
that follow, the levels which are due to the 
oxygen 25 state lie at about — 32 eV and are 
not shown. Their position is relatively in- 
sensitive to the existence of the various de- 
fects. Notice that the present calculation gives 
a somewhat lower energy to the simplified 


(o) (b) (c) (d) 



Fig. 3. Energy levels for SiOi clusters. The longer lines correspond to- 
two and threefold degenerate or near degenerate levels. The occupation 
of gap levels for electrical neutrality is shown by the arrows. Unless 
otherwise noted, the clusters arc members of a periodic array (a) eight 
molecule cluster with actual /3 crystobalite structure (b) eight molecule 
cluster with model structure (c) two molecule cluster (d) isolated two 
molecule cluster. 
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stnictuK. The total energy of various stnic- 
tures is given in the first column of Table I ; 
their cohesive eneigy-in the second column. 
Figure 3(c) shows the energy levels in the 
small cluster. The main effect of the decrease 
in cluster size is the removal of energy levels. 

The calculation gives an energy gap of ~ 1 3 
eV as compared with ~ 10 eV obtained by 
Phillip experimentally [11]. This result was 
substantially unchanged upon going from the 
large cluster to the small cluster. Considera- 
tion of the cohesive energy as a function of 
the lattice constant shows that the maximum 
binding of 26-85 eV/molecule for the small 
lattice and 27-43 eV/molecule for the large 
lattice is obtained for the experimentally 
known Si-0 separation of ~ 1-56 A. This 
value, as is usually the case for EHT calcula- 
tions, is larger than the experimental value of 

18-8 eV/molecule[22]. 

The wave functions which characterize the 
lowest level shown consist of a linear combi- 
nation of silicon s orbitals and oxygen p or- 
bitals, the latter directed along the bond. The 
remaining valence levels correspond primarily 
to oxygen p orbitals. As mentioned above, 
there is too much ionicity. The calculation 
gives about 7-5 electrons on each oxygen and 
1 on each silicon. The calculation shows very 
little d contribution to the valence band states. 
In fact, a calculation without d-states gave 
virtually the same results for the valence band 


eneigies. The conduction band is however 
dominated by the d levels, and if they are not 
included, the lowest conduction band level 
appears at -b 6 eV. 

Figure 3(d) shows the energy levels of the 
small cluster which result when periodic 
boundary conditions are not applied. States 
localized on Si 1 then lie in the gap. 

(b) Oxygen vacancy 

Calculations on silicon and oxygen vacan- 
cies show that approximately three times as 
much energy (~ 25 eV) is required to remove 
the tetrahedrally bonded Si. We may, there- 
fore, restrict our attention to the oxygen vac- 
ancy. Figures 4(a). 4(b) eind 4(c) show the 
energy levels of the small representation for 
the case of an oxygen vacancy (oxygen 1 of 
Fig. 1) with and without distortion of the 
neighboring silicons. The three spectra corre- 
spond to unperturbed, reduced and increased 
Si-Si separations respectively. Figures 4(d) 
and 4(e) show the results for the unperturbed 
and reduced cases as calculated on the larger 
representation. Comparison of Figs. 4(a) and 
4(d), as well as Figs. 4(b) and 4(e), shows that 
the smaller lattice is an adequate model of the 
defect. The reduced Si-Si separation was 
chosen to approximate that of pure silicon. 

The removal of one oxygen causes two 
levels to appear in the gap, the upper level 
being doubly degenerate. Upon displacing the 


Table 1. 


Configuration 

Total energy 
(eV) 

Cohesive energy 
(eV) 

Total energy 
relative to 
perfect crystal 
(eV) 

Total energy 
relative to 
vacancy structure 
(eV) 

Si(iO„ (actual crystal) 

-26(X)-73 

-215-77 



SigOiA 

-2604-58 

-219-62 



SifO^ 

-649-94 

-53-70 



Si,O3(4s,.8, = 2-40A) 

-512-92 

-44-84 

8-86 


“ 2^40 A) 

-2466-57 

-209-77 

9-85 


Si,0,H 

-658-01 

-48-17 

5-53 (7-90) 


Si«0|eH2 

-2630-78 

-218-62 

1-00 (5-75) 



-523 06 

-41-38 

12-32(14-69) 

3-46 (5-83) 

SigOigHg 

-2495-35 

-211-35 

8-27 (13-02) 

-1-58 (3-17) 

Sj0Ui7Ht 

-2766-28 

-225-96 

3-51 (8-26)3-41 

-6-34 1-59) 
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Fig. 4. Energy levels for SiOi clusters containing oxygen vac- 
ancies. The longer lines correspond to two and threefold degen- 
erate or near degenerate levels. The occupation of gap levels for 
electrical neutrality is shown by the arrows. The clusters are 
members of a periodic array. The total energies (eV) listed be- 
neath the flgures are for the (neutial) doubly occupied, singly 
occupied, and unoccupied centers, (a) two molecule cluster con- 
tainiiw an oxygen vacancy with silicons undisplaced, dgi-at 
3-10 A (b) two molecule cluster containing an oxygen vacancy 
with silicons displaced inward, dsis\ = 2-4] A (c) two molecule 
cluster containing an oxygen vacancy with silicons displaced 
outward, dsi-si = 3-79 A (d) eight molecule cluster containins 
an oxygen vacancy with silicons undisplaced, ds,..,, = 3-10A 
(e) eight molecule cluster containing an oxygen vacancy with 
silicons displaced inward, dgi.gi = 2-41 A. 


neighboring silicon ions toward each other, 
the levels move down while if the silicons are 
pulled apart, the levels move up and the upper 
one merges with the continuum. At the bottom 
of each column in Fig. 4 is the total energy of 
each configuration with the lower gap level 
doubly occupied (the neutral configuration), 
singly occupied, and unoccupied. If the lower 
gap level is doubly or singly occupied, it is 
energetically favorable for the neighboring 
silicons to come together; while if it is un- 
occupied, they tend to move apart. 

The neutral oxygen vacancy with neighbor- 
ing silicons brought together, for both small 


and large clusters, is described in Table 1 . The 
energy of formation, defined here as the differ- 
ence between the total energy of the particular 
center plus isolated oxygen atoms and the total 
energy of the comparable unperturbed lattice 
is given in the third column of the table. 

An examination of the eigenfunctions con- 
nected with the gap levels shows that the 
lower one is composed of a bonding combina- 
tion of s and p orbitals (with z along the bond 
direction between the two silicons) whereas 
the upper level corresponds to p, and p„ or- 
bitals also in a bonding combination. The 
energy separation between those levels, as 
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obtained in the calculation on the large cluster, 
is 6-6 eV, and there is a dipole moment for the 
optical transition between them. 

These results suggest strongly that this pair 
of levels is to be identified with an u.v. absorp- 
tion band at ~ 6 eV observed in neutron 
irradiated quartz and amorphous silica by 
Nelson and Weeks [7]. This band was denoted 
as £J, and was assigned by the authors to the 
singly occupied oxygen vacancy. They also 
describe a possible precurser, which would 
be the neutral oxygen vacancy. A similar 
ultraviolet band is observed in certain syn- 
thetic samples before oxidizing. 

Weeks and Nelson [8] and Silsbee[9] have 
observed electron spin resonance signals 
which are correlated with the E[ absorption. 
In addition Nishi[10] has observed electron 
spin resonance in amorphous SiOj films. Sils- 
bee [9] has examined the anisotropy of the g- 
factor and hyperfine interaction in detail for 
the case of quartz, and finds three principle 
pairs of weak satellites, with maximum hyper- 
fine splitting of 400, 9, and 8 G with intensities 
of ~ 2i per cent of the main line. These splitt- 
ings are due to interaction with “Si nuclei, 
whose abundance is 4-7 per cent. The magni- 
tude of the largest splitting and its intensity 
lead Silsbee to argue that the electron involved 
must belong to a single silicon, and interact 
weakly with two other silicon atoms. Since the 
g and hyperfine tensors bear no relationship 
to Si-0 or Si-Si directions this model is still 
far from certain. 

Our result indicates that an electron trapped 
on an oxygen vacancy would be shared be- 
tween two neighboring silicons which are 
pulled together. It is possible that this could 
give a large enough hyperfine interaction since 
an electron shared between two silicons in 
irradiated silicon, the A centerf23], has a 
maximum hyperfine splitting of 153 G and, in 
our case, the silicons are closer. The intensity 
predicted by the two silicon model is not, 
however, correct. Clearly further work re- 
mains before this center is understood. 

At a Si-SiOa junction, the 1-2 eV silicon 


energy gap is in the middle of the large SiO^ 
gap. Levels in the Si02 below the middle of 
the gap would be filled and those above— 
empty. The oxygen vacancy with silicons 
moved together would probably be uncharged 
and not affect the electronic properties of the 
interface. The doubly charged center, in which 
the silicons tend to separate, has its emptied 
level above the Si band gap and would thus 
remain charged. It could serve, therefore, as 
a positively charged ‘slow’ surface state. We 
should reiterate, however, that there are a 
number of relevant defects which we cannot 
consider in the context of our present model— 
such as the non bridging oxygen and defects 
on the interface. 

(c) Hydrogen centers 

We now consider the hydrogen centers 
shown in Figs, l(c-g). The crystobalite struc- 
ture is quite open and calculation indicates 
that an interstitial hydrogen is relatively un- 
influenced by the lattice. It is, in fact, known 
that atomic and molecular hydrogen freely 
diffuse through fused silica[24]. 

In the following cases, some primitive at- 
tempts have been made to minimize the con- 
figuration energy by varying the atom posi- 
tions. Again the total and cohesive energies 
of the various centers are summarized in the 
first and second columns of the Table. The 
third column gives the total energy relative to 
that of suitable reference structures consisting 
of the appropriate perfect large or small SiOj 
cluster and isolated hydrogen molecules and 
atoms. These numbers indicate the thermo- 
dynamic favorability of the center, but its 
formation rate depends on potential surfaces 
not calculated here. 

Figure 5(a) shows the energy levels resulting 
from the addition of a single hydrogen .to a 
normal bond (Fig. i(c)). The wavefunction of 
the highest occupied level is concentrated on 
the OH group. The third column of the Table 
shows that this configuration has a rather high 
energy compared to that of the unperturbed 
lattice plus hydrogen interstitial. Here the 
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(o) (b) (c) Id) (a) 



Fig. 5. Energy levels for SiOj clusters containing hydrogen. The longer 
lines correspond to two and threefold degenerate or near degenerate 
levels. The occupation of gap levels for electrical neutrality is shown by 
the arrows. The clusters are members of a periodic array (a) two mole- 
cule cluster containing one hydrogen at a normal bond (Fig. 1(c)) (b) 
eight molecule cluster containing two hydrogens at a normal bond 
(Fig. I (d)) (c) two molecule cluster containing one hydrogen at an oxygen 
vacancy (Fig. 1(e)) (d) eight molecule cluster containing two hydrogens 
at an oxygen vacancy (Fig. 1(f)) (e) eight molecule cluster containing 


two hydrogens and an oxygen 

number in parenthesis gives the formation 
energy/center when two centers are formed 
from molecular hydrogen (binding energy 4’75 
eV). The total energy of the singly ionized 
version of this center (653-51 eV) is lower 
than that of the interstitial proton. 

The energy levels resulting from the addi- 
tion of two hydrogen atoms to the normal bond 
(Fig. 1(d)) are shown in Fig. 5(b). The wave 
function of the highest occupied gap level is 
primarily localized on the hydrogen member of 
the HSi unit, though it spreads onto the three 
oxygens nearest to the hydrogen. The doubly 
occupied (neutral) center is comparable in 
energy to the normal lattice plus two hydrogen 
interstitials (column 3). The energy for forma- 
tion from a hydrogen molecule is shown in 
parenthesis. 

As mentioned in the Introduction, Bell, 


at a normal bond (Fig. 1 (g)). 

Hetherington and Jack have heated samples 
of amorphous silica in hydrogen and found 
that OH groups are formed. These groups are 
the origin of a strong 2-75 p. i.r. absorption 
band which is associated with the stretching 
of their bond. One or the other of the above 
centers was postulated as the site of the hydro- 
xyl ion. Our calculation indicates the two 
hydrogen center is more favorable than two 
one hydrogen centers. 

We now consider the addition of one and 
two hydrogens to the oxygen vacancy. A 
single hydrogen ^uidistant from the two 
silicons (Fig. 1(e)) results in the energy dia- 
gram shown as Fig. 5(c). Assymetric hydrogen 
positions were energetically less favorable. 
The highest singly occupied level consists of 
silicon p orbitals. The level most localized on 
the hydrogen is more strongly bound. The addi- 
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ti<m of the atom apparently splits the vacancy 
levels further apart (cf. Fig. 4). The total 
energy of the center plus interstitial oxygen 
compared to that of the perfect lattice plus 
interstitial hydrogen is given in the third col- 
umn of the Table. The formation energy center 
for two centers formed from a hydrogen 
molecule is given in parenthesis. Analogous 
results for the case when an oxygen vacancy 
is initially present are given in the fourth col- 
umn. The ionized defect is energetically more 
advantageous than the ionized interstitial plus 
vacancy. 

The energy spectrum characteristic of two 
hydrogens bound to the oxygen vacancy (Fig. 
1(f) is shown in Fig. 5(d). As in the case of two 
hydrogen atoms at the normal site, the confi- 
guration is a more favorable one. That is, a 
comparison of the total energy of the center 
plus oxygen interstitial with that of the rel- 
evant perfect crystal plus hydrogen intersti- 
tials shows that the formation of a center con- 
taining two hydrogens requires less energy 
than the formation of two centers containing 
one hydrogen. The energy for formation from 
a molecule is again given in parenthesis. Simi- 
lar results for the case when an oxygen vac- 
ancy is initially present are given in the fourth 
column. The formation is then quite favorable. 

The final configuration to be considered is 
the center containing two hydrogens and two 
oxygens (Fig. 1(g)) whose energy levels are 
shown in Fig. 5(e). This could occur if intersti- 
tial oxygen due to vacancy formation and hyd- 
rogen interstitials are present, or upon the 
addition of water to the perfect lattice. Ex- 
periment indicates that OH stretching modes 
are also observed with the latter addition [51. 
The occupied gap level just above the valence 
band edge consists mainly of ptt orbitals on 
the oxygens. The total energy of this center 
plus a vacancy center (taken as the source of 
the oxygen) is compared in the third column 
with the energy of two perfect lattices plus the 
energy of two interstitial hydrogens. The com- 
parison with an interstitial hydrogen mole- 
cule present is given in parenthesis. Similar 


comparisons assuming the presence of am- 
bient O are given in the fourth column. The 
energy of formation from a water molecule 
is the underlined number in the third column. 

It is interesting to consider the combination 
of a SiOH-SiOH center and an oxygen vac- 
ancy. The Table shows that the total energy 
of these two configurations is 3-5 eV less 
favorable than that of two normal bonds and 
hydrogen interstitials. Hetherington and Jack 
observed that certain samples exhibiting both 
OH stretching modes and u.v. modes, associ- 
ated presumably with optical absorption at 
oxygen vacancies, when heated lost both 
spectra. The combination of the two centers 
appears to be a likely cause of this loss. Glasses 
which exhibit u.v. but not i.r. absorption re- 
quire an oxygen atmosphere to remove the 
u.v. absorption. 

4. SUMMARY 

We have found that the EHT gives a reas- 
onable semiquantitative description of the 
electronic states of ordered SiOj and of de- 
fects in that material involving the oxygen 
vacancy and the addition of hydrogen. It ap- 
pears that the oxygen vacancy is responsible 
for certain ultraviolet absorption bands and 
electron spin resonance signals, although some 
evidence suggests that we should examine 
other possible defects to explain the resonance 
examined in detail by Silsbee. The. doubly 
ionized oxygen vacancy may account for some 
of the slow states observed in Mosfet systems. 

Our examination of defects involving hyd- 
rogen enables us to compare the energy for 
formation of various configurations as given 
in Table 1. The results in the third and fourth 
columns of the Table idicate that the most 
likely defect formed by the addition of either 
atomic or molecular hydrogen to the perfect 
glass is the SiOH-SiH center. If, however, 
oxygen vacancies with accompanying inter- 
stitial oxygen or ambient atomic oxygen are 
present, the SiOH-SiOH denter is then most 
favorable. 

A comparison of our results with single 
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bond aigumeats based on standard bond 
energies [25] shows that the energy cost 
we find for center production is in general 
larger than that piedicted by single bonds 
arguments. This is often the case withEHT^ 
calculations, which we emphasize aresemi- 
quantitative. Our conclusions as to which 
centers are lowest in energy are in agreement 
with single bond arguments. EHT calculations 
include interaction between various bonds 
in the system; in the cases studied these inter- 
actions are apparently not of great import- 
ance. We emphasize that computer time re- 
strictions have limited our efforts to minimize 
the various configuration energies by con- 
sidering many possible atomic arrangements. 

The EHT also yields information about the 
electronic states associated with various de- 
fects, as we have reported in the text and 
figures. 

In future work we shall examine less or- 
dered structures by distorting the present 
mode in various ways. We hope to examine 
defects which are not characteristic of the or- 
dered structure, and to obtain some informa- 
tion on the electronic density of states in an 
amorphous material. 
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Abstract — It is suggested that the anomalously low mobility of a-Sn is due to the presence of neutral 
native defects. A calculation of the mobility using a superposition of scattering on these objects and 
on RPA-screened ionized impurities is in excellent quantitative agreement with the observed mobilities 
over the range of donor concentrations from 6 x 10**— 2-5 x 10'“ cm'*, even reproducing the peculiar 
shape of the mobility enhancement above = 5 x 10*’ cm'* due to screening by the L,* electrons. 
The electron mean free path due to these extra scattering processes is deduced to be *» 1 -75 x 10“* cm, 
which would correspond, for example, to a concentration of about 3 x 10** cm~* of defects with a 
scattering length of 5 x tO'* cm. This concentration of native defects is typical of defect concentrations 
present in similar materials before annealing. 


One of the interesting properties of structures 
with Fg conduction bands is that the random 
phase approximationfl] (RPA) dielectric 
function c(^) diverges at zero momentum 
transfer in the intrinsic material [2], The 
presence of impurity carriers removes this 
singularity leaving a finite interband part 
which is strongly dependent on carrier con- 
centration [3]. This strong dependence on 
carrier concentration should produce a 
striking anomaly in the concentration depend- 
ence of the low temperature mobility [3-6], 
Three materials are known to have this 
band structure: a-Sn[7], HgSe[8-l0] and 
HgTe[ll]. A calculation [4] of the mobility 
of a-Sn using the RPA dielectric function 
yields values about three times higher than 
experiment [12- 14] at low impurity concen- 
trations and higher than experiment at all 
concentrations. On the other hand, mobilities 
calculated [5] with the observed [15] con- 
centration-independent background dielectric 
constant are in good agreement with experi- 
ment. It was concluded [4] that either the 
RPA considerably overestimates the intcr- 
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band polarization or the donors are not singly 
ionized. It has since been shown [6] that the 
the RPA calculation is in very good agreement 
with experiment for HgSe[8, 10] and HgTe 
[15], and thus the first alternative seems quite 
unappealing since one would be pressed to 
provide some exotic reason for the RPA to 
work in ionic but not in covalent materials. 
The second alternative has been shown to be 
false in a recent experiment [ 1 4] by Lavine 
and Ewald. However, the results of this 
experiment are highly suggestive of a third 
alternative which has heretofore been over- 
looked. 

Lavine and Ewald carefully controlled 
the concentration of Sb impurities in the 
range 10” — 2-5X10’* cm“*. Their results 
indicate that all the antimony enters the lattice 
as singly ionized donors and that there are 
no appreciable numbers of other charged 
impurities in their samples. In this range of 
electron concentration, the Fermi Energy 
crosses the band edge of a high mass band 
believed to be L^*. They were able to measure 
the density of states of this band as well as 
the energy gap. They also obtained the mo- 
bility of the Fg'’' electrons alone in this region 
of overlapping bands and observed a mobility 
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enhancement, due to the extra screening by 
the L*'*' electrons, analogous to the enhance- 
ment of Shubnikov-de Haas oscillations [16] 
seen in this range of electron concentration. 
These data are the open circles on Fig. 1 . The 
dotted curve is the result[14] of a Brooks- 
Herring type calculation of the mobility. It 
rises rapidly at the threshold of the enhance- 
ment to a peak more than twice as high as the 
data and then decreases to a value of less 
than half the experimental value at 2-5 X 10'* 
cm"*. A calculation using the methods of 
Ref. [ 1 7] indicates that the effective mass 
should be constant to within a few per cent 
in this range of donor concentration so that 
the targe width of the enhancement cannot 
be ascribed to nonparabolic effects in the 
density of states. 

At this point we make a short theoretical 
digression to include screening by the Lg+ 
electrons in the RPA calculation of Ref. 


[4] [18]. This can be accomplished by chang- 
ing Ng in equation (22) to neKl + nJng) and 

in equation ( 1 9) (for Ef > Eg,) to 

where rig is the electron density in the central 
minimum, n, is the total electron density in 
the four inequivalent £,«+ minima, fi, is the 
effective mass ratio of the minima and 
= Eu'^ - Er/ . «i is given by 

( 2 ) 

The result of this calculation for Eg, = 0 092 



N|j. cm 


Fig. 1. Low temperature Hall mobility of a-Sn. The experimental points are from Ref. [12] 
(squares). Ref. [13] (triangles), and Ref [14] (circles). The dashed curve is the RPA- 
screened ionized-impurity-limited calculation of Ref. [4], modified to include the screening 
by the L,* electrons. The dotted curve is the Brooks- Herring calculation of Ref. [14]. The 
solid curve is a calculation using RPA-screened ionized impurity scattering superimposed 
on a scattering mechanism with an ri?ctron-concentration-indepcndent mean free path of 

1-75 X 10"* cm. 
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cV and /a, = 0-17[14] is the dashed curve on 
Fig. 1. This curve is not only much higher, 
but also the enhancement is much broader 
than the Brooks-Herring calculation, due to 
the variation of effective mass and waye 
function which is included here. The ratio 
of peak mobility to mobility at enhancement 
threshold is about the same for both calcula- 
tions and is much larger than that seen 
experimentally. 

It is instructive to forget detailed theory 
for the moment and compare a-Sn to HgSe 
in the 10*^ cm“* range of concentration. Both 
have 1% conduction bands and their back- 
ground dielectric constants and effective 
masses are the same to within 10 per cent. 
Thus, up to 5 X 10” cm“®, they should be 
almost indistinguishable from the point of 
view of ionized-impurity-limited mobility. Yet 
samples of HgSe have been found [8] at 2X 
10” cm~® with mobilities of more than 150,000 
cmVVsec — more than twice that of a-Sn at 
the same concentration. Since these samples 
of a-Sn are known to have singly ionized 
donors, one is led to believe that there are 
scattering mechanisms operative in a-Sn, 
other than ionized impurity scattering, that 
are not operative in HgSe. 

It is fairly obvious from an inspection of 
Fig. 1 that the data in the range No = 10” — 
2-5 X 10'® cm“® can be fitted by a superposi- 
tion of some concentration-independent 
scattering mechanism and RPA-screened 
ionized impurity scattering (dashed curve). 
As a matter of fact, the data in this range is 
well fitted by a superposition of either a 
constant mean free path or constant mean 
free time process on either the RPA calcula- 
tion or the constant-dielectric constant cal- 
culation of Ref. [5]. (These calculations are 
fairly close in this range of Np.) What is not 
so obvious is that all the data, from 6x10**— 
2-5 X 10*®, can be fitted by RPA-screened 
ionized-impurity scattering superimposed on 
scattering processes with a concentration- 
independent mean free path. 

We write the mobility one would see if only 


these extra processes were present as 




ezi 

m*’ 


(3) 


where to is the mean free time for these 
processes. We assume one can add the fre- 
quency of these events to that of ionized 
impurity scattering to obtain the total scatter- 
ing frequency; 


or 


i = + 

r To T, 


(4) 




Mo M/ 


(5) 


where t, and fx, are the mean free time and 
mobility for ionized impurity scattering and 
}iH is the observed Hall mobility. We write 
To in terms of a mean free path, Ao, as 


To 


~ ^ 
Vr' 


(6) 


where Vf is the Fermi velocity, 


Vf = 



(7) 


Finally, we write A© in terms of the number 
of scattering centers No and their scattering 
length do '■ 


Ao — 


1 

Nodo^- 


( 8 ) 


The postulated defect must be neuU’al, 
and thus one would expect do to be independ- 
ent of electron concentration, unless it is a 
hydrogen like chemical impurity, which does 
not seem likely [19]. Let us further assume 
that No has only small statistical variations 
from sample to sample. Then if we assume 
that the dashed curve correctly describes 
III, we can calculate Aq for all concentrations 
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from the observed of a typical 

santpie. If we choose the sample at 6-4 x 10*^ 
cm-* with a mobility of 6-2 x 10* cmVVsec as 
‘typical,’ we obtain A* 1'75 x 10-* cm. This 
would correspond, for example, to No 
3 X 10‘* cm”* for scatterers with di, = 5 x 10”* 
cm. The mobilities one would expect to ob- 
serve are then given by the solid curve on 
Fig. 1 . It is in excellent agreement with experi- 
ment over the whole concentration range, 
even quantitatively reproducing the peculiarly 
flat shape of the mobility enhancement above 
N|, = 5 X 10*^ cm”*. The samples above 10'^ 
cm”* are, on the whole, slightly below the 
curve, probably reflecting the fact that they 
were grown by a transformation from the 
white tin phase. Although it is not worth- 
while showing, a slightly better fit can be 
obtained in this restricted range by changing 
> 1 , to 0- 19 and calculating Ao from the 2x10” 
cm”* sample. It is worthwhile to point out 
that simply using the RPA dielectric function 
in the Brooks-Herring calculation cannot 
produce the required shape for the enhance- 
ment. This raises the curve slightly but it 
then descends even more rapidly on the high 
concentration side of the peak, having almost 
the same value as that of the dotted curve of 
Fig. 1 at 2-5X10'® cm”*. Although one can 
do without the RPA in explaining this portion 
of the data, it is very difficult to see how one 
can do without either the additional neutral 
scattering mechanism (to provide the proper 
threshold to peak ratio for the enhancement) 
or the varying wave function and density of 
states (to provide the proper width for the 
enhancement). However, since this data 
merges smoothly into that at lower concen- 
trations, the RPA calculation is preferred. 

A parallel with HgSe is again instructive 
in examining the reasonableness of this 
explanation. These samples of a-Sn are not 
annealed because of the low transition temp- 
erature to the white tin phase [19], HgSe 
grows [20] with a native charged defect, 
probably a mercury interstitial, fairly uni- 
fonnly and in about the same concentrettion 


as we have postulated for the neutral defect 
in a-Sn. Although the concentration of the 
charged defect can be lowered by annealing, 
there is evidence [21] through the resonant 
scattering of acoustic phonons for a neutral 
native defect which is extremely stable and 
whose concentration is almost independent 
of the history of the sample. 

Thus we feel that scattering by neutral 
native defects is a reasonable explanation of 
both the anomalously low mobility of a-Sn 
at low donor concentrations and the anomalous 
shape of the mobility enhancement at high 
concentrations. The existence of these defects 
could perhaps be verified in a study of the 
lattice thermal conductivity of the material. 
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Abstract— The secondary emission of molecular ions Cu,+ or Ag," shows a steady alternation accord- 
ing to the parity of n. We give an interpretation of this phenomenon by studying the stability, the 
ionization potential and the electron affinity of these clusters. These characteristics are directly related 
to the energy spectrum of the molecular levels. We calculate these spectra for the external s electrons 
by a tight binding method. Our results agree with the experimental effect. We extend the model to 
secondary ions of the X^* type where X is any atom having two r external electrons. 


A METALLIC crystal submitted to a ionic 
bombardment of a few keV in energy emits, 
among others, molecular ions of different 
charges. As far as copper is concerned, 
l(C\x„*) intensities in CUn"^ ions, as measured 
with the Slodzian’s ionic analyzer [1] are given 
in [2], up to n = 4 (these values are normalized 
by dividing all the currents by /(Cu'*')). The 
research of the value of /(Cu,^) current made 
with the same apparatus allows, taking due 
consideration of the previous results, to set 
up an interesting characteristic. As a matter of 
fact one can note that the secondary emission 
of Cu 5 + ions (/(Cu 5 +)//(Cu+)= 1-25 lO"') 
is more important than the emission of CU 4 * 
ions {/(Cu 4 +)//(Cu+) = 4-5 lO"*). This con- 
firms the fact that, contrary to most of the 
transition metals (Ti, V, Mn, Fe, Co, Ni[2]), 
intensities /(Cu„+) show a steady alternation 
according to the parity of n; (/(Cuj,'^) 
< /(Cu*„_,+),/{Cujj„+) < /(Cu 2 „+/)). 

Results recorded by Krohn[3] and those 
recorded by Hortig et a/. [4] cover negative 
molecular ions emitted by another noble metal 
i.e. silver (bombardment: Cs^). The authors 
have noticed that Ag„~ type ions show, up to 
n = 30, same alternation (/{(Ag*,") < 
/?(Ag 2 „~) < /?(Ag 2 „+,~); where 
^(Ag„-) = /(Ag„-)n»). 


‘Associated laboratory to the C.N.R.S. 


This paper is intended to show that several 
properties of the particles considered allow us 
to understand this phenomenon. We discuss 
more particularly the stability of and 
Ag„“ ions, the first ionization potential of Cu, 
and the electronic affinity of Ag„. 

Both experimentally and theoretically, 
information about such metallic groupings is 
rather scarce. Nevertheless, one can note that 
the study of the rotation spectrum of Cu 2 
molecule enabled Aslund ei al. [5] to suggest 
the following fundamental state: 3d'°3d*'‘a-g^, 
this evidences the essential part taken by 
the 4 j electrons in the bond. Thus, though d 
electrons take a part in the molecule stability, 
more particularly with high n values, we shall 
limit us in this paper to the tight binding study 
of external s electrons. It appears therefore 
that our work cannot aim at a well defined 
determination, for each value of n, of the 
geometrical characteristics of the most stable 
forms of Cu„+ or Ag„“. In such a calculation 
one could not neglect the part taken by d 
electrons. 

In order to evidence the effect anticipated 
we first describe our calculation which uses 
the Hiickel approximation and we show that 
our results are in agreement with the experi- 
mental effect. Then we discuss the adjustment 
of these results to secondary ionic emission 
models and finally extend our model to secon- 
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dary ions of the Xn*' type where X is any 
atom having two s external electrons instead 
of a single one. 

1. DESCRIPTION OF THE MODEL 

The study of the stability of polyatomic 
clusters can be done in the same way as for 
diatomic molecules. According to several 
authors for in.stance in the case of//2[6.7], the 
dissociation energy is the difference between 
two terms: on the one hand, the electronic 
energy gained on approaching the atoms from 
infinity to the internuclear distance, on the 
other hand, the Coulomb repulsion energy of 
the nuclei. We notice that in this model the 
zero point vibration term is neglected. 

For the clusters Cu„+ and Ag„“ we can also 
define the dissociation energy as the differ- 
ence between an electronic term and a repul- 
sion term. We shall study these two quantities 
for the various geometric shapes that we now 
introduce. We consider all the geometric 
shapes which appear when one disposes n 
atoms (« « 5) in such a manner that each of 
them -is separated by a given distance d 
from one or various near neighbours — is 
separated by a distance larger than d from all 
other atoms. 

For a given value of n, one finds various 
values 1„ for the number of pairs of atoms 
separated by the distance d(l„ 2 = /i- 1 ). The 
numbers N(n, 1„) of shapes with the same n 
and the same 1 „ are given in Fig. 1 . 

To obtain, for each of these shapes, the 
electronic energy gained in the formation 
of an ion Cu„+ (every time that it will be 
necessary, we shall put a or index to 
some of the quantities which characterise 
positive or negative ions), we proceed in two 
steps. We must first eject a 4s electron from 
one of the atoms (the transmitted energy is 
Ej) and next approach the n nuclei. If e is the 
energy of the atomic level and £, the energy 
of the qr*** molecular level, we have 


In the preceding formula the molecular levels 
Eg are calculated by using the simple Huckel 
approximation [8,9]. 

in the case of negative ions we similarly 
have 

Cp = Ej+ S 

9 occupied 

< 0 + and or w~ and I3~ being the usual over- 
lap integrals, the results can be written: 

eg^ = -Ej+{n-l)co-^ + 

( 1 ) 

Ce” = Ej+ (n+l)w~ + k~P~ 

where k* or k~ are parameters which depend 
on the shape considered. 

The study of Cc is more difficult. We shall 
simply make the assumption that the repulsion 
energy is negligible for two nuclei separated 
by a distance larger than d and is proportional 
to the number 1 „ of bonds in the cluster. 

Starting from the results of the previous 
paragraphs we can eliminate a part of the ini- 
tial clusters. Among the N{n, 1„) clusters of 
same n and same 1„, the most stable is the one 
which has the largest €p energy. If, as we shall 
suppose in this paper W+ and /3+ for Cu„+ and 
ft)' and P" for Ag„~ are independent of n and of 
the shape studied, this condition leads us to 
keep only the shape which has the largest k. In 
some cases another selection operation is 
possible. Thus, when we consider two clusters 
with the same n but with different 1„, the clus- 
ter which has the largest I „ is less stable than 
the other if it has a lower k. Taking these two 
points into consideration we can eliminate a 
great number of situations*. We shall study 
all the remaining clusters. We shall call any 
one of the clusters of n atoms and J^{n) the 
total number of these clusters. In Table 1 we 
give, as an example, the values of k^ for the 
most stable shapes of Cua^. 


XI / Owing to the approximate character of the hypothesis 

—~Ej4- (£, — «). on *he repulsion energy, we have eliminated only the 

eoceSpied cases where the last effect was sufficiently strong (> 10%). 
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Fig. I . Arrangements studied. We index the different shapes having the same n 
and l„ by a different letter. 


Table 1. Values of for CUb"^. The symbols a are 
indicated on Fig. 1 


n 

2 


3 


4 


In 

1 

2 

3 3 

4 

5 

6 

a 

a 

a 

a a 

h 

a 

a 

k 

n 

I -00 

2-82 

4 00 3-86 

5 

4'41 

512 

500 

1 . 

4 


5 6 

7 

8 

9 

a 

a 


c c 

h 

a 

a 

k 

5-46 


6-42 7 12 

7- 10 

7-36 

7-30 


I2tl 
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As we mentioned before, in this model it is 
not possible to determine the most stable of 
the geometric shapes. However, we do notice 
that our results agree with those of Poshusta 
et a/. [10] since the most stable shapes ob- 
tained by these authors for H^^ and 
are among the shapes that we have selected. * 

2. ALTERNATIONS IN THE PROPERTIES OF 
Cu/ AND Ag.- 

2.1 Stability 

(a) Statement of the problem. We now want 
to verify the dissociation enengy D = e, — 
has alternations which depend on the parity 
Ofrt. 

Let us consider two arrangements jCn+, 
(of n-t-l particles and 1„+, bonds) and 
jc„_, (of n-1 particles and bonds), the 
quantities 

e^in+l, 

er(A)-e,.(n-l, !„_,) 

(in the energies D, e,, and in the parameter 
h we shall now explicit the dependence on 
the shape studied) where A is any one of the 
shapes of n particles, can be supposed equal 
if 

U + I ~ 1.1 = L ~ In-l- (2) 


•The distances between nearer neighbours obtained 
by these authors are nearly equal: the lowest ratio be- 
tween two values of </ is 0'75. 


In this case the comparison of the two differ- 
ences 

A„^Axn^i,A) = D(x„^J-D(A) (3) 

and 

A„(y4,A:„-i) = D(v4)-£)(x„-,) (4) 

reduces to the comparison of the electronic 
terms and more precisely to the comparison 
of 

k(n + l, l„+,)-k(A} andk(A)~/c(n-l, 

A similar condition can be introduced by 
grouping two comparisons. A" and B" being 
two jr„+i. A and B two x„ and A' and B' two 
x„-„ the comparison of 

+ (5) 

and 

A„(/I,A') + A„(B,B') (6) 

will reduce to the comparison of the k values 
if the condition 

Oa-- la) + (V- h) = (Ia-Ia') + (1b-1b’) 

( 7 ) 

is fulfilled. For a given n, the total number of 
comparisons that we have to do is 

o>(n — l)(v(n)uj(n + l). A part of them satisfy 
(2) (case “a” in the Table 2). By taking into 
account only one time each of the others and 
by grouping them so that (7) be fulfilled (case 


Table 2. Study of the stability of Cu„^ and Ag„ . The meaning of the letters a and b is 

given in the text 


ai(n— l)x 

Ion n at(n)<u(n+ 1) 


2 2 

Cu/ 3 8 

4 48 

2 1 

Ag," 3 3 

4 15 


studied 


(a) 

case (b) 

total 

total 




number 

number 

in 


in 

of cases 

of cases in 

agreement 

studied 

agreement 

studied 

agreement 

1 



1 

1 

2 

6 

6 

8 

8 

4 

2x21 

2X20 

48 

44 

1 



1 

1 

2 



2 

2 

2 

6x2 

5X2 

15 

12 
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“i” in T^le 2) we can consider almost idl 
the comparisons (see Table 2). 

(b) Results. For as for Aft," the cases 
in a^eement with experiment are those for 
which (3), or respectively (5), is smaller tha^ 
(4), or respectively (6), for n odd; the reverse 
being true for n even. From Table 2 we see 
that almost all the comparisons agree with 
experiment. 

2.2 Ionization energy and electron affinity 

Other results can be deduced from the cal- 
culation. The ionization energy ^ of Cu^ is 
given by the distance between the last occu- 
pied level and zero energy and the electron 
affinity jd of Ag„ is given by the distance 
between the first unoccupied level and zero 
energy. These results will be in agreement 
with experiment if ^(x„) < and 

.e/(x„) > j!/(x„-i) for n odd; the reverse 
being true for n even. The number of compar- 
isons that we have to do and the number of 
cases giving the expected alternation are given 
in Table 3. We note that the agreement with 
experiment is less good than for stability. 

2.3 Order of magnitude of the energy varia- 
tions 

All the previous results concern parameters 
such as k which always are multiplied by the 
integral ^ (see formulas 1). To check the 
validity of our conclusions we want to verify 
that the term has an order of magnitude 
comparable with w and the repulsion energy. 
The evaluation of the overlap integrals for 
Cuj+ (in which the internuclear distance is 


2-62 All 1]) gives ft>*3-89eV and /3-1-34 
eV. By using the dissociation eilergy of 
(2‘leV[S]), the calculation of the repulsion 
term of Cu* (see for instance [6]) gives 3-2 eV. 
So, if we suppose that for Cu„'^ the order of 
magnitude of w. '/3 and ee(n, 1,) — ee(n— 1, 
l«-i == U ~ 1 ) are given by the iH'evious 
values (3-89, 1-34, 3-2 eV), we see that, for the 
tinear shapes for instance where kin, 

1,65 R odd 
( even ’ 

we have A„ =» 2*9 eV for n odd and 2 eV for 
n even. The alternation effect seems to appear 
with a quite strong amplitude (40%) in the 
dissociation energy. 


n 

= r-1)-*(«-1,1„_i = r-2)=|j’^' 


3. DISCUSSION OF THE RESULTS 
3.1 Application to secondary ionic emission 

Until now our work has been limited to the 
study of molecular properties and we noted 
every time one of the energies D,J' or jd had 
variations in agreement with experiment. We 
now want to discuss in what manner these 
parameters can act in the phenomenon of 
secondary emission. 

Many authors have introduced thermal 
theories to explain some aspects of secondary 
emission. The general scheme is the following: 
one supposes that after irradiation, the in- 
cident energy is distributed in various small 
regions (~ 20 A®). Thermal equilibrium estab- 
lished at high temperatures (3-5000'’C) and 
sublimation of the metal occurs from these 
regions [12, 13]. Let us note that a thermal 
model seems to be particularly well suited to 
study the secondary emission of molecular 


Table 3. Study of the ionization energy o/Cu, and of the 
electronic affinity of Ag„ 


Ion 

Cu/ 


Ag,- 




in 


in 

n 

— 1) 

agreement 

ci)(/i)(D(n— 1) 

agreement 

2 

1 

1 

1 

1 

3 

2 

2 

1 

1 

4 

8 

4 

3 

1 

5 

24 

14 

15 

5 
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ions whose kinetic energies are lower than 
those of monoatomic ions [14]. It is easy to 
see that in such a model the dissociation 
energy (which acts through the formation en- 
thalpy) is an essential parameter and that the 
emission increases when D increases. We can 
also notice that a great similarity seems to 
exist between evaporation [15] and secondary 
emission of neutral particles [16] since for the 
two phenomenons the abundances of Cu* 
decrease regularly when n increases. 

Other mechanisms can be responsible for 
the formation of secondary molecular ions. 
One knows that the kinetic model gives a good 
account of secondary emission of variously 
charged monoatomic ions [1 7, 18]. The 
extension of this mechanism to polyatomic 
clusters seems to be possible. The ease with 
which the cluster may be ejected without 
being broken depends on its stability and the 
probability of being ionized depends either on 
^ for Cu,"^ or on for Ag„". Therefore it 
appears that our results act directly in the 
description of the phenomenon and allow to 
understand the experimental data. 

3.2 Clusters made from atoms with 2 external 
electrons 

Finally let us analyse the possible extension 
of the preceding conclusions to the study of 
ions in the case where the element X poss- 
esses two external electrons instead of one. 
Here again we make the assumption that the 
other electrons do not participate in the 
binding. 

The most stable geometric shapes being 
selected as before, we notice that, among all 
the possible comparisons, the cases where the 
dissociation energy presents a continuous 
decrease are the most numerous. 

The results of the study of ionization 
potentials of show that when n increases 
the average behaviour is decreasing. 

If, as for copper and silver, it is the behav- 
iour of the stability which governs the relative 
abundance of X„^ ions, we shall expect to 


observe a continuous lowering of liX^*) 
when n increases. 

To check the validity of this conclusion, we 
have experimental data concerning the first 
transition series [2]. It is convenient to note 
that, for these metals, the hypothesis which 
supposes that the s electrons, and they alone, 
act in the binding can be questioned. We know 
that in the limiting case of the crystal («-+<»), 
the number of 45 electrons in the conduction 
band is clearly less than the number p of 45 
electrons in the fundamental state of the 
isolated atom. If, in spite of this remark, we 
suppose that in the molecule the number of 
external s electrons per atom is equal to p we 
notice that the behaviour of the metals is in 
agreement with our results. 

— p = 2: regular decrease of X„* with n ob- 
served for Ni (n ^ 4), Co(n ^ 5), Fe(/j ^ 4), 
Mn(n « 5), V(n « 5), Ti(rt « 4). 

— V = 1 : case of copper studied before, 
alternation observed for Cr(n « 3). 

4, CONCLUSION 

Several other effects seem to confirm the 
whole of the above study. Let us report the 
behaviour of silver for which current Ags^ is 
larger than Aga"*"; measurements made with 
the ionic analyzer [1] give; /(Ag 2 '*^)//(Ag+) 
= 0-3 and /(Ag 3 +)//(Ag+) = 0-68. At that 
stage of the study one must however take care 
not to have an excessive confidence in such 
concordances and if, for the elements of the 
first transition series, the most extenial elec- 
trons do not seem to conceal the effect, may 
be could it be different for other transition 
series. All our conclusions should actually 
need a check with an examination of a true 
divalent as magnesium for instance. The 
experimental study of Cu„“ ions, which should 
present alternations like Cu„+ or Ag„~ and 
Ag„^, would be also interesting. 

Continuing this study for n values over 5 
gives rise to important difficulties due to an 
increased number of geometrical forms on 
consideration. The study of linear chains, 
where analytical formulas exist [19] shows 
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that, in agreement with experiment, the alter- 
nation is continuing until high n values. 
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Abstract— Cation self-difliision studies ivere carried out in SiO in the temperature range 1200°C « 

T « 1 600°C and in the oxygen partial pressure range 2 x 10'‘ atm < po, « I atm. The isotope 
'^Sr was used and Gruzin’s residual activity method was employed. The bulk diffusion coefficients 
obtained from these data for specimens annealed in argon (po, 2 x KT’ atm) could be represented 
by the foUowing equations 

^sr/9ro( 1430-1 600“C) = (2-521}?, J*) X 10* exp [- (4-61 ± 0-066 eV)/*71 cm*/sec. 

f>sr;sK)(l200-1400°C) = (4-481J!i}*) X l0-<exp(-(2-76i 0-038eV)/*ncm*/sec. 

No appreciable dependence of D on Po, was observed below 1400‘’C. At higher temperatures an 
influence was observed and at 1S00°C 


It is postulated that cation diflfiision occurs by a vacancy mechanism. The concentration of vacancies 
is (i) impurity controlled below I450’C and (ii) controlled by oxygen partial pressure above 1450®C. 
From the low temperature data an enthalpy of migration of 2-76 eV was obtained. Combining this 
value with high temperature data, the formation enthalpy of a doubly ionized cation vacancy was 
calculated to be 2.96 eV. 


1. INTRODUCTION 

Interest in the crystalline alkaline earth 
oxides has stemmed from the development of 
the vacuum tube cathodes coated with mix- 
tures of barium and strontium oxides, which 
have been used for many years as low tem- 
perature sources of electrons in vacuum tubes. 
Except for MgO, little has been done to 
elucidate the intrinsic defect structure of 
these compounds and their relation to the 
intrinsic disorder in other bineuy compounds 
such as alkali halides, which are the mono- 
valent structural analogues of these oxides. 

In SrO a limited number of studies have 
been made, which have tried to identify the 
defect structure of this compound. A review 
of these studies appears in the work of Cope- 
land and Swalin[l], who reported the results 


*This work was supported by the National Science 

Foundation. 


of investigation of the phase equilibria, lattice 
parameter, electrical conductivity, thermo- 
electric power and thermogravimetric analysis 
in the temperature range of 600°C « T « 
1400°C and oxygen pressure range 10"** 
atm ’S Po. ^ 1 atm. 

Bessent et al.[2] have reported the occur- 
rence of singly ionized oxygen vacancies 
{F^ centers) in lightly neutron irradiated 
crystals of SrO. The presence of cation vacan- 
cies associated with the trivalent transitional 
impurities in SrO was also demonstrated in 
the ESR study of SrO by Auzins et a/.[3]. 

Under the shadow of uncertainties about 
the defect structure of SrO, it was decided 
that a study of cation self-diffusion in SrO 
at high temperatures should be made both 
as a function of temperature and oxygen 
partial pressure. The results of this research 
are discussed in this paper. In a subsequent 
paper the results of cation self-diffusion 
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studies in BaO will be reported and discussed 
with other self diffusion studies in other alka- 
line earth oxides. 

2. EXPERIMENTAL PROCEDURES 

SrO crystals were obtained from W. & C. Spicer Ltd. 
&igland. These crystals were grown by the electric arc 
fusion technique from the melt. Crystals, as obtained, 
were colorless and transparent and had dimensions as 
large as 1 cm x 1 cm x 1 cm. All these crystals were 
annealed in our laboratory in a large MgO crucible at 
1500°C in pure argon for 48 hr. The semi-quantitative 
spectrographic analysis of these crystals shows 0.12% of 
BaO. 0 003% of MgO, < 0 025% CaO and < 0 002% of 
AltOa as the principal impurities. 

The high reactivity of the SrO crystals with water 
vapor and CO3 necessitated special care in handling. 
Preparation of the crystal surface for radioactive deposi- 
tion and radioactive deposition itself were carried out 
in a dry box in an atmosphere of dry argon. All annealings 
were carried out in sintered MgO or single crystal MgO 
crucibles in the presence of excess dry SrO powder and 
crystid chips in an atmosphere of dry argon or appropriate 
argon-oxygen mixture. 

Flat surfaces of the crystals were obtained by use of a 
precision polishing jig. Tlie crystal was fastened on the 
jig with quartz cement which was later removed by 
grinding and by use of the solvent 2-butoxyethanol. 
Polishing was done progressively on 300, 400 and 600 
grade SiC papers. Just prior to deposition of the radio- 
active materi^ final preparation of one of the surfaces 
was made inside the dry box by polishing on 4/0 emery 
paper and the sample was cleaned with water free analar 
acetone. Typical polished surfaces of crystals were exa- 
mined by use of a scanning electron microscope at dif- 
ferent magnifications. Scratches present on the surface 
due to polishing paper were found to be between one and 
two micrometers in width and the distribution of scratches 
on the surfaces was uniform. 

Radioactive “Sr isotope was used as the tracer. Stron- 
tium oxalate was precipitated from the nitrate solution. 
Oxide was obtained by drying at 1 50°C in an oven and 
igniting the oxalate in a closed crucible at I000°C in a 
flimace. The radioactive oxide was then evaporated as 
a thin film over the prepared crystal surface inside the 
drybox[4]. Under the conditions of the experiment a 
film of about 0.1 to 0.5 iim in thickness was deposited on 
the exposed crystal surface. Microscopic examination of 
the films showed no obvious discontinuity. After evapora- 
tion the other five surfaces of the rectangular specimen 
were ground to remove any radioactive material which 
migdtt have been deposited during evaporation. 

Diffusion annealing times ranged from a few hours at 
high temperatures to a few weeks at low temperatures. 
The temperature range of the studies was 1200-1600°C. 
All frimaces were controlled to within ± TC at tempera- 
tures below 1400°C and ±2“C between 1450-I600°C. 
Temperatures up to 1450°C were measured with a Pt 
vs. Pt-10% Rh thermocouple. Higher temperatures 
Were measured with a Pt-20% Rh vs. Pt-40% Th thermo- 


couples. Thermocouples were calibrated periodically 
with reference thermocouples, which had been calibrated 
by Engelhard Industries by use of a National Bureau of 
Standards reference thermocouple. Since the tempera- 
ture was measured above the crucible surface in the iso- 
thermal zone and due to the fact that the reference 
grade thermocouple had 0-15 per cent maximum uncer- 
tainty of calibration. The accuracy of the temperature of 
diffusion could be quoted to be within ± 4°C in the range 
of 900-I400“C and within ±5°C in the range 140(3- 
1600°C. 

A gas flow (dry argon or atgon-oxygen mixture) of 
100 cc per min was maintained for a period of 24 hr be- 
fore the annealings to the end of annealing experiments. 
The oxygen partial pressure was measured by an oxygen- 
gauge, which had been calibrated by use of a standard gas. 

Gruzin's residual activity method [5] was employed in 
which counts from the face of the crystal were monitored 
after each section is removed. The penetration profiles 
were determined by mounting the specimen (after all 
sides but one. on which the radioactive layer was de- 
posited, were ground to remove any radioactivity which 
might have diffused along these surfaces during the dif- 
fusion anneal) on a precision lapping device similar to that 
of DeBruin and Watson [6]. The device is designed so 
that sections 2.5/i.m in thickness could be removed 
parallel to the originally exposed surface. 

The counting of the 0.5 1 MeV gamma radiation from 
“Sr was performed with a 2n geometry Nal, Tl activated 
scintillation crystal assembly. A brass ring was used to 
ensure that the lapping device sat on the crystal in the 
same position every time. Since the sectioning device 
had to be taken out of the drybox after each sectioning 
for counting, a polyethylene bag made of one mil thick 
sheet was used to protect the sample from exposure to 
the atmosphere. When the sectioning was completed 
background counts were taken with the polyethylene 
bag on the device but without the SrO crystal inside. 

3. RESULTS 

The typical results obtained from these 
experiments are presented in Fig. 1, which 
shows plots of the surface activity / vs. pene- 
tration distance x into the crystal. For the 
boundary conditions applicable to the experi- 
ment, namely diffusion from a thin film into a 
semi-infinite medium, the solution of the uni- 
dimensional Fick’s second law is given by 

‘^''■'’■^'’"’(“ 10 ;) 

where C is the concentration, Co is the total 
amount of material initially present on the 
surface, D is the concentration independent 
diffusion coefficient and t is the time of anneal. 
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Fig. I . Penetration profiles for cation self-diifusion in SrO (poi — 
2 X lO"* atm). 


For the surface counting methods [5], this 
equation can be employed to obtain a quantity 
I * where 

where / represents the number of counts per 
unit time after a thickness x has been removed 
and fi is the linear absorption coefficient in the 
crystal for the radiation being monitored. 
For the 0.51 MeV y radiation of *®Sr fi was 
calculated to be 0-404 cm"‘ [7]. 

To calculate I* and hence evaluate D from 
the experimental data, a digital computer was 
used [4]. The logarithm of I* was plotted 
vs. r* for each sample. Equation (2) predicts 
a straight line with a slope equal to llADt. 
Figure 2 shows some typical plots. The 
experimental data in these graphs did not fit 
a single line but rather it was observed that 
the data fit two intersecting lines. The one 
near the surface has a considerably larger 
slope than the line at larger distances. While 
the first region was restricted to a maximum 
of about 20 fim in SrO the 2nd segment ex- 
tended up to about 200 fim. This phenomenon 
was observed in all the samples. 

A set of experiments was carried out in 
order to check if the hydroxide layer formed 


on the surface caused the apparently anoma- 
lous behavior in the region near the surface 
of the crystal. A set of SrO crystals, exposed 
to the atmosphere for different periods of 
time, were used for diffusion studies. Figure 
3 shows the log /* vs. x* plots for these 
specimens together with the time of exposure 
to atmosphere. While there was not much 
difference in the value of the near surface 
penetration distance for crystals exposed for 
5, 10 min and 1 hr, there was an observable 
increase in the near surface penetration 
distance for the specimen exposed for 
10 hr. These crystals become rapidly hydra- 
ted. It is possible that this leads to the forma- 
tion of a protective layer of hydroxide on the 
surface which then slows down further 
hydroxide formation. This observation would 
then explain the results presented in Fig. 3. 
It would then appear that the discontinuity in 
the slope of log I* vs. x® curves, in the region 
close to the surface of the crystal, was due to 
a chemically different phase on the surface. 

T emperature dependence ofD 
Figure 4 shows a plot of log D vs. l/T. A 
discontinuity in slope {q>pears to occur at 
about 142S°C. A least square straight line 
fit for the two segments yields the following 
temperature dependence relatitm^ for dif- 
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Fig. 2. Log I* vs. X* plots for cation self-diffusion in SrO (Poi = 2x 
lO'^atm). 



Fig. 3. Log /* vs. X* plots cation self-diffusion in SrO crystals exposed 
to atmosphere for different periods of time. 


fusion coefficients in pure argon (po, = 2 x 
I0“*atni). 

£>(1450-1600°C) = (2-52t‘j»iy) x 10* exp 

[—(4-61 ±0-066) eVMr] cmVsec 
£»(1200-1400°C) = (4-48iy.i?) X 10- exp 

I- (2-76 ± 0-038) tWIkT] cni*/sec. 
Accuracy limits on Do and Q were calcu- 


lated by use of the method described by 
Guest [8]. 

Oxygen partial pressure dependence of D 
In Fig. 4, the diffusion coefficients obtained 
in pure oxygen are also plotted. It is observed 
that, at low temperatures, there is no influence 
of oxygen partial pressure on D but that as 
the temperature is increased a change in 
oxygen partial pressure affects the cation 
diffiisivity. In Fig. 5 is shown a plot of log 
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Fig. 4. Diffusion coefficients for cation self-diffiision in SrO as a 
ftinction of temperature. 



l-og p^(Atffl) 


Fig. 5. Diffusion coefficient for cation self-diffusion in SrO as a 
function of Po. (7" = 1500'C). 


D vs. log po. at 1S00®C. The data can be 
described by the relation 

and a least square analysis indicates that n = 
6*231^1}. It appears that D represents the 
volume diffusion coefficient. Aside from the 
fact that D was found to be reproducible there 
are other reasons to believe that D does 
represents volume diffusion. In all these 


studies well annealed single crystals were 
used which rules out the possibility (ff con* 
tribution from grain-boundary diffusion. 
Contribution from other short circuiting paths 
such as dislocations cannot be ruled out com- 
pletely. The lowest temperature of study, 
however, was higher than half the absolute 
melting point and diffusion along these paths 
would not appear to be dominating mechanism 
of mass transport at these temperatures. This 
is supported by ffie fact that high activation 
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eneigies were obtained for diffusion in these 
oxides. 

4. DISCUSSION 

The object of performing the present studies 
was to help elucidate the defect structure of 
SrO. In spite of the lack of the clear under- 
standing of the observed near surface pheno- 
menon in the present case it appeared that it 
was caused due to the hydroxide formation on 
the surface of the oxide crystals. Observation 
of this type of effect is common and a detailed 
description of factors, which might be respon- 
sible, is presented in Ref.[4]. There was no 
systematic behavior of the results in this 
region and hence a detailed examination is 
not fruitful. 

Volume diffusion of “Sr in SrO could occur 
by either (a) a mechanism in which strontium 
interstitials are involved— namely direct 
interstitial mechanism or interstitialcy mech- 
anism or (b) a mechanism in which cation 
vacancies exchange with Sr tracer ions. For 
an ion diffusing by these mechanisms, the 
random walk method of calculation of diffusion 
coefficient D leads to the following equations 
[9]: for interstitial mechanisms 

= ytfia^(o,n (3) 

and for vacancy mechanism 

Dv ~ yvfv^^^v^v (4) 

where subscripts i and v stand for respective 
mechanisms, y is a geometrical factor, / is 
the correlation factor which is unity for direct 
interstitial mechanism of diffusion, a is the 
lattice parameter, w is the probability per 
unit time that ions will jump into a particular 
vacant lattice or interstitial site, is the mole 
fraction of the cation vacancies and n is the 
fraction of time that a given atom exists 
interstitially. Similarly n is equal to the frac- 
tion C(/C of ions of a certain type which reside 
on interstitial sites at a given time. Cj is the 
amcentr^on per unit volume of ions of a 


type on interstitial site and C is their totid 
concentration per unit volume. For an inter- 
stitial mechanism, therefore [9] 

Di = y(/^a),C,/C. 

Thus the diffusion coefficient can be depen- 
dent on the point defect concentration for 
both the interstitial and vacancy mechanisms. 
If one writes down the defect reaction equa- 
tion for Frenkel defects on the cation and 
anion sublattices and the equation for forma- 
tion of Schottky defects and combines them 
with the appropriate equations for incorpora- 
tion of oxygen into the lattice from the gas 
phase it can be shown that the strontium 
interstitial concentration will decrease as the 
partial pressure of oxygen increases. This will 
result in a decrease in as po> increases. For 
a vacancy mechanism on the other hand, the 
concentration of cation vacancies will in- 
crease with pot and this will result in an 
increase of as po» increases. 

Figures 4 and 5 show that in SrO at 
temperatures above 1200°C, an increase in 
partial pressure of oxygen resulted in an in- 
crease in experimental values of D. The 
changes in partial pressure of oxygen will 
not affect materially the factors /, y, w and 
a. The data therefore are inconsistent with an 
interstitial mechanism but are consistent with 
a vacancy mechanism of diffusion. 

Following the above aigument, and thefact 
that both anion and cation vacancies have 
been observed in ESR studies of SrO [2, 3], it 
is postulated that diffusion in SrO occurs by 
the vacancy mechanism and that oxygen is 
incorporated (at temperatures above 1450“C) 
as the oxygen lattice ions with concurrent 
formation of vacancies on strontium site. 
The fact that D is independent of Po» at low 
temperatures is consistent with the vacancy 
mechanism under the condition that the con- 
centration of vacancies is controlled by the 
impurity concentration of the crystals as 
observed also in MgO[10] and CaO[ll, 12]. 
At sufficiently high temperatures, the concen- 
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trMioa of vacancies will depend on pa, ^d 
wdl not be influenced by impurities. As a 
consequence it will be useful to derive a 
defect-structure model for SrO and obtain a 
lelation between the diffusion coefficient 
and poi nnd compare this relation with the 
experimentally observed relation between D 
and poi- The defect model could be described 
with the help of following reactions and equili- 
brium conditions (in the following the Kroger- 
Vink[13] notations are employed to denote 
the defects and their concentrations in moles 
per unit volume and it is assumed that defect 
concentrations are small so that while writing 
the equilibrium equations in terms of defect 
concentrations all the activity coefficients will 
be assumed to be concentration independent). 

Incoiporation of the oxygen in the lattice 

i02(g) = 0(g)-bA//„ (5a) 

0(g) = Oo-bKfr+A//e, (5b) 

such that a combination of these will give 

(5c) 

pHI 

Schottky defects formation 

+ Fo" + Ks = [Kfr][Fo-]. (6) 

Ionization of the vacancies 

= + + K, = [V^,]pl[ViA (7) 

V',,= Vl + h■ + ^H'{ = ( 8 ) 

If we assume that doubly charged cation 
vacancies are predominant, the following 
relations hold. 

2[Vl]^p (9) 

and solving for [Kg,] from the above relation 
we find 


1 ^ 

This gives the relation between the cation 
vacancy concentration and po,. Since it was 
assumed that 1^, are predominant, [V^] can 
be substituted for Xv in equation (4), such ffiat 

= ( 11 ) 

where the constant j on the right side of the 
equation takes into account the change in the 
units of concentration of the vacancies when 
Xe is replaced by Upon making the usual 
substitutions in the equation (11), we obtain 

0, = DopJ/* exp ~ [(A//o + A^cr)/3 + A// J/kl 

( 12 ) 

where 

= fvJvaVp exp [(A5o -I- ASc»)/3 + AS J/^ 

(13) 

and the A// and AS terms represent the 
enthalpy and entropy components of free 
energy AG. A//o now consists of the follow- 
ing terms: 

= ah; + AH1 + A//„. ( 1 4) 

The factors in the right side of the above 
equations represent respectively the proces- 
ses described by equations (7) and (8) and 
by the equation (5a). From equation (12) we 
see that at constant temperature, the exponen- 
tial term is a constant and therefore Z)„ is 
proportional to Po'®. This compares well with 
the experimentally observed result at ISOO^C 

1. e. 

£>« pij” with H = 6-23 

and supports the assumption of doubly ionized 
vacancies as the predominant defects re- 
sponsible for diffusion. 

When the experiments are carried out at a 
constant oxygen pressure but at various 
temperatures, equation (12) yields an activa- 
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tion energy of diffusion given by 

g = (15) 

On the other hand if the temperature and im- 
purity concentration are such that the 
intrinsic vacancy concentration is less than 
the extrinsic vacancy concentration as con- 
trolled by the impurity content, then 

Dv “ const exp (- LHJkT) ( 1 6) 

and under these circumstances Q = A/fm- 
Utilizing these equations in coiy unction 
with the experimental data we see that 

Qijovitemp. ~ 2 '76 eV = AH„, and 

(2Hl,hten.p. = 4-61 eV = M<1±M£!!+ A//„. 

Hence A//o-l-A//c»= 5-55 eV, and by use of 
the equation (14) 

A//„ = 5 55eV-Af/;-A//'/-A/fa. (17) 

The energy of dissociation — A//„ of a gas- 
eous diatomic oxygen molecule is 2-59 eV 
[14]; therefore the enthalpy of formation of a 
doubly ionized cation vacancy A^"„ is 2-96 
eV and the enthalpy of formation of a neutral 
cation vacancy is 

a//„ = 2-96-ah;-a//;'. 

Values of A//,' and A/f" are not known. 
Since doubly ionized cation vacancies were 
found to be predominant in the working tem- 
perature range, these two enthalpies would 
be small— of the order of kT. As an upper 
limit the sum + is assumed to be 
about 1 eV, so that 

A^„“2eV. 

Tile Schottky defect formation energy 


Mis for formation of neutral dtfects m SrO 
cannot be obtained uniquely frosi the present 
data. If, however, one artntrarily approxi- 
mates that the contributions to AHs by anion 
and cation vacancy formation enet]gies are 
equal, then 

^Hs = 2A^r„ * 4eV. 

In previous cation self-diffusion studies in 
MgOtlO], CaO[ll,15] or BaO[16], where 
the Pa, dependence of D was not investigated, 
it was assumed that at the experimental 
temperatures and oxygen partial pressures, 
stoichiometry of the crystal was maintained. 
This assumption implies that the diffusion 
activation energy from the so called intrinsic 
range is given as 


On this basis in the present case we would 
obtain AHs = 3-7 eV. It is, however, apparent 
from the above discussion of present results 
in SrO that one cannot get the correct value 
of AHs from the diffusion data alone without 
establishing first that the experimental 
conditions are such as to maintain stoichio- 
metry of the crystal. 

Copeland and Swalin[l] have postulated 
the existence of Frenkel disorder on the anion 
sublattice of SrO in the temperature range 
bOO'C « T « 1400'’C and poi ranges H)"** 
atm « Po. 1 atm. Their electrical conduc- 
tivity measurements showed two character- 
istic slopes in log conductivity vs. I IT plots. 
At lower po, values an electrical conductivity 
region characterized by a 2-1 eV slope was 
observed. Conductivity in this region was 
independent of changes in poi and the charge 
carries were not clearly identified, although it 
was suggested that this region could as well 
be due to slowly migrating cation vacancies 
[17]. At higher poi values, however, an activa- 
tion energy of l-6eV was obtained, which 
was attributed to the motion of singly ionized 
oxygen interstitials. 
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It is difficult to explain these results and 
the present results in one framework. An 
alternative approach would be to assume two 
competitive mechanisms— with Frenkel dis- 
order on the oxygen sublattice at low^r 
temperatures, i.e. below 1400^ and Schottky 
disorder at higher temperatures. This type 
of disorder has been suggested in the past for 
silver halides [18]. 

If \Hs > was calculated to be 

3'OeV by Copeland and Swalin[l]) at lower 
temperatures and lower po, values the 
conductivity will be due to cationic vacan- 
cies whose concentration is impurity con- 
trolled. At these Po, values a 2-1 eV slope 
corresponding to the migration of extrinsic 
vacancies was obtained. At higher po, values 
[0('] predominates over the extrinsic vacancy 
concentration in controlling the conduction 
and a l-6eV slope was obtained. The im- 
purity controlled [Vgrl is not significantly 
changed at these temperatures and low po, 
values due to incorporation of oxygen as O', 
and therefore the 2-1 eV conductivity region 
was found to be independent of po,. The 
temperature dependence of conductivity and 
D under these conditions yield activation 
energies of 2-1 and 2-76 eV, which are quite 
close in view of the fact that O,' may have 
contributed to some extent in the conduction. 

At higher temperatures Schottky defects 
could control the defect structure. Also at 
these temperatures the vacancy concentration 
is controlled by oxygen pressure, so that both 


higher activation eneigy of diffusion and oxy- 
gen partial pressure dependence of D was 
detected. 
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Abstract— A systematic investigation of the formation and properties of colloidal centers in irradiated 
sodium chloride crystals is made and the results are compared with our published results on additively 
colored crystals. 

The main results and conclusions of this investigation are; (1) The colloid (designated as C, centers) 
evolution is not observed in a ‘lightly’ irradiated (i.e. corresponding to the fast stage of the coloration 
process) and thermally bleached crystal; it is observed when a ‘heavily' irradiated (i.e. corresponding 
to the slow stage of the coloration process) crystal is thermally bleached at any temperature in the 
range 160-200°C. There is no evidence that the concentration of F centers per se has any influence 
on the C, center evolution. (2) The C, centers are found to be unstable under prolonged heating at any 
temperature in the range 1 60-2(>0°C whereas in additively colored crystals they are stable up to about 
250°C. The peak position of C, band is the same in both irradiated and additively colored crystals and 
it is about 560 nm. The half-width of C, band in irradiated crystals (about 0-5 eV) is larger than the 
half-width of C, band in additively color^ crystals (about 0- 18-0'32 eV). (3) The C\ band in irradiated 
crystals is not affected by bleaching with either 560 nm light or F,M,R,N band peak light; it is affected, 
however, by white-light and u.v. light. In contrast, the C, band in additively colored crystals is un- 
affected by any of the aforementioned light. (4) The presence of slow stage F centers and the electron- 
hole recombination processes appear to play a significant role in the evolution of C, centers in irrad- 
iated crystals. (5) In view of the genetic relationship between F centers and Cj centers, it is believed 
that our earlier proposed tentative mechanism for colloid evolution in additively colored crystals 
might be applicable in the case of colloid evolution in irradiated crystals. 


1. INTRODUCTION 

Recently we have published the results of 
our investigations on the colloid evolution in 
additively colored NaCl crystals, and there 
we have proposed a tentative mechanism 
for the colloid formation in colored alkaU 
halides [1]. The literature on colloidal centers 
in additively colored alkali halides is quite 
extensive [2-4], but the literature on colloids 
in irradiated crystals is rather meagre; in the 
few papers that have dealt with colloids in 
irradiated crystals the emphasis has been on 
the study of the changes in physical properties 
such as hardness, volume and density, etc. 
(see Refs. [2-9]). McLennan[10] has ob- 
served blue coloration in NaCl crystals 
colored by 40-50 KeV electron bombard- 
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ment and he has also observed electron dif- 
fraction lines of metallic sodium. Compton 
[11] has studied the influence of substitu- 
tional hydroxyl impurity on the colloid 
evolution in y-irradiated NaCl crystals and 
recently Ikeda and Yoshida have studied the 
effect of divalent cation impurities on the 
formation and bleaching of colloids in elec- 
tron irradiated NaCl crystals[12]. More 
recently ESR techniques have been used in 
detecting colloids in neutron irradiated LiF 
[13] and some azides [14], However, it 
appears from the existing literature that 
there is the need for a systematic investiga- 
tion of the formation and physical properties 
of colloidal centers in irradiated alkali halides. 
Encouraged by our studies on additively 
colored NaCl that have enabled us to pro- 
pose a tentative mechanism for the colloid 
evolution in alkali htdides, we continued a 
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systematic investigation of colloidal centers 
in irradiated NaCl crystals. The purpose of 
the present paper is to discuss our results 
on colloidal centers in irradiated NaCl 
crystals. 

2. EXPERIMENTAL 

Single crystals of ‘pure’ Optovac NaCl are 
irradiated with either y-rays (from a 1 -2 MeV, 
1 ■ 1 X 10* Rlhr, *®Co source) or X-rays (40 KV, 
32 mA X-rays from a General Electric XRD- 
5 unit fitted with a Machlett AEG-50S tung- 
sten target). The same techniques[l , 15, 16], 
for irradiating, thermal annealing, and 
measuring the optical absorption of the 
crystals with a recording type Beckman 
DK-IA spectrophotometer are used in the 
present study. 

A tungsten ribbon filament lamp (6V, 18A 
General Electric microscope illuminator) is 
used for bleaching the colored crystals with 
white light; the same lamp in association with 
appropriate Baird-Atomic interference filters 
is used for bleaching with monochromatic 
light. Filters with their transmission peaks 
at the following wavelengths have been used 
in the present study: (a) 460 nm corresponding 
to the F band peak, (b) 550 nm, 590 nm and 
620 nm corresponding to the R band region. 

(c) 720 nm corresponding to the M band peak. 

(d) 820 nm corresponding to the N band peak. 

(e) 560 nm corresponding to the colloid band 
peak. 

During the bleaching operation the crystal 
is located at a suitable distance from the light 
source to keep it at room temperature. Con- 
tinuous u.v. light from a Nester type low 
pressure hydrogen discharge lamp fitted with 
a fused quartz window is used for u.v. light 
illumination. 

We have made use of crystals colored into 
the ‘first stage’ (corresponding to the fast 
rising portion of the F center growth curve 
and a dose of about 10® /?) as well as into the 
‘second stage’ (corresponding to the slowly 
rising portion of the F center growth curve 
and a dose lai^ger than 10* R); we designate 


these crystals as ‘lightly’ irradiated and 
‘heavily’ irradiated, respectively. The results 
obtained with y-irradiated and jr-irradiated 
crystals are the same. 

3. RESULTS AND DISCUSSION 
3. 1 Thermal bleaching of irradiated crystals 

A ‘heavily’ irradiated crystal (whose ab- 
sorption showed the F,M,R,N, and V bands, 
curve I in Fig. 1(a) has turned violet in color 
(as revealed under transmitted light) upon 
isothermal bleaching at any temperature in 
the range 160-200®C, and the absorption of 
such a crystal at room temperature shows a 
single band with its peak located at about 
560 nm (curve 2 in Fig. 1(a). During thermal 
bleaching, the F-aggregate bands NJ?JW[17], 
are the first to disappear; the F band has 
decreased monotonically while the 560 nm 
band has evolved. Subsequently, with 
continued thermal bleaching the 560 nm band 
has disappeared, and the crystal becomes 
colorless. The line shape of the 560 nm band 
is insensitive to the temperature of the crystal 
(see Fig. 1 (b) with measurements at room tem- 
perature and at liquid nitrogen temperature); 
this band is also resistant to bleaching with 
560 nm light. In view of these properties, we 
have identified the centers responsible for the 
560 nm band as small colloids [2, 3, 10], and 
hereafter we shall refer to the 560 nm band as 
C, band[l, 15, 16J. 

The Cl centers in irradiated crystals are 
unstable under prolonged heating at any 
temperature in the range 160-200°C, whereas 
in additively-colored crystals they are stable 
up to about 250'’C. The peak (560 nm) posi- 
tion of Cl band in irradiated crystals is 
the same as in additively colored crystals. 
The half-width (about 0-5 eV) of Cj band in 
irradiated crystals is larger than the half- 
width (about 0-18-0-32eV) in additively 
colored crystals [ 1 ] . 

The evolution of Ci centers is not observed 
in the following cases: (1) When a ‘lightly’ 
irradiated crystal is thermally bleached. 
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Fig. 1. Absorbance as a function of wavelength and photon energy 
for irradiated Sodium Chloride Crystals, (a) Curve l — RT absorp- 
tion of a ‘heavily’ y-irradiated crystal (dose 4x 10* y?). Showing 
the presence of and V bands. Curve 2—RT absorption 

of the same crystal after heating it at 200° for about 2i hr, showing 
the presence of C, band, (b) (jr— -jr) C, band recorded at RT. 

(G - -- O) C, band recorded at LNT. 


(2) When a crystal is only ‘heavily’ irradiated. 
We shall elaborate on these observations in 
the following section. It might be pointed out 
here that insofar as the second observation 
above is concerned, Compton [11] has made 
similar observation with ■y-irradiated Optovac 
NaCl and also with some natural rock-salt 
crystals. 


3.2 Effect of concentration of F centers and 
second stage coloration on the evolution of 
C, centers 

It is reasonable to assume that in irradiated 
crystals, as in the case of additively colored 
crystals, the F centers diffuse and agglomer- 
ate upon heat treatment. We believe that our 
proposed mechanism for colloid evolution. 
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namely, that the neutral F centers difRisc 
via the vacancy mechanism and agglomerate 
to give rise to colloids! 1]*, might be valid 
in the case of irradiated crystals also. Of 
course, we must recognize that in irradiated 
crystals there are the additional factors, such 
as lattice damage done during irradiation and 
electron-hole recombination, both of which 
might play a significant role in the formation 
of Cl centers. 

Almost two decades ago Westervelt[18] 
commented that in photochemically colored 
alkali halides, the colloid band can hardly be 
noticed during annealing unless the initial 
density of color centers is of the order of 1 O’* 
cm"*. As mentioned above, we have not ob- 
served Cl center evolution upon thermal 
bleaching of a ‘lightly’ irradiated crystal and 
Cl center evolution is observed upon thermal 
bleaching of a ‘heavily’ irradiated crystal. 
These observations pose the interesting ques- 
tion: Is the evolution of C, centers dependent 
upon the concentration of F centers or on the 
existence of second (or slow) stage F centers 
(implying therefore the presence of lattice 
damage created by irradiation)? The results 
of a systematic investigation to answer this 
question follow. 

In what follows, we use for convenience 
the notation CV (t) to refer to a virgin crystal 
A;-irradiated for a time (t) and CR(t) to refer 
to a crystal re-irradiated with X-rays (after it 
has received a specified pre-treatment in its 
virgin state) for a time (/). 

Three identical CV (40) crystalst are 

*lt must be emphasized here that our proposed mech- 
anism for colloid evolution is phenomenological and 
tentativell]. It might be worth mentioning, however, that 
Dr. A. B. Scott has informed us recently in a private 
communication that they have found evidence for neutral 
F center diffusion by vacancy mechanism from their 
studies on Af center formation by thermo-aggregation at 
moderate temperatures. 

tThe coloration in these crystals corresponds to the 
second (or slow) stage and the concentration of F centers 
in these crystals is estimated to be about 10” cm"’. It may 
be mentioned that in the heavily irradiated crystals there 
is i^iecmble optical absoiption in the M, R, etc. band 
region (see Fig. 1 (a) which we have not taken into account 
tn the present discussion. 


bleached at 200°C; the bleaching behaviour 
of F and Ci bands in these crystals is shown 
in Fig. 2 and the crystals are ultimately 
decolored by prolonging the heating. They are 
then re-irradiated with the same intensity 



Fig, 2. Thermal bleaching of ‘heavily’ x-irradiated sodium 
chloride crystals, (a) Curve /—Thermal bleaching at 
200°C of F band in a virgin crystal irradiated for 40 min. 
Curve 2— Thermal bleaching at 200°C of C, band in the 
same crystal. Curve J — TTiermal bleaching at 200°C 
of F band in the above crystal after it has been decolored 
and re-irradiated for 40 min with the same intensity X- 
rays. Curve 4— Thermal bleaching at 200°C of Ci band 
in the 40 min re-irradiated crystal, (b) Curve I (open 
circles) Thermal bleaching at 200'“C of F band in a 
virgin crystal irradiated for 40 min. Curve 2 — Thermal 
bleaching at 200“C of C, band in the same crystal. 
Curve J (open triangles) Thermal bleaching at 200°C 
of F band in the above crystal after it has been decolored 
and re-irradiated for 80 min with the same intensity 
X-rays. Curve 2 — Thermal bleaching at 2(M)°C of C, 
band in the 80 min re-irradiated crystal. 
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X-rays for periods of 5, 40 and 80 min, 
respectively, and following the above-men- 
tioned notation we designate the three re- 
irradiated crystals as CR{S), C/{(40) and 
CRiiO). ' 

It is observed that the F center concentra- 
tion in CR[5) is almost equal to the F center 
concentration in CK(40); one concludes that 
the vacancies created by irradiation in 
CK(40) still exist in the crystal and that these 
vacancies have trapped photoelectrons during 
re-irradiation to become F centers rather 
easily [15]. Hence, we believe the coloration 
process in CR{5) could be considered as 
corresponding to the first (or fast) stage. 
Upon thermal bleaching at 200°C, we did 
not observe any C, center evolution in CR(5); 
but we did observe Ci center formation in 
CR(40) and C/?(80). In addition, it is found 
that: ( 1 ) The magnitude of C, band in C/?(40) 
is less (compare curves 2 and 4 in Fig. 2a) and 
the magnitude of C, band in CR(80) is more 
(compare curves 2 and 3 in Fig. 2b) than the 
magnitude of Ci band in the corresponding 
CK(40). (2) The bleaching curve for the F 
band in C/?(40) is slightly below the bleaching 
curve for the F band in the corresponding 
CF(40). (2) The bleaching curve for the F 
band in CF(40) is slightly below the bleaching 
curve for the F band in the corresponding 
rF(40) (see curves 3 and 1 in Fig. 2a) and in 
the case of C/f(80) the bleaching curve for 
F band follows the same path as the bleaching 
curve for F band in the corresponding CF(40) 
(see curve 1 in Fig. 2b). 

At this stage, we believe it is appropriate to 
elaborate and stress the significance of the 
terms ‘lightly’ irradiated and ‘heavily’ irradi- 
ated used above. For this purpose we compare 
the results on C7?(5) with the results on: 
(a) CF(5). (b) CF(40) and C/?(80). 

As mentioned above, the F center con- 
centration in CR(5) is about 10'* cm~* and no 
C, center evolution is observed upon ther- 
mally bleaching it at 200°C. In CF(5), the F 
center concentration is found to be about 
10'^ cm~» and in it also no C, center evolution 


is observed upon thermal bleaching. laao&r 
as the coloration process is concerned, hcHh 
CR(5) and CV(S) have been treated ideiHicaBy, 
in that they bodji have been colored into ^ 
first (or fast) stage and the term ‘lighdy’ 
irradiated is used to refer to coloration into the 
fast stage. In view of the pretreahnmit given 
to CR(5) and remembeting the fact that 
vacancies created by irradiation in CF(40) 
could still exist in it even after thennal 
bleach, it is not difficult to reconcile wiUi the 
difference in F center concentration between 
CR(5) and CF(5). 

Now comparing the results on CR(5) with 
the results on Cf?(40) and C/?(80): (a) It is 
observed that the variation in F center con- 
centration from C/?(5) to C/?(40) and C/?(80) 
is rather slow, (b) The values for F center 
concentration in CR{5), CR(40), C/?(80), 
though different, are of the same order of 
magnitude (about 10’* cm'*). In view of this 
behaviour, we believe that the coloration 
process in C/?(40) and CF(80) corresponds to 
the slow stage amd the term ‘heavily’ irradiated 
is used to refer to coloration into the slow 
stage. As mentioned above, Ci center evolu- 
tion is observed in CR(40) and C/?(80), but 
it is not observed in CR(5). 

The following conclusions may be drawn 
from the above discussion: (1) No C, center 
evolution is observed upon thermal bleaching 
of a ‘lightly’ irradiated crystal and the con- 
centration of F centers per se is not a signi- 
ficantly important factor in the formation of 
C, centers. (2) C, center evolution could be 
observed in a ‘heavily’ irradiated (implying 
therefore the presence of lattice damage done 
during irradiation) and thermally bleached 
crystal. The work of Compton [11] indicated 
that mere heavy irradiation with no sub- 
sequent thermal bleaching is enough to 
produce Ci centers, provided the crystals 
contain hydroxyl impurity. 

There appears no reason to doubt the fact 
that in irradiated crystrds, as in additively 
colored crystals, there exists a genetic 
relationship between F centers and Ci centers. 



i292 


S. V. PAPPU and K. A. MCCARTHY 


It is ^patent from the foregoing discussion, 
however, that the mere presence of a certain 
number of F centers is not enough to produce 
C) center evolution in irradiated crystals. 
We might mention here that this behaviour 
is not typical of irradiated crystals. For 
example, in additively colored crystals we 
have obtained the following results: (a) We 
have observed C, center evolution upon 
thermal bleaching at moderate temperatures 
of a crystal with an F center concentration 
of about 10^*cm“^ and whose absorption 
revealed only F type bands and no u.v. 
bands, (b) In a crystal with U centers, how- 
ever, no Cl center evolution could be ob- 
served with an F center concentration of 
about 10"'cm"^ or even more[l, 19,20]. 
These results have been interpreted as an 
indication that in the presence of efficient 
competing reactions such as F to t/, the 
reaction F to G could be inhibited [19, 1]. 
In irradiated crystals, electron-hole re- 
combination is probably the reaction which 
competes with the F to Cj reaction. It appears 
that in ‘lightly’ irradiated crystals the electron- 
hole recombination is more efficient than in 
‘heavily’ irradiated crystals and hence the 
inhibition of Ci center evolution in ‘lightly’ 
irradiated crystals. 
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3.3 Optical and thermal bleaching of irradia- 
ted crystals 

One of two identical ‘heavily’ irradiated 
crystals is heated at 200°C and the bleaching 
of F band is represented on curve 1 in Fig. 
3(b) (open circles) and that of C, band is 
represented by curve 2 in Fig. 3(b). The 
second crystal is initially bleached with white 
light for about 20 hr during which the FM, 
etc. bands have diminished and a prominent 
band at about 670 nm has appeared (curves 
1 and 2 in Fig. 3(a). The 670 nm band (re- 
ferred to as Ci band) has been discussed 
elsewhere [15, 16]. It is found necessary to 
heat the optically bleached crystal to observe 
the evolution of C, centers and during heating 
at 200'’C, the residual F band and the C* 
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Fig, 3. Absorption as a function of wavelength and 
annealing time for irradiated sodium chlortde crystals, 
(a) Curve 1 — RT absorption of a ‘heavily’ yTirradiated 
crystal. Curve 2 — RT absorption of the same crystal 
after bleaching it with white light for about 20 hr. (b) 
Curve / (open circles) Thermal bleaching at 200'’C of F 
band in the above ‘heavily’ y-irradiated crystal. Curve 2 — 
Thermal bleaching at 200°C of C, band in the above 
‘heavily’ y-iiradiated crystal. Curve I (Full circles) 
Thermal bleaching at 200'’C of F band in the above 
optically bleached crystal. Curve 2 — Thermal bleaching 
at 200°C of C, band in the above optically bleached 
crystal. 

band have decreased while the C, band has 
evolved (Fig. 3(b)). From these observations 
we conclude that the ultimate products in a 
‘heavily’ irradiated and thermally bleached 
crystal are always Cj centers, independent of 
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whether the electrons in the crystal are 
trapped to give rise to FMJi, etc. bands or 
F, Ci etc. bands. In the case of additiveiy 
colored NaCl crystals, Etzel[20] has made a 
similar observation and there he found that 
the same Cj band (he referred to the colloid 
band as the A band) is obtained from the 
thermal treatment of a crystal containing 
FM,R,N centers (which are produced by 
exposing the crystal containing F centers to 
light from a tungsten lamp). In our studies, 
however, we have found that the magnitude 
of C, band developed in an as-irradiated 
crystal is greater than that developed in an 
irradiated and optically bleached crystal 
(compare curves 2 and 3 in Fig. 3(b)). The 
reason for this may be the fact that in irradi- 
ated crystals, unlike in additiveiy colored 
crystals, the electron loss by electron-hole 
recombination is possible. 


3.4 Some more properties of C^ centers 

It is known that the colloids in silver halides 
exhibit many of the characteristics attributed 
to colloids in alkali halides and it is an estab- 
lished fact that the colloid band in silver 
chloride could be selectively bleached with 
light of wavelength corresponding to the peak 
of the colloid band[2, 21]. Also, Gyulai[22] 
observed that the photoconductivity spectrum 
of a blue colored rock-salt crystal (obviously 
containing colloids) did not coincide with the 
optical absorption spectrum and that the ab- 
sorption spectrum did not change by illumina- 
tion of the crystal with light that provoked 
photo-conduction. We thought it worthwhile 
to investigate the effect of light of different 
wavelengths on the Ci band in both additiveiy 
colored and irradiated crystals. 

The Cl band, in additiveiy colored crystals 
as well as in irradiated crystals, is found to be 
unaffected by light of the following wave- 
lengths; (a) 560 nm light corresponding to the 
peak of C, band, (b) FMJi etc. band light. 
Surprisingly, however, we have noticed that 


the C, band in iiradiated crystsds is affected 
by wdiite light. Once we have exposed the 
violet crystal (obtained by thermal bleaclung 
of a ‘heavily’ iir^iated crystal) inadvertently 
to room light for a number of hours and as a 
result the color of the crystal has become 
blue. Investigating further with white light 
from a tungsten lamp we have observed that 
the C| band in irradiated crystal is markedly 
affected, but the Ci band in additiveiy 
colored crystal is not affected at all. For 
example, during the white light illumination 
the height of Cj band in irradiated crystal is 
diminished, its half-width is increased, its 
peak position is shifted to longer wavelengths 
and the area under the absorption curve is 
almost conserved during this change (Fig; 4). 
The color of the crystal is blue at this stage 
and when it is heated at 200“C for a few 
minutes the peak is shifted back to the original 
value of 560 nm (curve 4 in Fig. 4b) and the 
color of the crystal at this stage is violet again. 
Similar observations have been made by 
Fulda[23] with natural violet rock-salt 
crystals from Stassfurt-Kleinschierstedt and 
it is interesting to note that in some respects 
our synthetic crystals behave the same way 
as some of the natural crystals. 

Further it is observed that the C] band in 
irradiated crystals is influenced by u.v. light 
in a manner similar to the white light case 
(Fig. 5), except for the important difference 
that with u.v. light a prominent F band (curves 
2 and 3 in Fig. 5, the only temperature 
sensitive band) has appeared. The presence of 
the F band suggests that under u.v. light 
illumination the Ci centers might be acting as 
a source of electrons and/or vacancies, a 
finding consistent with our earlier finding with 
x-irradiated violet crystals [15]. Again the 
u.v. light illumination has no effect at all on 
the Cl band in additiveiy colored crystals. 

It is believed that more intensive and quanti- 
tative (probably considering the light intensity) 
investigations are needed before we can offer 
any explanation of the aforementioned 
phenomena. 
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Fig. 4. Effect of white light ittumination on a violet crystal (Showing 
C| band) obtained by heating a ‘heavily’ irradiated crystal at 200°C for a 
few hr. Curve l—RT absorption of a violet crystal (showing C| band) 
obtained by heating a ‘heavily’ jr-irradiated crystal. Curve 2 — RT absorp- 
tion of the same crystal after it has been illuminated with white light for 
about 24 hr. (b) Curve l—RT absorption of a violet crystal (showing 
Cl band) obtained by heating a ‘heavily’ y-irradiated crystal. Curves 2 and 
3 — RT absorption of the above crystal after it has been illuminated with 
white light for about 24 hr and 94 hr respectively. Curve 4-RT absorp- 
tion of the above optically bleached crystal after it has been heat-treat^ 
at 200'’C for a few minutes. 


Wavelength, nm 



Fig. 5. Effect of u.v. light illumination on a violet. crystal 
(showing Cl band) obtained by heating a ‘heavily’ y- 
irradiated crystal at 200“C for a few hours. Curve 1 — 
RT absorption of the violet crystal showing C, band. 
Curve 2—LNT absorption of the above crystal after it 
has been iOuminated with u.v. light for about 1 8 hr. 
Curve 3—RT absorption of the u.v. light bleached 
crystal. 


4. CONCLUSIONS 

1. The evolution of C, centers (i.e. colloids) 
is observed upon thermal bleaching of a 
‘heavily’ irradiated NaCl crystal at any 
temperature in the range 160-200°C and the 
C, centers are unstable under prolonged heat 
treatment at any temperature in the range 
160-200°C. In contrast, the Ci centers in 
additively colored crystals are observed to 
be stable up to about 250“C [1]. 

The peak position of C, band is the same 
in both irradiated and additively colored 
crystals and it is 560 nm. The half-width of 
Cl band in irradiated crystals (about 0-5 eV) 
is larger than the half-width of C, band in 
additively colored crystals (about 0- 18-0-32 
eV)[l]. 

2. The Cl center evolution is not observed 
upon thermal bleaching of a ‘lightly’ irradiated 
crystal (i.e. crystal colored into the fast stage), 
but it is observed upon thermal bleaching of a 
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‘heavily’ irradiated crystal (i.e. crystal colored 
into the slow stage). The F center concentra- 
tion per se does not appear to be a significantly 
important factor in the evolution of Ci centers. 

3. The Cl band in irradiated crystals is not 

affected by either 560 nm light or light of 
wavelength corresponding to the peak 
position of etc. bands. But it is 

affected by white light as well as u.v. light. 
In contrast, none of these have any effect on 
the Cl band in additively colored crystals. 

4. Our proposed tentative mechanism for 
the colloid evolution in additively colored 
crystals (1) (namely, that neutral F centers 
diffuse via the vacancy mechanism to agglom- 
erate and when the agglomerate of F centers 
attains a critical size the F center electrons 
enter the valence levels of the alkali ions to 
form alkali metal atoms) might be valid in 
the case of irradiated crystals also. 

It appears that the presence of second (or 
slow) stage F centers (implying therefore the 
presence of lattice damage done by irradiation) 
and the electron-hole recombination process 
have significant influence on the C, center 
formation in irradiated crystals. 
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Abstract— A calorimetric measurement employing the thermal arrest technique has independently 
confirmed the presence of molecular hydrogen in irradiated LiH previously detected by pulsed nuclear 
magnetic resonance (NMR). The melting endotherm of the hydrogen indicates adsorption of hydrogen 
on the surfaces of the bubbles containing the hydrogen. 


1. INTRODUCTION 

Irradiated LiH decomposes considerably 
into lithium metal and gas which remains 
trapped in the lattice. This occurs whether 
the radiation source is external, such as y- 
irradiation of LiH [1-4], or internal, as in 
LiH containing *H[1, 2]. 

The hydrogen that is produced has proper- 
ties expected of the gaseous molecular form 
[2,3]. In particular, an ortho-para transition 
has been observed [3] which positively indi- 
cates diatomic hydrogen. Furthermore, no 
paramagnetism has been detected in irradiated 
LiH by electron spin resonance except that 
attributed to either colloidal lithium metal or 
f -centers, even when irradiated at liquid 
nitrogen temperature [1], If irradiation pro- 
duced atomic hydrogen, trapped somehow in 
the lattice, paramagnetism due to the resulting 
atoms would probably be detectable. This is 
also indirect evidence that the 'free' hydrogen 
present is diatomic in nature. 

The F-center absorption spectrum in ir- 
radiated LiH has been attributed to molecular 
hydrogen [5]. More direct evidence that 
hydrogen is present in gaseous form is the 
recent observation of cubic voids in irradiated 
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LiH by electron microscopy [6]. These voids 
are predominantly oriented with their walls 
parallel to the [100] crystallographic direc- 
tions. Upon observation of these voids, an 
NMR experiment was performed on an irradi- 
ated single crystal. The object was to observe 
the angular variation of the spin-echo Tj- 
relaxation time of the gaseous hydrogen as a 
function of crystal orientation relative to the 
applied magnetic field [7]. The results are 
entirely consistent with the existence of 
hydrogen gas trapped in a cubic bubble. The 
variation of the NMR relaxation time with 
crystal orientation agrees with a model where 
loss of phase coherence of the hydrogen 
magnetic moments is due to interactions with 
the bubble walls. 

The purpose of this work is to provide in- 
dependent calorimetric evidence of molecular 
hydrogen gas trapped in irradiated LiH. The 
experiment measures the thermal arrest 
caused by fusion of molecular hydrogen trap- 
ped in crystals of y-irradiated LiH for which 
motionally narrowed NMR measurements 
are available. 

2. EXPERIMENTAL 

LiH crystals were prepared by directly 
combining the elements in a manner similar to 
that of Pretzel et a/. [8]. The lithium metal 
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used was high purity reactor grade (Foote 
Mineral Company). The hydrogen was 
99*999 per cent pure (Matheson Gas Pro- 
ducts). Typical spectroscopic analyses of the 
resulting LiH showed the following impuri- 
ties; 60- 150 ppm sodium, 3-90 ppm alum- 
inum, calcium and copper, and 3 ppm iron. 
Oxygen and carbon content were measured 
by {y, n) activation analyses and proved to be 
1000-5000 ppm and 250 ppm, respectively. 
LiH was always handled under vacuum or in 
an atmosphere of carefully purified argon. 

The LiH was irradiated with **Co -y-rays 
[3] at 160®C to a total dose of 1-44x10’® 
rad. The density of the irradiated material was 
0-638 g/cm® while the unirradiated crystals 
had a density of 0-776 g/cm®; the material 
therefore swelled (AF/Lo) = 21-6 per cent. 
The weight of the sample used in these 
measurements was 2-8713 g. Pulsed NMR 
measurements of this sample [3] showed that 
it contained 0-022 mole of hydrogen and 0-036 
moles of lithium metal. Determination of the 
stored energy release on thermal anneal [4] 
gave 314cal/g, which agrees with the NMR 
determination. After irradiation this materia) 
was severely fragmented and it was im- 
possible to determine the size of the hydrogen 
bubbles by electron microscopy. However, 
from a model relating the temperature of 
release of the stored energy to bubble size 
and concentration [4], an average size of 
415 A and a bubble concentration of 2-5 x 
10‘* cm"® can be inferred. 

To make the calorimetric measurement, the 
irradiated LiH was sealed in a cylindrical 
can made of platinum- 1 0 per cent rhodium of 
0*5 mm thickness. The container was 3-7 cm 
long and 2*5 cm in dia. The lid, which had a 
1 -mm hole in the center, was set into place and 
the container press-fitted into a massive cop- 
per heat sink. The argon atmosphere box was 
then evacuated to 1 0"^ torr and the top elec- 
tron beam-welded to the can. The sample 
container was next back-filled with argon and 
was transferred to a small vacuum chamber, 
pumped out again, and then back-filled with 


purified helium gas which acted as the heat 
exchange fluid in the calorimeter. At this 
point, the 1-mm hole in the can was quickly 
sealed with low melting solder. 

The sample cannister was then wound with 
manganin resistance wire (~ 1 500 ft). A 
Honeywell germanium resistance thermo- 
meter calibrated between 4-2® and 100°K and 
optimized for the 4*2®-20°K range was glued 
into a copper sleeve with glyptal varnish. 
The sleeve was then attached with varnish 
to the flat surface of the capsule. To provide a 
radiation shield, aluminum foil was wrapped 
around the assembly and varnished. 

The calorimeter cryostat used for these 
measurements is a conventional isothermal 
calorimeter equipped with a mechanical heat 
switch for low temperature measurements. 
The encapsulated sample was set in a copper 
holder suspended by nylon threads. The total 
mass of platinum and copper is much greater 
than the mass of sample. Therefore, while 
the heat of fusion expected for the amount 
of hydrogen in the sample was large, a 
specific heat measurement would have been 
quite inaccurate. A thermal arrest measure- 
ment is adequate for detection and estimation 
of the amount of molecular hydrogen. 

Data were acquired primarily by computer- 
controlled digital techniques to be described 
in detail at a later date. The primary measuring 
instrument is a high precision digital volt- 
meter. Thermometric data can be -acquired 
and processed on-line over a large range of 
sampling rates limited only by the charac- 
teristics of the digital voltmeter. The data 
was treated by the Forsythe method [9] adap- 
ted by Catalano et a/. [10] to small computers. 
Thermometric data were obtained at 15 -sec 
intervals for a series of different values of 
constant power input. 

The sample was first cooled to 77°K over 
a period of about 1 8 hr, and then cooled to 
4-2°K in approximately 10 min. Six series of 
thermal arrest measurements were obtained 
over an interval of about four days. These 
were taken with heating rates that varied from 
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ip~* W to 2-6 X 10"* W. The sample environ- 
ment was held at 4-2*’K. Sample temperature 
was not allowed to rise above 30°K during the 
measurements. Temperatures were precise 
to several tenths of a per cent. Temperature 
differences were recorded to a millidegree, 
although the fitting procedure is accurate to 
only a few millidegrees. 

3. RESULTS AND DISCUSSION 
Figure 1 presents the results of two ther- 
mal arrest runs obtained with a power input 
of 2"6xlO"®W. Data were taken at 15-sec 
intervals. The points show the temperature 
rise for power input as a function of tempera- 
ture. All six thermal arrest runs exhibited 


sample. There is also a large spread in tem- 
perature for the endothermic heat effect We 
attribute this heat effect to the fusion of 
molecular hydrogen. The triple point of nor- 
mal bulk hydrogen is 13'96'’K; one would 
expect the mdxipium of the heat effect to 
appear at this or a slightly higher temperature 
since there are thermal lags associated with 
any thermal arrest measurement. The maxi- 
mum in the heat effect is ~13*65°K and is 
not found to be markedly dependent on the 
power levels used. Furthermore, the onset 
of the thermal effect is at an unusually low 
temperature, 12-65'’K. These effects are out- 
side experimental errors and cannot be due 
to the ortho-para conversion. The triple 



Fig. 1. Thermal arrest of irradiated LiH. Response of sample at constant power input with sampling at 15-$ec 

intervals (see text). 


the endothermic effect between 12-15° and 
14-75°K. In Fig. 1, the solid circle points 
describe a run in which the sample had been 
cold for four days; the open circles represent 
a run in which the sample had been cold for 
two days. All other conditions were identical. 
It is evident that the magnitude of the heat 
effect depends on the thermal history of the 


point for the ortho-para equilibrium mixture 
characteristic of 20-4°K is at 13-81°K. The 
rate for the ortho-para hydrogen conversion 
observed at 77°K in similar irradiated LiH 
[3] is much too slow for detection in this 
experiment. 

An estimate of the enthalpy due to fusion of 
the trapped molecular hydrogen was made 
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from the run illustrated by the solid circles in 
Fig. I . The dashed line is the assumed back- 
ground thermogram. The enthalpy represen- 
ted by the thermal anomaly in this run is 
0*163 cal, indicating 0-006 mole of normal 
molecular hydrogen for a heat of fusion of 
28*0 cal/mole. This heat accounts for only 
26 per cent of the hydrogen seen by pulsed 
NMR measurements at room temperature. 
The NMR measurements were repeated after 
these thermal arrest measurements and 
showed the sample to be unchanged. This 
precludes the possibility of accidental loss 
of hydrogen during sample handling. We can- 
not measure the heat of vaporization as the 
system comprises an ensemble of constant 
volume systems (bubbles) for which the tem- 
perature of the liquid-vapor transition is 
not invariant. 

A plausible explanation of our observations 
can be made if the hydrogen is adsorbed on 
the walls of the bubbles. If all bubbles are 
415 A on edge and the total volume increase 
resulting from irradiation is entirely due to 
formation of hydrogen bubbles [2, 3], then the 
sample will contain 113xi0‘® such bubbles 
with a surface area of ~ 1-2X10® cm*. As- 
suming the hydrogen is uniformly distributed 
throughout the bubbles, adsorption will form 
about 4-16 monolayers from 0-022 mole of 
hydrogen, depending on the value taken for 
the number of molecules per cm*[ll]. This 
estimate agrees with observations on similar 
systems discussed below. 

For a few adsorbed monolayers of a gas. 
it has been found that the temperature at 
which the heat capacity anomaly occurs due 
to melting is substantially lower than the 
normal value [12- 15]. Furthermore, the 
enthalpy is smaller than for the bulk. No heat 
effect from melting was seen for a single ad- 
sorbed monolayer [14]. The specific cases of 
argon and nitrogen on rutile were studied; 
the heat capacity and the melting temperature 
were determined as a function of the thickness 
of the adsorbed gas layer[12-15]. The heat 
capacity curves for the melting region in 


Ref. [14] suggest by analogy that we are 
probably observing the melting of a few mono- 
layers of hydrogen adsorbed on the bubble 
walls. 


4. CONCLUSIONS 

These thermal arrest measurements have 
shown that molecular hydrogen is present 
in irradiated LiH. The unusually low tem- 
perature of the thermal anomaly due to mel- 
ting indicates adsorption of hydrogen on 
interna] surfaces in thicknesses of a few 
monolayers. The temperature at which the 
peak of the melting endotherm occurs and 
its temperature range implies that the effec- 
tive number of monolayers is less than 5, 
by analogy to the case of nitrogen on rutile 
[14]. The high temperature at which this 
thermal effect disappears is probably due to 
thermal lag inherent in this type of measure- 
ment. 
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Abstract— The solid solubility and the chemical spinodal have been calculated for several pressures 
from an extended theory of the authors based on the substitutional defect model of Dick and Das. 
The systems considered are LiBr-Lil, NaBr-Nal, KBr-Kl, RbBr-Rbl, and NaCI-KCl. The maxima 
of the exsolution dome, of the chemical spinodal and of the coherent spinodal are found to increase 
and to become narrowed with increasing pressure. For three systems the temperature dilEerence 
between the chemical and the coherent spinodal decreases with increasing pressure, for one system it 
increases, and for the remaining system it increases initially with increasing pressure and decreases 
after passing through a maximum. The direction in which spinodal decomposition should occur is 
found to be dependent on pressure for several systems. 


1. INTRODUCTION 

In TWO previous papers[l,2] (referred to as 
I and 11) the authors have investigated the 
heat of formation, the entropy of mixing and 
the solid solubility of alkali halide solid solu- 
tions on the basis of an extension of the sub- 
stitutional defect model of Dick and Das [3]. 
While this earlier work was restricted to zero 
pressure, it is the objective of the present 
paper to extend the previous work to investi- 
gate theoretically the pressure dependence 
of solid solubility for several alkali halides 
and to determine the effect of pressure on 
spinodal decomposition. 

A study of solid solubility at high pressure 
is relevant for several reasons. First, it is 
of interest to investigate whether the effect 
of thermal motion and of external pressure 
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act, as is usual for many physico-chemical 
properties in opposite directions. In the ab- 
sence of any experimental data for alkali 
halides this question cannot be answered 
beforehand because the elastic shear constants 
determine the solid solubility curve and the 
coherent spinodal via the vibrational contribu- 
tion to the entropy of mixing, and through the 
strain term, respectively, and because for 
some alkali halides the pressure derivative 
of the shear constant C 44 is negative (See 
e.g. the compilation in [4]). 

The pressure dependence of solid solubility 
is also of interest in geophysics. For example, 
in determining the composition of the core 
of the earth the solubility of the main con- 
stituent of the mantle, olivine ((Mg, Fe)jSi 04 ) 
in the iron-rich core must be known in the 
megabar range [5]. Although the two systems 
are very different one would hope that the 
present work on alkali halides may serve as a 
first step towards the study of more com- 
plicated systems. 
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Finally, the decomposition of solid solu- 
tions, especially through the spinodal mechan- 
ism, has recently been utilized for the prepara- 
tion of multiphase and high-strength materials 
[6-8], and it is conceivable that the applica- 
tion of pressure as an additional parameter 
will be useful for materials engineering. 

Spinodal decomposition was first predicted 
from thermodynamic principles by Gibbs [9). 
It consists of a mechanism for the decomposi- 
tion of solid solutions which occurs in that 
region of the p-T-x phase diagram in which 
the second derivative of the Gibbs free energy 
with respect to composition is negative. While 
for metals [10], glasses [II] and ionic materials 
[12] the occurrence of spinodal decomposition 
has been confirmed experimentally, it is 
still uncertain, however, whether or not ob- 
served phase separations in alkali halides 
are due to the spinodal mechanism! 13-I5J. 
This lack of understanding has in part moti- 
vated the present study. It is hoped that the 
theoretical results obtained will stimulate 
further experimental work in this area. 
Perhaps a crucial experiment may be designed 
by introducing pressure as an additional vari- 
able, or the interpretation of new experimental 
data may be facilitated, so that it will be 
possible to determine whether the spinodal 
mechanism is active or not. 

2. METHOD AND ASSUMPTIONS 
The solid solubility curves at non-zero 
pressure are determined by the free energy 
function 


G* = G,.-TA5+p(K,,,-Fm) (2.1) 

where Qy is the heat of formation, AS is the 
total entropy of solution, and Vu are the 
volumes of the solid solution and mechanical 
mixture, respectively, and p and T are the 
pressure and temperature respectively. All 
extensive quantities will be referred to one 
mole throughout this paper. The solid solu- 
bility curve can be calculated from the free 
energy function (2.1) by the method of equal 
tangents [16]. 


The chemical spinodal is the boundary 
between the two regions in which the crystal 
should decompose theoretically either by 
classical nucleation (metastable region) or by 
spinodal decomposition, commonly referred 
to as nonclassical nucleation (unstable region). 
The chemical spinodal is defined as the locus 
of points for which 


d^G* 

dx^ 


= 0 


( 2 . 2 ) 


where G* is the free energy function and x 
represents the composition in mole fractions 
of one of the components. Cahn[17. 18] has 
introduced another spinodal, called the 
coherent spinodal, which is defined by 


d^G* 

dx^ 


-hlT = 0 


( 2 . 3 ) 


and which should describe the spinodal 
observed experimentally. The ‘strain term’ 
W takes into account the elastic strain 
associated with the decomposition. This 
strain term is positive and causes a lowering 
of the chemical spinodal, i.e. it enhances 
the stability of the solid solution by increasing 
the metastable region and decreasing the 
unstable region. For cubic crystals the strain 
term is given by [18] 


W = (2.4) 

where 17= (l/r)(3r/5x) is the derivative of 
the nearest neighbor distance in the solid solu- 
tion with respect to composition, and Y is 
an orientation dependent elastic coefficient. 
Spinodal decomposition occurs in the direc- 
tion for which the coefficient Y has a minimum, 
which corresponds to (100) for a < 0 and 
( 1 1 1 ) for a > 0 where 


n = ^11 C12 2c44 

2cu 


( 2 . 5 ) 


is the elastic anisotropy factor. The corre- 
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spending piinimum values of the coefficient 
Fare [18] 

y _ f (Cii + 2C12) (C ]1 ~Cj 2 )/Cii {a < 0) 

l6(c„ + 2cii)cJ(cn + 2ci2 4- 4cu) (a >0). 

( 2 . 6 ) 

The temperature difference AT=T, — T^ 
between the chemical and coherent spinodals 
(7, and T,>, respectively) may be according 
to Hilliard[19] approximately written as 

AT=r.-7,,-=-2Vy/(^). (2.7) 

If AS is assumed to consist of the entropy of 
ideal mixing only [20, 2] equation (2.7) 
becomes 

where k is Boltzmann’s constant and No is 
the number of molecules per unit volume. 


The composition dependence of the heat 
of formation and of the solid solubility were 
calculated for several pressures in the same 
manner as in 1 and II, but with (2.1) as free 
energy function, and with Qf, AS, V„ and 
Vm occurring in (1.1) dependent on pressure. 
As in 1 and II, the heat of formation has been 
assumed to be independent of temperature. 
The pressure dependence of Qy results from 
the pressure dependence of the nearest neigh- 
bor distance and of the electronic polariza- 
bilities. The pressure dependence of the 
nearest neighbor distance was calculated 
from the isothermal bulk modulus and its 
isothermal pressure derivative obtained from 
the data presented in Table 1 by using 
Murnaghan's equation of state [21]. The 
pressure dependence of the polarizabilities 
was calculated from the available experi- 
mental data of the pressure dependence of the 
refractive index [30-32] by assuming that 
the electronic polarizabilities of cations and 
anions are additive. 


Table 1. Isothermal elastic constants (in 10" 
dynes/cm^) and their isothermal pressure deriva- 
tives for several alkali halides 




cu 

C44 



(Sc,Jttp)r 

LiBr 

3-74[a] 

1.67 

1.93 

8-02[h] 

2-20 

0-19 

Lil 

2-64[b] 

0-78 

1-35 

9-60[h] 

2-07 

0-09 

NaBr 

3-82[cl 

0-958 

1-015 

ll-041i] 

1-80 

0-423 

Nal 

2-93[d] 

0-807 

0-742 

ll-85[d] 

2-36 

0-584 

KBr 

3-35[e] 

0-450 

0-508 

13-03[j] 

1-66 

-0-328 

Kl 

2-62[e] 

0-344 

0-369 

1 3-931 jl 

2-36 

-0-241 

RbBr 

310[f] 

0-404 

0-383 

13-43[f] 

1-38 

-0-54 

Rbl 

2-52[f] 

0-322 

0-279 

13-64[f] 

1-45 

-0-50 

NaCl 

4-77[gl 

1-13 

1-27 

ll-74lg] 

2-16 

0-37 

KCI 

3-97[g] 

0-615 

0-630 

12-89[gj 

1-67 

-0-385 


[a] Calculated from adiabatic data of HaussiihUZZ]. 

[b] Calculated from adiabatic data of Haussiihl[23]. 

[c] Koliwad el a/.[24]. 

[d] Barsch and ShulU2S] 

[ej Reddy and Ruoff[26]. 

[f ] Chang and Barsch [27]. 

[g] Bartels and Schuele[28]. 

fh] Theoretical data by Ghate[29] (Table 4, repulsive para- 
meter b = 0-333). 

[i] Calculated from the isothermal derivatives of the adiabatic 
elastic constants of Koliwad et <i/.[24]. 

[j] Calculated from the isothermal derivatives of the adiabatic 
elastic constants of Reddy and Ruoif [26]. 
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The volume of the solid solution, V„, is 
calculated by assuming Vegard’s law for the 
nearest neighbor distance of the solid solution, 
i.e. a linear variation with composition. Even 
though the individual volumes, and V^, 
are temperature-dependent, the difference 
is assumed to be independent of 
temperature*, but dependent on pressure 
according to Mumaghan’s equation of state. 
Below 100 kbar, the work term, p (f',,- 
in (2.1) amounts only to less than about 
10 per cent of the heat of formation, so that 
ne^ecting the temperature dependence of 
this term is not critical. 

The total entropy of solution consists of 
two parts, the entropy of ideal mixing, AS'**, 
and the vibrational contribution, AA"'*, as 
explained in II. The term, AS”"’, is assumed 
to be independent of temperature. Calcula- 
tions were made to test this assumption 
about AS”'* and it was found that AS”"" was 
essentially independent of temperature. The 
pressure dependence of the vibrational con- 
tribution to the entropy was, however, taken 
into account through the pressure dependence 
of the constant A occurring in the formula 
for the composition dependence of the elastic 
constant Cn 11: 

Ac„=Ax(]-x) (2.9) 

Ac’i, is the difference between the elastic 
constant of the solid solution and that of the 


*As the reviewer has kindly suggested it would 
have been easy to lake into account the temperature 
dependence of the term AK = in an approximate 

manner by assuming, e.g, the ratio AF/F to be tempera- 
ture independent, so that ^V has the same thermal 
expansion as P = (K.,-., -t- V„)I2. This improvement would 
have increased the work term by about 5 to 10 
per cent, and the total Gibbs free energy by about 0.5 
to 1 per cent, at the highest pressures considered, and 
at temperatures corresponding to the maximum of the 
exsolution dome. At lower pressures and/or tempera- 
tures the change would be proportionally smaller. It is 
therefore safe to assume that the resulting changes would 
be barely noticeable in Figs. 1-5. It would be desirable, 
however, to have this effect included in any future 
calculations. 


solid mixture, and A depends on the 
volumes and the bulk moduli of the two end 
members of the solid solution series (equa- 
tions (2.8) and (2.13) of II), which are hwe 
considered as pressure-dependent according 
to Mumaghan's equation of state, and 
according to the linear pressure dependence 
of the elastic constants, respectively. For the 
alkali halide systems contained in Table 1 
the constant A and the relative deviation 
Ac,i/cf," of the elastic constant Cji in the solid 
solution from the value in the solid mixture 
are for a composition x = 0.5 presented in 
Table 2 for several pressures. 

3. RESULTS AND DISCUSSION 
Solid solubility curves and chemical 
spinodals were calculated for five alkali 
halide systems for several pressures from 

Table 2. The quantity A 
(in 10’* dynes/cm*) defined 
in equation (2.9) and the pre- 
dicted relative deviation (in 
per cent) of the elastic con- 
stant c,j for the solid solution 
from the value for the solid 
mixture at T = 300®K and at 
the composition x = 0-5 for 
several pressures p (in kbar) 


System 

P 

A Ac, .(0-5)/ 

LiBr-Lil 

0 

-2514 

-19-7 


50 

-0-887 

-2-9 


too 

-0-439 

-0-91 

NaBr-Nal 

0 

-0-587 

-4-3 


5 

-0-476 

-3-01 


10 

-0-390 

-2-16 


50 

-0-055 

-0-15 


100 

-(-0-139 

+0-23 

KBr-Kl 

0 

-0-444 

-3-7 


10 

-0-233 

-1-3 


20 

-0-124 

-0-55 

RbBr-RbI 

0 

-0-314 

-2-8 


2 

-0-293 

-2-4 


4 

-0-275 

-2-1 

NaCI-KCI 

0 

-1-225 

-7-0 


10 

-1-048 

-4-7 


20 

-0-935 

-3-4 
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equation (2.1) in connection with the assump- 
tions stated in Section 2 and the methods used 
in 1 for calculating Qp and A5. Figures 1-4 
show the solid solubility curves (exsolution 
domes) and the chemical spinodals for the 
systems LiBr-Lil, NaBr-Nal, KBr-KI, 
and RbBr-Rbl. In addition, the solid solu- 
bility curves were calculated for NaCl-KCl 
at two pressures and are shown in Fig. 5. 
The systems chosen were selected in view 
of the possibility of detecting any effect of 
increasing cation size on solid solubility and 
its pressure dependence. The system NaCI- 
KCl was added since an experimental deter- 
mination of the pressure dependence of the 
solid solubility was started in this laboratory 
while the present theoretical work was in 
progress [33]. 

With the exception of the system NaBr-Nal all pres- 
sures selected for the solid solubility curves are smaller 
than the transition pressures for the transition from the 
NaCI to the CsCI structure. For the Li-halides no 
transition has been observed so far. Theoretical estimates 
for LiBr and Li I have been made on the basis of the Bom 
model [34] and give 105 and 68kbar, respectively. 
Quantum theoretical calculations [35] give 140 and 67 
kbar, respectively. For NaBr and Nal the theoretical 
values from the Bom model [34] are 53 and 39 kbar 
respectively, and from quantum theory[35] 78 and 
44 kbar, respectively. Pistorius, however, observed the 
transition in NaBr at 1 1.5 kbar and 200°C, and in Nal 
at 10.2 kbar and 164°C[36]. At room temperature no 
transition was observed. These results are, however, 
subject to doubt because of the large discrepancies 
between the experimental and the quantum theoretical 
results, and because the theoretical results show a 
tendency for the transition pressure to increase in the 
sequence rubidium, potassium and sodium halides. In 
fact, for the potassium and rubidium halides the quantum 
theoretical calculations agree quite well with the available 
experimental data which indicate transition pressures 
near 4 kbar for the rubidium halides, and near 1 8 kbar 
for the potassium halides[35, 36]. 

Moreover, a large discrepancy exists among the transi- 
tion pressures reported for NaCI by various investigators, 
and the low transition pressure for NaCI of 18 kbar found 
by Pistorius [37] has been challenged by Basset et al. 
[38], who propose a transition pressure of 300 kbar for 
NaCI. In view of these arguments it is conceivable that 
the transition pressures near 10 kbar reported by Pistorius 
[36] for NaBr and Nal are also much too low, and that 
the true transition pressures for these materials may well 
be near or above 100 kbar. 

For these reasons the solid solubility curves of the 
system NaBr-Nal were calculated for two different 
sets of pressure, one set (5 and 10 kbar) below the 
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trmisttion imssure reported by Pistorius [36], and one 
set (50 and 100 kbar) hi a pressure range in which this 
system possibly (i.e. if Pistorius' data Should turn out 
to be due to secondary effects) stilt occurs in the rocksalt 
structure. 

For KBr and KI the transition occurs at 17.4 and 17.3 
kbars respectively [36], so that the highest pressure for 
the KBr-KI diagram in Fig. 3 lies slightly outside the 
stability range of the rocksait shucture. For RbBr and 
Rbl the experimental transition pressures are 4.2 and 
3.6 kbars, respectively [36], so that the solubility curve 
at 4 kbar shown in Fig. 4 lies slightly outside the stability 
range of the rocksalt phase. 

The results displayed in Figs. 1-S show that 
for all hve systems considered the exsolution 
domes become narrower and their maxima 
are moved toward higher temperatures with 
increasing pressure, while for a given tem- 
perature the solubility gap increases with 
increasing pressure. This indicates that the 
effect of pressure on solid solubility is 
opposite to the effect of temperature. This is 
what one would expect intuitively. Upon 
application of pressure, the ions are moved 
in their potential wells toward the high repul- 
sive core making them effectively ‘harder’. 
This reduces the possibility for accommodat- 
ing misfits. Hence, increasing the pressure 
decreases the solid solubility, while an in- 
crease in temperature increases the solid 
solubility. 

For the system LiBr-Lil in Fig. 1 the ex- 
solution domes for pressures of 50 and 100 
kbar extend above the approximate melting 
temperature curve, so that at those pressures, 
it is not possible to have complete solid 
solubility over the whole composition range. 

The chemical spinodals shown in Figs. 
1-4 exhibit the same pressure dependence 
as their respective solid solubility curves. 
The area under the chemical spinodal increases 
with increasing pressure. This means that the 
range in which the solid solution would de- 
compose by spinodal decomposition in the 
absence of the strain term is increased both in 
temperature and in composition. 

The temperature difference AT between the 
chemical and coherent spinodals was cal- 
culated (from equation (2.8)) at the maximum 
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Fig. I. Exsolution dome and chemical spinodal of LiBr- mok % ki 

Lil for three pressures. pig 2(a). Exsolution dome and chemical spinodal of 

of the exsolution dome for the five systems NaBr-Nal for several pressures. 


under investigation. In order to calculate calculated. However, the strain term, given 
Y (in 2.6) the elastic constants were evaluated by equation (2.4) and the method outlined for 
at the proper temperature, pressure, and com- relating the strain term to the temperature 
position. The pressure data were those of drop given by (2.8) are both approximate 
Table 1, while the values for the temperature enough to make one cautious about drawing 
dependence of the elastic constants were quantitative conclusions about the tempera- 
taken from the compilation of Leibfried and ture differences between the chemical and 
Ludwig[39]. The zero pressure values of the coherent spinodals. 

molar volumes were calculated from the lat- With these reservations in mind one may 
tice constants compiled [40], The values ob.serve from the data of Table 3 that for 
of the maximum temperature Tm of the all systems, except NaBr-Nal, the maximum 
exsolution dome, for the maximum tempera- temperature T^oh of the coherent spinodal 
ture Tcoh — Y—^T of the coherent spinodal, increases monotonically with pressure. For 
and of the temperature difference AT are NaBr-Nal, however, the temperature Tcoh 
listed in Table 3 for several pressures. Also increases initially and decreases at high 
included in Table 3 are the values of the pressure after passing through a maximum, 
anisotropy factor (2.5). This maximum is caused by the fact that for 

The values of Tjoh listed in Table 3 re- NaBr-Nal the temperature difference AT 
present an estimate of the temperature below between the chemical and the coherent 
which one might observe spinodal decomposi- spinodal increases with pressure, whereas 
tion for each alkali halide solid solution, for LiBr-Lil, KBr-KI, and RbBr-Rbl, AT 
assuming the coherent spinodal is properly decreases with increasing pressure. For 
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Fig. 2(b). Exsolmion dome and chemical spinodal of 
NaBr-Nal for zero pressure and for two pressures above 
the transition pressure. 

NaCl-KCI the difference AT" increases initially 
and decreases after passing through a maxi- 
mum; however, the initial increase is not large 
enough to cause a decrease in the maximum 
temperature ^coh- 

The different pressure dependence of the 
temperature difference AT arises from the 
competing effects of the pressure dependence 
of the different factors (equation (2.8)). The 
elastic modulus Y usually increases mono- 
tonically with pressure, except for KBr-Kl 
and RbBr-RbI, where a maximum occurs 
near 15 and 2kbar, respectively. These 
maxima are caused by the negative pressure 
coefficient of the shear modulus C 44 , but since 
they are very broad they have no eflFect on 
the temperature difference AT which for these 
two systems^ decreases monotonically with 
pressure. The factor tj decreases monotoni- 
cally with pressure, except for NaBr-Nal, 
where a minimum occurs, which has, however, 
no effect on the monotonical increase of the 



Molt ■!«. KI 

Fig. 3. Exsolution dome and chemical spinodal of 
KBr-Kl for three pressures. 

temperature difference with pressure. The 
third factor II No is the volume per molecule 
and decreases monotonically with pressure. 

The data of Table 3 indicate that for 
LiBr-Lil and for KBr-Kl the maximum 
of the coherent spinodal should lie very 
close to BOO^K, so that no spinodal decom- 
position is to be expected at room tempera- 
ture. For NaBr-Nal, RbBr-Rbl and NaCl- 
KCl, however, the maximum of the coherent 
spinodal lies from 50° to 100°C above room 
temperature, and spinodal decomposition 
should take place. This is contrary to the 
observations of Wolfson et a/.[14], who did 
not observe spinodal decomposition in NaCl- 
KCI at room temperature. Probably this 
discrepancy reflects the large uncertainty of 
the theoretical estimates for the coherent 
spinodal. 

In spite of the uncertainty in the absolute 
magnitude of Tcoh one should expect the 
pressure dependence to be predicted correctly . 
Thus spinodal decomposition may be ex- 
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Fig. 4. Exsolulion dome and chemical spinodal of 
RbBr-RbI for two pressures. 

peeled to occur at high pressure for LiBr-Lil, 
KBr-KI, and KCl-NaCl, whereas in NaBr- 
Nal very high pressure (above SOkbar) 
should suppress spinodal decomposition if 
it were ever favored at intermediate pressures. 
For RbBr-RbI spinodal decomposition may 
take place at pressures close to the phase 
transition at 4kbar, but the rise of is 
not large enough to predict this effect with 
certainty. 

It is interesting to note that for LiBr-Lil, 
NaBr-Nal and NaCI-KCI the elastic 
anisotropy factor a changes sign at pressures 
of the order of 45, 35 and 8 kbar, respectively. 
One may therefore conclude that for these 
systems the direction of spinodal decomposi- 
tion should change from (100) at low pres- 
sures to (111) at high pressures, whereas 
for the remaining systems KBr-KI and RbBr- 
RbI decomposition should occur in (111) at 
all pressures. 

For the system NaCl-KCl the spinodal 
curves have not been included in Fig. 5 aince 



Fig. 5. Solid solubility curves for NaCI-KCI at two 
different pressures. 

for this system the free energy-vs. composition 
curve shows three minima, instead of the 
usual two. The exsolution dome shown in 
Fig. 5 was obtained from the common 
tangent to the two minima corresponding 
to the lowest and highest compositions, 
respectively. 

The occurrence of three minima in the free energy 
curve would be indicative of an ordered phase resulting 
in two exsolution domes and two spinodal curves. No 
such effect has been observed, however, in alkali halides. 
In two papers, which only recently came to our attention, 
Hovil41,42] reports theoretical results for KBr-KI 
and RbBr-RbI solid solutions which show the same 
effect. These results are based on the theory of Wasastjerna 
[43, 44] which includes the entropy contribution from 
local order but does not include the vibrational entropy 
contribution. Since for the theoretical model used in the 
present work only one solubility gap is obtained for KBr- 
KI and RbBr-RbI it is suggested that the occurrence of 
two solubility gaps arises from the entropy term, and 
not from the heat of formation. The results obtained for 
these two systems and, on the basis of the present model, 
for NaCl-KCl seem to indicate that both the entropy 
contribution from local order and the vibrational entropy 
can cause two solubility gaps. Since experimental 
verification of two solubility gaps would be a rather 
difficult task the question must remain undecided whether 
the theoretical entropy contributions due to local order 
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and due to thermal vibrations are calculated correctly 
or result erroneously in two solubility gaps. 

Table 3. Maximum temperature T* 

(in °K) of the exsolution dome, tem- 
perature difference ^T(in between ' 
the chemical and the coherent spinodal, 
maximum temperature Tcoh of the 
coherent spinodal, and elastic aniso- 
tropy a at the maximum of the chemical 
spinodal for several pressures (in 
kbar) 


System 

P 


AT 


a 

LiBr-Lil 

0 

575 

269 

306 

-064 


50 

1010 

241 

769 

019 


too 

lOSO 

225 

855 

1-39 

NaBr-Nal 

0 

665 

324 

341 

-018 


5 

705 

345 

360 

-0003 


10 

750 

369 

381 

0156 


50 

880 

467 

413 

1-55 


100 

900 

591 

309 

2-87 

KBr-KI 

0 

520 

215 

305 

1-36 


10 

615 

182 

433 

1-12 


20 

690 

158 

532 

4'44 

RbBr-Rbl 

0 

515 

183 

332 

1-87 


2 

538 

172 

365 

2-26 


4 

560 

162 

398 

2-69 

NaCl-KCl 

0 

883 

487 

396 

-0-29 


10 

980 

552 

428 

010 


20 

1077 

515 

562 

0-51 


The parameters used in the present cal- 
culations that determine the pressure depen- 
dence of the solid solubility curve are the com- 
pressibilities and the electronic polariza- 
bilities, the first pressure derivatives of these 
quantities, and the lattice parameters. It is 
still conceivable, however, that the solid 
solubility and its pressure dependence can 
be correlated to a smaller number of para- 
meters. Such a correlation would be useful 
for more complicated systems where lattice 
theoretical calculations are too difficult. One 
such ‘empirical’ correlation of the theoretical 
results is plotted in Fig. 6, which shows the 
ratio of the maximum temperature of the 
exsolution dome T^ip) at the pressure p to 
the maximum temperature rm=7’„(0) at 


zero pressure as a function of (VJV)*'*, 
where V and Vq are the molar volumes 
(corresponding to the composition of the 
maximum of the exsolution dome) at pressure 
p and at zero pressure, respectively. For tdl 
four systems a linear correlation is found for 
values of (VolV)*'* close to 1, i.e. for small 
pressure. For LiBr-Lil and NaBr-Nal 
deviations from the linear dependence occur 
at higher values of {VofV)*'\ For these two 
systems the cation-anion radius ratio r+/r_ 
is smaller or close to the value (V2— 1) = 
0.41 below which the repulsive interaction 
between second nearest neighbors becomes 
more pronounced than that between first 
nearest neighbors. Although because of the 
occurrence of the B1-B2 phase transition 
the data for KBr-Kl and RbBr-Rbl have 
not been extended to higher pressures to allow 
a comparison, it is conceivable that the 
deviation from linearity in Fig. 6 is associated 
with the small cation anion radius ratio. This 
behavior warrants further study, especially 
for other systems. Apart from this observa- 
tion, no other effect of the radius ratio on 
solid solubility could be found. 

The only experimental data on the pressure 
dependence of the solid solubility in alkali 
halides that are available for comparison with 
the theoretical results are recent and as yet 
unpublished results of Bhardwaj and Roy for 
the system NaCl-KCl[33]. The solid solu- 
bility curve at zero pressure found by these 
authors agrees well with the earlier data of 
Shell and Stadelmaier[45] and lies therefore 
about KKl^C below our theoretical curve 
(II, Fig. 3). Possible reasons for this dis- 
crepancy have been discussed in II. Good 
agreement between the theoretical and 
experimental results is found, however, for 
the pressure dependence of the solid solu- 
bility; the experimental and theoretical curves 
for the maximum of the exsolution dome 
vs. pressure have the same shape and differ 
only by a parallel shift of about 100“C[33]. 
This pressure dependence corresponds there- 
fore to the linear dependence of the maximum 
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Fig. 6. Dependence of maximum temperature of exsolution dome on 
volume for several pressures and several systems. 


of the exsolution dome on the volume ratio 
displayed in Fig. 6. 

4. CONCLUSIONS AND SUMMARY 
It is found that for all alkali halide systems 
considered the solid solubility curve becomes 
narrowed and is shifted toward higher 
temperatures as the pressure increases. A 
similar behavior is found for the chemical 
spinodal. The increase with pressure results 
primarily from the increase of the heat of 
formation through the decreasing interionic 
distance. The temperature difference between 
the chemical and the coherent spinodal does 
not follow a general pattern and . may either 
increase monotonously, decrease mono- 
tonously, or decrease at high pressure after 
iaitially at low pressures passing through a 
maximum. 


For all five systems considered the coherent 
spinodal at zero pressure does not rise very 
much above 300'’K, but of these systems 
NaCI-KCl is most likely to show_ spinodal 
decomposition at 300°K and zero pressure. 
In most cases the maximum temperature of 
the coherent spinodal increases with increas- 
ing pressure, so that, for example, for KBr-Kl 
spinodal decomposition is expected to occur 
at lOkbar over a certain composition range. 
For NaCl-KCl a similar behavior is expected, 
but the increase with pressure occurs more 
slowly, and pressures of the order of 20 kbar 
are required to raise the coherent spinodal 
significantly above the zero pressure value. 

For LiBr-Lil, NaBr-Nal and NaCl- 
KCI the direction in which spinodal de- 
composition occurs changes with pressure 
because the elastic anisotropy changes sign 
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with uicFeasii^ pressure. It would be interest- 
ing, although quite difficult, to verify this 
effect experimentally. 

In order to check the theoretical results it 
would be desirable to have experiment^ 
data on solid solubility as a function of 
pressure. Such measurements for the system 
NaCl-KCl have been performed in this 
laboratory [33] and are in reasonable agree- 
ment with the theoretical data. However, no 
spinodal decomposition has been observed. 
Another possible experiment would be the 
investigation of the system KBr-KI in the 
pressure range 0-20kbars. By application 
of a rapid quench technique in order to reach 
the unstable region under the exsolution 
dome, unambiguous experimental verification 
of spinodal decomposition in alkali halides 
might be obtained. 
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Abstract -Ferroelectric BiFeO, is rhombohedraJ with lattice constants, n« = 5’5876, 13-867 A 

at room temperature. The space group is R3C with two formula units in the unit cell. The atomic 
positions have been determined employing both X-ray single crystal and neutron powder diffraction. 
The oxygen atomic positions could be determined only by neutron diffraction and are interpreted as 
a rotation of rigid octahedra around the trigonal axis by an angle cu = 1 1°40' from the ideal perovskite 
positions. 

The X-ray intensities were visually estimated by the multiple film technique using a Weissenberg 
camera. The cation positions, refined by least-squares, are in good agreement with those determined 
from neutron powder diffraction analysis. The final results are given with a reliability factor R = 0-02 
for neutron powder data and R = 0-09 for X-ray single crystal data. With respect to the ideal perov- 
skite structure, the cations are shifted along the trigonal axis in accord with the observed dielectric 
properties. 


1. INTRODUCTION 

The study of perovskite-type structures 
which exhibit long range ordering of electrical 
moments as well as the ordering of magnetic 
dipole moments has received considerable 
attention. The distorted perovskite BiFeOg is 
claimed to exhibit such properties. Although 
its antiferromagnetic structure was deter- 
mined without ambiguity as being G-type[l], 
the electrical nature of BiFeOa was, until 
recently, in question due to contradictory 
reports in the literature. 

Several investigators employing powder 
diffraction techniques reported [2-4] that 
BiFeOs possessed a rhombohedrally distorted 
perovskite-like structure with a unit cell para- 
meter of = 3-96 A, a — 89'’28' at room 
temperature. For this monomolecular unit 
cell, Tomasphpolskii et a/.[5,6] proposed, 
from single crystal data, the space group Rim 
which permits ferroelectricity. These results 
were in contradiction with those of Kiselev 
et al. [7] who reported the unit cell to be bi- 


*Present Address: Philips Laboratories, 345 Scar- 
borough Road, Briarcliff Manor, N.Y. 10510, U.S. A. 


molecular on the basis of superstructure lines 
observed on neutron diffraction powder dia- 
grams. No atomic coordinates were reported, 
but it was concluded that BiFeOg could be 
antiferroelectric. 

Furthermore, the space group Rim did 
not allow for the weak ferromagnetism 
detected by magnetic susceptibility measure- 
ments [8]. 

The discrepancies in the experimental 
investigations resulted from the lack of 
suitable single crystals and/or pure poly- 
crystalline material. Thus in the absence of a 
completely defined atomic structure, one 
could not state whether BiFeOs was ferro- 
electric compensated antiferromagnetic, 
antiferroelectric weak ferromagnetic or 
ferroelectric weak ferromagnetic. 

The determination of the exact atomic 
structure of BiFeOg, therefore, appeared 
basic to an understanding of its behavior. 
Accordingly, the purpose of this paper is to 
present data establishing the atomic structure 
and electrical nature of BiFeO,. Some corre- 
lations of the structure of BiFeO, with its 
physical properties and with the structures 
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and properties of some related compounds 
are also discussed. 

2. EXPERIMENTAL 
Cell determination 

Our first attempts to solve the ambiguous 
question of the cell dimension included 
neutron powder diflFraction on a very pure 
sample [9]. A diffraction pattern was obtained 
at 600°C, considerably above the Neel tem- 
perature. Two extra peaks at 6i = 26-3° and 
6t = 41-5° could not be indexed in a mono- 
molecular cell. These lines did not correspond 
to any possible impurity peaks such as the 
major peaks of FcjOg, BijOj or Bi 2 Fe 409 . 
These peaks could be indexed employing a 
bimolecular unit cell, in agreement with 
Platkii’s results [10]. Confirmation that these 
peaks were indeed superstructure peaks was 
provided by X-ray single crystal diffraction. 
The crystals used were needles grown by slow 
cooling of a BijO^-FeiOj mixture containing 
an excess of BijOs. The superstructure re- 
flections, although very weak, appeared after 
very long exposure times (12 days on rotating 
crystal, Cu-Ka radiation). The true unit cell 
was, therefore, bimolecular with the rhombo- 
hedral unit vector related to the perovskite- 
like cell by the matrix: 

0 1 1 
I 0 1 
110 . 

To better understand the atomic framework, 
the corresponding hexagonal cell is used. The 
hexagonal cell, containing six formula units 
of BiFeOj is related to that of the perovskite 
by the matrix; 

T 0 
0 1 1 
2 2 2 . 

The room temperature hexagonal para- 
meters were determined from high angle pow- 
der diffraction photographs of very pure 


ceramic material taken with a Straumanis 
camera (Co radiation). 

fl = 5-5876 ± 0 0003 c= 13-867 ±0-001. 
Neutron diffraction study 

Examination of the scattering factors 
strongly suggested that the X-ray data did 
not reflect the oxygen positions. Conse- 
quently, a neutron diffraction study was 
undertaken. The neutron scattering lengths 
were 0-86, 0-96 and 0-577 for Bi, Fe and O, 
respectively. Therefore, the oxygen contribu- 
tion, relative to Bi and Fe, was increased 
considerably over that found in X-ray diffrac- 
tion. 

Neutron powder diffraction patterns of 
BiFeOs up to 26 = 48° were obtained for 
different temperatures at the Oak Ridge 
National Laboratory Research Reactor. At 
room temperature the pattern shows a magne- 
tic structure superimposed upon the nuclear 
structure. The magnetic and crystallographic 
cells were found to be identical. The Neel 
temperature was derived from the thermal 
variation of the magnetic intensity of (003). 
The value of 7^ = 640 K was in good agree- 
ment with that reported by Kiselev et al. [7]. 

The magnetic pattern revealed a simple 
G-type antiferromagnetic structure in which 
each magnetic Fe ion is surrounded by six 
antiparallel-aligned Fe ions as previously 
reported[l]. Analysis of the nuclear structure 
was carried out, using intensities obtained at 
880 K. The R factor was calculated for dif- 
ferent models using 15 nuclear reflections. 
In these models, both parallel and antiparallel 
shifts of the Fe ions were used as well as 
different types of possible oxygen octahedra 
distortion. The superstructure peaks could 
only be generated in the Ric space group. 

The least-square analysis was carried out 
using the U.C.I.L.S.I. program[ll]. In the 
final model, calculated and observed inten- 
sities agree with a discrepancy factor, 
R = 0-023, Table 1 . The resulting atomic posi- 
tions are given in Table 2 in fractions of the 
hexagonal edges. 
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Table 1. High temperature neu' 
tron diffraction data for BiFeO, 



hid 


^ caleulRtbd 

^ObMTVOd 

0 

1 

2 

623 


555 

1 

0 

4 

1542] 

1 2747 

2752 

1 

1 

0 

1205J 

1 

I 

3 

1112 


1088 

0 

0 

6 

1851 



2 

0 

2 

1097J 

1 1282 

1306 

0 

2 

4 

6392 


6230 

2 

1 

I 

7221 



1 

I 

6 

3630 

4900 

4960 

1 

2 

2 

548 J 



0 

1 

8 

1574 



2 

1 

4 

3557 

7764 

8054 

3 

0 

0 

2633J 



1 

2 

5 

631 


516 

2 

0 

8 

24%] 

1 6910 

6846 

2 

2 

0 

4414] 



R = 

IKaL 

11 

:i^ = 
0 

0023 


correction factors for £d)s(»|ition were takoi 
from the International Table8[14]. 

Structure factors, F^i. computed up 
to a value of (sin d/X) » 0*73 usii^ the atomic 
form factors given in the IntemsUional Tables 
for X-ray crystallography. Seventy-eight 
independent reflections with non-zero 
observed intensities were taken into account. 
The superstructure reflections with l=2n + l 
were too faint to be reliably measured. 
Intensities largely affected by extinctions 
were also excluded. A least-square refinement 
using U.C.l.L.S.l. program and assuming 
isotropic temperature factors, was carried out 
on all the observed structure factors (T able 4). 
The Bi-Fe distance converged rapidly and 
remained, in any case, constant within error 
limits in agreement with the values calculated 
from the neutron data. Despite the reasonable 
R factor, the results appeared extremely 


Table 2. Atomic coordinates for BiFeOg 


Atom 

Ideal model 

Final model 


X 

y z 

X y z 

Bi 

0 

0 0 

0 0 0 

Fe 

0 

0 0-250 

0 0 0-2212 ±15 

O 

0-5 

0 0 

0-443 ±2 0-012±4 0-9543±20 


The pseudosymmetric positions can be 
described by cation shifts from the ideal 
cubic positions along the trigonal axis (0001) 
while the oxygen octahedra were rotated 
slightly around the (0001) direction as 
observed in LaCo 03 [ 12 ] and LaAIOsilS]. 

X-ray study 

The crystals, selected under a polarizing 
microscope, were needle-like growing along 
the (111) and about 30 microns in diameter. 
A Weissenberg camera was used to collect 
the reflections using Zr-filtered Mo Ka radia- 
tion. The intensities were visually estimated 
by the multiple-film technique with a cali- 
brated intensity scale, and corrected for 
absorption and Lorentz polarization factors. 
The crystal shape was similar to that of a 
cylinder of 30/u. diameter and accordingly the 


insensitive to any variation of the oxygen 
atom positions. As expected, only the Bi-Fe 
distance could be determined with a standard 
deviation smaller than that obtained from 
neutron data. Along the triad axis the Bi-Fe 
distance is found to be 3 •089 ± 0-005 and 
3-921 A ±0-005. The isotropic temperature 
factors are 0-5 A* for Bi and 0-8 A* for Fe. 
Anisotropic temperature factors could be used 
to reduce the discrepancy factor, but this 
would not affect the atomic parameters and 
furthermore would be of questionable 
accuracy. The reported parameters in Table 2 
were determined with a finsd R factor of 0-098. 

4. DISCUSSION AND CONCLUSIONS 

The atomic coordinates can be expressed 
in terms of small systematic displacements of 
atoms from the ideal perovskite model by the 
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following parameters: 

Bi: 0,0,l + « 

Fe: 0,0, S 
O: 

In this model, the quantities, c, S, u, u, 
represent the respective departure from the 
ideal perovskite positions: 

e = 0 0457; 8 = 0 0169; u = 0 057; v = 0 012. 

Table 3 gives the interatomic distances and 
the bond angles. The spread of the 0-0 dis- 
tances in the octahedra is less than 3 per cent 


around their three fold axes. In a previous 
article [16], we have reported for this type of 
deformation a theoretical relationship between 
the angle of rotation and the cell deformation 


a = arcos 


4 — cos^ to 
4 + 2 cos* (0 


CD 


where co is the angle of rotation around the 
trigonal axis of the octahedron from the 
perovskite positions and a the corresponding 
rhombohedral angle related to the hexagonal 
parameter ratio c/a by; 


£ 

a 


9 

4 sin* ^ 


-3. 


( 2 ) 


Tab/e 3. Interatomic distances and angles in 
BiFeOs 


Hexagonal cell 

a = 5-5876 A 

c= 13-776 A 

Bi-Bi 

3-986 ±0-001 

Bi-Fe 

3-089 ±0-005 

Fe-Fe 

3-986 ±0-001 


3-324±0-005 
3-592 ±0-005 

Bi-O 

2-31 ±0-01 


3-921 ±0-005 


2-53 ±0-01 

0-0 

2-74 ±0-03 

Fc-O 

1-95 ±0-02 


2-84 ±0-03 


2-11 ±0-02 


2-87 ±0-03 
2-98 ±0-03 

Angles 

O-Fe-O 

99-3 ±0 1 


(in degrees) 


88- 4 ±0-1 

89- 7 ±0-1 
81-0 + 0-1 



around the average value of 2-8 A. Thus, the 
FeOg octahedra, despite a large shift of the 
Fe from its geometrical center, can be con- 
sidered as approximately regular. In other 
words, the magnitude of the parameter v 
related to the octahedral distortion is of a 
second order approximation compared to u 
which is directly related to the octahedron 
tilt. In a note[15], Megaw had suggested the 
anion framework of such a rhombohedral 
pseudo-symmetric structure could be de- 
scribed as derived from the ideal octahedral 
framework in the perovskite configuration 
(p = 0, H = 0) by rotating the rigid octahedra 


The experimental value w=ll°40' is in 
good agreement with the theoretical angle 
relationship[l]. 

One of the characteristic properties of the 
ferroelectric compounds ABOs is the off- 
center displacement of the octahedrally co- 
ordinated B cation. A study of Abrahams 
et a/. [17] on many displacive ferroelectrics 
including LiTaOs and LiNbOg (isomorphous 
with BiFeOg) has shown that a relationship 
exists between the displacement Az of the 
central atom and the Curie temperature; 

r, = 2-ioMAz)*. 


(3) 
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Table 4. Observed and calculated structure 
factors 


h 

k 

1 

^ obs. 

^ CRl. 

h 

k 

1 

^ otM. 

Foi. 

1 

1 

0 

531 

489 

0 

6 

6 

215 

186 

3 

0 

0 

470 

432 

6 

0 

6 

221 

174 

2 

2 

0 

438 

421 

5 

2 

6 

131 

167 

4 

1 

0 

360 

322 

2 

5 

6 

133 

168 

3 

3 

0 

331 

280 

0 

1 

8 

341 

371 

6 

0 

0 

236 

251 

2 

0 

8 

332 

315 

5 

2 

0 

297 

257 

1 

2 

8 

318 

314 

4 

4 

0 

255 

209 

3 

1 

8 

268 

288 

1 

5 

2 

161 

164 

0 

4 

8 

254 

263 

4 

2 

2 

212 

180 

2 

3 

8 

270 

251 

5 

0 

2 

232 

203 

5 

0 

8 

218 

220 

3 

4 

2 

138 

163 

4 

2 

8 

236 

216 

0 

1 

2 

309 

304 

1 

5 

8 

228 

211 

2 

0 

2 

352 

343 

3 

4 

8 

219 

189 

1 

2 

2 

225 

246 

1 

0 

10 

325 

346 

3 

1 

2 

185 

219 

0 

2 

10 

258 

278 

0 

4 

2 

197 

235 

2 

1 

10 

332 

302 

2 

3 

2 

188 

219 

1 

3 

10 

254 

277 

6 

1 

2 

145 

148 

4 

0 

10 

267 

242 

5 

3 

2 

118 

136 

3 

2 

10 

262 

233 

1 

0 

4 

521 

484 

0 

5 

to 

258 

206 

0 

2 

4 
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489 

2 

4 

10 

268 

210 

2 

1 

4 

417 

409 

5 

1 

10 

171 

209 

1 

3 

4 

345 

343 

4 

3 

10 

161 

183 

4 

0 

4 

320 

337 
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0 

12 

238 

206 

3 

2 

4 

337 

315 

1 

1 

12 

281 

247 

0 

5 

4 

284 

294 

3 
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12 

248 

210 

2 

4 

4 

304 

271 

0 

3 

12 

245 

209 

5 

1 

4 

289 

254 

2 

2 

12 

221 

189 

4 

3 

4 

278 

238 

4 

1 

12 

168 

181 

1 

6 

4 

195 

210 

1 

4 

12 

170 

181 

0 

0 

6 

335 

321 

3 

3 

12 

181 

173 

1 

1 

6 

369 

329 

0 

1 

14 

351 

297 

0 

3 

6 

305 

281 

2 

0 

14 

298 

267 

3 

0 

6 

312 

269 

1 

2 

14 

243 

271 

2 

2 

6 

235 

2.54 

3 

I 

14 

252 

246 

1 

4 

6 

190 

221 

0 

4 

14 

210 

226 

4 

1 

6 

188 

229 
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3 

14 

204 

217 

3 

3 

6 

175 

208 

5 

0 

14 

223 

202 


Although no Curie point has been determined 
directly on pure BiFeOg below its decomposi- 
tion temperature {850°C), an extrapolation of 
data from high-temperature dielectric meas- 
urements[18] and X-ray studies [19, 20] on 
BiFeOs-PbTiOg solid solutions, suggested 
a Curie temperature of 850°C. According to 
relation [3], the value of Az = 0-236A deter- 
mined by our structural investigation would 
give a Curie temperature of 841 ± lO^C which 
is in good agreement with the extrapolated 
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value. Also, an emtarical relations!)^ between 
the cation shifts and £(£> has been re- 
ported [21] for the isomorfrfiOus series 
Pb(Zro.,Tio.x) 04 , BiFeO,. LiTaO,. LiNbO,. 
Moreover, a relationship between atomic 
parameters and the unit celt dimensions has 
been developed [22] in a model possessing 
Ric symmetry. Thus a trifluoride series 
BFa(B = Ru, Co, V, Fe, Ti) and different 
perovskite-type series ABOgiA — Pb, La, 
Li and B = Sr, Ti. Co, Al, Nb, Ta) were 
related to BiFeOa as being based on the same 
anion framework. 

Finally a minor hysteresis loop has been 
observed for the first time on a single crystal 
of BiFe 03 [ 22 ]. The reversal of the electrical 
moments was not complete due to the high 
coercive field and thus saturation polarization 
could not be attained. However, it provides 
evidence as to the ferroelectric nature of 
BiFeOa, the only non-pressure synthesized 
compound possessing both ferroelectric and 
magnetic ordering with a trivalent ion in the 
A site of theABOs perovskite lattice. 
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THE OPTICAL PROPERTIES OF ANTHRACENE 
CRYSTALS IN THE VACUUM ULtkA VIOLET 
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Department of Physics, The University, Dundee, Scotland 

(Received August 1970) 

Abstract— The normal incidence reflectivity spectrum of anthracene crystals has been measured in the 
range from 2 to 1 3 eV using unpolarised light. The data were analyzed by means of the Kramers- 
Kronig relation. The results extend our knowledge of the optical constants well beyond the range of 
previous measurements. A check on the internal consistency of the analysis is provided by the applica- 
tion of sum rules. A tentative energy level scheme is proposed that is able to account for the msyority 
of the spectral features in the (u) curve. In the interpretation, it is suggested that the initial Ailed 
states are the ground state and two lower bands lying 2*9 and 6-6 eV below the ground state. From 
these, transitions occur to the following final states; (a) surface states, (b) the singlet at 3-1 eV above 
the ground state, (c) the second conduction band extending from 4-4 to 5-0 eV, and (d) possibly another 
level beginning at about 5-3 eV. 


1. INTRODUCTION 

Of all the organic materials, anthracene has 
probably been the most extensively studied in 
recent years, both from an experimental and a 
theoretical point of view. Much of this work 
has been concerned with establishing an 
energy level scheme for the material. There 
now seems fairly general agreement on the 
type of levels expected above the ground 
state, although the details of some of these are 
still somewhat uncertain. 

Previous work [1 , 2] on the optical constants 
of anthracene has been limited to photon 
energies of less than 6 eV. The aim of the work 
described in this paper was to extend the 
known optical constants to considerably 
higher energies and, as a consequence, obtain 
some information about the relatively 
unknown levels below the ground state. 

2. EXPERIMENTAL PROCEDURE AND RESULTS 

The vacuum monochromator and the experi- 
mental arrangement used in this work have 
been described in a previous publication [3] 
and only a brief description will be given here. 
The monochromator has a 1 m normal inci- 
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dence concave grating as the dispersive 
element; the source was a high voltage d.c. 
hydrogen discharge tube, the light from which 
was chopped at about 400 Hz. A photo- 
multiplier-sodium salicylate combination 
was used as the detector system. The signal 
from the photomultiplier was amplified with a 
high-gain low-noise preamplifier and then fed 
into a phase sensitive detector. 

All measurements were made within 2° of 
normal incidence and with a relatively low 
resolving power (~30 A) for the reasons given 
in Ref. [3]. The corresponding energy 
resolution varied from about 0-02 at 3-0 eV to 
about 0-4 at 13-0 eV as indicated in Fig. 1. All 
the experimental results were taken on a ‘point 
by point’ basis which made it possible to apply 
a correction for stray light in those regions of 
the spectrum where this procedure was 
necessary. 

The majority of the measurements were 
made on platelets grown from solution at the 
solvent interface. Practically identical results 
were obtained in a few measurements on 
samples cleaved from an anthracene boule. 
The surfaces studied were natural ab planes. 
Repeated runs on the same specimen gave con- 
sistent results as long as the crystal was kept 
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under vacuum. Prolonged exposure to the 
atmosphere obscured detail in the measured 
reflectivity and also gradually diminished its 
absolute value. 

The reflectivity curve shown in Fig. 1, 
obtained with unpolarised light, is typical of 
the results for all the samples studied. The 
experimental range extended from 2 to 13 eV. 


3. ANALYSIS OF RESULTS 
The Kramers- Kronig relation used in the 
analysis of these results to give the phase 
change on reflection, for radiation of 

angular frequency wo, is 



Fig. I. The spectral dependence of the normal incidence reflectivity from an anthra- 
cene crystal, measured with unpolarised light. The experimental energy resolution, 
in eV, is indicated at four parts of the spectrum. 


The reflectivity values shown for energies less 
than 2 eV were extrapolated from the pub- 
lished refractive index data [14]. These 
measurements show that between about 4500 
and 7000 A the refractive index is practically 
constant and ranges from about 1 -6 to 2-2 for 
the three principal directions. In addition, the 
measured[15] value of Ve, = 1-86, where e, 
denotes the static dielectric constant, suggests 
that there is also no appreciable dispersion at 
longer wavelengths, so that below 2eV the 
reflectivity should be essentially constant. Our 
extrapolated value of = 0- 1 1 for unpolarised 
light corresponds to an average refractive 
index of 2-0. 


where R (a>) is the reflectivity at normal 
incidence for light of angular frequency w. The 
obvious difficulty in applying equation (1) is 
that the integral is to be taken from 0 to 
whereas the range of experimentally observed 
R (w) is limited. Following the discussion 
given in Ref. [3] we split the integral in equa- 
tion ( I ) into three components; 


Jo 

/A(oo)=-r 

TT Ja 


InR(O)) 

ft>2 — OIq* 


do) 


ln>t(u>) 
(U* — Wo* 


dw 


( 2 ) 
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/,(«,) = d«. (4) 

TT Jb W* — Wo 

The interval (a, b) is defined as that r^on 
over which the reflectivity has been measured. 
It was dien calculated directly firom the 
experimental data by means of a computer 
programme based on the three point Simpson 
procedure. In order not to lose fine structure 
the step length was fixed at 0-025 eV; thus, 
approximately 500 data points were calculated 
in each run. 

As there is no appreciable absorption in the 
range from 0 < <u < a for anthracene, the 
reflectivity remains constant. Equation (2) 
can then be integrated analytically to give: 

The remaining contribution to d(oto) is the high 
frequency part /g and it is this that presents 
the major diflficulty in the analysis. In the 
calculation the criterion that the phase angle 
must be zero in regions of negligible absorption 
was used. Based on calculated values of /, + /j 
the following suitable form for /g was chosen: 


The values of A, B and C were evaluated 
by solving three simultaneous equatkMH 
obtained by equating d(w) to zero at two 
energies below Uie region of significant 
absorption, (i.e. < 2 eV), and at 4*25 eV, 
the absorption is also n^Hgible (see for 
example, Bree and Lyons [1]). From equations 
(3), (5) and (6) the phase an^ B could then be 
calculated as a function of energy. d(w), 
together with the measured reflectivity, then 
led to the various optical constants. Figure 2 
shows the absorption coefiicient a(w) and Fig. 
3 the energy dependence of the (real) index of 
refraction n and the index of absorption k, 
where k = akIArt. The imaginary part of the 
dielectric constant, Cj = Ink, is shown in Fig. 
4. 

It is worth emphasising at this point that 
the spectral characteristics of the calculated 
optic^ constants are almost completely deter- 
mined by hifji), the experimentally deter- 
mined part of eioi). Any interpretation of the 
cz curve, leading to a suggested energy level 
diagram should, therefore, be largely inde- 
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Fig. 2. The spectral dependence of the computed absorption 
coefficient, a. 
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pendent of the extrapolation procedure used. 
The absolute magnitudes of the calculated 
optical constants do, however, depend on the 
extrapolation procedure used and should thus 
be regarded with some caution. On the other 
hand, the calculated magnitudes were not 
very sensitive to the values of the constants 
in equation (6). The results shown in Figs. 2, 
3 and 4 were calculated using A = 0-85, B = 
-325 and C = 296 (in arbitrary units). Yet, a 
choice of A = 0-75, B — —128 = —C, in the 


4 . IHSCUSaON 
4. 1 . The absorption coefficient 
The calculated absorption coefiBcient is 
shown as a function of photon energy in Fig. 2. 
The spectral features in the range from 31 
to 5-5 eV are in good agreement with the data 
of Bree and Lyons [1]. The calculated mag- 
nitude of the absorption coefficient is con- 
sistent with their data, although a direct com- 
parison is difficult since they used polarised 
light. One major difference in the two sets of 



hw. eV 

Fig. 3. Plot of the calculated real index of refraction, n. and 
the index of absorption, k. 


same relative units, gave a set of results little 
different in either shape or absolute magnitude 
to those shown. For example, the ejfw) curve 
calculated with these values only differed 
significantly for w > 10 eV where the mag- 
nitude was somewhat less than that shown in 
Fig. 4. In general, this result may be expected 
from the form of the dispersion relations, but 
the insensitivity of the fitting procedure as the 
upper limit of the experimental energy range 
is approached emphasises the caution with 
which absolute magnitudes in this region must 
be regarded. 


data occurs below 3-0 eV. Their measured 
absorption coefficient is essentially zero for 
energies less than 3-0 eV. The data shown in 
Fig. 2 indicates the onset of absorption well 
below this value. It is interesting in this con- 
text to note that the reflectivity data of Bree 
and Lyons [1] also shows structure below 3-0 
eV which would confirm our measurements. It 
is possible that this absorption, beginning at 
about 2-3 eV, is associated with transitions 
from the ground state to surface states. 
Baessler and Vaubel[4] have suggested the 
existence of surface states, in an energy range 
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from (2'4±0-2}eV above the ground state to 
about 3-7 eV, to explain their results on the 
threshold for photoemission of electrons or 
holes from various metals into anthracene. The 
agreement between their figure for the energy 
at which smface states become significant 
and the energy at which our absorption coeffi- 
cient first increases lends support to the inter- 
pretation. If this is correct, then the peak in a 
at 2-9 eV may well arise from transitions from 
the ground state to a peak in the surface state 
distribution at this energy. 

4.2. Sum rules 

It is possible to check the internal con- 
sistency of the analysis by the application of 
the following sum rules; [3] 

f n a dX = ( «o^— 1 )7r^ (7) 

Jo 

where no is the zero frequency value of the 
refractive index; 

adX = (no- l)2ir2 (8) 

and 

f"” 277 Ne^ 

I a)e2(a>)dw = ngff (9) 

Jo ^ 

where M is the number of molecules per unit 
volume and Ueff is the effective number of 
electrons per molecule (see, for example. 
Ref. [5]). 

We have evaluated the integrals inequations 
(7) and (8) between \ = 800 A and «= by 
numerical integration leading to values of 
10- 1 and 6-9 respectively. These should be 
compared with (no* — 1)77* = 29-5 and 
(no— 1)277*= 19-7. The low values obtained 
from the integrals indicates that the spectral 
region studied does not contain all the 
significant optical transitions. It is significant 
that both integrals, which are over the same 
interval, yield approximately the same pro- 
portion of the predicted value, 34 and 35 per 
cent respectively. This agreement demon- 
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strates the intmual consistoicy of the analysis. 

As a final check we have evaluated the 
integral in equation (9) for uq — 15-5 eV and 
calculated /itff— 10*1- 'Hiis represents 36 par 
cent of the available 28 electrons thm are 
involved in molecular orbitals. The agreement 
between this and the other sum rules provides 
yet another check on the analysis. 

S. INTERPRETAnON OF THE RESULTS 

In interpreting our data, the quantity of 
most interest is the imaginary part of the 
dielectric constant. 62(a>) is determined pre- 
dominantly by the joint density of states 
function, provided the matrix elements linking 
initial and final states for a particular transi- 
tion do not vary greatly over the Brillouin zone. 
For the purpose of suggesting a possible energy 
level diagram from our C2(<*>) data it has been 
assumed that the only significance of the 
matrix elements is to make certain transitions 
allowed and others forbidden. 

The czitv) spectrum shown in Fig. 4 has its 
predominant features numbered. In Fig. 5 we 
show a suggested energy level scheme for 
anthracene that could, in principle, account 
for most of these features. The transitions in 
Fig. 5 are numbered to correspond to the 
features in Fig. 4. Before proceeding with a 
discussion of these, we would like to emphasise 
the tentative nature of our interpretation. In 
order to provide more conclusive evidence, 
or otherwise, for the proposed scheme, we feel 
it necessary for further experiments to be 
carried out, particularly with polarised light. 

The € 2 ( 10 ) curve in Fig. 4 and the transitions 
shown in Fig. 5 have been divided, for the 
purpose of discussion, into three regions. The 
first, region 1, comprises those transitions from 
the ground state to a number of higher levels. 
Region II involves transitions to the same set 
of levels above the ground state, but from a 
deeper level, denoted by >4, at about —2-9 eV, 
Similarly, region III describes transitions from 
an even deeper level at about —6-6 e V, denoted 
by B, to the same states above the ground 
state. These transitions, from successively 
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Fig. 4. The spectral dependence of the imaginary part, Cjlo)). of the complex dielectric 
constant. The numbers above certain features are used in the discussion. 



Fig. 5. Suggested interpretation of the main features of the « 2 (<u) curve. The transitions are 
numbered to correspond to particular features in Fig, 4. Above these numbers the energies of 
the transitions are given in eV. 1; ionization edge; C.B.: second conduction band; S: singlet 
state; S.S.: surface states; G.S.: ground state. A and B denote levels below the ground state and 

are discussed in the text. 
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deeper levels to the same set of unfilled states, 
result in an ex(a») curve that repeats its general 
spectral features three times, as the data in Fig. 
4 suggest. The decrease in the experimental 
spectral resolution and possibly the increase 
in the width of the energy levels below the 
ground state, results in the loss of sharp struc- 
ture at the higher energies. In the following, 
this interpretation will be discussed in more 
detail. 

The final states involved in transitions below 
3-0 eV, (region I), we have tentatively 
assigned to surface states as discussed in 
Section 4. 1 . There seems little doubt that the 
peak at 3-1 eV (2) is due to transitions from 
the ground state to the singlet level [1]. The 
features (3) to (7) could then be identified with 
transitions to vibrational levels associated 
with this singlet. The average energy interval 
between these transitions is 0-18 eV, in good 
agreement with the vibrational energy deduced 
by other measurements [1,6]. However, in 
view of the existence of the charge-transfer 
state at 3 -45 [7] and the narrow conduction 
band somewhere between 3-7 eV [7] and 3-9 
eV[8], the identification of all these features 
with transitions to vibrational singlet states 
can not be made with complete confidence. 

At about 4-4 eV the onset of a smoothly 
varying Cjfw) signifies the beginning of band 
transitions. We would thus identify these 
transitions as those from the ground state to 
the second, broader conduction band. Since 
the ground state bandwidth is 5 0- 1 eV [9] the 
width of this conduction band can be estimated 
to be 0-6 ± 0- 1 eV. Both the position and width 
of this band are in good agreement with 
that deduced from other experiments [8, 10]. 
Significant density of states maxima seem to 
occur in this band at 4-5 eV (8) and 4-7 eV (9). 

The spectral features observed just beyond 
5-3 eV (11) could be explained in three ways; 
(a) by transitions from the ground state to a 
higher unfilled band beginning at about 5-3 
eV, having a density of states maximum at 
about 5-6 eV; (b) by transitions from a density 
of states maximum below the ground state, at 


— 2‘9eV, to the sur&ce states begumifig at 
about 2-3 eV; (c) by a combination al (a) «md 
(b). As we cannot distinguish between these, 
both (a) and (b) are represented in Fig. 5. It is 
possible that th^ structure in czfcujat about 5'6 
eV may be associated with the photoemission 
of electrons from the ground state of anthra- 
cene into vacuum. The threshold for this 
process occurs at 5 "65 eV(l 1]. The relatively 
low quantum yields obtained by Lyons and 
Morris in their photoemission experiments 
[1 1], could be caused by the competing excita- 
tion from the level at -2-9 eV to the surface 
states. 

As suggested above, the transitions in 
region II are associated with a level, denoted 
by A in Fig. 5, having a density of states maxi- 
mum at — 2-9eV. Transitions from this level 
to the surface states (Section 4.1) could also 
explain the structure commencing at 5-3 eV 
as proposed in the previous paragraph. More 
convincing evidence for level A comes from 
the observed peak in €*(a>) at 6-0 eV (12). This 
we have identified as a transition to the singlet 
at 3-1 eV. The feature marked (13) would then 
correspond to transitions to the first vibrational 
state of the singlet. The loss of sharp structure 
in this region could be due to the width of the 
band A . From the width of the cj peak around 
6 eV we would estimate this band to be about 
0-4 eV wide. 

The peak at 7-5 eV (15) could be connected 
with transitions from the proposed density of 
states maximum at — 2-9eV to the density of 
states maxima in the conduction band at 4-5 
and 4-7 eV. From the width of this peak LOeV, 
and the estimated width of the conduction 
band of 0-6 ± 0- 1 eV, we obtain the band width 
for the -2-9 level of 0-4 ± 0- 1 eV, in agreement 
with that estimated above. Transitions from A 
to the level beginning at 5-3 eV could explain 
the feature denoted ( 1 6) in the € 2 ( 0 *) curve. 

In order to account for the subsequent high 
energy data (region III) it is necessary to 
postulate a second level B below the ground 
state, at about -6-6 eV. Transitions from B to 
the^surface states, to the singlet, to the second 
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conduction band and to the level beginning at 
5’3eV could then give rise to the features 
denoted (17), (18), (19) and (20) respectively, 
in Figs. 4 and 5. Due to our limited resolution 
in this range, it is not possible to estimate the 
width of the proposed band at —6*6 eV. 

If we accept the existence of the surface 
states suggested in Section 4-1 then the only 
features that do not seem to fit into the 
suggested band scheme of Fig. 5 are the small 
peak in cjicu) at 5 0 eV (10), and the shoulder 
around 7-0 eV (14). Apart from the surface 
states, all the levels used in the interpretation 
of the calculated e 2 (<u) data are represented in 
Fig. 6(a), together with their energetic posi- 
tions with reference to the ground state energy. 
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Fig. 6(a). Energetic position of the levels used in the 
interpretation of the calculated ejim) data. The broken 
lines indicate regions of high density of states in the 
relevant bands. The levels are identified with the same 
notation used in Fig. 5. (b) LCAO-HCO calculation of 
the energy levels of anthracene (after Jager[I2]). All 
energies are in eV. 


Jager[12] has recently made a LCAO-HCO 
calculation of the energy bands of anthracene. 
The resulting energies are obtained in terms 
of the Hueckel parameter )3 for adjacent C- 
atoms. Unfortunately, the values of j8 quoted 
in the literature vary between wide limits 
(see, for example. Table 1 of Ref.[13]). In 
order to make use of Jager’s results we have, 
therefore, normalized his energy levels so that 
the ground state to singlet separation agrees 
with the well established value of 3-1 eV. This 


required that one /3 unit be equivtdent to 2-5 
eV. a value not inconsistent with other deter- 
minations [13]. This value of jS also gives an 
energy level at l-SeV that can be identified 
with the triplet state [6], providing a check on 
this procedure. With this normalization, Jager’s 
calculated band scheme is shown in Fig. 6(b). 
It is of interest to note that filled levels are 
predicted close to those we have postulated 
at —2-9 and — 6-6eV, although we do not 
appear to observe transitions from the levels 
at about — 1 -5 and -5-0 eV. Whether the latter 
are relatively forbidden, or whether the cal- 
culations are not sufficiently correct, so that, 
for example, the — l-5eV level may have 
merged with that at —2-9 eV, we are not able 
to say. In view of the somewhat arbitrary 
normalization we have made to the calculated 
levels we feel that it is not possible to draw 
further conclusions at this stage. 

6. CONCLUSIONS 

(1) The normal incidence reflectivity of 
anthracene has been measured using 
unpolarised light in the range from 2 to 1 3 eV. 

(2) The optical constants of anthracene in 
this energy range have been calculated from 
the measured reflectivity using the Kramers- 
Kronig analysis. 

(3) The spectral features of the czfw) curve 
have been tentatively explained by the model 
shown in Fig. 6(a). This model is based on 
transitions to (a) the singlet at 3-1 eV, (b) the 
conduction band at 4-4 eV, and possibly (c) 
another band at 5-3 eV, from filled levels at (i) 
the ground state, (ii) a level having a density 
of states maximum at —2-9 eV and (hi) a level 
at approximately —6-6 eV. 
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Abstract-Electrical conductivity and weight change measurements were made on single crystal and 
polycrystalline nickel oxide as a function of temperature from 900 to I400°C and oxygen partial 
pressure from 1 atm to 10~*atm. Samples of several different purities were measured. Both con- 
ductivity and weight change were proportional to the one-sixth power of the oxygen partial piessure, 
and had an activation energy of 18-6±1-0kcal/mole for the highest purity samples. Impurities in- 
creased both the activation energy and the pressure dependence for conduction. The integrated carrier 
density of states, N„ would fit a 7’'’ temperature dependence supporting a band model. The hole 
mobility was 0-53 cm’/ l^-sec and was almost temperature independent. The magnitude and temperature 
dependence of the mobility would not easily fit either a band or a hopping transport model. 


1. INTRODUCTION 

The mechanism responsible for electrical 
conduction in nickel oxide has been under 
question for some time. The structure of NiO 
would at first indicate a metallic 3d band, but 
all experiments have shown a very low con- 
ductivity at lower temperatures. This low 
conductivity was initially explained by Verwey 
and de Boer[l] with a model of localized 3d 
electrons. Later studies [2-6] as reviewed by 
Bosman and Crevecoeur[7] found evidence 
for a thermally activated mobility as would 
be expected in the hopping polaron regime, 
but several recent investigations have con- 
cluded that conduction occurs via a narrow 
band mechanism [7- 1 1], The magnitude and 
temperature dependence of the H8dl[9-17] 
effect as well as the Seebeck voltage [7, 8] is 
the primary evidence for conduction in narrow 
bands. Alternating current conductivity 
measurements [1 8-21] have been taken to 
further resolve the conduction mechanism. 


*Thjs work wax supported in part by the National 
Science Foundation, the Advanced Research Projects 
Agency of the Department of Defense, Delco Radio 
Division of General Motors Corporation, and the Basil 
S. Turner Foundation. 

tPresent Address; IBM Watson Research Center, 
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however, the interpretation of the results is 
not unequivocal. 

Whereas the transport mechanism has been 
the focus of attention at temperatures of 
500°K and below, the defect structure has 
been the important phenomenon to study at 
temperatures over 1000“K. At high tempera- 
tures, the defect structure of NiO is still 
questionable, although it is generally con- 
sidered to be a metal deficit, p-type semi- 
conductor. At temperatures high enough for 
equilibration to occur with the gas phase, the 
usual reactions which are considered in NiO 
are: 

K )2 ?=* Oo + Kni (a) 

(b) 

and 

^ KSi © (C) 

where the notation is that of Kroger and 

Vink [22], Considering only these three 

reactions neglects any contributions from 
impurities or defect associates in addition 
to other isolated point defects and electrons. 

If K„ and K 2 are taken to be the equili- 
brium constants for reactions (a), (b) and (c), 
then the law of mass action gives: 
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= (I) 

p[n,]/[KN,] = a:, (2) 

plvuMysi] = ^2 ( 3 ) 

and electroneutrality requires 

p=[ni]+2[p's,]. (4) 

When the singly-ionized nickel vacancy 
concentration is much greater than the doubly- 
ionized vacancy concentration, the hole con- 
centration is proportional to the fourth root 
of the oxygen partial pressure when 
doubly-ionized vacancies predominate, the 
hole concentration is proportional to the 
sixth root of the oxygen partial pressure (/’j'®). 
If the mobility is independent of the concen- 
tration of holes, then the conductivity is 
proportional to the fourth or the sixth root 
of the pressure, depending on the vacancy 
charge. 

Many studies have attempted to determine 
the charge on the nickel vacancies, but the 
results were contradictory. Conductivity 
measurements have found singly ionized 
[23-27] and doubly ionized [28-32] vacancies. 
One weight change [28] and two coulometric 
titration [33-34] studies have found doubly- 
ionized vacancies at high pressures, and one 
weight change study [35] was unable to 
resolve the charge of the predominant defect. 

The objective of the present study was to 
determine the high temperature defect struc- 
ture of pure NiO by means of conductivity 
and weight change measurements. Measure- 
ments were made above 900°C and over 
oxygen pressure ranges where the samples 
would equilibrate with the gas phase. The 
combination of these two measurements can 
give information on the carrier concentrations 
and hence shed light on the defect structure 
and the mobility of the carriers. 

2. EXPERIMENTAL 

(a) Materials 

Samples from several different sources were 


used in the course of this investigation. Poly- 
crystalline nickel oxide samples used for 
weight change and conductivity measurements 
were made from 5N (99-999%) pure powder 
supplied by United Mineral and Chemical 
Corporation. Mass spectrographic analyses 
of the starting powder as well as of poly- 
crystalline samples taken after both con- 
ductivity and weight change measurements 
are given in Table 1. The polycrystallinc 
samples were fabricated by uniaxially pressing 
the NiO powder at ]l,000psi with distilled 
water as a binder to enhance green strength. 
The pellets were dried at 200‘’C and sintered 
in air at ISOO^C for 24 hr. Samples prepared 
in this manner had 82 per cent theoretical 
density and grain sizes up to 20 ju.. Single 
crystals of three different purity levels were 
used for conductivity measurements. Before 
and after analyses on the high purity crystal, 
and after analyses on the intermediate and 
low purity crystals are given in Table 2. The 
high and low purity crystals were grown by the 
Vemeuil technique in an arc image furnace, 
while the intermediate purity crystal was 
grown by halide decomposition. 

(b) Weight change 

Thermogravimetric measurements were 
made from 900 to 1400°C with an Ainsworth 
type FV-AU-1 recording microbalance. The 
details of the balance have been described 
elsewhere [36] and will not be repeated here. 
Calibration runs were made with inert sapphire 
in each different gas mixture as a hmction of 
temperature in order to determine the apparent 
weight changes due to the effects of buoyancy, 
thermal convection currents, and gas viscosity. 
A primary source of error in the gravimetric 
determination of changes in point defect 
concentrations is the fact that these apparent 
weight changes are often much greater than 
the real weight changes desired. This requires 
extreme accuracy in both the measurements 
on the sample as well as on the inert sapphire. 
The required accuracy can be readily obtained 
for weight change as a function of temperature 
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Table 1. Analysis of polycrystalUne NiO. Values in ppmw 


Element 

Starting powder 
United Mineral 
99999% 

Sample 7691 
after conductivity 
measurements 

Sample 12681 
aftOT weight 
change measurements 

Li 

<001 

' 10 

' 10 

F 

<003 

<3 

<3 

Na 

10 

50 , 

15 

A1 

1 

20 

4 

Si 

5 

100 

50 

S 

1 

20 

1 

Cl 

3 

30 

2 

K 

03 

30 

2 

Ca 

2 

50 

5 

Ti 

0-2 

3 

1 

V 

<003 

3 

2 

Cr 

<004 

10 

2 

Mn 

<003 

1 

35 

Fe 

3 

40 

400 

Co 

<0-3 

10 

4 

Cu 

1 

8 

1 

Zn 

<1 

8 

<1 

Ga 

<0-5 

1 

5 

Ba 

<01 

1 

4 

Pt 

<0-4 

2 

<1 

Total 

Determined 

27 

397 

541 


All other impurities < 1 ppmw. 


at constant atmosphere (isobars), but it is very 
difficult to maintain the required accuracy 
for measurements as a function of atmosphere 
at a constant temperature (isotherms). 

A new analysis technique was developed 
during this study that required using only 
isobars of weight change measurements, 
thereby eliminating the need to make measure- 
ments at a constant temperature at different 
pressures. If the assumption of a single pre- 
dominant defect is made, the sample weight 
can be expressed as 

{alNo)(M„+\6) + CPS.e-'^''’^ (5) 


of formation of the predominant 
defect 

X = pressure dependence of the pre- 
dominant defect. 

In general, thermogravimetric measurements 
are taken as a weight change or the total 
sample weight (If') minus a reference weight 
(!♦'(). Thus 

AW==lV-Wi. (6) 

Combining equations (5) and (6) and differen- 
tiating twice yields 


where M„ = atomic weight of the metal 

a = number of metal atoms in the 
sample 

A^o = Avogadro’s number 
E = activation energy for the pre- 
dominant defect 

C = constant containing the entropy 


dd/D [“"dd/T)] 

Equation (7) can be used with the experi- 
mental data to determine the activation energy 
for the formation of the defects; it might be 
pointed out that the derivatives can be taken 
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Table 2. Analysis o/NiO single crystals. Values in ppmw 


Element 

High purity 

Sample66910 Siimple669IO 

tefore after 

measurements measurements 

Intermediate purity 
Sample 106927 
after 

measurements 

Low purity 
Sample 1 1684 
after 

measurements 

Li 

0-1 

2 

0-6 

10 

F 

< 10 

<3 

<3 

<1 

Na 

3 

30 

30 

20 

Ms 

<6 

20 

20 

<10 

Al 

6 

20 

20 

40 

Si 

30 

20 

20 

<10 

S 

10 

40 

10 

20 

Cl 

4 

10 

25 

5 

K 

1 

15 

5 

2 

Ca 

4 

15 

10 

10 

Ti 

<1 

3 

<1 

10 

Cr 

<0-3 

0-3 

2 

5 

Mn 

— 

2 

25 

<10 

Fe 

10 

40 

200 

500 

Co 

5 

30 

25 

500 

Cu 

1 

8 

6 

20 

Ga 

<2 

2 

3 

50 

Br 

— 

— 

20 

— 

Pt 

— 

2 

<3 

< 1 

Total 

Determined 

74 

259 

422 

1262 


All other impurities < 1 ppmw. 


either numerically or graphically. Once the 
value of E has been determined, equations (5) 
and (6) can be differentiated to give 

— — = CP^ (81 

Taking logarithms and differentiating again 
yields 

d r. dA^l 

d(log/>«.)r®d(e-®'«^)J“-"- 

Equation (9) can be used to determine the 
pressure dependence with the required deri- 
vatives being taken either numerically or 
gn^ihically. In both equations (7) and (9) 
the first derivatives are taken with respect 
to a function of temperature; hence, only 
isobars are necessary. Two different isobars 
are then used to compute the second derivative 
in equation (9). 


(c) Conductivity 

The conductivity measurements were made 
in variable atmosphere furnaces utilizing 
high purity alumina muffle tubes of a design 
similar to one previously described [36]. 
Oxygen partial pressures were established 
with oxygen and with oxygen/argon inixtures. 
Since the phase field is limited at high tempera- 
tures, oxygen partial pressures below 10"“* atm 
were not routinely used. 

Conductivity measurements were made 
using standard four-point potentiometric 
techniques. Engelhard 6082 platinum paste 
was used to paste 0- 1 mm platinum wires to 
the samples for the measurements. While most 
of the measurements were d.c., a.c. measure- 
ments were also taken to check tive frequency 
characteristics; no dispersion of conductivity 
was found up to 100 kHz. The sample holder 
was constructed from the highest purity 
recrystallized alumina available. Thus only 
the sample, Pt-Rh wires, and 99 per cent 
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alumina were in the hottest section of the 
fiimace. Even with these precautions, there 
was a considerable pick-up of impurities as 
demonstrated by the before and after analyses 
in Tables 1 and 2. 

3. RESULTS AND DISCUSSION 
(a) Weight change 

Weight change isobars for nickel oxide are 
shown in Fig. 1 . The positions of the isobars 
relative to one another were determined only 
after completion of the analysis described in 
the preceding section. The activation energy 
for weight change was computed to be 
18-6kcal/mole; to within two standard devia- 
tions the error in the activation energy was 
1-3 kcal/mole. The pressure dependence was 
computed to be 0-19 ±0-03 to one standard 
deviation. Thus the weight change data will 
ht a defect model requiring a pressure depen- 
dence of i or i, but cannot be fit to a model 
requiring i Figure 2 shows the weight change 
as a function of the one-sixth power of the 
oxygen partial pressure. To one standard 
deviation, straight lines intersecting at zero 
pressure will fit all of the data which is the 
required behavior for a single defect model 
involving fiilly-ionized nickel vacancies. Thus 
the deviation from stoichiometry (6), which 


is also plotted on Fig. 2, can be leiated to 
the doubly-kmized vacuicy concmitratiiMiaDd 
can be expressed analytically as: 

6 = = 0-107 FJi* (10) 

From coulometric titration Tretyakov and 
Rapp [33] reported 

6 * 0-51 Pii* (11) 

and Mitoff [28] obtsiined 

6 = 011PJ'»e-”-*>*'«'’ (12) 

from weight change measurements. Tripp and 
Tallan’s[35] weight change data can be 
expressed as either 

6 = 0-56 P\^* Q-it3.00O:ta.O00)IRT ( 13 ) 

or 

« = 0-114FJ'«e~‘*'*'*«*^®-®®®>"*'' (14) 

according to the pressure dependence; their 
data were not sufficient to determine which 
expression was the correct one. With the 
exception of equation (13), these expressions 
are quite similar. The results of Tretyakov 



Fig. I . Temperature dependence of the weight change in nickel oxide. 
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Fig. 2. One-sixth oxygen pressure dependence of the weight change in nickel oxide 

al900-1400‘'C. 


and Rapp [3 3] are, in general, a factor of 3 or 
4 higher than the other results, however, 
their experimental error in the activation 
energy is the largest. It should be pointed 
out that the present study was made over the 
highest temperature range to date. 

(b) Conductivity 

Conductivity measurements were made on 
the NiO samples listed in Tables 1 and 2, 
and the results for the low purity and the inter- 
mediate purity crystals are summarized in 
Table 3. The errors given for AHe represent 
one standard deviation. The data show a very 
pronounced temperature variation of the 
pressure dependence as well as a pronounced 
pressure variation of the activation energy 
for conduction. This variation is more pro- 
nounced with the lower purity sample. For 
the low purity sample the average activation 
energy is about 25 kcal/mole and the average 
pressure dependence is about one-foUrth; 
several other workers [23-27] have found 
similar results. For the intermediate purity 
sample, die activation energy varies from 22 
to 26 kcal/mole while the pressure depen- 
dence is between one-fourth and one-sixth. 
As the temperature increases, the pressure 


Table 3. Pressure dependence and activation 
energy for conduction in low and intermediate 
purity NiO single crystals 



Sample 1 1684 
low purity 

exp (— Is HJRT) 

Sample 106927 
intermediate purity 

ri'C) 

X 

X 

1000 

219 

4-70 

1100 

316 

4-99 

1200 

3-65 

5-28 

1300 

4’22 

5-55 

1400 

4-81 

5-83 

Log 

A F/rt Kcal/mole) 

A //e( Kcal/mole) 

-OOJ 

211+01 

22- 1 + 0-2 

-101 

23-6 ±01 

21-2 + 0-2 

-201 

23-6 + 0-2 

22-9 ±0-2 

-300 

25-3±01 

23-9 ±0-4 

-3-96 

41-7±01 

25-6 + 0-4 


dependence approaches one-sixth as observed 
in a recent study [27j. 

The conductivity isobars and isotherms 
are given in Figs. 3 and 4 for the highest 
purity single crystal sample measured. 
The lines drawn are computer calculated 
by a least squares fit to the experimental 
data, and the errors for A He, given in paren- 
theses, represent one standard deviation. 
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Fig. 3. Conductivity isobars for high purity nickel oxide 
single crystal. 


In this crystal the activation energy is 
independent of the oxygen partial pressure 
and is about 20 kcal/mole while the pressure 
dependence is independent of t^perature 
and is about 1/5*7. 

The highest initial purity sample measured 
was polycrystaliine; the isob^ and iso- 
therms hre shown in Figs. S and 6. These data 
were not corrected for porosity: to make 
such a correction the conductivity given 
should be multiplied by 1*22. As with the 
high purity single cryst^ sample, the activa- 
tion energy and the pressure dependence are 
only slowly varying junctions of the tempera- 
ture and pressure. The activation energy for 
conduction in this case is slightly lower than 
in the less pure single crystal and averages 
about 18-6 kcal/mole. Furthermore, the 
pressure dependence is very close to one-sixth. 

From the progression of samples having 
different purity, several conclusions become 
apparent. As the overall purity increases, the 
activation energy decreases and the pressure 
dependence approaches one-sixth. Conversely 
a high impurity content gives conductivities 
which have higher temperature and pressure 



Fig. 4. Conductivity isotherms for high purity nickel oxide single 

crystal. 
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Fig. S. Conductivity isobars for polycrystalUne nickel 
oxide. 


dependencies. Furthermore, impurities yield 
activation eneiigies that vary widi the pressure 
and pressure dependencies that vary with the 
temperature, llie effect of impurities is 
dramatically seen in Fig. 7. Conductivity 
isobars were measured immediately after 
the sample was electroded and then again 
after the sample had been in the furnace above 
IGOOT for more than 100 hr. The relative 
purities are approximately those given in 
Table 2 for the before and after high purity 
crystal. This increase in impurity content 
brought about a marked change in the con- 
ductivity at lower temperatures and lower 
oxygen partial pressures. Even at lO'^atm 
the conductivity remained the same at the 
maximum temperature, whereas at the lower 
extreme of the equilibration region there was 
a marked deviation. Activation energies 
calculated from these high temperature iso- 
bars show very little change at high oxygen 
pressures where the native disorder is the 
highest, but at Po,= 10““' atm, which repre- 
sents the smallest degree of native disorder, 
the apparent change in activation energy 
amounts to 25 per cent. Isotherms plotted 
from the initial data show a i power depen- 
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Fig. 7. Conductivity change in nickel oxide after long periods 
at high temperatures. 

dence on oxygen partial pressure as do the presented in the proceeding section the con- 

highest temperature isotherms after impurity ductivity of pure nickel oxide in thermo- 

pick-up. However, the low temperature iso- dynamic equilibrium with the vapor is best 

therms on the contaminated crystal yield expressed as 

an oxygen partial pressure dependence 

approaching the i power. It is also significant cr = 9-8 x 10* Pi'* 

to note that the conductivity decreased with 

increasing impurity content which indicates — cm"*). (15) 

that the important impurity must be a donor 

that partially compensates the hole concentra- This conductivity equation can be used hi 
tion. From Table 2 it can be seen that the iron conjunction with the thermoelectric power 
content has increased to 40 ppm which is data of Bransky and Tallan[26] to compute 
approximately the same as the concentration the temperature dependence of the carrier 
of nickel vacancies at 1 lOO'C and Po, = density of states term, N„. For a material 
10~* atm (see Fig. 2). satisfying the condition pfi^ > nfig, the 

Seebeck coefficient is usually given by [37]: 

(c) Density of states and mobility 

Based on the results and discussion a = kle(]n {NJp) +A) (16) 


jrr«v ■ ■ ' n 
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where p is the hole concentration, is the 
integrated carrier density of states term, and 
^ is the Idnetic energy term. Equation (16) 
can be differentiated with respect to tempera- 
ture to yield 


da ^ , r d(lnN,) d(lnp) ' 

dd/D ' Ld(i/r) d(i/r). ■ 


(17) 


The da/d (1/7) term is given by Bransky and 
Tallan as 0-66 ± 0-03 eV although later work 
by the same authors suggests a slightly higher 
value[38]; the last term in equation (17) as 
determined by this study is 18-6 ± 1-0 kcal/ 
mole or 0-8 1 ± 0-04 eV. Then clearly 

A *^!|",v”? =-0-15±0-07eV. (18) 

d(l/7) 


This rules out a temperature independent N,, 
from a hopping model. For a normal wide 
band conductor N„ is given by 

N,, = 2{2iTm*kTlh^r'\ (19) 


Over the temperature range 850 to 1250°C 
Kroger [39] has shown that 7^ can be approxi- 
mated by the following exponential representa- 
tion: 


73 = 5x 10‘Oe-®''^'"'^ 


Then if is proportional to 7^'“ 


, d(ln)V„) 

d(l/7) 


-0l7eV 


( 20 ) 


( 21 ) 


which agrees with the experimental value of 
-015 eV in equation (18). Thus Seebeck 
and conductivity data give a density of states, 
Np, that varies as 7®'* wluch supports a band 
conduction model. 

Equations (10), (16), and (19) can be used 
to determine the kinetic eneigy term, A. 
Assuming the effective mass is approximately 
equal to the free electron mass and using 
Bimisky and Tallan’s thermoelectric power 


data, one finds 


^ « 1-5. (22) 

This value is in good agreement with 
Bosman and Crevccoeur’s[7] approximation 
of 6-^ = 5 at low temperatures and further 
supports a band picture. For >4 to be zero as 
suggested by others [2. 3,26] would require 
an effective mass of 30 times the free electron 
mass. 

The mobility data, however, do not support 
a band picture. Neglecting singly-ionized 
vacancies, equation (15) can be combined 
with equations (4) and (10) to determine the 
hole mobility which is merely the conductivity 
divided by the charge-concentration product. 
The hole mobility calculated in this way is 
0-53 cmW-sec and is independent of tempera- 
ture over the range 1000° to 1400°C to within 
the experimental error on the activation 
energies for conduction and weight change 
(2-3 kcal/mole). Room temperature measure- 
ments [40] of the drift mobility of holes in 
NiO gave 0-3±25%cmVV-sec. Thus the 
increase in hole mobility is less than a factor 
of two over a range of 1400°C. 

Lattice scattering in a wide band conductor 
predicts a mobility which varies as 7“®'’‘[41]; 
this would correspond to an activation energy 
of about 4 kcal/mole which is much larger 
than the limits of error would allow. Like- 
wise, ionized impurity scattering which varies 
roughly as 7®'* [41] would not fit the data. 
However, a combination of the two mechan- 
isms could yield a mobility that was relatively 
temperature independent over a wide tempera- 
ture range. 

In the hopping regime, it is possible to have 
a mobility of the form 

M„a7-'‘e-M/?7. (23) 

If both ft and //„ are positive, the pre-exponen- 
tial and exponential terms have opposite 
temperature dependencies and conceivably 
could have a very small net temperature 
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variatioa. The occurrance of the case where 
the two tenns cancel each other exactly 
would be quite coincidental. The fact that 
the temperature dependence of the density 
of states clearly supports a band and not a 
hopping model raises further doubt as to the 
validity of the use of a hopping mobility. 

The very low temperature dependence of 
the mobility is thus seen to be very difficult 
to explain in terms of either band or hopping 
conduction. The magnitude of the mobility 
falls between the ranges usually associated 
with either band conduction or hopping 
conduction and suggests a narrow energy 
band or polaron band conduction mechansim. 


4. CONCLUSIONS 

Both the conductivity and the weight change 
of pure nickel oxide vary as the one-sixth 
power of the oxygen partial pressure, indi- 
cating that the predominant defect in NiO 
is a doubly-ionized nickel vacancy. The 
activation energy for both conduction and 
weight change is 18-6kcal/mole, which is 
one third the enthalpy for the formation and 
complete ionization of the nickel vacancies. 

The total deviation from stoichiometry is 
quite small in general and is of the order of 
10”"*. Thus only a hundred parts per million 
of impurities can be sufficient to control the 
carrier concentration. The effects of donor 
impurities, presumably iron, were observed. 
It is believed that these impurities are respons- 
ible for some of the observations of a one- 
fourth oxygen pressure dependence of the 
conductivity. Although nickel oxide powder 
of 5N purity is available, it is very difficult 
to grow crystals and make measurements at 
high temperatures without introducing at 
least 100 ppm of impurities. 

Although the temperature dependence of 
the density of states, yv„, varies as T®'* 
supporting a band model, the magnitude and 
temperature dependence of the mobility are 
inconsistant with either a broad band or a 
hopping polaron model for conduction. 
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DEFECT STRUCTURE AND ELECTRICAL PROPERTIES 
OF NiO-IL TEMPERATURES BELOW 
EQUILIBRATION* 
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Abstract— The electrical conductivity of pure nickel oxide is almost independent of temperature 
from 300 to 1000°C. The addition of just a few hundred parts per million of donor impurities increases 
the activation energy for conduction from a few hundred cal/mole to 40 kcal/mole. These impurities 
decrease the magnitude of the conductivity at 400°C from O' 1 to I0~‘ ohm~'-cm''‘. Seebeck measure- 
ments confirm that the carrier concentration, rather than the mobility, decreases as the temperature 
decreases. A point defect model incorporating five charged and two neutral species was formulated 
and solved. The resulting theoretical carrier concentrations agree well in magnitude as well as tempera- 
ture and oxygen pressure dependence with conductivity measurements on samples of different purities. 
The hole mobility is found to be almost independent of temperature. 


1. INTRODUCTION 

At temperatures below 1000°C, the kinetics 
of equilibration between nickel oxide and the 
ambient vapor phase are slow. For a given 
cooling rate there will be some temperature 
Fequtb below which the sample is not in 
equilibrium with the gas and the concentration 
of atomic defects at all lower temperatures 
should be that concentration quenched in at 
Tequii. Since the electronic carrier concentra- 
tion is related to the concentration of atomic 
defects, the temperature dependence of the 
conductivity at low temperatures is usually 
associated with the mobility. This reasoning 
led earlier investigators [1-3] to conclude that 
the mobility in NiO was activated. Other 
measurements [4-6] at high temperatures have 
also pointed to an activated mobility. How- 
ever, a combination of Seebeck and con- 
ductivity measurements [7] at room tempera- 
ture showed that the carrier concentration and 

*This work was supported in part by the National 
Science Foundation, Ae Advanced Research Projects 
Agency of the Department of Defense, Delco Radio 
Division of General Motors Corporation, and the Basil S. 
Turner Foundation. 

tPresent Address; IBM Watson Research Center. 
Yorktown Heights. New York 10598, U.S.A. 


not the mobility was activated. Furthermore, 
high temperature measurements on high purity 
NiO [8] show that the mobility is almost 
independent of temperature, and that the 
room temperature [9] and the high temperature 
mobilities are about the same. 

The preceding paper [8] demonstrated that 
impurities can have a very pronounced effect 
on the high temperature activation energy and 
oxygen pressure dependence for conductivity. 
Since the effect of impurities is important at 
even the high temperatures where the 
degree of native disorder is highest, it is 
imperative that the exact effect of impurities 
be determined before the low temperature 
conductivity results can be interpreted in 
terms of carrier concentration and mobility. 
Conductivity measurements were extended 
from the previous work [8] to include the 
temperature range 300 to 1000“C. Measure- 
ments were made in the same atmosphere 
furnaces as described earlier. Four-point dc 
measurements were made predominately, 
although four-point and three-terminal ac 
measurements were also made. No frequency 
dispersion from dc to 20 kHz or voltage 
dependence of the conductivity was observed 
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in either the four-point or three-terminal 
measurements. 

Impurity analyses performed by spark mass 
spectrometry on the samples before and after 
measurements are presented in Table 1. 
Designating these samples as ‘low’ £md ‘high’ 
purity is justified because the concentrations 
of potential aliovalent impurities bracket the 
concentration range of native defects possible 
under the experimental conditions employed. 

2. RESULTS 

Conductance isobars for the low purity 
single crystal are shown in Fig. 1 ; the activa- 
tion energies are computer calculated by the 
least squares method, and the errors given in 
parentheses represent one standard deviation. 
The isobars are labeled according to the 
oxygen partial pressure at high temperature; 
although NiO does not equilibrate with the 
gas at low temperature, the isobars are 
reproduceable on both heating and cooling. 


The high temperature slope chmiges in the 
isobars are indicative of the cessation of 
equilibration between the sample and the 
vapor, and the temperatures at which they 
occur (Tequii) are a function of the cooling 
rate. Therefore, the concentration of charge 
carriers at low temperatures is a function of 
the cooling rate. A special attempt was made 
to keep the cooling rate constant at about 
40°C/hr for all samples; for each data point 
the temperature was held constant for a time 
sufficient to insure thermal equilibrium of the 
sample. At high pressures the activation 
energy (AT^p) decreases as the temperature 
decreases, while at low pressures the activa- 
tion energy increases as temperature 
decreases. At an intermediate pressure there 
are three activation energy regions. Figure 2 
shows the thermoelectric power for a crystal 
of the same purity at three different oxygen 
pressures. The data are plotted as the logar- 
ithm of the Seebeck coefficient in order to 


Table I. 


Element 

High purity crystal 

Before After 

measurements measurements 

Li 

01 

2 

F 

< 10 

< 3 

Na 

3 

30 

Mg 

6 

20 

A1 

6 

20 

Si 

30 

20 

S 

10 

40 

Cl 

4 

10 

K 

1 

15 

Ca 

4 

15 

Ti 

■- 1 

3 

V 

— 


Cr 

<0-3 

03 

Mn 

— 

2 

Fe 

10 

40 

Co 

5 

30 

Cu 

1 

8 

Zn 


Ga 

< 2 

2 

Pt 

- 

2 

Total 

Determined 

74 

259 


Low purity crystal 

Polycrystalline 

After 

Starting 

After 

measurements 

powder 

measurements 

10 

< 001 

10 

< 1 

< 0 03 

< 3 

20 

10 

50 

< 10 

— 


40 

I 

20 

< 10 

5 

100 

20 

1 

20 

5 

3 

30 

2 

0 3 

30 

10 

2 

50 

10 

0-2 

3 

— 

< 0 03 

3 

5 

< 0 04 

10 

< 10 

< 0-03 

1 

500 

3 

40 

500 

<0-3 

10 

20 

1 

8 

— 

< 1 

8 

50 

< 0-5 

1 

< 1 

< 0-4 

2 

1262 

27 

397 


All other impurities < 1 ppmw. 
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Fig. 1. Conductance isobars for low purity nickel oxide. 


display the large variation observed as a 
function of temperature. At low pressures 
where the native disorder is. expected to be 
the least, the Seebeck coefficient increases 
rapidly with decreasing temperature indicating 
a rapidly decreasing hole concentration. At 
high pressure where the quenched-in vacancy 
concentration is the greatest, the Seebeck 
coefficient is almost independent of tempera- 
ture from 1400®C to below 400'’C. 

Conductivity isobars for the high purity 
single crystal are shown in Fig. 3, and they 
are seen to be strikingly different compared 
to the low purity crystal. At low temperatures, 
the activation energies are about 3 kcal/mole 
rather than 20 kcal/mole. Furthermore, the 
low temperature activation energies are 
relatively independent of pressure. Due to the 



I0»/T I'K) 

Fig. 2. Seebeck coefficient isobars for low purity nickel 
oxide. 

much lower temperature dependence, the 
conductivity of the pure crystal is about 
0-1 ohm~*-cm~’ at AGO^C as compared to 10"* 
to 10~* ohm"^-cm~’ for the low purity crystal 
at that temperature. At high pressure and 
intermediate temperature, the high purity 
crystal reproduceably shows a sharp decrease 
in the conductivity by a factor of two. 

A comparison of three-terminal and four- 
point conductivity for the high purity single 
crystal is shown in Fig. 4. The lower three- 
terminal conductivity at high temperature and 
high pressure is due to series resistance of 
the leads, but the five orders oi magnitude 
difference at 400°C and 10~^ atm Oj cannot be 
due to the leads. For die low parity crystal, 
three- and four-terminal measurements were 
the same. Four-point measurraients on the 
high purity crystal could not be made at 
temperatures much below 400*C because of 
decreasing galvanometer sensitivity, believed 
to be due to a series resistance in the potential 
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circuit of the sample of the order of 10 meg- 
ohms. These observations point to a low 
conductivity surface layer or low conductivity 
contact on the pure sample. The voltage and 
frequency independence of the conductance 
indicate that the surface and not the contact 
has the low conductance. This phenomenon 
is most likely responsible for the differences in 
ac and dc conductivity reported by Bosman 
and Crevecoeur[7]. Although they attributed 
the difference to grain boundary effects, the 
present results indicate that the difference was 
due to a low conductivity surface layer. 

Conductivity isobars were also measured 
for poJycrystalline NiO which was the highest 
purity sample studied; these results ^e shown 
in Fig. 5. TTiese data were not corrected for 
porosity; to make such a correction the 
conductivity given should be multiplied by 
1 - 22 . The behavior is very much like the 


rrc) 



Fig. 4. Three-terminal and four-point conductivity of 
nickel oxide. 

behavior of the high purity (but slightly less 
pure) single crystal. The low temperature 
activation energy is a little lower ( 1 kcal/mole) 
and the sharp drop at high pressure and inter- 
mediate temperature is not observed. Thermo- 
electric power measurements were also made 
on this material as shown in Fig. 6. As 
contrasted to the low purity crystal, the 
Seebeck coefficient is almost independent of 
temperature at all oxygen partial pressures. 

3. DEFECT MODEL 

In order to more precisely describe the 
effect of impurities in NiO, the following 
equilibria among point defects were con- 
sidered: 



(a) 


(b) 

O-f© ?=;0 

(c) 
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oxide. 


*=^ f^Nl + © 


(d) 

iOj l^Ni+Oo 

T > Tequiil 

(e) 

[l^Nilr = constant 

T Tequji J . 


The notation is 

that of Kroger and Vink 


[10] where Fnj indicates a substitutional 
impurity on a nickel site, and the total vacancy 
concentration is given by; 




Applying the law of mass action to these 
equilibria gives : 


(1) 


(2) 

np = 

(3) 


(4) 



Fig. 6. Seebeck coefficient isobars for polycrystalline 
nickel oxide. 

~ T ^ T’equill 

[k'Ni]r = constant ^ < 7'equii/ 

Conservation of impurities and electrical 
neutrality considerations yield: 

— [f^Ni] + [Ffii] (6) 

«+[k;,]+2[f';]=p+[Fm]. (7) 

In solving this system of seven equations in 
seven defect concentrations, it is customary to 
assume that all terms but one on each side of 
the neutrality condition are negligible, and 
that the impurities are present in only one 
charge state. Experimental results show that 
impurities cmmot be ignored and that quite 
likely singly-ionized vacancies contribute to 
the charge carriers. In such a case, the 
neutrality condition cannot be greatly 
simplified, and the entire set of equations must 
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be solved without simplifying assumptions. 
The concentration of each charged defect 
was expressed as a function of p, the hole 
concentration, and the neutrality equation was 
then rewritten to the fonn/(p) = 0. The roots 
of this equation were then determined utilizing 
a digital computer. 

To perform the computations, it was 
necessary to have values for all the equilibrium 
constants in the system of equations. Since 
very few constants had previously been 
determined, it was necessary to make certain 
assumptions to get numbers. The pre- 
exponential terms were computed after 
Krdger[]l] assuming a band model for 
conduction; it should be noted that equally 
good results were obtained using pre-ex- 
ponential factors that were obtained from a 
hopping model. The ionization energies of the 
vacancies (£,,£j) were computed using a 
hydrogen atom-model for ionization and 
a dielectric constant of 11'9[12]. The optical 
bandgap[13, 14], corrected to give the 
thermal bandgap, was used for the hole- 
electron formation energy £(. Weight change 
data from the high temperature study [8] were 
then used to obtain the remaining equilibrium 
constant Kqx- The temperature dependence 
of the bandgap as well as the exponential 
term for impurity ionization were chosen to 
fit the experimental data. Table 2 summarizes 
the values and the sources for the equilibrium 
constants. The energy level diagram associ- 
ated with these equilibrium constants is shown 
in Fig. 7. 

Computed hole concentration isobars are 
given in Figs. 8-10 for 0, 100. and 200 ppm 
donor impurities. The temperature of equilib- 
rium was chosen to be 977°C (10®/7 = 0-8) 
which is approximately equal to Teauii 
observed under the given experimental 
conditions. For pure material (Fig. 8) the high 
temperature activation energy {Hf) is 
18*7 kcal/mole and the oxygen pressure 
dependence is one sixth as observed in the 
previous studyfSJ. At low temperatures the 
activation energy is of the order of 1 kcal/mole 


Table 2. Equilibrium constants 

X, = = 9-68 x io>»r«e-» 

K, •= * 2-42 x 

K, = = 1 ■ 17 X 

K„ = = 2-42 x 

Xox = 1-065 X 

1. Experimental parameters 

El from optical bandgap of 3-7 eV 
Xox from weight change data plus Ki + Kt 

2. Chosen parameters 

3. Computed parameters 

Band approximation 

A = = 4-84 X 

Hydrogen atom model 

£„ = 13-527^|^‘ = 2-21 kcal/mole 
(Z= l;e= 11-9) 



Fig. 7. Proposed energy level diagram for nickel oxide. 


and reflects a change from doubly- to singly- 
ionized vacancies as the temperature is 
decreased. The effect of even a smdl number 
of impurities is very dramatic. For instance 
at 450®C and 10“^ atm O 2 , the hole concentra- 
tion is about 10‘*/cm® and the activation 
eneigy is 0-5 kcal/mole for a pure sample 
(Fig. 8). The addition of 100 ppm impurities 
(Fig. 9) decreases the hole concentration to 
2xi0’*/cm® and increases the activation 
energy to 44-4 kcal/mole. This is a carrier 
concentration change of six orders of magni- 
tude and an activation energy change of two 
orders of magnitude. Not only do impurities 
drastically affect the magnitude and tempera- 
ture dependence of the hole concentration, 
but they also change the oxygen pressure 
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Fig. 8. Calculated hole concentration isobars for nickel 
oxide. No impurities. 


T CC) 



Fig. 9. Calculated hole concentration isobars for nickel 
oxide. 100 ppm impurities. 


dependence. In Fig. 9 the low temperature 
activation energy is dther higher or lower 
than the high temperature activation enetgy 
depending on the oxygen pressure. At high 
pressure the activation energy is low (2-2 kcal/ 
mole), and at low pressure it is high (44-4 
kcal/mole). 

The calculated high temperature hole 
concentrations agree very well with experi- 
mental conductivity measurements. For 
instance compare Fig. 10 of this study with 
activation energies in Table 3 of the previous 
study [8], The analysis (Table 1, Ref. [8]) 
shows the intermediate purity sample has 
200 ppm of iron as the dominant impurity. 
Over the oxygen pressure range 1 atm to 
I0~'* atm, the measured activation energy 
varied from 22-1 to 25*6 kcal/mole while the 
theoretical activation energy varied from 22-2 
to 26-4 kcal/mole. This agreement is remark- 


able considering the elementary assumptions 
used in computing equilibrium constants 
for the model. 

The effect of the equilibrium temperature 
is shown in Figs. 1 1 and 12 for the 200 ppm 
case. Decreasing Tequ,, increases both the low 
and the high temperature activation energy. 
The most striking result is that with 200 ppm 
impurities, the low temperature hote con- 
centration is not necessarily higher when the 
sample is quenched at a higher temperature. 
High pressure and high Tequu us well as low 
pressure and low Tequu favor high hole 
concentrations. The most pronounced change 
in low temperature hole concentration as a 
function of Tequu occurs at intermediate and 
high oxygen partial pressures. 

The concentrations of the other diaiged 
point defects with 200 ppm impurities 
present are given in Figs. 13-16. Of particular 






1350 


C. M. OSBURN and R. W. VEST 


T CO 



Fig. 10. Calculated hole concentration isobars for nickel 
oxide. 200 ppm impurities. 

interest is the sign change of the slope of the 
singly-ionized vacancy isobars (Fig. 13) at the 
temperature of equilibrium. At low tempera- 
tures the concentration of doubly-ionized 
vacancies (Fig. 14) is not a monatonic function 
of oxygen pressures. This behavior is not 
characteristic of the pure material but rather 
reflects the complex effect of impurities on the 
concentrations of various defects. 

4. DISCVSSION 

At low temperatures for the high purity 
crystal and polycrystal, both the Seebeck 
coefficients (Fig. 6) and the electrical con- 
ductivities (Figs. 3 and 5) are almost independ- 
ent of temperature. The activation energy for 
conduction appears to be 2 kcal/mole or less. 
Theoretical calculations (Fig. 8) give a 1 kcal/ 
mole activation encig;y for hole concentration 
below Tequu for pure material. Sinec the 


T CO 



Fig. 1 1 . Calculated hole concentration isobars for nickel 
oxide T„uu =? 838°C. 


activation energy for conduction is the sum of 
the activation energies for carrier concentra- 
tion and for mobility, it is seen that the 
activation energy for mobility is very small. 
The mobility is independent of temperature 
from 400 to 1000°C to within an activation 
energy of 2 kcal/mole, further substantiating 
the earlier observation [8] of a temperature 
independent mobility from room temperature 
to 1400“C. 

A comparison of the Seebeck coefficients 
and conductivity isobars of high and low 
purity nickel oxide samples offers definite 
evidence that the low temperature con- 
ductivity of NiO is controlled by impurities 
in the low purity sample. The high activa- 
tion energies (12-43 kcal/mole) observed 
in the low purity sample (Fig. 1) must be 
attributed to carriers and not to mobility. 
Similar results were presented earlier by 
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Fig. 12. Calculated hole concentration isobars for nickel 
oxide r„„,i = I ISS'C. 

Bosnian and Crevecoeur[7] from con- 
ductivity and thermoelectric power data 
around room temperature; they found that the 
activation energies for conduction and 
Seebeck coefficient were the same, indicating 
a temperature independent mobility. 

The Seebeck coefficient isobars for the low 
purity sample (Fig. 2) dramatically illustrate 
the decrease in hole concentration with 
decreasing temperature. Only at the highest 
pressure where the native disorder is greatest 
is the carrier concentration more temperature 
independent. The decreasing hole concentra- 
tion can be explained in terms of compen- 
sating impurities. Unfortunately, it is not 
always fiilly appreciated that impurities can 
either raise or lower carrier concentrations; 
in the present case the important impurities 
are donors and reduce the hole concentration. 
For the hole concentration to decrease with 


T rci 



Fig. 13. Calculated singly-ionized vacancy concentration 
isobars for nickel oxide. 

decreasing temperatures, it is necessary to 
have the impurities ionized at low tempera- 
tures and not ionized at high temperatures. 
Theoretical confirmation of this behavior is 
shown in Fig. 15. 

The difference between three-terminal and 
four-point measurements (Fig. 4) can also be 
explained with the proposed defect model. 
Four-point measurements reflect the bulk 
conductivity while three-terminal measure- 
ments are limited by the surface conductivity 
when the surface is more insulating than the 
bulk. In general the surface of a sample 
would be expected to have a lower than 
the bulk since the equilibration with the 
surface does not involve bulk diffusion. The 
theoretical hole concentration isobars at 
oxygen partial pressures of 10“* and 10~^ atm 
for a sample with SO ppm impurities (roughly 
the iron concentration in sample 66910) are 
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Fig. 14. Calculated doubly-ionized vacancy concentration 
isobars for nickel oxide. 


compared in Fig. 17 for = 977°C and for 
7’equii = 838°C. An equilibration temperature 
of 977°C corresponds to the bulk (four-point 
measurements), and the SSS^C temperature 
corresponds more nearly to the surface 
(three-terminal measurements). The agree- 
ment between the experimental observation 
(Fig. 4) and the theoretical model (Fig. 17) 
is good. 

Other investigators have observed the same 
type of phenomena that were observed in this 
study. Eror[4] found a pressure dependence 
of activation energy. At low temperature he 
found the low pressure activation energy was 
higher and the high pressure activation energy 
was lower than the activation energy at high 
temperatures. He attributed this to a Meyer- 
Neldel[15] type of relationship. This study 
confirms his observation but invalidates his 


T I'C) 



explanation; the results are merely due to 
impurities. 

The advantage of using the complete 
neutrality equation is apparent from this study. 
The concentration of each charged defect 
(Figs. 10 and 13-16) show that of the five 
species in the neutrality equation, only the 
electron concentration was low enough to be 
neglected. This information is usually never 
available a priori. With the accessability of 
digital computers, the solution of the general 
problem is almost as easy as the solution to 
the simple problem. The only added difficulty 
is that numerical equilibrium constants must 
be used. In the present case, the simplest of 
constants did a good job of fitting the data; 
however, a more general treatment would 
include several impurity reactions with 
different constants. The consideration of only 
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Fig. 16. Calculated electron concentration isobars for 
nickel oxide. 

one impurity, presumable iron, was sufficient 
to explain the results in this instance. 

5. CONCLUSIONS 

At low temperatures pure NiO is a much 
better conductor than has been previously 
reported. An insulating surface layer is found 
which can be attributed to an equilibrated 
surface or adsorbed gasses on the surface, 
but extrapolations of the present data indicate 
a room temperature conductivity of 10"* 
ohm“*-cm~*. 

Conductivity results further show a mobility 
that is roughly independent of temperature; 
the maximum possible activation eneigy for 
mobility is less than 2 kcal/mole. 

At 450''C only 100 ppm impurities can 
change conductivity by six orders of mag- 
nitude and the temperature dependence by 
two orders of magnitude. The active impurities 


T cc) 



Fig. 17. Calculated effect of T,^,, on hole concentration 
for nickel oxide 50 ppm impurities. 

are electron donors and most likely are iron 
since iron often changes from the two plus 
to the three plus state. The iron concentration 
determined by mass-spectrometer analysis 
correlates well with the expected donor 
impurity concentration from the comparison 
of the experimental and theoretical results. 

Theoretical calculations of the concentra- 
tions of seven species with a n^trality 
condition containing five charged species are 
entirely feasible. Elementary assumptions 
about the equilibrium constants gave theoret- 
ical carrier concentrations that agree with 
experimental conductivity measurements as 
to magnitude, temperature dependence and 
points of slope changes. 
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ELECTRICAL PROPERTIES OF NiO GRAIN 
BOUNDARIES* 

C. M. OSBURNt Md R.'W. VEST 
Purdue University. Lafayette. Indiana 47907, U.S.A. 

{Received \6Juty 1970; in revised form 17 December 1970) 

Abetract— The electrical conductivity of a aeries of nickel oxide bicrystals was studied as a ftinction 
of temperature from 400 to 1400X and as a function of oxygen pressure from 1 atm to 10~^atm. 
Measurements were made both across and along the grain boundary. The hicrystal conductance was 
as much as two orders of magnitude different than the crystal conductance; depmiding on experimental 
conditions, the boundary region was either more or less conductive than the bulk single crystal. The 
conductivity was independent of the direction of transport and the effective width ofthe grain boundary 
was very large— up to 0-3 mm wide. The results could be explained in terms of increased giain boundary 
diffusion and segregation of impurities. Incorporation of these two mechanisms into the donor impurity 
model gave theoretical results which agreed with experiment. 


1, INTRODUCTION 

It has long been known that defects play an 
important role in the electrical properties of 
crystals. These defects can be point defects 
(vacancies, interstitials), line defects (disloca- 
tions), plane defects (grain boundaries), or 
volume defects (pores). Since point defects 
are the predominant defects in highly perfect 
crystals, it is natural that most previous inves- 
tigations have considered only point defects 
when studying electrical properties. In mater- 
ials that are not highly perfect, however, plane 
defects or grain boundaries can be important. 
Transport properties of grain boundaries in 
the elemental and compound semiconductors 
have been studied [1-8] as a function of grain 
boundary orientation and direction of trans- 
port. The results of these studies show that 
grain boundaries can greatly influence the 
electrical properties of a solid. 

Electrical property measurements, however, 
have not been extended to many materials 
other than the well-known semiconductors. In 

*This work was supported in part by the National 
Science Foundation, the Advanc^ Research Projects 
Agency of the Department of Defense, Delco Radio 
Division of General Motors Corporation, and the Basil 
S. Turner Foundation. 

tPresent Address: IBM Watson Research Center, 
Yorktown Heights, New York 10598, U.S.A. 


oxide materials five important mechanisms 
have been proposed to describe the electrical 
properties of grain boundaries; (1) change 
trapped at the boundary from broken bonds 
[1-8]; (2) defect and charge gradients at the 
boundary from ion motion to the surface 
[9-1 1]; (3) impurity segregation changing the 
composition of the grain boundary region [12- 
14]; (4) increased grain boundary diffusion 
[15-18]; and (5) dislocation scattering of the 
mobile carriers [19, 20]. 

In his thesis. Thomlon[21] specifically 
considered the effect of grain boundaries on 
the electrical conductivity in NiO. Using a 
four-probe technique, he measured conducti- 
vity with the applied field both parallel and 
perpendicular to the grain boundary, and found 
that the conductivity of the boundary layer 
was considerably higher than that of the bulk 
material. The activation energy for grain 
boundary conduction was less than that for 
bulk conduction, and the conductivity 
increased with decreasing grain size in poly- 
crystalline samples. Thornton used a mtodel of 
firee nickel at the grain boundary to explain 
the results. The experiments were carried out 
in air, but it is doubtful diat the sample equili- 
brated with the gas phase below 800“C due to 
die very slow equilibration rates, and i^serva- 
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tion of the free nickel phase suggests that the 
samples had never equilibrated with the vapor. 

Nickel oxide was chosen for this study be- 
cause it is probably the most widely-studied 
semiconducting oxide and because it has the 
simple rocksalt structure at higher tempera- 
tures with isotropic properties. The properties 
of nickel oxide at high [22] and low tempera- 
tures [23] as a function of the concentrations 
of both native defects and foreign impurities 
have been the subject of the two preceding 
papers. The present study extends the work of 
Thornton [21] by extending the temperature 
range of the study and by considering the 
effects of stoichiometry and grain boundary 
orientation. 


2. EXPERIMENTAL 

Grain boundary property measurements 
were made on a series of NiO bicrystals; 
seven bicrystals were measured having tilt 
angles from 2° to 45°. The samples were all 
the same low purity crystals reported on ear- 
lier; analyses of one of these samples is given 
in Table 1 of the preceding paper [23]. The 
bicrystals were grown by a modified Verneuil 
technique in an arc-image furnace from two 
oriented seed crystals, and were previously 
used in a grain boundary grooving study [24]. 
The samples were annealed in air at 1 500°C 
for 24 hr. and afterwards had 6 x 10^/cm- 
thermal etch pits and 5 x lO^/cm- acid etch 
pits. The interpretation of thermal etch pits is 
tenuous however since the pit may correspond 
to a dust particle on the sample rather than to 
a dislocation. 

Conductivity measurements were made 
using the same apparatus as described earlier 
[22, 23]. Separate measurements were made 
with transport across and along the grain 
boundaiy. The electroding configuration for 
the samples is shown in Fig. 1 . 

3. EXPERIMENTAL RESULTS 
Current-voltage measurements were made 
to check for a blocking layer at the grain 
boundary. A typical I-V characteristic is 
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Fig. I . Electrodes and d.c. conductivity circuit. 


shown in Fig. 2; the behavior is ohmic over 
five orders of magnitude. Conductivity was 
also measured as a function of frequency up 
to 100 kHz; no dispersion was observed for 
any sample. 

The most pronounced effects were found by 
measuring the crystal and the bicrystal con- 
ductance on the same sample. The ratio of 
crystal to bicrystal conductance was sensitive 
to grain boundary properties and insensitive to 
heating and cooling rates, errors in temperature 
and pressure, and variations in impurity con- 



Fig. 2. Typical 1-V characteristics perpendicular to tilt 
boundary in NiO. 
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ceiRjation from (Hte sample to another. These 
measurements were obtained by modifying the 
usual four-point tedmique by adding a fifth 
contact to the sample. The two end contacts 
were used for the current contacts as usual, 
and the bicrystal conductance was obt«(tned 
from the potential between the contacts on 
different sides of the grain boundary, while the 
crystal conductance was obtained from the 
potential between the two contacts on the 
same side of the grain boundary. The elec- 
trodes were about 0-5 mm in dia. and 0'3-0-5 
mm apart, which precluded an accurate deter- 
mination of absolute conductivities. Although 


'IJS7 

an attempt was made to obtain the same geo- 
metries for both the oystal and bicrystal, it is 
doubtful that the geometry &ctors were 
exactly equal for any of the samples. Hence 
the ratio of costal to bicrystal co^ctance is 
equal to a geometry factor k times the ratio of 
the conductivities. Jud^ng from die experi- 
mental data (high temperature ratio) the value 
of it ranged from 0-7 to 1 -4. 

Isotherms of the ratio of crystal to bicrystal 
conductance are plotted in Figs. 3-S for three 
different tilt angles. Data for other samples 
are summarized in Table 1. Again it must be 
remembered that the ratios plotted are some 


T ab/e 1 . Maximum and minimum in ratio of crystal to 
bicrystal conductance normalized to the high temperature 
ratio {440- lOOO^C) 


Tilt 

angle 

Maximum ratio 
Magnitude Pm,, 

T 

• max 

Minimum ratio 
Magnitude Pmt, 

^mln 

2° 

1-4 

10-' 

440 

1/M 

io-» 

800 



lo-* 

600 




6-5° 

1-1 

10-»« 

650 

1/13 

10-’* 

440 

18° 

12 

10-’ 

440 

none 



28° 

1'4 

10-' 

440 

I/M 

10" 

1000 

40° 

2-5 

10-'* 

440 

none 



44° 

1-3 

10" 

700 

1/300 

io-« 

440 

45° 

1-7 

10-* 

440 

1/59 

I0-’ 

440 



Fig. 3. Crystal to bicrystal conductance isotherms for a 2° NiO tilt 
boundary. 
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Fig. 4. Crystal to bicrystal conductance isotherms for a 18° NiO tilt 
boundary. 



LOG (ATM) 

Fig. 5. Crystal to bicrystal conductance isotherms for a 45° NiO tilt 
boundary. 

constant for each bicrystal times the ratio of samples in some fashion. Furthermore, in 
the conductivities; the maximum and minimum four of these samples (6-5®, 18®, 44®, and 4.‘5°) 
values of the ratio given in Table 1 were nor- the change in the ratio is at least an order of 
malized to the high temperature value in each magnitude. In all cases the high temperature 
case so that comparisons can be made. Many behavior is constant relative to the lower 
features are of interest in these data. First of temperature behavior, and with only minor 
all, the grain boundary affected all of the exceptions, the high (1 atm) and the low 
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(lO'^atm) oxygen partial pressure behavior 
is relatively constant when compared to mter- 
mediate pressures. The greatest changes occur 
at temperatures at which the sample is not in 
equilibrium with the surrounding atmosphere. 
In some of the samples, the grain boundary 
conductance was considerably higher (Fig. 4) 
and in others it was considerably lower (Fig. S) 
than the crystal conductance at certain oxy^n 
pressures, while in some samples (Fig. 3) 
both maxima and minima were observed. 

Aside from these general trends of behavior, 
each sample has distinct features. Although 
the largest changes in the crystal to bicrystal 
conductance ratio occur at the lower tempera- 
tures for most of the samples, the tempera- 
tures and pressures of the maximum and the 
minimum given in Table 1 are seen to be diff- 
erent and unique for each bicrystal. Quite 
significantly, the angle of tilt does not cor- 
relate with the magnitude, pressure, or tem- 
perature of the maximum or minimum ratio. 
Furthermore, the tilt angle does not correlate 
with the temperature or pressure derivatives 
of the ratio. 

Figure 6 compares conductance isobars 
measured both along and across the boundary 
of the 44° bicrystal to the conductance of the 
crystal. The difference in conductance be- 
tween the bicrystal and crystal is small at 
both high and low oxygen partial pressures 
and is the most pronounced at an intermediate 
pressure. It is evident that the properties along 
the boundary are most similar to the proper- 
ties across the boundary and are different from 
single crystal properties. At low temperatures 
and Fo, = 10~‘ *®, the bicrystal conductance 
(along or across the boundary) is higher than 
the crystal conductance by several orders of 
magnitude. The bicrystal conductance rather 
than the crystal conductance is more like the 
conductance of the high purity crystal and 
polycrystal samples presented in the preceding 
paper[23]; it is striking that even in a low 
purity sample, the grain boundary and not the 
bulk crystal has properties characteristic of a 
more pure sample. 


T t'C) 



Fig. 6. Conductance along and across boundary and in 
crystal for nickel oxide. 


4. DEFECT MODEL 

The donor impurity model as presented in 
the proceeding paper[23] was used to theoret- 
ically determine the effect of increased grain 
boundary diffusion and impurity segregation 
on grain boundsuy properties. An increased 
grain boundary diffusion would be expected 
to effectively lower the temperature at which 
the grain boundary region equilibrates with the 
atmosphere. Hole concentration isotherms 
were computed for the case where Tequli ~- 
977°C which corresponds to experimental 
results on the single crystal region and for 
Tequll = 838°C which corresponds to an in- 
creased diffusion at the grain boundary. The 
ratio of the hole concentrations for these cases 
corresponds to the conductance ratio of a 
crystal to bicrystal region. Isotherms of the 
hole concentration ratio are given in Fig. 7. 
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Fig. 7. Ratio of hole concentrations for nickel oxide quen- Fig. 8. Ratio of hole concentrations for nickel oxide with 
ched at different temperatures. different impurity contents. 


The high temperature ratio is constant as 
expected and as observed with conductance 
ratio measurements on the bicrystal samples 
(Figs. 3-5). The low temperature ratio 
increased or decreased depending on the oxy- 
gen partial pressure. Peaks are observed in the 
isotherms in the neighborhood of 10~^ atm 
and the change in ratio is almost two orders of 
magnitude at low temperatures. 

Hole concentration ratios were also com- 
puted for the case of 150 and 200 ppm active 
impurities. Isotherms of this ratio are given in 
Fig. 8. As before, the high temperature be- 
havior is relatively constant and the deviations 
occur at low temperatures. The effect of four 
orders of magnitude is much larger than for the 
increased diffusion model, and the isotherms 
are much more symmetric. 

It should be noted, however, that with 


impurity segregation the theoretical ratio is 
always greater at low temperatures than it is 
at high temperatures. This is precisely the 
opposite of the ratios on the 44°. sample 
(Table 1). In this situation it is necessary to 
postulate a lower active impurity content in 
the grain boundary region rather than a higher 
content. An effective decrease in active grain 
boundary impurities could arise from: (1) 
actual segregation of acceptor impurities 
which would associate with donor impurities 
and hence reduce the active donor concentra- 
tion while increasing the total impurity content 
or (2) a depletion of donor impurities in the 
grain boundary region; the same energy con- 
siderations that favor segregation of certain 
impurities could favor depletion of others. 
The effect of a decreased grain boundary im- 
purity content would be to reverse the scale 
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m Fig. 8, and the maximum in the ratio iso- 
therms would then be a minimum. 

The impurity segregation mechanism alone 
is not sufficient to explain all the experimental 
results. The theoretical isotherms are^ too 
symmetrical, and the effect is too pronounced 
to explain the results on all samples. Only a 
combination of increased diffusion and 
impurity segregation at the grain boundary has 
the versatility to predict the behavior of the 
entire collection of bicrystal samples. Figure 
9 gives isotherms of the ratio of hole concen- 
trations for different equilibration tempera- 
tures and for different impurity contents. The 
features of this model are: (1) constant high 
temperature ratio, (2) increasing and decreas- 
ing ratio depending on pressure, (3) unsym- 
metrical isotherms, and (4) large (four orders 
of magnitude) effect. 



contents. 


5. fflSCCSSHm 

Hiree expmmental observations arecnicial 
in interpreting the grain boundary condaeriimi 
in nickel order: first, with 0-3 mm probe spac- 
ings, the grain boundary cond^tance is 
roughly indepehdent of the dtrecrion ijf tnms- 
port, i.e. the same aloi^ the across the bou^ 
ary (see Fig. 6 for example); second, in several 
cases the bicrystal conductance increases 
significantly with respect to the crystal 
conductance; and third, the behavior does not 
correlate directly with the tilt angle. 

The first two observations lead to the con- 
clusion that the region around the grain bound- 
ary having properties different than the bulk 
is very wide (~ 0-3 mm). An increase in con- 
ductivity over a narrow grain boundary region 
would not noticeably affect the overall con- 
ductance over a 0-3 mm width; hence, the 
grain boundary was at least as wide as the 
probe spacing. The result of a wide grain 
boundary region is startling. The region of 
atomic disorder around a grain boundary is 
only a few lattice constants wide [15a] and the 
Debye length is such that the electronic dis- 
order should be only a few microns wide. The 
experimental results cannot be explained by 
mechanisms such as trapped defects at the 
boundary because of the localized effect of 
such mechanisms. 

Two mechanisms can, however, be used to 
explain the results: increased grain boundary 
diffusion of defects and impurity segregation 
at the boundary. Normally grain boundary 
segregation would not be expected to occdr 
over such a wide range, but Westbrook [25] 
reviews recent work that shows wide grain 
boundaries due to grain boundary diffusion 
and segregation. The width is explained in 
terms of the diffusion of a vacancy or vacancy- 
impurity complex to a vacancy sink (grain 
boundary). Thus the width of the boundary 
becomes the effective diffusion distance under 
the experimental conditions. To a first approx- 
imation, some correlation would be expected 
between tilt angle and either grain boundary 
diffusion or impurity segregation at the bound- 
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ary. However, theoretical models grain 
boundaries in oxides, particularly high angle 
boundaries, are insufficiently developed to 
allow a confident prediction of tilt angle 
effects. Consideration of coincidence bound- 
aries [15b, 26] does offer some qualitative 
help in understanding the results. Small effects 
were seen in 2°, 28“, and 40° boundaries and 
larger effects were obtained with 6-5°, 18°, 
44°, and 45° bicrystals. The coincidence 
boundaries for tilt around {100} are [26] at 
0°, 22-6°, 281°, 36-9°, etc. and one might 
expect a minimum of the grain boundary effect 
at these angles. Indeed the 2°, 28° and 40° 
samples are close to these angles while the 
other samples were further from the coinci- 
dence relationships. Although this considera- 
tion does predict which samples would show a 
smaller or a larger grain boundary effect, it 
does not explain the relative magnitudes of the 
effect nor does it predict whether the ratio of 
crystal to bicrystal conductance should be 
greater or less than one. Certainly an even 
larger collection of samples would be neces- 
sary to establish a precise correlation between 
electrical properties and coincidence bound- 
aries in NiO. 

6. CONCLUSIONS 

The effective grain boundary observed in 
nickel oxide bicrystals was very wide and of 
the order of 0-3 mm. This width was attribut- 
able to impurity segregation and increased 
grain boundary difl^usion. The effects observed 
were not a direct function of the tilt angle of 
the sample, but a correlation with the angle of 
coincidence is suggested. 

The grain boundary can be either more or 
less conductive than the bulk material. The 
largest effect observed was with a highly con- 
ductive boundary for which the change in the 
ratio of crystal to grain boundary conductance 
was several orders of magnitude. Theoretical 
calculations utilizing a point defect model 
including a donor impurity show that the 
segregation of just 50 ppm impurities qan 


account for a change trf four orders of mag- 
nitude. The change due to different equilibrium 
temperatures is not as pronounced, but is 
nevertheless necessary to account for all of 
the experimental data. 
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ON THE EXCITON STATES IN CuCl 
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Abstract— The reflectivity spectra of the Zt ,2 and Z, exciion bands in CuCl observed under uniaxial 
stress by Koda and co-workers are analyzed on the effective mass theory of exciton. Strain-induced 
k-linear terms are introduced into the energy spectrum of the valence band in addition to the usual 
deformation-potential terms and the spin-orbit interaction. They are incorporated into the effective 
mass equation with the electron-hole exchange interaction taken into account, and the results of the 
theory are compared with the experiment. It is shown that a longitudinal exciton can be lower in energy 
than a transverse exciton in the presence of the external stress, and that the flniteness of the photon 
wave vector K gives rise to the coupling between the excitons with different symmetry through the 
strain-induced k-linear term. 


1. INTRODUCTION 

The exciton band in optical spectra has 
attracted many investigators, as it lies typically 
below the fundamental edge and shows up as a 
prominent peak. Investigations of the structure 
have been carried on and have given much 
information on the band structure and the 
interaction between electron and hole. 

The exciton band observed in optical spectra 
is usually an intricate complex exhibited by 
exciton states. As a powerful tool for analyzing 
it. there are reflectivity measurements with 
polarized light under stress. Application of 
stress removes the degeneracy of the valence 
(conduction) band, and as a result that of the 
exciton states. Over a decade these experi- 
ments have been reported. Deformation 
potential theory was able to interpret them 
rather well. However, unexpected fine struc- 
tures in the exciton band have been observed 
in several experiments. 

Koda and Langer[l] detected a strain- 
induced polarization-dependent splitting of the 
exciton band in II -VI wuiTzite compounds. In 
these materials the valence and conduction 
bands have no degeneracy except that due to 
the time reversal symmetry. Since the simple 
deformation potential theory takes into 


account only the splitting of the valence (con- 
duction) band, it could not account for the 
observed fine structure. This polarization-de- 
pendent splitting has been explained by intro- 
ducing the two-particle nature of the exciton, 
namely the electron-hole exchange interaction 
into the one-electron deformation potential 
theory [2]. 

In a reflectivity measurement for CdS[3] an 
extra shoulder was observed in the 1 s ^ series 
exciton in spite of its simple valence and 
conduction band structure. It is the finiteness 
of the light wave vector that is responsible for 
this fine structure. In fact, Mahan and Hop- 
field [4] noted that the valence band r7 from 
which the B exciton is derived possesses an 
energy term linear in k and showed that, if the 
finiteness of the exciton wave vector K whidi 
matches the photon wave vector is taken into 
consideration, the coupling between a pure 
triplet exciton and a transverse one occurs 
through the l:-linear terms in the valence band. 
Their theory explained the fine structure 
successfully. 

Very recently Koda et a/.[51 reported a 
reflectivity measurement with polarized light 
on the Zi,2 and Z3 exciton bands in Cil0iaiBder 
uniaxial stress. In this measurement an inter- 
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esting fine structure was seen in the Z3 
exciton band. In order to understand this 
structure, it is necessary to introduce the 
above two points. (1) the electron-hole ex- 
change interaction, and (2) the finiteness of the 
photon wave vector, into the usual deformation 
potential theory. 

The purpose of this paper is to reveal the 
behavior of the Zi,2 and, in particular, the Z3 
exciton states in CuCi on the above basis. A 
mechanism which causes the coupling between 
exciton states through a strain-induced k- 
linear term is proposed. 

In the next section important characteristics 
of the spectra observed by Koda et at. are 
summarized. Section 3 gives the formalism of 
the theory and the results of calculation. In 
Section 4 a qualitative explanation comple- 
mentary to the results of Section 3 is given. 
Section 5 is devoted to comparison of the 
theory with experiment and evaluation of the 
parameters for CuCI. In the last section, our 
conclusions are given. 


2 . THE EXPERIMENT OF KODA et al. 

CuCI is a zincblende type crystal. Since the 
valence band r., consi.sts of the id orbitals of 
Cu for the large part [6], it splits into 17 (upper) 
and Fn (lower) bands by the spin-orbit inter- 
action. The exciton states which originate from 
Fy and Fs with the common conduction band 
Fe are denoted by Z,, and Zi,2 respectively by 
Cardona (7J. Recently Koda et aL[5'\ reported 
the Z,.2 and Z3 exciton spectra of stressed 
CuCI using polarized light. A remarkable 
behavior of the Z3 band is seen in one con- 
figuration as reproduced in Fig. 1. It was 
inferred[5] that /J was a mixture of longi- 
tudinal and transverse waves, and that /" 
originated from a spin-triplet state. But it was 
unknown why I\ and /'; were detected in an 
optical measurement and why /J became so 
intense under high stress. Usual deformation 
potendal theory could not answer these 
questions. This experiment gave a motive to 
our present investigation. 


CuCP 
1.8 °K 


Pll (001) 




Fig. I. The refleclivjiy sfiectra of the Z,,^ and Z;, exciton 
bands under the external uniaxial stress measured with 
polarized light [5]. 


3. FORMALISM OF THEORY AND THE RESULTS 
OF CALCULATION 

In this section, we investigate the-Za and 
Z,.2 exciton states under the external stress. 
These states are derived from the Fj valence 
and F, conduction bands perturbed by the 
k ■ p term, spin-orbit interaction and external 
stress. 

The valence-band energy spectrum is 
expressed as follows: 


//r,,(k) = //,>(k) + Ha + (3.1) 

//,,(k) = /!„**£+ /I ,[ (L^2 - + c.p. ] 

+/l2[(C^, + L^x)Mi/ + c.p.], (3.2) 

"d = £>«(e„ + -b e,,)E -b D^ [(LJ - i 
+ c.p.]-bZ)2[(Z.^„-bL„L3.)e3i, + c.p.], (3.3) 
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■^C(eyy—e„)kx\Lx+c.ip., (3.4) 

where c.p. signifies the cydic permutation, L 
is an angular momentum operator with L = 1 , 
and E is the unit matrix. Basis functions are 
the three Bloch functions {bj., by, b^} at Fs. 
(3.2) represents the second-order terms de- 
rived by the k ■ p perturbation. The effect of 
external stress on Fs is given in (3.3). Here 
Cxx, . ■ - eyz are strain tensors, and Do, I>i and 
Di are deformation potentials. (3.4) stands for 
the strain-induced it-linear terms. They can 
exist only when the crystal lacks the inversion 
symmetry. The constants Ao, A ^,A 2 , Do. D,, 
Z?j, B and C are determined by the eigen- 
functions and eigenvalues of the bands at the 
F point. Next the spin-orbit interaction is 
introduced as a perturbation. Basis functions 
are then taken as {by} = [bja , .... b^B). 
Eventually the valence band energy spectrum 
is written as follows: 

Hyyl{]t) = {f/o(k)}(i/l' + 

+ + {H,-o}^^', (3.5) 

where //,_(, = — 5 XL • s, X is the spin-orbit 
splitting of the valence band and is taken to be 
positive. 

It will be appropriate here to make a remark 
on the energy terms linear in k, since they are 
known to exist in the zincblende structure 
even in the absence of strain. The strain- 
induced k-linear terms (3.4) are obtained by 
second-order perturbation bilinear in k • p 
term and the interband deformation-potential 
terms. The hitherto known k-linear terms arise 
from a similar perturbation bilinear in k ■ p and 
the spin-orbit interaction and exist in the 
absence of strain. Because of their different 
origins, the two kinds of X-Ifnear terms possess 
different properties. The latter will be neglect- 
ed in this paper for the following two reasons. 
The first and the more important one is that 
the latter exists only in the Fg valence band and 


mi 

vanishes in the Fr band. Since the Zt exciton, 
in which we most interested, is associated 
with the F 7 band, the intrinsic A-linpar terms 
have little effects on the Z» exciton. The cither 
reason comes from the comparison of dieir 
magnitude. Accoi'ding to Song's band calcu- 
lation [ 6 ], the coefficient of the intrinsic k~ 
linear term in the Fg band is on the order of 
10“® cm-cV. In contrast to this, as will be seen 
in Section 5, the strain-induced ilc-linear term 
can amount to ~ 1 cm-eV for a pressure of 
~ 0-5 kb. It becomes larger for higher pres- 
sure. Therefore even in the Zi^ excitons the 
effects of the strain-induced k-linear terms 
prevail over those of the intrinsic ones at high 
pressures. For these two reasons we consider 
only the ^-linear terms induced by strain and 
neglect the intrinsic ones. 

The energy spectrum of the conduction 
band is expressed in terms of the bases [by] — 
{b,a, b,B} as 

//"(k) -‘Ao'^k^E + DoHexx + eyy + e„)E. 

(3.6) 

The F excitons with wave vector K are 
derived from the energy spectra (3.5) and 
(3.6) according to the formalism [ 8 ] of exciton 
in degenerate bands, 

(rr. T;,) = 2) exp [/K(re-frg)/2] 

x^;“(r.-r.) 6 :(r,)^(r,). (3.7) 

The envelope function F"* satisfies the follow- 
ing effective mass equation, 

2 Hyi’-.li'v’ Fy'y'it) = EFyyit), (3.8) 

Hyy y.y. = 6 ^^- Hly. (K/2 - /V) - 8yy> 

X Hy.y (-K/2-fV) F(r) 

+ (3.9) 

In (3.9) the third term represents the attractive 
Coulomb interaction and the last term the 
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exchange interaction, 

4.:av(K) = 1 1 a*(r)ajr)j^^^ 

xa*(r')a.,(r’) drdr'+|^- 
■ 3 ( u... • K)( /tuv' ■ K) - ( /i.u • Mmv) 

+o(a:*), 

which couples a missing electron-electron pair 
(ja, v) with another pair ifi', v'). and a„are 
the Wannier functions corresponding to 
and respectively, m.m = f a*{r)erajr) dr 
is the transition dipole moment. 

Equation (3.8) can be solved by the pertur- 
bation method. The exchange term, the spin- 
orbit term and the terms which contain strain 
tensors are first neglected. In the resultant 
equation, we ignore the oft'-diagonal terms of 
the hole kinetic energy HJk), which is per- 
missible owing to the heavy hole mass [9]. 
Eventually the unperturbed equation becomes 
a hydrogenic equation in diagonal form. The 
neglected terms are then evaluated by the 
ground state solution F(r), which is indepen- 
dent of the missing electron-electron pair 
{/i, «>}. Since the binding energies[9] of the 
Zi .2 and Z;, excitons in CuCI are large com- 
pared with the spin-orbit splitting A, exchange 
energy, and deformation energy, this pro- 
cedure is reasonable. The 12x12 matrix thus 
obtained for the particular configuration of 
stress ((([001]) and wave vector /ik((([110]) is 
shown in Table I. The eigen-energies of 
excitons with wave vector K are given by the 
eigen-values of this matrix. The definition of 
the base exciton states in Table 1 is given in 
the Appendix. There the polarization of the 
longitudinal exciton state a (and a') is parallel 
to the exciton wave vector K. and those of the 
transverse exciton states b and cjor b' and c') 
are parallel to the [001] and [110] directions 
respectively. In Table 1 a dilation term, which 
causes a uniform shift in the exciton energies, 
is omitted, and the particular configuration of 


the stress retains only one deformation 
potential D, in it. 

It is most noticeable in the table that the 
coupling between a and b (or c and fj) arises 
through a pure imaginary matrix element 
/(4/3)7' = (/7i)C/((ej:,-e„), which originates 
from the strain-induced It-linear term and the 
finiteness of the exciton wave vector K. The 
longitudinal and transverse exchange energies 
A;,, Aj- are expressed respectively as follows; 

At = 21F(0)|^fl 

X fl,(r')fl^(r') dr dr' . 

Ar=2(F(0)(2n I ajr}a,(r) j 

Xu,(r')aT(r')drdr'--y-^ . 

where fi= f a,(r)exaj.(r) dr is the transition 
dipole moment. 

Figures 2(a) and 2(b) give the twelve exciton 
energies vs. strain, together with the oscillator 
strength normalized to 100 for each polariza- 
tion, computed by using the values of the 
parameters indicated in the figure. 

The strain-dependent parameter A is defined 
by 

A = D,(<’j.^-t'„) = D,(5„-f (SiaOF, 

where S,, and S 12 are compliance and P is the 
strength of pressure. 

4. QUALITATIVE EXPLANATION TO THE 
RESULTS OF SECTION 3 

In the preceding section, we have shown 
that the eigenstates of the exciton can be 
obtained by diagonalizing the 12 X 12 matrix. 
In this section we rephrase the procedure 
rather schematically following the idea of 
the Hopfield quasicubic model [10]. Figure 
3(b) shows that the spin-orbit interaction 
splits the valence band Fj into I'? and Fg. 
The pressure applied in the direction [001] 
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Fig. 2(a). The exciton energies vs. strain-dependent 
parameter A. The strain-induced i-linear term is neglected 
(C = 0). The following values are used in the calculation: 
A“63MeV. A,, = J5MeV, Ar = 8-7MeV. The thick 
solid lines show the transverse exciton h and the thin 
ones the pure triplet exciton.s. The dotted lines represent 
the transverse exciton c, and the dot-dash lines the longi- 
tudinal excitons. The figures refer to the oscillator strength 
normalized to 1 00 for each polarization. 

lowers the Ta symmetry of the crystal to Dia 
and splits Fg into F; and Fa (irreducible repre- 
sentations in £> 2 ^), as depicted in Fig. 3(c). 
Exciton states are derived from each valence 
band. The excitons are strongly dependent 
upon stress not only through the valence band 
shift, but also through the exchange interaction 
since the wave functions of the valence bands 
are mixed with themselves by the strain. 

In Fig. 4 the behavior of the exciton states 
under applied stress is shown schematically. 
For Small strain we can calculate the energies 


Fig. 2(b). The exciton energies vs. strain-dependent para- 
meter A. The strain-induced k-linear term is considered 
The coupling parameter C is taken properly. The other 
parameters and the meaning of the curves are the same as 
in Fig. 2(a). 


Td Tj Dgd 



(a) (b) A>0 X>0 

A = 0 A = 0 A>0 

Fig. 3. Schematic explanation for the splitting of the 
valence band under the spin-orbit interaction and the 
external stress F|| [001]. 
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Fig. 4. Schematic explanation for the behavior of the exciton sWes in the Z|, 
Zj and Z, exciton bands under the stress. The arrows show the direction of the 
energy shift by the increased pressure, and the wavy lines the coupling owing 
to the strain-induced i-linearterm. 
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of the excitons by second-order perturbation, 
to get the following result. A is the strain- 
dependent parameter defined in Section 3. 


Zs exciton states Tg x = Fj -t- r4 + Fg 


Ez3.a — ~ ^ + 2 A/, — 
Ezn,/! — ^ A?' 

Ez,.c— Ar — 


2A,^ 2A, 
9A 9X ^ 


2Ar^ I 4Ar , 

9X 9X ^ 




Z .2 exciton states Fg x Fj = Fj -I- F^ -I- Fg 



Z, exciton states Fg x Fg = F, -I- F2 -I- Fg 



In obtaining the above result, we have not 
considered the strain-induced I;-linear term. 
a, b and c are triplet-singlet mixed F excitons. 
a has the polarization parallel 10 K and it is 
the longitudinal wave. Hie polarizat^s of die 
transverse waves b and c are parallel to the 
[001] and [110] directions respectively. The 
other states are pure spin-triplet. The above 
expressions explain our numerical result 
shown in Fig. 2(a). In the Zs band the longi- 
tudinal exciton a lowers in energy, as stress 
increases. On the other hand the transverse 
exciton b is raised and after the crossing with 
a, it stands on the high energy side of a. The 
transverse exciton c comes near to the Fg 
exciton. Such a behavior of the excitons is a 
reflection of the stress dependence of the 
Bloch functions in the uppermost valence 
band F^. The stress applied in the [001] 
direction modifies them in such a way that 
the z component becomes dominant over the 
X and y components in them. This modification 
of the wave functions acts to enhance the 
exchange energy of the transverse b exciton, 
which transforms like z, as well as to reduce 
that of the a (longitudinal) and c (transverse) 
excitons polarized perpendicular to the z axis. 

The exciton levels are shifted by the stress 
in this way, but there occurs no mixing be- 
tween them so far as we do not consider the 
strain-induced A:-linear term. 

The situation is utterly changed when we 
take account of the finiteness of the wave 
vector K. The finiteness of the exciton wave 
vector which is supposed to match the photon 
wave vector gives rise to the coupling of the 
longitudinal wave a with the transverse wave 
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b, and of the transverse wave c with the triplet 
Fg. The coupling arises through the strain- 
induced A-linear terms. Thus in the case of a 
and b, clamping occurs. Since the b exciton 
can be excited by the light polarized parallel 
to the stress and c by the light polarized per- 
pendicular to it, the situation shown in Fig. 2(b) 
will be understood clearly. Similar fine struc- 
ture exists also in the Z-^ band. 


in the Zg band in Fig. 2(b) with experiment, we 
can determine the deformation potential Dj to 
be D, = 2 eV (> 0) by use of the compliance 
sf, = 8-35 X 10-'* cm*/dyne, sfg = -3-40X 10-'* 
cm*/dyne[12]. The remaining parameter C, 
the coefficient of the strain-induced ^-Iinear 
term, is a difficult one to estimate. The expres- 
sion for C can be obtained by second-order 
perturbation bilinear in k • p and strain; 


5. COMPARISON WITH EXPERIMENT AND 

EVALUATION OF THE PARAMETERS FOR CuCI 

In this section we compare Fig. 2(b) with 
the observed spectra Fig. 1. Since the latter 
is the reflectivity spectrum, in which the exact 
resonance energy cannot be known and on the 
other hand the former is concerned with the 
intrinsic electronic structure, only semi- 
quantitative comparison is possible. 

(1) Figure 2(b) excellently agrees with the 
observed spectra; in respects of the energy 
shift, splitting and intensity of the Z|, Zj 
exciton bands under applied stress for both 
polarizations. 

(2) In the Zg exciton band the fine structure 
of the spectra can be reasonably understood 
by Fig. 2(b). We conclude that /J is a trans- 
verse-longitudinal mixed state in which the 
transverse component becomes dominant at 
high stress, and /'/ is a pure triplet-transverse 
mixed state. Oscillator strength of these states 
agrees with the observed spectra well for both 
polarizations. 

(3) We have used the following values in the 
numerical calculation. 


\ = 63MeV[ll],Ar = 8-7 MeV[ll], 

A,.= ]5MeV. 

The last parameter A,, has been determined so 
that it correctly gives the pressure at which 
the clamping of the a and b in the Zg band 
occurs. This value is rather small compared 
with one supposed from a magneto-optical 
measurement [1 1]. 

Comparing the energy separation between 
the c exciton in the Z] band and the b exciton 


^ ' m Fs-r,'" 


where V/-y‘ is the potential conjugate to the 
strain (Cx^ — c„„)/ V2, and bj^’ is the Bloch 
function at Fg"’, which lies about 3eV below 
the uppermost valence band I'sfb]. 


Fg-Fg'" - 3eV, |(/.x|K/-„^|/>x‘'’)l = afeweV 
and 


m 


{bj'^\p.\hy} 


10"’ cm-eV 


give C = !()-* cm-eV. 


On the other hand we can infer the value of C 
from the repulsive width V of the a and b 
excitons due to the clamping in the Zg exciton 
band, 

y = iCnK(ej.j. — eii) = afewmeV, 

where n is the refractive index in tfie resonant 
region, K is the wave vector of the incident 
light, rt - 10, /( = 10® cm"' andDitCjj. — Czz) = 
12 meV give again C - 10"* cm-eV. 


6. CONCLUSION 

We have investigated the behavior of the 
exciton states under external stress. It is 
interesting to note that a longitudinal exciton 
can be on the low energy side of a transverse 
exciton in the presence of the spin-orbit inter- 
action and the external stress. We have 
proposed a mechanism of the coupling of 
excitons through the strain-induced k-linear 
term, which can be present in crystals lacking 
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inversion symmetry like CuCl. The longi- 
tudinal exciton, which is usually inactive in 
optical measurements, is found to get oscillator 
strength through such a mechanism (in the 
particular configuration we have considered). 
The experimental results have reasonitbly 
been explained by the theory. 

We can also predict the spectra for another 
configuration, for example, where the pressure 
is parallel to [001] and the light is incident in 
the [100] direction; In this configuration, the 
two transverse waves are mixed, and the 
longitudinal wave is mixed with the pure 
triplet exciton, by the strain-induced /c-linear 
term. Since the energy separation of the two 
transverse waves increases with pressure, the 
mixing cannot be observed, and only the shift 
of each exciton can be detected in the spectra. 
Furthermore, the longitudinal exciton remains 
inactive. These predictions have been sup- 
ported experimentally [13]. 

Throughout this paper, we have emphasized 
the strain etfects on the Za exciton band. As 
explicitly seen in Fig. 2(b), some anomalous 
behavior occurs also in the excitons. 
Similar experiment on CuBr will be very 
interesting, since in that material the lowest 
exciton is Zj.^. 
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APPENDIX 

Exciton slates taken as the bases in T able 1 . 

The valence-band Bloch functions which diagonalize 
the spin-orbit interaction can be written as 


and 


(boa-y/2b^P)lV3\ 

|-6„/B+V26-a)/V3j 


for r 7 . 


b+a 

(\/26„o-H6^j8)/V3 
(\^M + h-«)/V3 
6.B 


for Eg, 


where h, = (— hj. — /6„)/ V^. = b^ and b- =(hj.~ib„)l 
V2 are the eigenstates of the angular momentum operator 
t,, in Section 3. Excitons can be formed by replacing one 
of these six states with either of the conduction-band 
stales {b,n, b,^]. In practice, we need symmetry-adapted 
exciton states, namely the eigenstates |Pj"> of the total 
angular momentum j = L-)-S and its z component M. 
Their explicit forms are given in the Appendix A of 
Onodera andToyozawa’spapertS] in terms of appropriate 
linear combinations of missing electron-electron pair 
stales. 

In the present problem, the light is incident in the [110] 
direction. It is therefore convenient to use the following 
transformed states as the bases in our problem: 


(IV'’ = IO 

liv^’ = (|p;-> + |pr‘>)/v^ 

- r;'- = =^|p,'>-fi^|Pr'> 
r;*- = ^|p,'>+i-^|P,-i) 


rJ 


6, 6'=-. IP,*) 

a.a'=-4^|P,>) + i^|Pr') 


r,= |Po»>. 


The unprimed and primed symbols for the Tj exciton 
refer to the (E,, E,) and (Eg, E*) missing electron-electron 
pairs respectively, a, b, and c transform like JC-i-y, z and 
x—y, respectively. 
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VACANCY FORMATION PARAMETE^IS IN ORGANIC 

CRYSTALS* 
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Abstract— Measurements of the temperature dependence of the X-ray and bulk densities of succinoni- 
trile and of cyclooctane single crystals are reported. Actual and upper limiting values of the vacancy 
concentrations are calculated from these results. In addition, heat capacity data from the literature are 
analyzed to obtain the vacancy formation enthalpy and entropy of benzene, hexamethylethane, 
pentaerythrityl fluoride, perfluoropiperdine, 2,2.3-trimethylbutane, l.l-dimethylcyclohexane, cyclo- 
octane, and cis- 1 ,2-dimethylcyclohexane. The vacancy triple point concentrations obtained range from 
less than 0- 1 per cent in succinonitrile and benzene to as high as 0-76 per cent in 2,2,3-trimethylbutane. 
The corresponding vacancy formation enthalpies range from 0-52 to 1-2 of the triple point sublimation 
enthalpy, low fractions being found for compounds with low entropy of fusion, S„ ~ R. The effect of 
defect relaxation, zero point energy, and many body forces upon vacancy formation enthalpy is con- 
sidered. For benzene and hexamethylethane. the ratios of experimental vacancy formation enthalpy to 
diffusion enthalpy are respectively 0-50 and 0-56, or about the same as is observed in f.c.c. metals. 
However, the experimental vacancy formation entropies are significantly higher than is observed in 
metals. The entropic contribution from torsional lattice modes, which contributes to this difference, is 
calculated. For both vacancy formation and diffusion parameters in these organic crystals, a linear 
correlation exists between enthalpy, normalized to the melting point, and entropy. Despite the differ- 
ence in bonding, one empirical equation correlates the available diffusion parameters in both metals 
and organic crystals. 


1. INTRODUCTION 

Little is known about vacancy formation 
parameters in van der Waals bonded crystals. 
The enthalpy and entropy of vacancy creation 
has been determined for krypton by Losee 
and Simmons [1], through simultaneous length 
and X-ray expansion measurements, and for 
krypton and argon by Beaumont,. Chihara, and 
Morrison [2J, through an analysis of heat capa- 
city data. The vacancy formation enthalpies 
obtained in these investigations are in dis- 
agreement with present two-body central 
force calculations and suggest that many-body 
forces must be considered. 

Rotationally disordered organic crystals are 
especially interesting for study because of 
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their high lattice symmetry and because their 
self-diffusion coefficients [3, 4], as well as 
their creep behavior[5], had indicated a high 
point defect concentration. Sherwood ef al. 
[6,7], have found in a number of organic 
rotator crystals that the activation enthalpy 
for creep is equal to that for self-diffusion. 
This suggests that low strain rate plastic flow 
in these crystals is due to the diffusion con- 
trolled climb of dislocations. 

The most direct way to determine vacancy 
content is to compare the X-ray lattice para- 
meter derived density, Px, with the macro- 
scopic density, pt- Then the lattice site fraction 
of vacancies at temperature T, /„, can be 
expressed as 

<■) 

Pb Px 

where the Apt and Ap, are measured with 
respect to the same low temperature at which 


1J7S 
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vacancy concentration is negligible. For the 
case of isotropic operation of vacancy sources 
and sinks we can rewrite this expression as 



where 7’ is a linear macroscopic dimension 
and ‘o’ is the X-ray lattice parameter. It is 
advantageous to make the bulk and X-ray 
measurements simultaneously on the same 
specimen. This was not done in the present 
work because the principal uncertainty was 
not in determining specimen temperature or in 
maintaining specimen purity between the two 
types of measurement. Instead, it was in 
obtaining reliable diffraction data from crystals 
which, as a result of rotational disorder, yield 
usable diffraction intensities only at relatively 
low angles. We report here measurements, 
using these methods, on crystals of cyclo- 
octane and of succinonitrile. From these 
results we have calculated the temperature 
dependence of the vacancy concentration in 
cyclooclane and the upper limiting vacancy 
concentration in succinonitrile at its triple 
point. 

Because of the availability in the literature 
of a number of reliable heat capacity studies 
on high purity rotator crystals, an analysis of 
heat capacity data was chosen as a second 
method of lattice defect determination. The 
relationship between the enthalpy and entropy 
of vacancy formation. //,, and S,., and the 
corresponding increment to specific heat is 
easily formulated. The lattice site fraction of 
vacancies can be expressed as 

f,, = j 

Then the vacancy formation increment to 
observed heat capacity at constant pressure is 

AC = Mr _ ^ 

dT BT RT dT 


In the approximation that BHjdT and dSJdT 
are zero, the relationship previously derived 
by Lidiard[8] is obtained. 

If the excess heat capacity due to vacancy 
formation is known as a function of tempera- 
ture. equation (6) can be used to calculate 
and S,: 

2. DETERMINATION OF VACANCY PARAMETERS 
2.1 Comparison of dilatometric and X-ray 
densities of succinonitrile and cyclooctane 

(a) Sample preparation and crystal growth. 

Commercial succinonitrile with a melting point 
range from .‘i3 to 56°C was zone refined by 
forty zone passes at a zone travel rate of one 
cm per hour. Cyclooctane with a given im- 
purity concentration of 001 ±001 mole 
per cent was used as obtained from the 
American Petroleum Institute, Carnegie- 
Melion University. 

Using the Bridgman method and a travel 
rate of 1 mm per hr. 1-3 cm dia. cylindrical 
crystals were grown of both purified com- 
pounds. These crystals were optically trans- 
parent with no visible cracks or voids. Upon 
X-ray examination they were found to be 
single crystals. Since the rotator phase crystals 
of both succinonitrile and cyclooctane were 
soft and waxy, they were conveniently sec- 
tioned using either a razor blade or an 
electrically heated thin metal strip. These 
crystals were then annealed for one day at a 
temperature close to their melting points. As 
succinonitrile is hygroscopic, care was taken 
to avoid pickup of atmospheric water during 
specimen handling and measurement. 

(b) Bulk expansion measurements. Since 
the triple point vapor pressure of cyclooctane 
[9] is significantly higher than for succinon- 
trile[10], it was necessary to use different 
methods for both the bulk and X-ray expan- 
sion measurements on these two compounds. 
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The lirwar thermal expansion of succinoni- 
trile was determined from 28 to S4°C using a 
0*01 in. total travel Lion Research Corpora- 
tion capacitance micrometer. A nichrome wire 
wound copper tube, coaxial with the 1-100 ip. 
long succi nonitrile specimen, was used to 
vary temperature. A sheet of i in. fused quartz 
supported the crystal and furnace and pro- 
vided thermal insulation from the micrometer 
support platform. The capacitance between a 
thin copper disk resting upon the crystal and 
the capacitance micrometer was determined 
as a function of temperature. Upon calibra- 
tion of capacitance vs. disk separation, the 
corresponding crystal expansion as a function 
of temperature was obtained. 

The succi nonitrile has a tendency to adhere 
to both the copper disk and the supporting 
fused quartz plate. As a result, anomalously 
high expansion was measured in initial trials. 
It was possible to remove this effect by apply- 
ing a thin layer of lubricating graphite to the 
appropriate crystal faces. 

The agreement between data points at the 
same temperature taken at the beginning and 
at the end of the experiment, indicates that 
specimen sublimation and creep were negligi- 
ble. Whether the temperature was increasing 
or decreasing in the experiment had no 
observable effect upon the result. 

Specimen temperature was controlled to 
better than ±0-05°C using a calibrated copper- 
constantan thermocouple in conjunction with 
a proportional-output temperature regulator. 
The uncertainty in determined A///o is less 
than 3 x 10~®. The linear expansion data 
obtained for succinonitrile are given in Fig. I. 
Fractional expansion referred to 28“C can be 
expressed as A///o = -3-221 x IO”'*-l-9-968 x 
I0~® r -I- 5-649 X 10“^ where t is temperature 
in °C. For this equation the root mean square 
deviation between calculated and observed 
data points is 6-3 x 10“*. 

To avoid crystal sublimation, liquid dis- 
placement methods were used to measure the 
thermal expansion of cyclooctane. As the 
solubility of cyclooctane in distilled water at 


room temperature is only 8 ppm by weij^t 
111], water was the first choice for the 
immersion liquid. The change in buoyancy of 
a submerged cyclooctane crystal was mear 
sured as a function temperatme. Knowing the 
mass of the crystal and the density of water as 
a function of temperature [12], the correspond- 
ing crystal density change with temperature 
was determined. 

Since cyclooctane has a triple point of 
14-82‘’C[9], measurements were performed in 
a refrigerated cold box. The water was first 
degassed to eliminate possible bubble forma- 
tion at the crystal-liquid interface. Attached 
by a thin wire to the cyclooctane crystal was 
an invar weight, chosen so that the crystal, 
wire, and weight combination was slightly 
more dense than water. This assembly, 
immersed in a temperature regulated water 
bath, was connected by a second thin wire to 
the weighing arm of a Cahn Model G electro- 
balance. By measuring the weight of the crystal 
and attached invar in water from 0°C to the 
melting point of cyclooctane, the fractional 
density change of cyclooctane over this 
temperature range was determined. The un- 
certainty in determined Apj/p* is less than 
±0-0003. However, due to specimen sublima- 
tion after weighing in air and before sub- 
mersion in water, absolute density determina- 
tions by the balance method have an uncer- 
tainty of about 0-3 per cent. 

The absolute density of cyclooctane was 
more accurately determined at a number of 
temperatures by adding 99-9 per cent methanol 
to distilled water until crystals submerged in 
the mixture would neither sink nor float. 
Conversion from null composition at a parti- 
lar temperature to density was achieved 
using mixture density tables from the litera- 
ture [13, 14]. Apparently neither significant 
amounts of water nor methanol were picked 
up by the crystals; small crystals melted in the 
mixture, refrozen, and then remelled did not 
show any significant change in melting point. 
Using this method, cyclooctane densities near 
the melting point were determined to ±0*05 
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Fig. 1 . X-ray and bulk linear thermal expansion ol succinonitrile. 

per cent, the uncertainty being mainly that of does not have the additional complication of 
the tabulated densities of methanol-water- high vapor pressure. The rotator phase of this 
mixtures. From the results of both measure- compound is b.c.c. with two molecules per 
ments, the bulk density of cyclooctane unit cel) [15]. 

between— 4 and 12°C can be expressed as A 1-3 cm dia. cylindrical succinonitrile 

crystal was sectioned perpendicular to the 
Pi, = 0'87780— 0*000547 /(gm/cm^), growth direction to form a specimen of 0*4 cm 

thickness. This was mounted in an Electronics 
with standard deviation of intercept and slope and Alloys Inc. high temperature camera, 
respectively 4*4 X lO--* and 1*1 X 10-^ placed upon a G.E. XRD-5 diffractometer. 

(c) X-ray expansion measurements. As a After crystal alignment, the change of CuKa 
result of the rotational disorder in both sue- diffraction angle with temperature was deter- 
cinonitrile and cyclooctane, only relatively mined from room temperature to the melting 
tow angle X-ray reflections are of sufficient point. Using a proportional output tempera- 
intensity to be used in thermal expansion ture regulator, temperature was controlled 
measurements. Fortunately, succinonitrile ±0*04°C. Fractional change of lattice para- 
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meter with temperature was determined to 
within ±l'5xl0~^ No discrepancy was 
observed between increasing and decreasing 
temperature data. 

The rotator phase of cyclooctane is priipi- 
tive cubic with eight molecules per unit celt 
[16]. Its higher vapor pressure, and resulting 
rapid rate of vapor transport in small tempera- 
ture gradients, renders the X-ray method used 
for succinonitrile unsatisfactory for cyclo- 
octane. For the observed low angle peaks, 
crystal sublimation, corresponding to an effec- 
tive translation of specimen relative to the 
X-ray beam, would introduce a dominant 
source of error. 

To avoid sublimation, cyclooctane was 
sealed in a glass capillary tube. Single crystals 
were invariably grown when this high purity 
compound was slowly cooled below its melting 
point. Because of adhesion of the crystal to 
the capillary surface and corresponding 
anomalous behavior of measured diffraction 
angles with change of temperature, usual 
single crystal techniques were not readily 
applicable to this compound. 

A mechanical device was constructed which 
rotated the cyclooctane filled capillary in a 
random way about three mutually orthogonal 
axes. As a result, all possible crystal orienta- 
tions were presented to the X-ray beam and a 
powder diffraction diagram thus obtained from 
a single crystal. A stream of nitrogen gas, 
impinging upon the specimen capillary, pro- 
vided cooling. A resistance heater, immersed 
in a liquid nitrogen bath and controlled by a 
proportional output temperature regulator, 
provided the chilled gas. Calibration of speci- 
men temperature, relative to the control 
copper-constantan thermocouple situated 
nearby, was achieved using crystals with 
known melting points sealed in capillaries and 
placed in the same position as the final speci- 
mens. Temperature was controlled to ±0-5'’C 
and CrKa radiation was used. After each 
change in temperature, the crystal was 
annealed for one day to allow relaxation of 
cajMllary to crystal surface forces. The diffrac- 


tion pattern was recorded photoffraphicaUy on 
a flat film in a cassett mounted on the saoie 
track as the collimating system and ‘crystal 
randomizer’. By taking two exposures at the 
same temperature for different measured film 
translations parallel to the main beam, the 
cryst^ to film distance was detemuned by 
triangulation. As a result of using film to 
crystal distances from 20 to 32 cm, high 
angular resolution was achieved. Due to the 
uncertainty in camera calibration, the change 
in lattice parameter with temperature was 
measured more reliably than was its absolute 
magnitude. The probable error, in terms of 
calculated X-ray density, is ±0-0015 gm/cm* 
for px and ±0-0005 for Ap^/pj.. 

(d) Comparison of bulk and X-ray expan- 
sion measurements. In Figs. 1 and 2, X-ray 
and bulk expansion measurements are given 
as a function of temperature for succinonitrile 
and cyclooctane. The observed difference 
between these measurements for succinoni- 
triie is in the direction expected for vacancy 
formation. However, the magnitude of the 
difference for the highest temperature data 
points is less than the estimated uncertainty in 
X-ray expansion. From these measurements, 
the vacancy concentration at 54-0°C, 4-0‘’C 
below the triple point, is 0-033 ±0-05 mole per 
cent. Assuming a vacancy formation enthalpy 
of about lOkcal/mole, 0-1 nrole per cent is 
obtained as an upper limit for vacancy triple 
point concentration in succinonitrile. 

As can be seen in Fig. 2, the observed 
difference between X-ray and bulk density 
expansion for cyclooctane, in the temperature 
range from — 10 to 4- 10°C , is in agreement with 
the parameters, //„ = 6-99 kcal/mole and 
5,, = 13-1 e.u.. derived from heat capacity data 
by the analysis discussed in part 2.2. From the 
present measurements, a vacancy fraction 
change of (2-0 ±0-5) x 10~® is indicated for 
this temperature interval, compared with 
1-8 X 10"^ from the heat capacity study. From 
the latter work, the vacancy concentration at 
— lO^C is not negligible. A vacancy fraction is 
indicated of 1 - 1 x lO-* at — 10®C, compared to 
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Fig. 2. X-ray and bulk thermal expansion in cyclooctane. 


3-6 X 10'“ at the triple point, 14-82°C. Due to 
the uncertainty in absolute bulk and X-ray 
density measurements for cyclooctane, only 
changes in vacancy concentration have been 
obtained independently by the expansion 
measurements. 

2.2 Analysis of heat capacity data 
(a) Limitation of method and impurity 
effects. Knowing the vacancy formation heat 
capacity (the difference between the observed 
heat capacity and the heat capacity of a defect- 
free crystal) vacancy formation enthalpy and 
entropy can be calculated from equation (6). 
The determination of vacancy formation para- 
meters from equilibrium heat capacity data is 
indirect in that assumptions must be made 
concerning the temperature dependence of the 
heat capacity of the defect-free crystal. 

For all compounds studied here, except 
benzene, the heat capacity contribution for a 
perfect crystal was estimated by a linear ex- 
trapolation of observed heat capacity from 
low temperatures, where the vacancy con- 
centration is negligible, to high temperatures. 


As will be discussed later, care must be taken 
in attributing deviations between extrapolated 
and observed heat capacity to defect forma- 
tion. Only high purity compounds for which 
heat capacity was linear with temperature 
over a wide temperature interval, in the range 
where defect concentration should be negli- 
gible, were considered. 

Specification of the impurity level, in so far 
as it effects high temperature heat capacity, is 
difficult. A number of studies have been made 
on solid solution formation in rotator crystals. 
However, McCullough and Waddington(17J 
and others [18] have found that heat capacity 
in the premelting region is sensitive only to the 
impurity component which is not in solid 
solution. The solid-insoluble and melt- 
soluble impurity components of solid solutions 
is generally overestimated by melting curves, 
unless the different impurity concentrations 
and their liquid-to-solid phase distribution 
coefficients are included in the analysis [17, 
19]. The heat capacity increase due to a solid- 
insoluble and melt-soluble impurity com- 
ponent of low concentration is given by [20] 
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C (impurity) = O) 

where ‘n’ is the mole fraction of impurity and 
‘Jo’ is the melting point of the solvent. , 

For all of the compounds studied, except 
perfluoropiperdine, the impurity mole fraction 
estimated from melting behavior is in the 
approximate range 10~^ to 10”®*. These 
compounds exhibit nonlinear curves of tem- 
peratures vs. inverse fraction-melted, which 
can be attributed to solid solution formation 
[17]. Consequently, it is not surprising that the 
solid-insoluble impurity concentrations de- 
rived from these curves, neglecting solid 
solution formation, are too high. Correcting 
the observed heat capacity data using Equa- 
tion (7) and these concentrations leads to heat 
capacity curves of absurd shape. This has 
previously been observed in a number of 
other compounds by McCullough and 
Waddington[17]. For perfluoropiperdine an 
impurity fraction of 0-0051 is indicated by the 
slope of temperature vs. inverse fraction- 
melted curve. However, as is generally true 
for solid solution forming compounds [17- 1 9], 
a much smaller impurity correction, cor- 
responding to a solid-insoluble fraction less 
than 0-00069. is suggestedt if a realistic 
impurity-corrected heat capacity curve is to 
be obtained. 

As a further example, consider the heat 
capacity of hexamethylethane, due to Scott 
et al. [21]. The highest temperature data points 
are at 362-97 and 365-79'’K, compared with a 
triple point temperature of 373-97°K for the 
pure compound. The measured heat capacity 
at the former temperatures are respectively 
1-51 and l-52cal/mole above values obtained 
by a linear extrapolation of measurements 
from lower temperatures, where point defect 
formation and impurity effects are negligible. 


“See individual references to heat capacity data for 
each compound (Table I). 

tFor each compound considered here, see reference to 
heat capacity data (Table 1) for a study of impurity 
concentration. 


tSRI 

Assuming that the increase from 1*51 to 1-S2 
cal/ mole is entirely due to a solid-insoluble 
impurity contribution, equation (7) yields a 
very small solid-insoluble impurity mole 
fraction and corresponding impurity contribu- 
tion at the highest measurement temperature. 
Consequently, an examination of the tempera- 
ture dependence of the experimental ‘excess’ 
heat capacity, compared with the divergent 
behavior given by equation (7), justifies 
neglecting the solid-insoluble impurity heat 
capacity contribution. 

(b) Vacancy formation parameters from 
excess heat capacity. In the present work, 
vacancy formation parameters have been 
calculated from heat capacity data for eight 
rotator crystals. As an example, let us con- 
sider the analysis for the rotator phase of 
hexamethylethane. The experimental heat 
capacity for this structure[21] is given in 
Fig. 3. Csai. is the heat capacity of the solid 
under equilibrium vapor pressure and does 
not differ significantly from the heal capacity 
at constant pressure, Cp. Note that the 
measured heat capacity is linear with tempera- 
ture from the rotational phase transition, 
I52-5‘’K, to about 3(K)°K. This linearity over 
such a wide temperature interval suggests the 
validity of a linear extrapolation of normal 
heat capacity from the low temperature region 
where vacancy content is negligible to high 
temperatures. The difference between the 
extrapolated and observed heat capacity 
curve is then attributed to vacancy formation. 
As seen in Fig. 4, log ( J®AC) for hexamethyl- 
ethane is linear with inverse temperature and 
corresponds to a defect formation enthalpy of 
10-4 kcal/mole and a formation entropy of 
17-4 e.u. 

In the same way vacancy formation para- 
meters were obtained for all organic com- 
pounds tabulated in Table 1 , except benzene. 
In each case one defect formation enthalpy 
and entropy was sufficient to describe the 
data. 

Calculating the intramolecular heat capacity 
contribution using observed vibrational 
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Fig. 4. The function log (T- AC) vs. 1/7' for hexamethylethane. 


frequencies, instead of assuming, linear tern- vibrational and rotational modes was sub- 
perature dependence for the total heat capa- tracted from the observed heat capacity. Then 
city of the defect-free crystal, allows one the defect formation heat capacity was 
check of the previous treatment for hexa- obtained by a low to high temperature linear 
methylethane. The contribution from internal extrapolation of the difference. The spectro- 
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scopic assignments and internal rotational 
frequencies were obtained from Scott et al. 
{21]. The rotational contribution was obtained 
from the tables of Pitzer et a{.[22,23], using 
the Halford interpolation method [24]. The 
difference between the observed heat capacity 
and the calculated internal molecular con- 
tribution is given in Fig. 5. The determined 
vacancy formation parameters are //,. = 10-7 
kcal mole and S,, = 18-2 e.u.. in good agree- 
ment with the previous result. The vacancy 
formation parameters obtained by these two 
approaches can be compared with experi- 
mental values for the enthalpy and entropy 
of diffusion [25], //«= 20-6 kcal/mole and 
St, = .3 1 e.u. 

An estimate of vacancy parameters in 
benzene was obtained by comparing the heat 
capacity calculated from spectroscopic data 
by Lord, Ahlberg, and Andrews [26] with that 
measured by Oliver, Eaton, and Huffman[27]. 
If the deviation between calculated and 
observed heat capacity above 240'’C is attri- 
buted to vacancy formation, a vacancy forma- 
tion enthalpy of 12-5 kcal/mole, a vacancy 


formation entropy of 3 1 e.u., and a triple point 
vacancy mole fraction of 9 X lO"* is obtained. 
The observed triple point vacancy fraction is 
the same order of magnitude as determined for 
krypton [1] and for metals such as Al[28] 
and Au[29] by simultaneous X-ray vs. bulk 
expansion measurements. Both vacancy 
formation enthalpy and entropy seem reason- 
able when compared with the corresponding 
.self-diffusion parameters calculated from the 
tracer measurements of Sherwood and 
associates [30], //« = 22-4 kcal/mole and 

5/, = 58 e.u. However, it must be noted that 
part of the difference between observed and 
calculated heat capacity may be due to the 
approximation made by Lord, Ahlberg, and 
Andrews that the lattice rotational and trans- 
lational contribution can be represented by a 
single Debye function with six degrees of 
freedom. The discrete rather than continuous 
nature of torsional energy levels as well as 
their temperature dependence is neglected. 
Bondi [31] previously attributed the difference 
between calculated and observed heat capacity 
in benzene to vacancy formation. However. 



Fig. 5. Difference between the experimental heat capacity of hexamethylethane and 
the heat capacity contribution calculated for intramolecular raod^es. 
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by using expressions valid cmly fm* separated 
ion pair defects, be incorrectly evaluated the 
vacancy formation parameters. 

It is difficult to determine the uncertainty in 
the vacancy formation parameters obtain^ 
by heat capacity analysis. The problem is in 
evaluating the reliability of the heat capacity 
determined for the defect-free crystal. The 
anh^monic contributions to this heat capacity 
have been included only in so far as they can 
be represented above the rotational phase 
transition as a linear function of temperature. 
The standard deviations tabulated in Table I 
assume the validity of a low to high tempera- 
ture linear extrapolation of heat capacity for 
the defect free crystal. 

3. DISCUS.SION 

3. 1 Relative concentrations of monovacancy, 
multiple vacancy, and interstitial defects 

Thus far we have been assuming mono- 
vacancies to be the main lattice point defect 
in rotator crystals. The observed positive 
deviation between bulk and X-ray expansion 
of cyclooctane indicates that the total mono- 
vacancy and multiple vacancy concentration 
is greater than the interstitial concentration. 
However, only in the case that (A/// — Ao/a) 
is known accurately over a wide temperature 
range might it be possible to separate the 
contributions from these different defects. 
Monovacancy, multiple vacancy, and inter- 
stitial defects all make a positive contribution 
to measured heat capacity and it is again only 
possible to separate these different com- 
ponents by a multiple formation enthalpy 
analysis of suitable data taken over a wide 
temperature range. The formation of vacan- 
cies, single or in combination, or interstitials 
has the same effect upon |A/// — A£i/a| at a 
particular temperature, but a differing one, 
dependent upon their relative formation en- 
thalpies, upon excess heat capacity. Since the 
excess heat capacity for all the compounds 
considered can be interpreted in terms of 
single formation enthalpy and since the bulk 


vs. X-ray determination for cyclooctabe is 
in good agreement with the excess heat capa- 
city result, one dominant point defect type isi 
suggested. However, this experimental dttta 
presents only a^boarse upper limit on the con- 
centrations of secondary defects of different 
formation enthalpy from that of the primary 
defect. 

Rotator crystals generally have low packing 
density, in order to minimize their total free 
energy by increasing orientational entropy at 
the expense of lattice enthalpy. Therefore, 
the interstitial formation enthalpy in a rota- 
tionally disordered solid may be less than in a 
corresponding ordered solid. However, an 
interstitial molecule would severely hinder the 
orientational motion of surrounding mole- 
cules. Consequently a large negative contribu- 
tion to formation entropy is expected, 
corresponding to increases in both local 
torsional and translational mode frequencies. 

The interstitial formation energy can be 
estimated from elasticity theory by assuming a 
linear stress-strain relationship is valid down 
to molecular dimensions, irrespective of the 
high strains present near the interstitial. 
Assuming that this severe approximation has 
the same relative effect upon calculations for 
all van der Waals bonded crystals of the same 
structure, a comparison can be made between 
interstitial formation energy in krypton and in 
cyclohexane, a typical rotator crystal. The 
required elastic modulii are not available for 
any of the rotator crystals for which vacancy 
concentrations have been determined. 

In a simple elastic model due to Brooks, the 
interstitial formation energy is the work done 
in expanding a spherical hole of volume K,, 
corresponding to an interstitial site, to the 
volume Vi, corresponding to the molecular 
volume which must be accommodated. 
Neglecting the compressibility of the inter- 
stitial molecule. Brooks obtains for an octa- 
hedral site in a f.c.c. lattice an interstitial 
formation energy of 2-290^2. Since the near- 
est neighbors to a molecule in an octahedral 
site lie in (100) directions, G is approximated 
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Fig. 6. HJTm vs. 5, for van der Waals bonded crystals. 
Data point.s are from Table I . 


by the rigidity modulus for that direction. For 
the f.c.c. crystals krypton and cyclohexane, 
V 2 is taken as the van der Waals volume[31, 
33]. Using elastic moduli extrapolated toO”K 
for the rotator phase of cyclohexane [34] and 
calculated at 0° for krypton [35], an interstitial 
formation energy of 34 kcal/molc is obtained 
for the rotator phase of cyclohexane and 1 1 
kcal/mole for krypton. Using a two-body 
Morse potential and static lattice approxima- 
tion, Cotterill and Doyama[36] have cal- 
culated 7-40 kcal/mole for the interstitial 
formation energy in krypton. As mentioned by 
Simmons and Losee[l], their choice of iso- 
thermal compressibility for fitting the para- 
meters of the potential, is not considered 
correct. No other interstitial energy calcula- 
tions for van der Waals bonded solids have 
been found in the literature and no measure- 
ments are available. For cyclohexane and 


krypton, the respective ratios of above cal- 
culated interstitial formation energy to heat trf 
sublimation at the triple point(2,371 are 4-0 
and 4-2. Again norm^izing to the respective 
heats of sublimation, the estimated interstitial 
formation energies are much higher than the 
vacancy formation enthalpies determined in 
the present work. 

To estimate divacancy concentrations in 
van der Waals bonded crystals, gross approxi- 
mations must be made. Taking a di vacancy to 
be two nearest-neighbor sites and counting the 
number of distinguishable orientations pos- 
sible. the ratio of divacancy concentration to 
single vacancy concentration is 

( 8 ) 

where Z is the site coordination number and 
g/ is the standard free energy of formation 
difference between two isolated vacancies 
and a divacancy [1]. The divacancy binding 
parameter can be written as 

(9) 

where hu and 5 / are respectively the binding 
enthalpy and entropy. 

For van der Waals bonded crystals of the 
same crystal symmetry, it is reasonable to 
approximate the ratio of di vacancy binding 
enthalpy to vacancy formation enthalpy as a 
constant. Neglecting lattice relaxation, many- 
body forces, and considering only nearest 
neighbor interactions, a bond count yields 2/Z 
for this ratio. By comparing Burton’s calcula- 
tion's] of divacancy binding energy in argon 
with the experimental monovacancy forma- 
tion enthalpy, a second estimate of this ratio is 
obtained. Representing two-body interactions 
with a Lennard-Jones potential, three-body 
interactions with a triple-dipole potential, and 
allowing for defect relaxation by an iterative, 
energy minimization process. Burton obtained 
a divacancy binding energy of 0- 199 kcal/mole. 
The divacancy binding energy was found to be 
much less sensitive to the division of total 
lattice energy into two-body and three-body 
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compotwiiM than was the monovacancy 
energy. From specifk: heat measurements[2], 
the experimenta] vacancy formation enthalpy 
in argon is 1 *27 ± 0- 13 kcal/mole, in agreement 
with the value l*27kc^mole estimated lay 
Simmons and Losee from their measurements 
on krypton[l]. Using these parameters, the 
ratio of divacancy binding enthalpy to mono- 
vacancy formation enthadpy is about 1/6*4, in 
agreement with the simple bond count estimate 
of 2/Z = iforf.c.c. crystals. 

The value of divacancy binding entropy in 
van der Waals bonded solids is uncertain. 
Dobrzynski[40] has discussed a recent cal- 
culation, due in part to Friedel[41}, which 
gives Sb® = -I-0-61R for f.c.c. crystals. This 
calculation was made in the harmonic approxi- 
mation and considers basically only nearest 
neighbor interactions, neglecting lattice 
relaxation. Schottky et al. [42] have calculated 
the binding entropy for the f.c.c. metals Cu, 
Ag, and Au. They treated the region near the 
defect by lattice dynamics and the region 
removed from the defect by linear elasticity 
theory. Neglecting lattice relaxation, they 
calculate a negative divacancy binding en- 
tropy contribution from the first region, in 
contrast to the previous calculation. Including 
a correction for lattice relaxation in this region 
and entropy contributions corresponding to 
lattice dilation and temperature dependence of 
the elastic strain field in the region removed 
from the defect, they obtain Sb® = — 2-OR. 
Consequently, even for the case of a mona- 
tomic lattice, the value of divacancy binding 
entropy is not well established. For the 
organic molecules of interest here, there is an 
additional complication. As will be discussed 
in part 3.3, a contribution to defect formation 
entropy and consequently to divacancy bind- 
ing entropy is expected from changes in 
orientational freedom of molecules surround- 
ing the defect. 

The uncertainty in sg is reflected in estim- 
ates of the relative concentrations of divacan- 
cies and monovacancies. Simmons and Losee 
[1], assuming zero divacancy binding entropy. 


t?*7 

have used a two^ and tturee-body intferMStlcm^ 
nearest-neighbor model to ca^late /«//xv » 
0*088 in krypton near the triple point. For ^ 
organic roUd^ crystals studied, here, the 
approximation hg 2HJZ and the assump- 
tion sb 0 results in a very high triple poiid 
ratio of divacancies to monovacanctes. As m 
example, consider hexamethylethane. For 

= 10*4 kcal/mole,/» =» 3 x 10~*, and r*® =0 
the calculated ratio of divacmicy to mono- 
vacancy concentration at the triple point is 
0*65. A lower divacancy concentration implies 
either rg** > 0 or />b is significantly less than 
its approximated value. In any case, it is not 
at all clear that the di vacancy concentration at 
high temperatures in van der Waals bonded 
solids is negligible. 

Burton [38] has calculated that divacancies 
in argon at the melting point move about 10 
times faster than do vacancies. If van der 
Waals bonded solids at high temperatures do 
have a high relative concentration of diva- 
cancies and if these divacancies diffuse more 
rapidly than do vacancies, a pronounced 
temperature dependence is expected for the 
experimental enthalpy of diffusion. From 
NMR relaxation measurements, Resing [7, 43] 
has determined the diffusion coefficient for the 
rotator phase of adamantane over a wide 
temperature interval. In this interval the 
diffusion coefficient changed by seven orders 
of magnitude. Within experimental error, one 
enthalpy value* described the measurements 
from low temperatures to the melting point. 
At least in this particular organic rotator 
crystal, either the enthalpies for vacancy and 
divacancy diffusion are nearly equal or the 
divacancy contribution to self-diffusion Is 
negligible. 

3.2 Comparison of vacancy formation and 
sublimation enthalpies 

For a number of the van der Waals bonded 


*From high temperature, low strain rate creep measure- 
ments, Sherwood and Corke [7] have obtained an enthalpy 
of diJfiision in agreement with Resing’s work. 
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con^unds tidiulated in Table 1 , the experi- 
mental vacancy formation enthalpy is signi- 
ficantly less than the sublimation enthalpy. 
Even neglecting lattice and electronic relaxa- 
tion, the vacancy formation enthalpy and the 
sublimation enthalpy should not be equal. As 
discussed by Burton[38], additive n-body 
potential energy contributions to the cohesive 
energy, £,, reduce the vacancy formation 
enthalpy by 2 - (n-2)E„, as compared to 

the sublimation enthalpy. Neglecting changes 
in lattice frequencies upon vacancy formation, 
the zero-point energy of the lattice, Eo, con- 
tributes to sublimation enthalpy, but not to 
vacancy formation enthalpy. This zero-point 
energy correction is relatively larger for 
molecular crystals than for monatomic cry- 
stals, since torsional modes contribute a.s well 
as translational ones. Assuming sublimation 
to the ideal gas state, the difference in PAV 
for the process of sublimation and of vacancy 
formation amounts to (PT-2PD), where P is 
the pressure and fl is the molar volume. For 
temperatures of present interest and atmos- 
pheric pressure, the 2Pil term is negligible. A 
final contribution arises due to the difference 
in change of vibrational potential energy 
terms for the two processes. In the ideal gas 
state the hindering potentials for both transla- 
tional and torsional vibration of the molecule 
as a whole are zero. Consequently, the cor- 
responding potential energy terms disappear 
in going from the crystalline state to the low- 
density gas. Again neglecting changes in 
lattice frequencies upon vacancy formation 
and making the realistic approximation [44] 
that the lattice vibrational potential energy 
contributions can be replaced at high tempera- 
ture by the equipartition value, a term 3RT 
arises in the difference between vacancy 
formation and sublimation enthalpies. Com- 
bining these contributions, we obtain 

in-2)E„ + Eo + 2RT, (lO) 

n»S 

where is the sublimation enthalpy to the 


ideal gas. This relationship neglects any 
environmental dependence of intramolecular 
vibrational frequencies. 

Simmons and Losee[l], by comparing their 
experimental vacancy formation enthsdpy 
with the lattice cohesive energy, have esti- 
mated a many-body contribution in krypton of 
0-3751S.i? kcal/mole. The quoted limits of un- 
certainty reflect both possible errors in their 
measurements and in their estimate of the 
effects of electronic and lattice relaxation for 
the vacancy. An energy of 0-375 kcal/mole 
represents about 13 per cent of the total 
cohesive energy. Carrying this percentage 
over to organic rotator crystals, we 
might expect an appreciable reduction in 
vacancy formation energy due to the term 
-2 (n-2)£„. 

The zero-point energy term in equation 
(10), while small, is not negligible. For mole- 
cular crystals, it is the sum of torsional and 
the translational lattice zero-point energies, 
£ 0 " and EJ. In the Debye approximation, the 
zero-point energy per degree of freedom is 
iRdo, where 60 is the relevant Debye tempera- 
ture. The Einstein approximation yields a 
zero-point energy per degree of freedom of 
iRfff,: where is the relevant Einstein tem- 
perature. From high temperature X-ray and 
spectroscopic measurements on benzene[31], 
Eo^ and £ 0 " are expected to be about 0-29 and 
0-36 kcal/mole. Using the empirical Linde- 
mann equation, to be discussed later, a trans- 
lational zero-point energy of 0- 16 kcal/mole is 
calculated for benzene. For other organic 
crystals in Table 1 , this equation yields trans- 
lational zero-point energies of about 01 
kcal/mole. Neglecting differences in effective 
Debye temperatures for torsional and trans- 
lational modes, by fitting the experimental 
heat capacity at low temperatures* to a single 
Debye function with six degrees of freedom, 
a total low temperature zero-point energy of 
0-64 kcal/mole is obtained for benzene and 


*For low temperature heat capacity data, see Ref. [27] 
and references given in Table 1 . 
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energies between 0*34 and 0*58 kcal/ntole for 
oUier compounds in Table 1 . 

As has been discussed, equation (10) 
neglects lattice and electronic relaxation and 
changes in lattice frequencies resulting front 
vacancy formation. Doniach and Huggins [45], 
have estimated that electronic relaxation may 
reduce the vacancy formation enthalpy in 
argon by about 10 per cent. However, they 
noted the strong dependence of this result 
upon the choice of parameters used in their 
model. Simmons and Losee[l] have reviewed 
present calculations of lattice relaxation in 
argon. Assuming a particular interaction 
potential, these calculations minimize the 
vacancy energy for a specific model. The 
lattice relaxation indicated by several 
approaches is small, of order 2 per cent of the 
cohesive energy [46, 49). Correspondingly, 
the vacancy formation volume in argon is 
calculated to be nearly one molar volume. 
This is in contrast with measured vacancy 
formation volumes in metals of about 0-5 
molar volume [50]. The activation volumes for 
diffusion measured for the van der Waals 
bonded crystals cyclohexane, 2,2-dichloro- 
propane, /-butyl chloride, /-butyl bromide 
[51], and phosphorous [52] also indicate a 
significant degree of vacancy volume relaxa- 
tion. However, there is disagreement between 
independent studies of diffusion at atmospheric 
pressure for both these organic crystals [3] 
and for phosphorous[53]. 

Note in Table 1 that the four organic com- 
pounds with very low entropies of fusion, 
Sy ~~ R, have vacancy formation enthalpies 
considerably lower than the sublimation 
enthalpy. If these experimental enthalpies are 
to be explained, a considerable vacancy re- 
laxation and/or many body contribution must 
be assumed. On the other hand, the four 
organic compounds with higher entropies of 
fusion have vacancy formation enthalpies 
fairly close to the sublimation enthalpy. The 
vacancy measurements available for krypton 
[1,2] suggests that it belongs with the former 
group. 


\m 

The structures for most of these compounds 
are not known. As mentioned earlier, cyclo* 
octane is primitive cubic with eight nmlecufes 
per unit cell. He](amethylethane is h.c.c. with 
two molecules periunit cell [54] and benzene 
is orthorhombic with four molecules per unit 
cell [55].' The remainder of the tabulated 
rotator crystals are likely to have cubic 
synunetry. A knowledge of thdr crystal 
structures and bulk properties, such as elastic 
constants would facilitate a better under- 
standing of vacancy formation. 

3.3 Vacancy formation entropy 

As can be seen in Table 1, vacancy forma- 
tion entropies for rotator crystals are much 
higher than is found in metals. The entropy of 
vacancy formation in a monatomic solid is 
determined by changes in translational lattice 
frequencies. In the case of polyatomic mole- 
cules, an additional contribution is obtained 
from changes in torsional frequencies. As a 
result of creating a vacancy, neighboring 
molecules are less hindered in their rotational 
motion, corresponding to an increase in 
rotational entropy. 

To estimate the magnitude of this effect, 
approximate the fractional change in rota- 
tional hindering potential of a molecule neigh- 
boring a vacancy by the fractional change in 
its coordination. Let Z be the molecular 
coordination and Vj be the hindering potential 
for rotation in the defect-free lattice. Cor- 
respondingly, Z — 1 is the molecular coordina- 
tion and Vi is the hindering potential for 
rotation of a molecule neighboring a vacancy. 
Then VJVj ~ (Z — 1)/Z. The change in rota- 
tional thermodynamics of a molecule, when 
removed from a perfect lattice and placed 
adjacent to a vacancy, is assumed to be entirely 
represented by this change in hindering 
potential. The details of rotational correlation 
between adjacent molecules and coupling 
between translational and torsional modes 
are neglected. Pitzer and Gwinn[22] have 
calculated the thermodynamic functions cor- 
responding to rotation in a sinusoidal potential 
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of a symmetrical top attached to a rigid frame. 
In the present case this rigid frame is the 
lattice. 

Using this approach, a crude numerical cal- 
culation can be made for the rotational con- 
tribution to vacancy formation entropy. 
Hexamethylethane is chosen for discussion 
because this molecule is close to spherical 
shape with its three principal moments of 
inertia about equal. As a consequence, the 
contributions due to changes in rotational 
freedom about the three molecular axes can be 
approximated to be equal. Pitzer and Gwinn 
[22] have tabulated rotational entropy as a 
function of VIRT, where V is the rotational 
hindering potential, and the inverse partition 
function for free rotation, llQp- Subtracting 
the tabulated value of rotational entropy cor- 
responding to VilRT from the tabulated value 
corresponding to yjRT at the same 1/Qf and 
multiplying the product by 3Z, we obtain the 
rotational contribution to vacancy formation 
entropy at temperature T. 

From the symmetry number of the mole- 
cule, o- = 3, and the moment of inertia about 
the C-C central bond, / = 3-669 x 10"®* g. 
cm* [21], we can calculate \IQf at the triple 
point temperature, T = 374°K. 

^ = 2:|j5X(10®*/r)->'* = 0-0288 (II) 

Since hexamethylethane is body-centered 
cubic with one molecule per lattice site [54], 
Z=8 and K^/F, ~ (Z-1)/Z = J. From an 
empirical correlation, due to Bondi [31], 
between Kj, sublimation energy, and crystal 
packing density, 

Vi = A//5(3-75p* -2-0) =2-23 kcal/mole. 

(12) 

Using these parameters, the calculated rota- 
tional contribution to vacancy formation 
entropy in hexamethylethane is -I-3-2 e.u. at 
the triple point. 

In the harmonic oscillator approximation. 


K*/F, ~ (Z-l)/Z implies riiat ~ 

((Z-l)/Z)‘'*, where v, and v, are the tor- 
sional frequencies corresponding respectively 
to y, and F*. Again approximating the entropic 
contribution from each degree of intermoie- 
cular rotational freedom to be equal, the 
rotational contribution to vticancy formation 
entropy is 

A5« ~ 3ZR log ^ ~ 3ZR log ( 2 ^)"*- ( > 3) 

For both f.c.c. and b.c.c. lattices the har- 
monic oscillator approximation yields AS* ~ 3 
e.u., in good agreement with the previous cal- 
culation presented for hexamethylethane. 
This approach is similar to that taken by 
Brooks [32] in his calculation of the transla- 
tional mode entropic contribution to vacancy 
formation. 

In polyatomic molecules an additional con- 
tribution to vacancy formation entropy can 
also arise from changes in intramolecular 
vibrational frequencies. Even in the extreme 
case of going from the solid phase to the gas- 
eous phase, there is usually little change in 
internal mode frequencies, and hence little 
change in the corresponding entropy. In this 
situation the internal mode contribution to 
vacancy formation entropy would certainly be 
negligible. However, one can consider situa- 
tions where the hindering potential to mole- 
cular rotation of a particular molecular group 
is mainly of intermolecular origin. A signifi- 
cant contribution to vacancy formation 
entropy might then be expected from a change 
in the corresponding torsional mode. 

(c) Relationship between vacancy formation 
and diffusion parameters. In Table 2, a com- 
parison is made between vacancy formation 
and dilfusion parameters of van der Waals 
bonded crystals. For each crystal the entropy 
of diffusion, S^, was calculated from the 
experimental parameter D# in the Arrhenius 
equation 


D = D^\p(-HolRT), 


( 14 ) 
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Table 2. Comparison of vacancy formation and self-diffusion parameters 



//.(kcat/mole) 

S,te.u.) 

Ref. 

//oflccal/mole) 

5B(e.u.) 

Ret 

Hexamethylethane 

10-4 ±2-2 

17±5 

[a] 

20-6 

31 

[el 

Benzene 

12-5±M 

31 ±4 

[b] 

22-4 

56 

m 

Krypton 

1-78 ±0-2 

4^>n- 20 

[cl 

48 ±0-2 

I4±2 

[g] 


I -77 ±0-2 

‘fit? 

[d] , 





[a] and [b] Present work. 

[c] Ref.[l]. 

l d] Ref. [2]. 

le] Ref. [25). 

[f] Ref. [30]. 

[g] CHADWICK A. V. and MORRISON J. A., Ffcys.Rer. Lett. 21, 1803(1968). 


where D is the diffusion coefficient and Ho is 
the enthalpy of diffusion. For vacancy 
diffusion, So can be expressed in terms of Do 
as 

<UI 

where v is the jump attempt frequency of the 
diffusing atom in a jump direction, a is the 
jump distance, and y is a numerical factor of 
order unity. For cubic crystals with one mole- 
cule per basis y is {Zjb)f, where / is the cor- 
relation factor for diffusion and Z is the 
molecular nearest-neighbor coordination [56]. 
Since the effective correlation factor is differ- 
ent for NMR and tracer diffusion measure- 
ments [57], y depends upon the experimental 
approach, crystal structure, and diffusion 
mechanism[58]. The frequency v was approxi- 
mated by the average vibrational frequency 
for a Debye solid 

V ~ (16) 

where vo is the Debye frequency. From argu- 
ments presented by Omini[59], this should be 
a fair approximation. An order of magnitude 
uncertainty in v would introduce an uncer- 
tainty of 4*6 e.u. in the calculated So, which is 
less than 15 per cent of the calculated entropy 
of diffusion in hexamethylethane and benzene. 
Moreover, if is a constant fraction of vp, for a 
particular class of compounds, the present 
approximation will not introduce an uncer- 


tainty in the difference between Sp for differ- 
ent compounds within that class. Using the 
empirical Lindemann equation [60], which is 
very successful in predicting the Debye 
frequency of rare gas solids [61], v was 
evaluated in inverse seconds as 

V = 1-56X (17) 

where is the melting temperature in “K and 
M and V are molar weight and volume in cgs. 
units. Using this approach, the diffusion en- 
tropies tabulated in Table 2 and those plotted 
in Fig. 7 were either calculated in this work or 
in the given references. For crystals with 
several nearest neighbor distances, an 
average value was used for the vacancy jump 
distance. 

Both experimental vacancy formation and 
diffusion parameters are available for only two 
organic compounds, hexamethylethane and 
benzene. Note, from Table 2, that the ratios 
of vacancy formation to diffusion enthalpy are 
respectively 0-50 and 0-56. For comparison, 
in f.c.c. metals this ratio is 0*54 ±0*02 [47]. In 
contrast, this ratio for krypton is 0-37. Note 
also that the entropy of diffusion is about twice 
the vacancy formation entropy for both 
hexamethylethane and benzene. In other 
words, both the entropy and enthalpy of 
motion in these two compounds are about 
equal to respectively the entropy and enthalpy 
of vacancy formation. 
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Fig. 7. HoITm vs. St) for van der Waals bonded crystals. 
Comparison is made with the corresponding function for 
vacancy formation parameters. 

a Krypton: CHADWICK A, V. and MORRISON 
J. A.,Phys. Rev. Lett. 21. 1803 (1968). 
b Succinonitrile: Ref. [6]. 

c Xenon: YEN W. M. and NORBERG R. E.. F/iv.«. 
Rev. 131.269(1963). 

d Aigon: BERNE A.. BOATO G. and DEPAZ M., 
Nuovo dill. 46B, 182(1966). 
e Hexamethylethane: Ref [25]. 
f Adamantane: Ref [43J. 
g Cyclohexane: Ref [3]. 
h Pivaiic Acid: Ref (6J and Ref f30J. 
i Camphene: Ref [30]. 
j Benzene: Ref [30]. 
k Anthracene; Ref [30]. 

I Biphenyl: CORKE N. T., Ph.D. Dissertation, Univ. 
of Strathclyde, Glasgow. Also Ref |30]. 
m Naphthalene: SHERWOOD J. N. and WHITE D J 
Phil. Mag. IS, 745(1967). 

(d) Relationship between enthalpy and 
entropy for both vacancy formation and 
diffusion. For van der Waals bonded crystals 
a linear relationship exists between HJTm 
and and betwean HiJTu and Sn- See Figs. 
6 and 7. The data points for both correlations 


correspond to both cubic and lower symmetry 
lattices. Due to the discrepancy frequently 
observed between NMR and tracer diffusion 
results [3, 30], NMR derived parameters for 
organic crystals were only included when 
creep data was available to support their 
validity. 

The experimental values of HJTy and 
for van der Waals bonded crystals were 
represented by a least squares equation, 

(18) 
t M 

The data point for krypton is from the work 
of Simmons and Losee[l] and the remaining 
data points are from the present work on 
organic crystals. The parameters HJTu and 
So for van der Waals bonded crystals were 
represented in the same way. For comparison, 
the experimental parameters for vacancy 
formation and diffusion in metals were also 
represented by an equation of this form. It has 
been previously noted for metals that 
is approximately linear in Sz)[62] and that the 
Gibbs free energy of diffusion normalized to 
melting point is nearly constant [63]. For 
metals, the McLellan[64] and the Mukherjee 
[65] compilation of vacancy formation para- 
meters and the Gibbs compilation of diffusion 
parameters [63] were used. The parameters 
calculated with their standard ^deviations, 
ar{A ) and as well as the standard devia- 
tion between calculated and observed HJTm 
or H„ITm, (t(HJT„) or (t{HdITm), are given 
in Table 3. 

It is interesting to note that, despite the 
difference in bonding, the experimental HiJT» 
vs. So for metals and van der Waals bonded 
solids can be represented by the same straight 
line. The slope of enthalpy divided by melting 
temperature vs. entropy, for both diffusion 
and vacancy formation in both metals and van 
der Waals bonded solids, is slightly higher 
than one. However, in the case of metals the 
deviation of calculated slope from the value 
one has little statistical sigiuficance. 
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Table 3. Least squares parameters HJTtivs. S, 


van der Wanis 

A 

B 

(t(A) 

tr(B) 

o(HrlT„) 

bonded crystals 
metals 

117 

8'38 e.u. 

14-4 e.u. 

0046 

0'81 eau. 

0-79 e.u. 

(f.c.c. andb.c.c.) 

116 

0-69 

2-45 e.u. 

2-0 e.u. 


ffiJTi^ us. Sd 


van der Waals 

A 

B 

<r{A) 

a{B) 


bonded crystals 

metals 

117 

22-8 e.u. 

0073 

3-5 e.u. 

6-1 e.u. 

(f.c.c. and b.c.c.) 

1-20 

23-4 e.u. 

0-21 

1-8 e.u. 

3-4 e.u. 

metals 

(f.c.c. only) 

1-28 

25-8 e.u. 

0-54 

4-4 e.u. 

2-1 e.u. 

metals 

(b.c.c. only) 

106 

22-3 e.u. 

015 

1-3 e.u. 

2-3 e.u. 


/4 and B are respectively the slope and intercept of a linear relationship 
between enthalpy, normalized to melting temp., and entropy. The last three 
columns give standard deviations. 
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Hyperine interaction on ‘‘Te impurity in 
ferromagnetic MnSb'^ 

{Received 6 August 1970; in revised form 8 September 
1970) 

1. INTRODUCTION 

In the course of Mossbauer effect (ME) 
studies [1] of internal fields systematics in 
impurities in ferromagnetic MnSb (T^ = 
578‘’K), we wish hereby to report on a 
measurement performed with ®^Fe impurity. 
Preceding the present studies, Yakimov et al. 
[2] investigated the hyperfine structure of 
5 per cent atomic ®^Fe embedded in MnSb. 
These authors observed a ME spectrum 
consisting of a quadrupole split doublet, 
attributing the absence of static magnetic 
interaction to relaxation phenomenon. In the 
present work, we tried, in vain to reproduce a 
MnSb(Fe) absorber similar to that of 
Yakimov et al. Both from chemical analysis 
and ME pattern we concluded that iron does 
not dissolve in MnSb to any measurable 
extent. Therefore, we tried another approach, 
namely, to embed the ®Te impurity via the 
nuclear decay of MnSb(®^Co) used as a source. 

2. EXPERIMENTAL 

The MnSb(®^Co) source was prepared by 
first diffusing ®^Co in Mn. A methanol solution 
of carrier-free ®^Co was mixed with fine 
manganese powder, thoroughly dried and 
heated under high vacuum at 700°C for 10 hr. 
The Mn(®^Co) powder was then mixed with a 
stoichiometric amount of antimony powder, 
sealed under vacuum in a quartz tube and 
treated for 24 hr at SOO^C to finally form a 
MnSb(®’Co) source. 


‘Work (upported by the National Science Foundation 

under grant No. NSFGP 17135. 


The ME measurements were done at 300°K 
{TITe = 0-52) and at 4-2'‘K (TIT^ ^ 0). The 
y-rays resonance was detected with a single 
line Na4Fe(CN)el0H2O absorher. In Fig. 1 
we display the low temperature spectrum. 
From the positions of the outer lines, it was 
found that the overall splitting at 300°K 
smaller by approximately 20 per cent as 
compared to that at 4‘2°K, following the trend 
observed in the bulk magnetization [3]. 

3. SPECTRUM ANALYSIS 

Manganese antimonide crystallises in the 
NiAs structure. Presumably the iron impurity 
is not in an interstitional site, hence one can 
assume an axial symmetric electric field 
gradient (efg) acting on the ®Te nucleus and 
with its principal axis along the c-axis. From 
NMR measurements [4], neutron diffraction 
[5] and our recent ME studies! 1] if b&s been 
established that the spins are arranged 
perpendicular to the c-axis. With these 
findings in mind one can then assume that the 
spin-hamiltonian governing the hyperfine 
interaction of the / = 3/2 state in ®^Fe is; 

= - ptHhll -I- e^qQ 141(21 - 1 ) 

[3V-/(/-hl)]... (1) 

The quadrupole coupling constant e^qQ 
and the internal magnetic field H were 
deduced from the lines position by applying 
the method suggested by Kundig[61. First, 
the fines positions were found by the least- 
squares-fit method and then plotted in a strip 
of paper so that the outermost lines corres- 
pond respectively to those in Fig. 11 in 
Kundig's paper. A position was then found in 
the figure which yielded the following 
parameters 
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H~ 144±8KOe 

^qQ\l = +0'75± 0 05 mm/sec. 

The errors were assigned by visually ob- 
serving the maximum possible deviations. 


is known also from neutron dif&aotion experi- 
ments [5] that the form factor could not be 
fitted by assuming a pure *5 case. The low 
value of f/(Mn) in MnSb can be attributed to 
two competing mechanisms, namely, (i) the 



Fig. I. The Mossbauer effect spectrum of MnSb(”Co) source against 
a Na,Fe(CN),10H2O absorber at 4-2°K. The solid line through the 
experimental points is not a theoretical curve and is displayed for 
the sake of clarity. 


4. DISCUSSION AND CONCLUSION 

The observation of a static internal field 
at the iron impurity completely disagrees with 
the results of Yakimov et Very 

probably the spectrum observed by the 
Russian authors is due to either Fe alloying 
with Mn or with other impurities. 

It will be instructive to compare the hyper- 
fine constants of the ®®Mn, as measured by 
Tsujimura et al. to the present values of the 
®^Fe impurities. The observed internal field 
(rf the Mn nucleus is— 270kOe[7] which is 
significantly lower than values of 500-700 
kOc normally obtained for *5 Mn*+ com- 
pounds. As noticed by Van Wieringen[8], 
^(Mn*"^) decreases in magnitude with increase 
oi the ligand covsdency, reaching a value of 
420 kOe for the case of Te*“ ligands. This 
frend is attributed to the increase in delocal- 
ization of the d-orbitals. MnSb is in. fact 
known to have a metallic character. It 


contact term where 

ng 

and (ii) the conduction electrons polarization 
term //„. It is well established from both 
theoretical and experimental evidences that 
He yields negative and large fields, whereas 
Hee results in positive fields [9], namely, 
parallel to the local moment. Since //(Mn) is 
negative, one can assume that the contribution 
of the contact term is predominant. 

The interpretation of the hyperfine inter- 
action is more complicated for the Fe impurity. 
For simplicity, the following assumptions are 
made, (i) the contribution of Hce to the 
resulting field is the same as for Mn, and (ii) 
the sign of //(Fe) is negative. Thus, the 
decrease in //(Fe) as compared to that of 
//(Mn) is attributed to the term and could 
be cither due to a smaller spin density at the 
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nucleus, a smaller effective spin namely, 
further delocalization of the d-orbitals, or 
both. The second possibility’ is more plausible 
as inferred from the quadrupole coupling 
constants in Mn and Fe. The electric ffeld 
gradient {eq) acting at the Fe nucleus is 
3-4 X IQ-^eV/cm*. Tsujimura et al. measured 
a value of e*^Q(®'‘Mn) = 22Mc/sec from 
which we deduce = 2-2 x 10~^ eV/cn^. 

Assuming that the screening factor (1 — R) for 
Mn and Fe are identical, one then observes an 
increase of eq upon substituting the iron 
impurity. The electric field gradients in both 
nuclei are too large to be originated from 
external point charges; it is mainly due to the 
nonspherical d-shell. Thus, the increase in 
eq(Fc) may point to a further delocalization 
of the iron d-orbitals. 

Though interpretation of hyperfine inter- 
action in a conductor is a complicated 
problem [9], and in particular so for a pseudo- 
metallic compound as MnSb. one still can 
derive some conclusions namely: (i) the 
internal fields are originated primarily from 
the contact term, though the conduction 
electron polarization as well as contributions 
from the orbital moment terms are not 
negligible, (ii) Both the Mn and Fe d-orbitals 
are significantly delocalized as it is evident 
from the low values of H and large values of 
e^qQ and (iii) the decrease of H{Fe) is 
presumably due to further delocalization of 
the Fe impurity d-orbitals. We find evidence 
for this last conclusion, both from the 
decrease in //(Fe) and from the increase in 
the eq(Fe) with respect to Mn. 
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Diffusion of mercury in indium arsenide 


(Received n April \910\ in revised form la August 1970) 


Diffusion of zinc and cadmium, which are 
acceptor impurities in 111-V compounds, has 
been studied by various workers and the 
anomalous diffusion behaviour of zinc has 
been well established. However, the diffusion 
study of mercury, which also belongs to the 
zinc subgroup, has so far been limited to 
lnSb[l]. Recent review of Kendall[2] re- 
ported the results of Kanz, who has studied 
the diffusion of mercury in GaAs at 1(XK)‘’C 
and obtained a surface concentration of about 
5 X 10>’ cm-l 

The study reported in this paper was undw- 
taken with the view of obtaining the diffusion 
parameters for mercury in n-type InAs and 
ascertaining whether the diffusion of this 
acceptor impurity gives rise to surface concen- 
tration several orders of magnitude lower than 
that of zinc in InAs, as observed in the case of 
GaAs. 

The n-type InAs crystal slices [resistivity 
~0 (X)6ncm and n — 3-5 x 10‘*cm"“ at 
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300®K; surface orientation (100)], used in this 
study, were obtained from Texas Instruments, 
U.S.A. The diffusion specimens were pre- 
pared by lapping and cutting the slices into 
rectangular slabs (7 x 10 x 0'6 mm) and 
polishing them by a chemico-mechanical 
methodI3] using bromine-methanol solution. 

Radioactive metallic mercury containing 
*®*Hg isotope (specific activity 0-5 c/g), ob- 
tained from Bhabha Atomic Research Center, 
Bombay, was used as a source for diffusion. 
The specimens together with weighed 
amounts of mercury source were sealed off in 
quartz ampoules evacuated to about 1 0“'* Torr 
and filled with high purity argon at about I 
atmosphere. The diffusion annealings were 
carried out at various temperatures in the 
range 650-850'’C. The quantity of mercury 
source for various diffusion temperatures was 
so adjusted to give vapour pressure of about 
1-5 atmosphere. Mercury deposition on speci- 
men was avoided, in all the experiments, by 
maintaining temperature of the source end of 
the ampoule 30°C lower than specimen tem- 
perature during diffusion annealing and finally 
quenching this portion in water. 

After diffusion annealing the lateral faces of 
the specimens were trimmed to a depth of 
about 500 p. Diffusion profiles were deter- 
mined by using a successive layer removal 
method. The layers were removed with the 
help of micropolishing papers (Geoscience 
Instruments Corp. N.Y.) and their activity 
was measured by counting the gamma radia- 
tion of '®“Hg {0-28 MeV) on a well-type Nal 
(Tl) scintillation counter. The thickness of the 
removed layers were determined by using an 
optomechanical indicator. The residual ac- 
tivity after each sectioning was also measured 
on a flat-type Nal (Tl) scintillation counter 
to provide an alternative method of deter- 
mining the diffusion profiles. The absolute 
values of the concentration distribution of 
mercury in the specimens were determined by 
comparing the specific activities (counts/sec 
ft) with the activity of ^“^Hg standard samples 
having identical goemctry. 



Fig. I . Typical concentration distribution profiles of mer- 
cury m n-type InAs at various diffusion temperatures. 
Solid lines are theoretical complementary error function. 


The concentration distribution profiles, 
obtained by residual activity method and 
successive layer removal method, were in good 
agreement. It was observed that all the 
diffusion profiles could be fitted with a 
complementary error function distribution of 
the type N = Nf,erfc(xl2y/Dt), where N is 
the concentration at a penetration depth x, N# 
is the surface concentration, t is the time of 
diffusion and D is the diffusion coefficient. 
Typical concentration distribution of mercury 
in InAs at temperatures 650, 750 and SSO^C 
are shown in Fig. 1. It is clear from these 
curves that mercury does not behave anomal- 
ously during diffusion in InAs at these 
temperatures. 

The diffusion coefficients evaluated from 
various diffusion profiles in the temperature 
range 650-850“C varied between 9x lO’**- 




cm* /sec 


TECHNICAL NOTES 


139 $ 


- — T, ’C 



Fig. 2. Temperature dependence for diffusion of mercury 
in n-type inAs. 

1-9 X 10"*‘ cm^/sec. The temperature depen- 
dence of the diffusion coefficient of mercury in 
n-type InAs, shown in Fig. 2, can be described 


by the expression 

D = 1 -45 X 10-» exp - ( 1 ‘32/itr) 

where 1-32 e^ is the activation energy for 
diffusion. This activation energy is higher 
than those reported for zinc [4] and cadmium 
[5] inn-type InAs. 

The surface concentrations varied between 
IT X I0”cm“® to 2-9 X 10‘''cm~® in the tem- 
perature range 650-850®C. 
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ERRATUM 


B. V. R. CHOWDARI: Electron paramagnetic resonance study of Mn**^ in 
(NH 4 )jMg 2 (S 04)3 and (NH 4 ) 2 Zn 2 (S 04 )a crystals. J. Phys. Chem. Solids 31, 1408 
(1970). 

From the beginning of the last sentence in page 1408 it should be read as: “There 
are two crystallographically nonequivalent divalent metal ions (Mg®"*^ or Zn®’^) 
and two nonequivalent monovalent metal ions ((NH.)"^). Each divalent ion is 
surrounded by six oxygens which form slightly distorted octahedron. The 
distances between oxygen ions and the divalent metal ions (Mg®**^ or Zn®*^) in 
two octahedra are different which in turn gives rise to the non-equivalency 
between the two divalent metal ions. The monovalent ion ({NH 4 )'^) coordination 
can not be sharply defined; there are four oxygens around one type of mono- 
valent ion and three oxygens around second type of monovalent ion. The differ- 
ence between the environment of two nonequivalent divalent metal ions is much 
less as compared to the difference between the environment of the two non- 
equivalent monovalent metal ions”. 

Continuation of this should be from the beginning of the first paragraph of 
page 1409. 
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MAGNETIC CHARACTERISTICS TbCcVjAI,., 

f ( 
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(Received 2 September 1970; in revised form 27 October 1970) 

Abstract -TbCo,., All 7 crystallizes with the cubic MgCui type stnicture. The material orders close to 
ferromagnetically in a field of 30 kOe bat exhibits a N4el point of 35 K in a field of 500 Oe. At 1*6 K 
the magnetization increases in two discontinuous steps to an extrapolatod saturatioa moment of 
6-58 pf. A neutron difiiaction experiment at 4-2 K shows a magnetic mmnent of 6-98 p-a <ndeted 
ferromagnetically only at the Tb sites. The situation seems to be similar to ErC 0 |-ErAI| alloys, wlwre 
disordered antiferromagnetic components stabilize as a ftinction of the tree electron concentration. 


L INTRODUCTION 

Phase studies on pseudobinaries of the form 
RCoj-RAlj (R = rare earth metal) have re- 
vealed changes in crystal structure within the 
Laves phase type [1-3] depending of the val- 
ence electron concentrations (v.e.c.) or Fermi- 
surface Brillouin-zone interactions. The 
existence of broad homogeneous regions in 
crystal type and the fact that Co does not 
exhibit a magnetic moment, safe at high con- 
centrations [2, 4], make these materials ideally 
suited for studies of the influence of free elec- 
trons on magnetic ordering of rare earth 
moments. Such an influence should be inherent 
in materials where an indirect exchange mech- 
anism of the Rudermann-Kittel type [5] is 
responsible for magnetic exchange, due to an 
oscillatory polarization of conduction elec- 
trons. Mattis[6, 7} e.g. has calculated energies 
for different magnetic modes depending on the 
number of free electrons. Ferromagnetism 
changes to several types of antiferromagnet- 
ism as the v.e.c. is increased. Such a sensi- 
tivity of the cooperative effect on the band 
structure has now been observed in several 
instances [3,4,8-15]. 

Previous investigations on ErCoj-ErAlj 
pseudobinaries [2, 4] indicated a more com- 
plex situation. Both, results from the nu^etic 
balance and from neutron diffraction show the 
ordered magnetic moment to oscillate with 
composition without indications for antiferro- 


magnetism. The disorder background scatter- 
ing at 4-2 K in the neutron diffraction ex- 
periment, however, has been observed to 
increase whenever the ordered moment 
decreases. We conclude therefore on the 
absence of crystal field quenching of moment 
and on the presence of some disordered 
magnetic components in such low moment 
compounds’. We have expanded our studies 
to Tb alloys anticipating higher tempera- 
tures for possibly interesting effects. Th is 
also a suitable candidate for neutron diffrac- 
tion and Mossbauer spectroscopy. 

2. EXPERIMENTAL 

Sample preparation and measurement 
procedures have been previously outlined^ 
in more detail [2, 4], TbCog-sAli.T has been 
induction melted in MgO crucibles. X-ray 
and neutron diffraction showed the presence 
of pure MgCuz type. A commercial magneto- 
meter of the Foner type was employed for the 
susceptibility measurements. 

3. RESULTS 

A Debye-Scherrer diagram shows TbCoo.s 
AIi-t to be in the homogeneous region of 
C15 (MgCu*) type TbAl,. Observed and com- 
puted intensities of a room temperature 
neutron diffraction diagram confirm Tb to 
occupy 8a sites while Co and A1 are statis- 
tically distributed on 16d sites. There is little 
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ciumge in lattice parameters from 7-779 A 
at 298 K to 7-755 A at 4-2 K. 

Magnetic moment vs. temperature is shown 
in Fig. I. While there is a pronounced peak 
in magnetization at 37 K in a field of 500 Oe 
ferromagnetism seems to be predominant in a 
field of 30,000 Oe. although the ‘N6el 
behavior’ is somewhat retained, being shifted 
to lower temperatures (7’^, = 26K). The 
peaking magnetization with temperature 
appears to be no straight-forward N6el point, 
however, since neutron diffraction does not 
reveal antiferromagnetic order. This point 
shall be taken up in the discussion. A field 
dependency at 4-2 K (Fig. 2) would seem to 
indicate metamagnetism (5-type curve) at 
relatively low fields. The magnetization is 
still increasing at the highest applied fields. 


possibly due to strong anisotropy m- the effect 
of the field on the crystal field splitting of 
magnetic states. An alternative explanation 
in terms of partial alignment of disordered 
antiferromagnetic compmients at high fields 
would accord with ideas outlined in the dis- 
cussion. A saturation moment of 6-68 ±0-1 
fiB can be extrapolated from a plot of mag- 
netic moment vs. infinite, reciprocal, effective 
field. We should mention that Fig. 2 represents 
an actual field sweep in 7 min without correc- 
tions for demagnetization effects. However, 
we found that such corrections do not alter 
the essential features of the magnetization 
behavior. The demagnetization correction 
according to f> = //app„ed - Henective for this 
material is 725 Oe at 1 ^lb and proportional to 
the magnetic moment. This also bolds for 





MAGNETIC CHARACTERISTICS OF tbCowAJit 


tm 



Fig. 2. Field dependency of magnetic moment (#t) per mole TbCoo-aAl].? at 1 -6 and 4-2 K. 


Fig. I. A correction for demagnetization 
actually accentuates the peaks in magnetiza- 
tion vs. temperature. 

At 1-6 K two steps occur in the field de- 
pendency around 5000 and 12,000 Oe and a 
saturation moment of 6-58 fig can be extra- 
polated, although saturation is again not yet 
completely attained. The discontinuous rises 
in magnetization with field could be connected 
with a competition of anisotropy forces and 
the external field or be due to stepwise order- 
ing into the field direction of disordered anti- 
ferromagnetic components. 

Neutron diffraction diagrams were run at 
298 and 4-2 K with a wavelength of 1 -0285 A. 
The magnetic intensities were internally 
calibrated to the nuclear peaks and computed 


using the calculated magnetic form factors of 
Er of Blume, Freeman and Watson[16]. 
TbCoo. 3 Ali .7 is a pure ferromagnet widiout 
any extra reflections. The ordered magnetic 
moment is confined only to the rare earth 
sites. There is neither magnetic intensity in 
the (222) peak nor do the intensities of (111) 
and (220) allow for a Co moment beyond the 
error limit of 0±0-2 fia, assuming a collmear 
structure. A value of 6-95 ±0-2 fia pcf Tb for 
the ordered magnetic component was derived 
solely from the (1 1 1) and (220) peak because 
of uncertainties in temperature during the 
experiment at higher angles. The difference 
in disorder background scattering between 
room and liquid He temperature was cali- 
brated to ErAl2f4] and yielded 6-91i:0-3/tB 
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as the total ordered moment. There is a size- 
aUe magnetic disorder background scattering 
present at 4*2 K similar to the analogous Er 
alloys. This can be seen in the pronounced 
slope of the background due to the magnetic 
form factor. Since we presently do not have a 
direct comparison with the background 
scattering of TbAlj an analysis of the disorder 
can be made only from a comparison of the 
slope of the background with that of ErAl*. 
If we subtract a computed and calibrated 
disorder scattering of 5 -6 ±0-8 /is from the 
experimental data of TbCoo-jAli.r both slopes 
coincide. Disordered and ordered magnetic 
contributions then approximately obey the 
relation fjia + 

Figure 3 shows nuclear and magnetic contri- 
butions to the (111) peak. There is a slight 
‘wing’ observed at the base of the 4-2 K peak 



26 

Fig. 3. Intensity <I) in arbitrary units vs. angle ( 2 «) of the 
(111) reflection in a neutrondiffraction diagram of 
TbCOo-jAli ? at 4‘2 and 298 K. The dashed curve rep- 
resents the (M 1 ) peak of ErAlj at 4-2 K. 


compared to ErAlj, but there is no broad mid 
wavy background as it would be typical close 
and beyond the actual ordering temperature. 
Although the neutron diffraction diagram con- 
firms the absence of ordered antiferro- 
magnetic contributions for TbCoo. 3 Al ,.7 only 
at 4‘2 K we assume this also to hold for the 
situation where the magnetization increases 
stepwise with field since we have found this 
behavior also in ErCoj-ErAU compounds 1 19] 
at 4-2 K where neutron diffraction did not 
reveal ordered antiferromagnetic contri- 
butions. 


4. DISCUSSION 

The situation that pertains magnetically in 
Tb Laves phases seems to be similar to the Er 
case. TbAla comparable to ErAlj is a ferro- 
magnet[17, 18]. We have, however, recently 
described a slight peaking of magnetization 
around 68 K for this material in low fields 
(500 0e)[20]. Replacement of A1 by Co, 
which decreases the v.e.c., adds an anti- 
ferromagnetic exchange admixture which is 
evident in the peaking magnetization with 
temperature and the lower ordered magnetic 
moments. Neutron diffraction fails to detect 
ordered antiferromagnetic contributions, but 
rather reveals the ‘lost’ magnetic moment or at 
least the main part of it, as disorder back- 
ground scattering. The Tb case, however, 
is more pronounced in its peculiarities. 
TbCoo-sAlj j has a higher Neel temperature at 
low fields than the Er materials. Furthermore, 
the Tb alloy shows more distinct stepwise 
increases with field at 1 -6 K than was recently 
found on ErCoj-ErAlj at 1-6 and 4-2 K [1 9]. 
Results, however, are quite different for 
GdCoo-sAli.TfZ], where the ferromagnetic 
saturation moment essentially is unaltered 
but the Weiss constant and ordering tempera- 
ture are markedly decreased in comparison 
to GdAlj, suggesting a different effect of the 
v.e.c. on spin only magnetism. 

Several bits of information should be col- 
lected for a diagnosis of the remarkable state 
between order and disorder. Crystal field 
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effects if active should not play an important 
part in such ‘low moment compounds', since 
the lost ordered magnetic moment is found 
again as disorder background scattering. The 
metamagnetic behavior, the stepwise in-, 
creases in magnetization with field (which 
would be typical for the collapse of a heli- 
magnetic arrangement into the field direction) 
and the peaking magnetization with tempera- 
ture are not straightforwardly connected with 
antiferromagnetism. 

The failure to observe antiferromagnetism 
with neutrons in a situation clearly suggestive 
of it could be explained in a novel but at this 
point necessarily speculative way. Anti- 
ferromagnetic components would be present, 
but be disordered either statically or dynam- 
ically. Some modulated magnetic structure 
might be altogether in a rapid precession in 
comparison to the neutron passage time. 
Neutrons should then only see the projection 
of magnetization along an axis while dis- 
ordered components would appear in a 
manner yet to be specified in the background 
scattering. Such a fictitious dynamical 
situation may be related to the magnetic 
resonances and possibly be accessible to the 
same techniques. Inelastic neutron diffraction, 
however, should be the more straightforward 
proving ground. Mossbauer spectroscopy 
may be suitable to pin down a lower limit of 
such a precession since the internal field 
would result from an average of occurrences 
during the Larmor frequency of the Moss- 
bauer nucleus. Moments obtained by Moss- 
bauer spectroscopy for DyNij[[21] and DyPta 
[22] e.g. have been distinctly higher than the 
ones from saturation experiments. This may 
indicate that these materials have a v.e.c. 
in the region to stabilize disordered com- 
ponents but that dynamical disorder is slow 
in comparison to the Larmor frequency. 

An alternative explanation for the peaking 
magnetization vs. temperature and the dis- 
continuous rises in magnetization vs. field 
could be in terms of anisotropy or domain 
wall motion. This, however, leaves the low 


ordered moments to be explamed in a tKffer- 
eat fashion as for instance finora 

magnetic disoider connected with the statis- 
tical occupancy of i6d sites between Co and 
A1 atoms. 

As a final point of interest we should men- 
tion that we find C15 ErMnAl and TbMnAl 
to exhibit a spiral configuration magnetic 
moment as well as Neel behavior [19]. 
According to phase relations both compounds 
should have a v.e.c. comparable to TbCoo.a- 
AIj.t. The magnetic intensities of the neutron 
diffraction diagram well below the N^l 
temperatures, however, are rather smeared 
out and rest on considerably wavy back- 
grounds which again could be due to partly 
disordered behavior. 
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Abstract— Pseudo-potential calculations of the relaxation and formation energy of a vacancy in sodium 
are made using the model potential of Abarenkov and Heine and the optmized model potential of 
Shaw and Pyiin adjusted slightly to fit the experimental Fermi surface data. The calculate vacancy 
formation energy according to the latter pseudo-potential agrees within a few percent with the experi- 
mentally determined values of Fedcr and Charbnau from thermal expansion measurements. 

1, INTRODUCTION of the best PP form factors for other atomic 

This paper presents the results of a study of calculations. This is because the formation 
the relaxation and formation energy of a energy of a vacancy in metals is usually in the 
vacancy in sodium using pseudo-potential range of 0*01 to 0-1 Ry and is extremely 
(hereafter referred to as PP) methods. A sensitive to the slightest variation of the PP 
previous study of the PP calculation for a form factors, 
vacancy in aluminum! I ] suggests that the 

application of PP methods to studies of point 2. THE pp form factors 

defects in crystalline solids is very encourag- Four PP form factors have been chosen for 
ing. There are several objectives to extend this study; 

the PP calculations to metallic sodium. First is the model potential of Abaren- 
Sodium has a body-centered cubic lattice; it kov and Heine [5], as calculated by Animalu 
should be interesting to compare its relaxa- and Heine [6]. This is referred to as PPl. 
tional parameters with those for a face- (b) Weaire{7,8] has suggested that the 
centered cubic metal such as aluminum. The energy and )l-vector dependence of the PP 
experimental vacancy formation energy in could be taken into account in first order by 
sodium has been reported by Feder and multiplying the band structure contribution 
Charbnau[2] to be 0-031 ±0-002 Ry so that a to the energy by an effective mass correction 
direct comparison can be made between the factor /a = = 1 ’233 for sodium. Tliis is 

calculated and the experimental values, referred to as PP2, where the correction 
Thirdly, studies of the relaxation and forma- factor fi = I -233 is applied to PP 1 in the band 
tion energy of a vacancy in sodium by means structure energy calculations, 
of two-body interatomic potentials [3] as well (c) Shaw and Pynn[9] have proposed an 
as force constant methods [4] have appeared optimized model potential to take into account 
in literature; it should be interesting to the conduction-electron exchange and correla- 
compare these results with a careful PP tion corrections. This is referred to as PP3. 
calculation presented in this paper. Lastly, In this work, the Shaw-Pynn optimized model 
but not the least, it has become increasingly potential was used between ql2kr values of 
clear that atomic calculations of point defects zero to 2-2 and joined smoothly to the PPl 
in metals via the PP method can provide an form factors between qllkp values of 2*2 to 
important criterion in regard to the selection S-0. 

1409 
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(d) The Shaw-Pynn optimized model poten- 
tial (PP3) is still not too satisfactory in as 
much as correlation with the experimental 
Fermi surface data [10] is concerned. Since 
the Shaw-Pynn optimized model potential 
given in Ref.[9] is not unique, we have modi- 
fied the Shaw-Pynn PP form factors slightly 
(i.e., shifting the lf'(form factor)-^ (wave 
number) plot along the q axis toward increas- 
ing q by 0-04 units) such that the new PP fits 
exactly the lowest Fourier component of the 
effective lattice potential Fno- This is referred 
to as PP4. The same exchange and correlation 
correction of the dielectric function in the 
manner proposed by Shaw and Pynn is used. 

The two lowest Fourier components of 
the effective potential corresponding to the 
various PP’s are compared with those fitting 
Lee’s Fermi surface data[10] in the following: 


where 

T(q) = 2 [exp (-(ql^ ) - exp (-iqRoj ) ]. 

J»*o 

all atoms 

(3) 

In equation (3) the atoms can be grouped 
into crystallographically equivalent shells 
with respect to the vacancy, hence, 

T(q) = T (H»>{q) + T(ioo)(q) + T(iio)(q) 

-(- T (Hl>(q) -I- T (iii)(q) -I- T <2oo>(q) 

+ T<Hj>(q)-FT(2,o)(d) 

+ T(2ii>(q) -I- ( 4 ) 

In the present calculation all relaxations are 
assumed to be radial, i.e., 

Rj= (l-H£>j)Roi (5) 


PPI,PP2 

PP3 

PP4 


Model potential 

Optimized model potential 


Fermi surface 

(Heine-Abarenkov)(5, 6| 

(Shaw-Pynn)t9] 

This paper 

data (Lee) [10] 

P„o 0'266eV 

0-245 eV 

0-225 eV 

0-225 ± 0-010 eV 

0-l42eV 

0-204 eV 

0-212 eV 

0-0±0-3eV 


3. OUTLINE OF THE CALCULATION 
A detailed formulation of the PP calculation 
for a vacancy in aluminum has been presented 
elsewhere [1]. The formation energy of a 
vacancy AE„ is given by the sum of the 
electrostatic contribution AEg, and the band 
structure contribution AE^,', the free electron 
contribution AEfg is neglected. For the 
and AEi, terms it is necessary to calculate the 
structure factors for both the perfect structure 
(p) and the vacancy (r). For the perfect 
crystal, the structure factor is, 

•Sp(q) = 2 Sq.G. ( 1 ) 

a 

For the crystal with the vacancy, the structure 
factOTis, 

SM)^^SM)+jj{T{q)-l} ( 2 ) 


and only the first nine shells are allowed to 
relax. Although for metallic sodium there is 
some contribution of the non-central compo- 
nent of the ion-ion forces due to core overlap, 
the non-central component is stjll small 
compared to the central component of the 
ion-ion forces. This is seen, e.g., in the work 
of Flocken and Hardy [4] who studied the 
relaxation problem through the force-constants 
approach employing “lattice statics; there the 
ion displacements for the 311, 331, 420, 
422 shells do not seem to deviate signifi- 

cantly from the radial-displacement approxi- 
mation. These assumptions reduce the 
relaxation parameters to nine, namely 

i i) = e,- 

D(1 0 0) = ej. 

D{1 1 0) = e3 
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The atomic Rydberg unit (ft=l, m = i, 

= 2) is used throughout this paper. The 
parameters for sodium used in this paper are 
listed in Table 1. 

It was shown by Chang and Falicov[l] 
that for small displacement approximation, 
keeping terms only up to the second power 
in the displacements, the electrostatic energy 
contribution A£„ consists of four terms: 

Ao (The electrostatic energy difference for 
a rigid vacancy), 

Ai (The electrostatic energy arising from 
the displacement of each ion in a 
perfect lattice), 

Aj (The negative of the interaction be- 
tween the missing ion and the dipole 
generated by each displaced ion), and 

As (The electrostatic energy due to the 
mutual interaction between the dipoles 
generated by the displaced ions). 

The pertinent expression for A£„ are; 

AEp, = Afl-f- A, -t- Aj-t- As (7) 

Ao= 1-21 308 (Z*V/ao) (8) 

= (Z**eV«o) (Stt) [<>1^ -t- ej* -f- + 1 \e^ 

-t- 4^5* + W + 19^7“ + 20 V + 24 V] (9) 

Table 1. Parameters of sodium metal* 

a, = 7-98425 (cubic lattice constant) 

n, = 254-4907 (volume of primitive cell) 

kp =» 0-48818 (Fermi wave vector) 

Ep = 0-21794 (Fermi e nergy) 

*AII expressed in atomic Rydberg units (where 

* = 1 . m =» 1/2, e = VTarc assumed). 


+ {^5 ~ V) + 3 (^« “ V) 

-f-:^(e.-V)] ( 10 ) 

A3= (Z*V/ao)[18-458V + 7-114V 
4- 32-489 V + 178 083 V + 9-229 V 
+ 3-557V+ 167-596V+ 133-261 V 

■f 125-819e8*-F45-084eie*-l-22-592e,e8 
+ 16-451e,e4-24116e,e5 + 4-910e,ea 

— 4-720e,e7 -1- 4-894e,e8 — 2-911 eiCg 

-f- 38-819^*^3 - 2-403^8^4 + 13-384e*e5 

- 17-959e*eg+ 12-659ejer- 3-072^2^8 
+ 4-564e2e» + 234-631^3^4 + 67-604^3^5 
4- 27-449e3e6-79-700e3e7-7-690ese8 
4- 19- 11763634-177-8666465 

4- 107-3906468 4- 226-4666467 
-h 90-0046463 - 79-1496463 4- 22-5426568 
4- 85-6456567 4- 83-329656g — 8 - 1786569 
+ 71 - 47 I 6867 4- 1 26-7936.68 4- 64-063666. 
-I- 56O-32I67684-483-9IO6769 
-F 420-705686.]. (11) 

In equations (7) to (11), Z* is the effective 
valence (Z*= 1-075 according to Harrison 
[ 6 ]) and a. is the cubic lattice constant (no » 
7-9842 Bohr units). 

Similarly, the band structure contributitm 
consists of three terms: 

A 4 (a constant term independent of Uie 
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distortions arising from the fact that in 
equation ( 2 ) the structure factor -Spiq) 
corresponds to (A/+1) atoms instead 
ofiV), 

As (contribution arising from the mixed 
term in the square of equation ( 2 )), and 

A« (contribution from the square of the 
last term of equation ( 2 ) averaged over 
all angles in q space). The pertinent 
expressions for AEs, are, 


A£s, = A4 + As + Afl (12) 



Gf^O 


As = Y[ei‘ + + 403^ + llet^ + 4ei^ + 4efi^ 

+ I9e/ + 20£g* + 24e82] (14) 

As = Zo + Ztei + Z-ie^ + Zs^a 4- Z4f>4 + Z^e^ 

+ Zs^s + ZrO + ZaC* + Ze^s + Z, 

+ Zaa^a* + Zsa^a* 4- Z^^ei^ + Z^^e^^ 

+ Zsses* 4" Z77«’7^ 4- Zgseg^ 4- Z^e^,^ 

+ ZisC] 4- Ziaei^a 4- ZnCi^g 4" Zi5e,€s 
+ ZisCife + Zi7eie7 4- Z,ge’l^■8 4- Zi9e,e» 

4 - Z23eje3 4- Z24€2e4 4- Zj5ejf5 4- ZagejCg 
+ Z27e2e7 + Zjge’jt’H 4- Zage^eg 4- Zagegeg 
4" ZasCges 4- Z3gf3e6 4" Z37e3ej4- Zs^e^e^ 

+ ZsgPaeg 4 - Z^e^ei 4- Z46e4es 4 - Z^CiCj 
+ Zige4et + ZigeiCg + Zigegeg 4- Zs7e5e7 
4- ZsgCseg 4- Zjgeseg 4- ZeyCgej + Zege^eg 

4- ZggCgeg 4- ZnCieg 4- Z^CjCg + Zggegeg. 

(15) 

The constant term A 4 , equation (13). and the 
coefficients in equations (14) and (15) are 
listed in Table 2 for the Heine-Abarenkov- 
Animalu form factor (PPl, PP2), the Shaw- 
Pynn optimized form factor (PP3), and the 
new form factor (PP4). It is seen that all these 
coefficients are very sensitive to the choice 


Table 2. The band structure contribution 



PPl (PP2) 

PP3 

PP4 

A. 

+0 00131 

-0-00269 

-0-00269 

Y 

+ 1-31988 

+ 1-22552 

+ 1-22552 

Zt 

-0-23251 

-0-27905 

(-0-29322) 

-0-30487 

z, 

-1-92062 

-2-28070 

(-2-41809) 

-2-50413 

z. 

-1-38312 

-1-60675 

(-1-67108) 

-1-70667 

Z3 

-1-82011 

-2-12646 

(-2-11465) 

-2-15018 

Z4 

-3-00280 

-3-55834 

(-3-54589) 

-3-61707 

z. 

-0-96042 

-1-13818 

(-1-13665) 

-1-15741 

Zg 

-0-62910 

-0-74124 

(-0-74194) 

-0-75049 

Z, 

-2-29415 

-2-70338 

(-2-69964) 

-2-74122 

Z, 

-2-23225 

-2-63301 

(-2-62910) 

-2-67275 

z. 

-2-03913 

-2-41232 

(-2-41234) 

-2-45115 

Z„ 

-6-90921 

-7-71309 

(-8-55997) 

-8-50648 

Zti 

-4-31754 

-4-76415 

(-5-38084) 

-5-29391 

^33 

-20-03976 

-22-86146 

(-25-98912) 

-26-13069 

^23 

-8 59018 

- 10-03001 
(-10-24475) 

- 10-46629 

^14 

-6-41458 

-6-08710 

(-5-07792) 

-4-07346 

Z25 

-2-81625 

-3-29820 

(-3-27616) 

-3-35295 

^2e 

+ 1-61699 

+ 2-05379 
(+2-42617) 

+ 2-62219 

2*7 

-1-35275 

- 1-59725 
(-1-64105) 

'-1-61925 

2*8 

+ 0-93785 

+ 0-90286 
(+0-%234) 

+ 0-89229 

2» 

-0-53447 

-0-60422 

(-0-63984) 

-0-60015 

2« 

-48-86913 

-57-82656 

(-59-88119) 

-61-63618 

2^6 

- 15-22642 

- 17-68992 
(-18-19975) 

-18-48646 

2^8 

-289123 

-3-38712 

(-3-36635) 

-3-43422 

237 

-1-34916 

+ 0-47032 
(+2-13715) , 

+ 3-81786 

23B 

-0-47316 

+ 0-06724 
(+ 1-43262) 

+ 2-06243 

23 # 

-0-83721 

-1-36974 

(-1-24730) 

-1-40961 
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Table 2 (cont.) 



PPl (PP2) 

PP3 

PP4 


-35-46319 

-42-25163 

(-43-86505) 

-45 35089 

j 


-12-62633 

- 14-63605 
(- 15-11944) 

-15-29260 


-77-10699 

-88-46434 

(-98-15838) 

-99-04312 


-15-99775 

-18-11421 

(-21-30264) 

-21-30241 

Zte 

- 15-07537 

- 17-02107 
(-20-15907) 

-20-18863 

Z 77 

- 105-38529 

-120-31890 

(-135-96578) 

- 136-87940 


-101-25983 

-115-3805 

(-131-06729) 

-131-71510 


- 1 14-82749 

- 130-68640 
(-149-54032) 

- 150-06550 

Z 12 

-7-99267 

-9-75312 

(-10-33232) 

- 10-89905 

2i3 

-7-46778 

-8-22105 

(-7-98229) 

-7-77182 

Z.4 

-4-51048 

-4-81428 

(-3-78534) 

-3-42730 

2|5 

+ 0-87044 

+ 1-93179 
(+2-73727) 

+ 3-51802 

2 i(i 

-0-50676 

-0-60549 

(-0-61322) 

-0-62668 

2i7 

+ 1-80529 

+ 1-94052 
(+1-97552) 

+ l-%257 

2 ig 

-0-53439 

-0-63914 

(-0-71018) 

-0-66131 

Zis 

+ 0-30339 

+ 0-33899 
(+0-27625) 

+ 0-31458 

^47 

-21-94943 

-25-47944 

(-25-19302) 

-25-3%20 

^48 

-21-78858 

-23-13649 

(-21-82590) 

-20-34200 

Z 49 

-5-57696 

-3-63259 

(-1-20670) 

+ 1-21710 


-2-30275 

-2-73914 

(-2-71343) 

- 2-79877 

Z 57 

- 12-64620 

- 14-24975 
(-14-31110) 

-14-17662 

2 s 8 

-8-80809 

-10-31404 
(- 10-26007) 

- 10-43592 

259 

-0-70482 

-0-15237 
(+1 07068) 

+ 1-70209 

2fl7 

-7-39238 

-8-73616 

(-8-66423) 

-8-87332 

2*8 

-14-31440 

- 16-65561 
(-17-17389) 

-17-46803 


-6-75720 

-7-92160 

(-7-88387) 

-8-03054 


Table 2 (conL) 



PPl (PP2) 

PP3 

PP4 


-56-9687Sf 

-67-73442 
, (-70-49124) 

-n-imn 


-53-17073 

-62-38055 

(-64-3M61) 

-65-76700 

Zm 

-46-46513 

-54-30379 

(-55-52935) 

-36-60746 


of PP with considerable variations between 
PPl (PP2), PP3 and PP4 for equivalent 
coefficients. It is noted that in the band 
structure calculations using PP3 and PP4, 
the dielectric function proposed by Shaw and 
Pynn (equation (2.7) of Ref. [9]) including the 
exchange and correlation corrections was 
used instead of the Hartree dielectric function. 

In order to obtain £„ and the values of the 
relaxation parameters ei, ej eg, one ob- 

tains the sum of equations (7) and (12), 

£iE^~ AEg, + fiAEg, (16) 

and minimize AE„ with respect to all distor- 
tion parameters. In equation (16) ju = I’O for 
PPl, PP3 and PP4; 1-233 for PP2. 
Results obtained in this fashion, allowing 
increasing number of shells (up to nine) to 
relax, are listed in Table 3 under the headings 
PPl,PP2,PP3andPP4. 


4. DISCUSSION 

The experimental vacancy energy accord- 
ing to the thermal expansion measurements of 
Feder and Charbnau[2] is 0-031 ±0-002 Ry. 
The calculated AE^ values according to tihe 
four PP form factors are, respectively, 0-060 
(PPl), 0-046 (PP2), 0-049 (PP3) and 0-035 
(PP4) Ry. The calculated AE„ according to 
PP4 is within a few per cent of the experi- 
mental value. Furthermore, the lattice 
displacements (see Table 3) decrease continu- 
ously in going from PPl to PP2, PP3 and PP4, 
the latter yielding lattice displacements much 
smaller than those reported by Torrens and 




R. CHANG 


. ii 


3isis^ss$ 

000600000 

1 + I + ) 4- I + I 


:f:S§S§||§| 

666666660 

I + I 4- I + 1 4- I 


eeoooooo< 

I I +i I X I i 


SSpSSoSSo £ 

66066666 6 

I 4- I 4- I + I + 4- 


•7<oooop6Si 

66666666 

I + 1 + 1 + I + 


fOO'^'nintriwmS' 


SSSSSS8|S^S§|8 

66666660000600 

I I++I1I + I I++I I 


O ”■ 80 

— or^ *- 

2SS8S0800 s 

6666666 o 

1 4- I + I 4- I 4- 


00 o ^ o ^ 

O — o rsj »“ o 

^oopSppoo 
66666^0 
1 + 14-14-1 


iisiisifSiilil 

66666660666066 

I 1++1 I i + i 1++1 I 


29^5=^ 
O 2 §s 8 SS, 


'^pppopooo V 

660666 6 

I + I I I + + 


00 o 

^ O 00 op 

® S :: 2 Ci! 2 3 

— 'opoooooo p 

666666 6 

1 + I + I + + 


-^o*Amo— «aof^^®^oe 

g oB^<^*^*"00«<N66 

opooppppopoo 

666666066666 

II++IIIIII++ 


5 -■ Q r4 ^ 

— OOOOOOOO O 

00066 6 

I + I I I + 


nO t** m O On 

S m — > p r4 5 

ppopoooo P 
66666 6 

I + I + I + 


S 0000088000 

6666666666 

I I ++ I I I I I I 


0000 

1 + I I 


>00000 


l:?5« 

o ri — 

m T99000000 

000 

1 + I 


at ^ 

fS ppoooooo© 
O O 

f + 


» poooooooo 
o 


ooooooooe 


000000000 





(+00049) (+00058) 

0 -0-0017 

(+0-0021) 


FORMATION ENERGY OF A VACANCY. IN SODIUM 




99 
e e 
+ + 


a r- 

SS 

6 o 

+ + 


OO 

o e 

+ + 


S 3 

6 6 

+ + 


o — 

V-i 5 

O O 
6 6 
+ + 


^ >0 
ss 
6 6 
+ + 


X 


<1 


eoeooooeo 

I + I I I + I + I 


^ wn v*l - _ - . 

pooSo^'i^eo 
oooeoooo 

I + } 1 1 + I + 


fT) \c *ri 

3 ! 2 g 283 

OOOOOOoQ 
o o o o o o o 

I + I 1 I + I 


51 S — ^ 2 § 
SooSoSooo 

0 o o o o o 

1 + I I I + 


r*» 

g — ^ o 

oSoopoooo 

0 o o o o 

1 + I I I 


■o 


1 

o 

c 


900000000 


»ri 

8 


v*» 

s 

6 

+ 


& 

fiu 




>v 

X 

b 

14 

•«1 



me 


R. CHANG 


Geri{3J and FJocken and Hardy [4]. In view 
of the extreme sensitivity of the vacancy 
formation energy to slight variations in the 
PP form factors, the agreement between 
theory using PP4 and experiment may be 
considered excellent. It should be noted that 
the Shaw-Pynn exchange and correlation 
corrections are not unique and are, as pointed 
out by the authors in their discussions [9], 
based on several major assumptions the 
validity of which is yet to be tested. As an 
illustration, the numbers (in parentheses) 
under the heading PP3 in Tables 2 and 3 are 
the calculated values of the same Z para- 
meters, lattice displacements and vacancy 
formation energy where the corrected PP 
form factors (Shaw-Pynn) and the uncorrected 
Hartree dielectric function were used. The 
vacancy formation energy (appearing in 
parentheses in Table 3 under PP3) seems to 
be closer to the experimental value than that 
calculated according to PP3 (numbers above 
parentheses) where the Shaw-Pynn exchange 
and correlation corrections of both the PP 
form factors and the dielectric screening 
function were used. Since PP4 (an improve- 
ment over PP3 in respect to fitting with 
experimental Fermi surface data) yields the 
lowest lattice displacements and the vacancy 
formation energy in best agreement with 
experiment, a choice of the correct PP form 
factors may be more important than the 


exchange and correlation coirections. This is 
particularly true at low wave numbers (q « 
2kf), because at large wave numbers (g » 
2kp) the dielectric screening function (with 
and without exchange and correlation correc- 
tions) is already of the order of unity. As PP4 
is also not unique, we can only conclude 
that PP4 yields the best results among the 
four PP form factors studied. It is perhaps 
unlikely that further refinement of the theory 
will lead to any large alterations in our numeri- 
cal calculations, and the most convincing 
way to confirm our choice of the best PP form 
factors is to investigate how other atomic and 
electronic properties of sodium are affected 
by such choice and to extend similar calcula- 
tions to other elements. 


REFERENCES 

1. CHANG R. and FALICOV L. M.,y. Phys. Chem. 
Solids 32. 465(1971). 

2. FEDER R. and CHARBNAU H. P., Phys. Rev. 
149,464(1966). 

3. See, e.g., paper by TORRENS 1. M. and GERL M., 
Phys. Rev. 187,912(1969). 

4. FLOCKEN J. W. and HARDY J. R., Phys. Rev. 
177.1054(1969). 

5. ABARENKOV 1. V. and HEINE V., Phil. Man. 
12.529(1965). 

6. HARRISON W. A.. Pseudopotentials in ihe Theory 
of Metals p. 3 1 3. W. A. Benjamin. New York (1966). 

7. WEAIRE D.. Proc. Phys. Soc. 92 , 956 (1967). 

8. WEAIRE D..J. Phys. C 1, 2 10 (1968). 

9. SHAW R. W.. Jr. and PYNN R.,y. Phys. C 2, 2071 
(1969). 

10. LEE M. J. G.. Proc. R. Soc. A295, 440(1966). 



J.Pkys.Ckem. Solids' Pergamon Press 1971. Voi. 32, pp. 1417-1422. Priitfed in Crest Britain. 


THE ORIGIN OF THE NEAR-SURF AC^ EFFECT OF 
DIFFUSION IN OXIDIZING METALS 
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{Received 8 September 1970; in revised form 1 S October 1970) 

Abstract— Solutions to the difflision equation are derived which describe the effect of a surface oxide 
barrier and of a vacancy flux on the distribution of a tracer element diffusing into a semi'inlinite tnr. 
The solutions are compared with the available experimental data on the diffusion of Cu into Pb and Ag 
into Mg. 


1. INTRODUCTION 

The production of vacancies by oxidation 
when the oxide grows via cation diffusion has 
been recognised for many years [IJ. The effect 
of these vacancies however has been largely 
ignored. Recent observations of the depend- 
ence of oxidation kinetics on the metal speci- 
men dimensions [2], of the growth of vacancy 
clusters in thin foils of metals [3] and of the 
influence of oxidising environments oh the 
creep properties of magnesium [4] have caused 
the relationship between oxidation processes 
and point defect production to be re-examined. 
Two recent papers have considered the effect 
of a vacancy supersaturation in an oxidising 
metal on the theoretical oxidation kinetics 
[5,6]. Before more progress can be made in 
assessing the influence of these vacancies it is 
necessary to be able to measure how many 
vacancies are produced compared with the 
number of metal ions incorporated into the 
growing oxide. 

The near surface effect of diffusion (NSE) 
is the name given to a phenomenon which has 
been observed in the course of tracer diffusion 
studies in several binary systems. The diffu- 
sion coefficient of a tracer into a solvent is 
usually determined from the gradient of a 
plot of log concentration vs. distance*. The 
NSE causes this relationship to deviate from 
linearity. 

The systems in which the NSE has been 
observed can be divided into two groups: 


1. A noble tracer diffusing into a reactive 
solvent e.g. Cu into Pb[71. 

2. A reactive tracer diffusing into a more 
noble solvent, e.g. U into Au [8]. 

The latter process has been analysed [8] in 
terms of the thermally activated dissociation 
of an oxide. The former process has been 
attributed to an oxide layer on the solvent 
acting as a barrier to the tracer[7]. An analyti- 
cal solution of the diffusion equation is pre- 
sented which describes this mechanism. 

An alternative explanation of the NSE is 
shown to be a vacancy flux generated by an 
oxide layer growing on the metal. The vacancy 
flux in the region of the oxidising surface 
results in an anomalous diffusion coefficient. 

The oxide as a barrier 

The thermal conductivity of a composite 
body is well analysed [9] and provides a useful 
analogue for this problem. Consider the sys- 
tem shown in Fig. 1, a semi-infinite bar of 
material 2, in this case the metal, with a thin 
layer of material 1 , the oxide, extending from 
X = 0 to Jr = — /. The tracer is applied to the 
outer face of the oxide at x = — /. The diffusion 
parameters of the two materials are sub- 
scripted 1 and 2 consistently with the sche- 
matic diagram of Fig. 1. The initial conditions 
to be considered are those employed by 
Dyson et ai [7]; namely at / = 0, C = 0 for all 
X except at X == — There is a further restraint 
imposed on the solution to the diffusion 
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X 

Fig. 1 . A cross-section of a semi-infinite metal bar (2) with 
a surface oxide barrier ( I ). 


equation by the conditions at the oxide/meta! 
interface. In the absence of interfacial re- 
sistance to diffusion, the activity of solute at 
the interface must be equal in both media and 
the flux of solute across the interface must 
also be equal. That is at x = 0 


Qi = Uj and 


^ dtJi _ ^ dfla 


(1) 


where a is the tracer activity and D its 
diffusion coefficient in the solvent. The solu- 
tion to the diffusion equation given by Carslaw 
and Jaeger[9] for an infinite source can be 
modified to a solution for thin film case of the 
form 


a, (x, /) 



X 


(I -hi) exp — 


(/ + x)» 
4D^t 


-(l-t)exp-i^) (2) 

and 


aj(x, t) 


2kQ „ {l-hkxY^ 
{l-hkW-rrDit 4Drt 


(3) 


where Q is the inidtd concentration of tracer 
per unit area and I: = These equa- 

tions satisfy the conditions described by (1) 
and also the boundary conditions at x-—L 
Dilute solutions approximately obey Henry’s 


Law and thus the concentratioa of tracer 
element can be considered proportional to its 
activity and hence obey the distribution given 
by equations (2) and (3). Thus if not ■= Ct 


C*(x, t) 


IkQn 

(l+k)VirDi 


‘exp 


(l-hkx)^ 

4Dit 


(3a) 


If the oxide barrier exhibits a solubility limit 
for the tracer the concentration of a tracer at 
x = —l is constant and the solution to the 
diffusion equations are those given by Carslaw 
and Jaeger [9] for an infinite source. A loga- 
rithmic plot of the relationship given by 
equation (3a) is of the form 


In Ci = const — 


JL. 

4Dit 


Iklx 

4Dit 


4Z)*r' 


(4) 


When the barrier effect is removed equation 
(4) reduces to the solution of Pick’s second 
law usually employed to determine tracer 
diffusion coefficients. However it can be seen 
from equation (4) that a plot of In C vs. x* will 
be curved at small values of x and tend to a 
straight line as x approaches infinity. 


The oxide as a vacancy source 

A substitutional solute atom migrates by 
interchanging with vacant lattice sites in a 
random manner, and therefore it is interesting 
to consider the effect of a directional flow of 
vacancies on the migration of substitutional 
solute. 

It is necessary to describe the properties of 
the vacancy flux. At the metal/oxide interface 
vacancies are simultaneously created by con- 
tinued oxidation and removed by diffusion 
into the metal lattice, hence the concentration 
of vacancies at the surface, x = 0, can be 
considered constant. Vacancies diffuse 
through a metal lattice 10* to 10® times faster 
than substitutional solute atoms and con- 
sequently a large flux of vacancies CMi be 
sustained by a small concentration gradient. 
The sinks to which these vacancies diffuse are 
grain boundaries and other similar lattice 
defects. Grain boundaries are known to be 
efficient sinks for vacancies and are capable of 
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oiaintaining the vacancy concentration at the 
thermal equilibrium concentration. Under 
these experimental conditions the vacancy 
flux is quasi-steady state, that is constant with 
time and (Ustance to some large value of x 
compared with the diffusion distance of the' 
tracer under consideration. 

For a flux of vacancies diffusing into a metal 
there is an equivalent flux of material diffusing 
to the surface. This flux comprises of both 
solute and solvent atoms. The number of 
solute atoms jumping out of a plane at x into 
a plane at x — Ax depends on the site fraction 
of solute atoms at x and their jump frequency 
compared with that of solvent atoms. The 
site fraction of solute is CJCt + C„ where C, 
and C, are the concentrations of tracer and 
solute respectively. For dilute solutions 
Ct < C, and the site fraction reduces to CJC,. 
The self diffusion coefficient for a metal is the 
product of the probability of a vacancy being 
in an adjacent site and the jump frequency. 
The vacancy concentration at any point in the 
lattice is the same for both species and there- 
fore the relative jump frequencies of the two 
types of atoms is given by the ratio of the 
diffusion coefficients, DJD,. Hence, if solute- 
vacancy interactions are ignored, the flux of 
solute returning to the surface. 7 , due to the 
flux of injected vacancies, is 

Jt— JvCtDtlCfD,. (5) 

Substituting for the solvent concentration in 
terms of its density, p, atomic mass, M, and 
Avogadro’s number, N, a parameter U is 
defined by 

U = -jJ)MID.Np ( 6 ) 

and hence 

-UC, = j\ (7) 

where U has the dimensions of velocity. 

A combination of this reverse flux with the 
flux of tracer described by Fick’s first law 
yields the nett solute flux jt in the positive x 
direction. 

y, = -A^+t/Q. (8) 


Pick's second law of dSffiiskm states Uiat 

f—W (9) 

and thus for a traqer diffiising in a vacancy flux 

— n r/^l£t not 

dx dx *^dx- 

The solution of the dififiision equation 
describes the concentration of tracer as a 
fiinction of position and time and must satisfy 
the boundary conditions 

C, = 0 at x>0, / = 0 
and 

Ct at X = 0 , t = 0 . 

An appropriate solution is 

It will be noticed that equations (3) and (II) 
have the same form. A plot of log concentra- 
tion vs. distance* yields a linear plot with 
slope —MADt in the absence of a near surface 
effect. Equations (3) and (11) approach 
linearity at large x but deviate to show an 
anomalously high concentration of tracer near 
the surface. 

In addition to the data of Dyson et al. [7] the 
concentration profile of silver in magnesium 
has been measured. Silver was deposited on a 
clean magnesium surface and allowed to 
diffuse into the magnesium under oxidising 
conditions. A plot of silver concentration vs. 
distance squared is presented in Fig. 2. The 
gradient of this function is then plotted against 
I lx as shown in Figs. 3 and 4. A straight line is 
obtained with intercept —{Dt. In both cases 
the intercept is in good agreement with the 
published data for diffusion coefficient of the 
solute/solvent system under consideration. 

2. DISCUSSION 

If the barrier model is applied to the data 
presented in Figs. 3 and 4, a value of Ilk is 
obtained. For silver in magnesium Ilk » 
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Fig. 2. The logarithmof silver concentration in magnesium 
as a function of distance squared. 



Fig. 4. d log C/d(j*) as a function of Mx for copper 
diffusing into lead from the data of Dyson et at. ( 1 966). 



Fig. 3. d log C/d(j4) as a function of Mx for silver diffusing into 
magnesium. 


4 X 10"* mtns and for copper in lead Ilk = 
1 -3 X 10"' mm. The data for cation diffusion 
in oxides is very limited, but an approximate 
value for k can be obtained by comparing the 
metal diffusion coefficient and the cation self- 
diffusion coefficient for the oxide at the same 
temperature. The best available diffusion data 
are listed in Table 1 . 

It is clear that these data yield values for the 
thickness of lead oxide and magnesium oxide 
barriers of l-3xi0"*mms. and 2-6X10"* 


mms. respectively. These values are anoma- 
lously low as they imply the oxide layers are 
less than one hundredth of an atomic layer 
thick. The tracer elements under considera- 
tion are aliovalent with respect to the oxides 
and consequently their diifusivities would 
differ from that of self-cations by a few orders 
of magnitude. If the lead oxide barrier is an 
: tom layer thick (~ 10"’ mm), the diffusion 
' .(efficient for Cu in PbO must be 10* times 
greater than that for Pb in PbO and similarly 
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Table 1 . Diffusion data 


Solvent 

Diffusing 

species 

D, 

(cm'/sec) 

Q 

Kals/mole 

D 

(cm’/sec) 

Temp. 

?c 

Author 


Pb 

Cu 

8x 10-* 

8 

t 

2-7 xlO"* 

224,; 

Dyson ei 

■ aim 

io-» 

PbO 

Pb 

10* 

66 

2-8 X 10-“ 

224 

Linder 

110] 


Mg 

Ag 

3-4 X 10-* 

28-5 

30 X 10-* 

300 

Lai[ll] 

6 5 X Mr* 

MgO 

Mg 

2-5 X 10-' 

79 

1-3 X 10-“ 

SOO 

Linterdt 

Parfitt 

[121 



the coefficient of Ag diffusing in MgO 
must be in error by Iff*. If a reasonable 
value for the thickness of an air formed film is 
used, say 5 x 10~® mm, the tracer atoms must 
diffuse 10* to 10^ times faster through the 
cation lattice of the oxides than the host 
cations can diffuse themselves. There is no 
evidence available to support this contention. 

Further to the arguments employed above, 
the experimental method of Dyson et al.[T\ 
and most other authors precludes the oxide 
barrier model. A common method employed 
to precipitate a layer of radio-active tracer 
onto a metal surface is electrodisplacement, 
(that is the displacement of a noble ion from 
solution by a metal placed higher in the elec- 
trochemical series). The ionic interchange 
takes place at the interface between the solu- 
tion and the metal, oxides are inert to this 
type of reaction. Therefore a uniform oxide 
barrier, as envisaged by Dyson et a/. [7], can- 
not be applied and the foregoing comments are 
in direct contradiction to the findings of these 
workers as reported in the Appendix to their 
paper. 

The model of a vacancy flux causing ano- 


malous concentration profiles is more suc- 
cessful in explaining experimental results. 
An appropriate value of the parameter V 
(equation (11)) can be obtained from the ex- 
perimental data and hence the vacancy flux, 
j,. The vacancy flux arises from metal ions 
crossing the metal/oxide interface from the 
metal into the oxide. These metal ions diffuse 
through the oxide, via a cation vacancy or 
interstitial mechanism, to the oxide/oxygen 
interface where they occupy cation lattice 
sites and become incorporated into the oxide 
lattice. In the case of a divalent metal, forming 
an oxide of the type MeO, each metal ion 
associates with one oxygen ion, hence the 
oxygen flux to the oxide is equal to the vacancy 
flux into the metal. Because of the relation- 
ship between the vacancy flux in the metal and 
the oxygen flux to the surface the vacancy 
flux can be conveniently compared with ex- 
perimental weight grain data, as tabulated 
below, in Table 2. 

In Table 2 the oxidation rate quoted is the 
average linear oxidation rate for a duration 
similar to that of the diffusion anneal. A fur- 
ther comparison can be made for magnesium 


Table 2. 



Jp 

vacs/ cm’/sec 

Equivalent 
oxidation rate 
fxg/cm’/hr 

Observed 
oxidation rate 
^g/cm’/hr 

Author 

Magnesium 

atSOO-C 

1-9 X 10'“ 

185 

300 

Leontis and 
Rhines[13] 

Lead 
at 256'’C 

4X10" 

0-4 

3 

Weber and 
Baldwin[16] 
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with the vacancy flux generated by oxidation 
as calcuii^d from creep data[4]. At 450*C the 
vacancy flux is calculated to be 1 -3 x 10‘* 
vacancies/cmVsec and will clearly increase 
with temperature. The good agreement be- 
tween the vacancy fluxes and oxidation rates 
gives weight to the vacancy flux model as 
being the source of the NSE. It will be noted 
that the vacancy flux is less than that predicted 
by oxidation kinetics indicating that the inter- 
face is less than 100 per cent efficient in 
generating vacancies. 

The two systems in this paper and the sys- 
tems examined by Reimann and Stark [8] 
exhibit a positive NSE, that is the experi- 
mental curve shows an abnormally steep 
concentration profile near the surface which is 
associated with slower diffusion than observed 
under ideal conditions. There is, however, 
evidence that the opposite effect can be 
obtained, notably the diffusion of dopants into 
silicon during the manufacture of semi- 
conducting devices [15]. P~N junctions are 
produced by diffusing a dopant into silicon 
wafers in oxidising environments. It is found 
that the dopant has an anomalously high diffu- 
sion coefficient near the surface and can be as 
great as ten times faster than in the bulk 
material [15]. This phenomenon cannot be ex- 
plained in terms of a barrier effect, whereas 
it is clear from equation (11) that a negative 
value of U results in reduced diffusivity at 
small X whilst a positive value of U results in 
enhanced diffusivity near the surface. The 
parameter U can be positive or negative 
according to the direction of vacancy motion; 

is defined as positive in the positive x direc- 
tion. The results obtained for silicon, there- 
fore, can be explained in terms of vacancy flux 
out of the silicon into the growing oxide. 
Observations on the annealing behaviour of 
point defect clusters in silicon [16] have shpwn 
the growth of a surface layer of silicon oxide 
absorbs vacancies in contrast to magnesium 
oxide which generates vacancies. 


3. CONCLUSaONS 

(1) The uniform oxide barrier to diflFusion 
results in anomalies between the parameters k 
and I and the magnitude of the observed NSE. 

(2) It is not possible to deposit a tracer onto 
a homogeneous oxide layer by chemical 
displacement from solution. 

(3) A fractured oxide barrier can give rise to 
a deviation from classical diffusion behaviour 
and can account in part for the near surface 
effect. 

(4) Analysis of the near surface effect in 
terms of a vacancy flux in the solvent is 
successful for cases of both inhibited and 
enhanced diffusion of a solute and provides a 
useful method for measuring the magnitude of 
vacancy fluxes generated by oxidation. 
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THE Lm X-RAY EMISSION EDGE IN 
LANTHANUM HYDRIDES 
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Abstract— New evidence supporting the hydridic model of bonding in rare earth hydrides is reported. 

A weak peak was detected at the Ln, X-ray emission edge of lanthanum metal and assigned to transi- 
tions involving conduction band electrons, LmOiv.v and LmPi. The regular decrease in intensity at the 
Lui emission edge with increasing hydrogen content and the close similarity of the emission edges of 
LaHi.n, La,Os and LaF, support the view that hydride ions form at the expense of the population of 
the lanthanum conduction band. 

1. INTRODUCTION ism acting on anions, as is the case in some 

The nature of the hydrogen species in lanthanide fluorides [10]. Heckman [11] has 
metallic hydrides has been a subject of dis- attributed the positive Hall coefficient obser- 
cussion, and some disagreement, for a number ved for cerium hydrides to a protonic struc- 
of years. The general arguments for the pro- ture, but Libowitz and Pack [12] have 
tonic model, the hydridic model and the pointed out that these results are also consis- 
interstitial atom model have been reviewed by tent with a hydridic structure. Isomer shifts 
a number of authors [1-3]. in the Mossbauer spectra of dysprosium 

For hydrides of scandium, yttrium and the hydrides favor a hydridic model [13]. 
lanthanides, either the protonic or hydridic We report here the results of a study of the 
model appears to be favored over the inter- Ln, X-ray emission edge in La metal, La^Os, 
stitial atom model [4]. Schreiber[S] has inter- LaFj and several lanthanum hydrides of 
preted the Knight shifts and spin-lattice compositions between LaHj and LaHa. 
relaxation times of the metal nuclei and the Between LaH].g and LaHs, lanthanum hy- 
absence of a hydrogen nmr shift in scandium, dride is face centered cubic with respect 
yttrium and lanthanum hydrides in terms to the metal atoms; the lattice contracts 
of the protonic model. Later Bos and Gutow- slightly with increasing hydrogen content in 
sky [6] showed that the data are also com- this composition range[14]. Previous X-ray 
patible with the hydridic model and dis- spectroscopic studies of lanthanide hydrides 
cussed the reasons for the ambiguity in the have been limited to L,,, absorption spectra 
interpretation of these properties. Wallace of lanthanum and cerium hydrides and gave 
and Mader[7] have discussed this ambiguity some support to the hydridic modei[15]. 
in relation to the magnetic susceptibilities of The results of the present study provide addi- 
hydrides of lanthanides with unpaired / tional direct support for this point of view, 
electrons. While Kopp and Schreiber[8,9] 

have interpreted hydrogen NMR shifts in 2. experimental 

cerium, praseodymium neodymium and The La metal, 99-9 per cent pure with 
gadolinium hydrides in terms of a hydrogen respect to metal content, was obtained from 
species having a small fraction of an electron United Mineral and Chemical Corp. Hy- 
associated with it, these results could also be drides were prepared by the reaction of the 
accounted for by a spin polarization mechan- metal with pure hydrogen from an Elhygen 
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electrolytic generator. Compositions were 
deteraiitted volumetricalJy to less than ±0-05 
H/M. La^Os, obtained from American Potash 
and Chemic^ Corp., was dried by heating 
under vacuum. Hydrated LaFs from the same 
supplier was carefully dehydrated by vacuum 
heating[16]. The polished metal sample was 
mounted directly in the path of the exciting 
X-ray beam. Other samples were used as fine 
powders packed into Leucite holders with 
cellophane covers under an argon atmosphere. 

Recorder traces and count rates for the 
emission spectra were obtained using Siemens 
X-ray spectrometry equipment including a 
high intensity gold anode X-ray tube opera- 
ted by a Kristalloflex-4 generator at a power 
level of 50 kv x 30 mA, a vacuum channel 
goniometer equipped with a lithium fluoride 
(200) analyzer crystal, 2d = 4-028 A, and a 
beryllium window flow counter. The colli- 
mator used had an aperature angle of 0-15° 
and represented the limiting factor for resolu- 
tion. The take oflT angle used was 45°. This 
equipment was operated with a model IZ 
measuring panel. 

The choice of a lithium fluoride crystal as 
an analyzer deserves some comment. Its 
mosaic structure leads to broadening of the 
spectral lines but this broadening is unimpor- 
tant in relation to the resolving power of the 
collimator which was used. This same mosaic 
structure is responsible for the excellent 
intensity characteristics of this analyzer 
crystal. Since the transitions of interest have a 
relatively low probability, this was an impor- 
tant consideration. The lithium fluoride 
crystal also has a compensating feature in 
that the emission peaks of interest occur at 
relatively high angles where the energy scale 
is somewhat expanded. The regularity and 
reproducibility of the results reported below 
support the conclusion that the experiments 
were adequate for their purpose, namely to 
provide a very direct test of the hydridic 
vs. the protonic model of bonding. 

The spectra of all of the compounds were 
compared to the spectrum obtained for the 


metal under the same instrumental conditions. 
To compensate for effective concentration 
differences between the compact metal and 
the packed powder samples, the intensities 
of the spectra were corrected for background 
and adjusted to give the same integrated count 
for the large peak, having its maximum at 
69-8° in 29, below the Lm emission edge in 
energy. The measured intensities of this 
major peak in the various compounds relative 
to its intensity in the metal were: LaH 2 .oe, 0-30; 
LaHj.ig, 0-40; LaHj.ig, 0-40; LaH2.4»< 0-36; 
LaH 2 .gR, 0‘34; LaHe-got 0-3 1; La^Og, 0-37; 
and LaFg, 0-43. The maximum of this refer- 
ence peak was constant in energy from com- 
pound to compound to within ±0-05°. 

3 . RESULTS AND DISCUSSION 

The fluorescence spectrum of lanthanum 
metal between 71° and 67° is shown in Fig. 1. 
Also shown are the transitions which contri- 
bute in this region[17]: LmOi (68-81°, 5450 
eV), L,Mv (69-05°, 5435 eV). L,M,v (69-29°, 
5418 eV) and L,„N,v.v, (69-81°, 5383 eV), 
with relative intensities [ 1 8] of <1, < 1, 
< 1 and 60 respectively. 

The conduction band of lanthanum metal 
may be viewed, in simple terms, as two 
overlapping bands arising from the 5d and 
6s atomic orbitals of lanthanum [1 9]. Lm 
Ojv.v and LmP] transitions would contribute 
to the structure of the Lm emission edge 
shown in Fig. 2 for six of the materials studied. 
We take the small peak centered at 68-4° 
(5478 eV) in the spectrum of lanthanum 
metal to arise from these transitions. Since 
this peak has not been previously reported 
and these transitions have not been previously 
assigned, our three-fold basis frw this assign- 
ment deserves some comment. First, the 
maximum of the peak occurs below the Lm 
absorption edge [17] which arises from 
transitions from the Lm level to the lowest 
unfilled states of lanthanum. In the metal 
these are the vacant states just above the 
Fermi level of the 6s-5d conduction band. 
Second, the LmOiv.v and LmPi transitions 
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are the only ones allowed and not otherwise 
accounted for in this region of the spectrum. 
In Fig. 1, the LmNjv.v peak is shown at 
5383 eV and the LmOi peak at 5450 eV. 
The L|i,On and LmOm transitions are forbid* 
den because A1 = 0. The On level is approxi- 
mately 19 eV above the Or leveUlO]. Our 
assignment places the Oiv, Oy and P, levels 
about 9eV above the On level and about 
28 eV volts above the Or level. Third, the 
peak assigned to the conduction band — Lm 


t<2$ 

hRnsitioa behaves exactly as expected <m 
going from the metal to die oxide ai^Aiodde, 
i.e. it is present for the metad where thme ^ 
conduction electrons ai^ nearly disi^ipeats 
for die La(IlI) chidpouods. 

For the metal, the intensity of the small 
peak at 68*4*’ was of the iM-der of (me per emit 
of the intensity of the LinNiv.v reference peak. 
Curve 1 in Fig. 2 shows the emission edge 
for the metal as it was recorded on an ex- 
panded scale. In the recorder trace from 



Fig. 1 . The L„, X-ray emission spectrum of lanthanum metal 
in the region below the emission edge. 19 values are for a 
lithium fluoride (200) analyzer crystal with Id — 4-028 A. 
Assignments shown heie for emission lines and the absorption 
edge are taken from Ref. {17}. 
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which this curve was obtained, the noise 
level was less than 0-05 of the maximum of 
this peak for the metal. Also shown in Fig. 2 
are U»e emission edges of LaH 2 ig> LaH 2 «. 
LaH,.M, LagOs and UF,. The intensities of 
these curves have been adjusted ^ to com- 
pensate for effective concentration differences 
by the method described above. Spectra 
were also obtained for three additional hy- 
dride samples: LaHg-M, LaHg-^g and LsHg-go- 
Estimates of the relative integrated inten- 


of the LiiA peak lying just below it m energy. 
The intensities thus obtained are given rela- 
tive to lanthanum metal in T^le 1. This 
procedure yielded three results for LagOg 
based rai separate measurements which 
agreed with each other to within five per 
cent. The data for hydrides of closely similar 
compositions in Table 1 suggest slightly 
larger error limits. In any case, these esti- 
mates of intensity are somewhat sensitive to 
the extrapolation procedure and do not take 



Fig. 2. The L,„ X-ray emission edge in: I. La metal; 2. LaHi.,a; 

3. LaH,.„; 4. LaH,.,*; 5. LajOj; and 6. LaF,. 29 values are for 
a lithium fluoride (200) analyzer crystal with 2d= 4-028 A. The 
intensities have been normalized with respect to L,„N,v.v 
reference peak which lies below this emission edge. 

sities of the emission edge peak for the various self-absorption into account. They are, 
materials were obtained from the intensity however, adequate to support the semiquan- 
adjusted curves. The integrated intensity for titative conclusions drawn below, 
each material was taken as the area between There might be some question as to whether 
the curve for this peak and an extrapolation the peak we have assigned to the LmOiv.v 
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Table 1. Relative 
' integrated intensities 
at the Lm X-ray 
emission edge for 
lanthanum and lan- 
thanum compounds 


Material 

Relative 

intenaity 

La 

100 

LaH,.«, 

0-71 

LaHg.ig 

0-66 

LaH,.„ 

0-52 


0-60 

LaHg.gg 

0-36 

LftHg.gO 

0-39 


0-25 

LaFa 

0 15 


and LiiiP, transitions is strongly affected by 
factors other than the conduction band 
population. For example, changes in the shape 
of the weak peaks near 69 0° or the very 
intense peak at 69-8® might affect the smaller 
peak which we assign to LmOiv.v and LniP). 
We believe this is not likely to be a significant 
effect. Except for the resolution limitations 
of the collimator, these peaks would probably 
not appear to overlap so extensively. While 
this broadening effect might lead to a low 
intensity tail in the region of 68-4°, it would 
not give rise to the distinct shape observed 
here for the metallic materials La metal, 
LaHj.jg and LaH2.4s. 

Self-absorption might also be thought to 
play a role in determining the shape of the 
emission edge. In view of the eneigy excita- 
tion and the 4S° take off angle used this must 
certainly be of some influence here. We do 
not believe that it occurs in such a way as to 
produce the peak shown in Fig. 2 or to seri- 
ously affect the interpretation of the differ- 
ences in intensities shown there. The only 
characteristic feature of the absorption 
spectrum in this region is the Lm absorption 
edge located about 10 eV above the maximum 
of the emission peak in question. The effect 
of self-absorption should decrease from the 
absorption ^ge downward in energy. To 


produce the mimma shown in Fig. 2 would 
require a rather sharp absorption maximum 
here mtae than 10 eV below the abs<»ption 
edge. There remams the strong posi^dlty 
that self-absorfitipn has some effect on tlm 
intensity of the Lm-conduction band peak, 
particulBrly toward the hi^ enorgy side of tins 
peak. To the extent that this is determined by 
the compactness of the samples, self-absorp- 
tion would be greatest for the metal and cor- 
rection for this would accentuate the diff- 
erence in emission intensity between it and 
the other materials. As measured by the 
integrated intensity of the peak shown in 
Fig. 1, the other samples were of packed 
densities comparable to each other. Self- 
absorption should be at least approximately 
the same in each. 

The regular decrease in intensity of the 
68-4° peak with increasing hydrogen content 
and the close similarity of the emission edge 
of LaHj.gg to those of LagOg and LaFg lend 
strong support to the view that hydride ions 
form at the expense of the conduction band 
population. Although the hydridic model 
implies the loss of two conduction electrons 
per metal atom on going from lanthanum 
metal to the dihydride and of one additional 
conduction electron per metal atom on going 
from the dihydride to the trihydride, the de- 
crease in integrated emission intensity was 
approximately equal on going from the dihy- 
dride to the trihydride and from the metal to 
the dihydride. This result can be understood 
in terms of the character of the electrons 
which are lost. On the basis of an analysis 
of magnetic data for yttrium hydrides. 
Parks and Bos [21] have proposed that two 
s electrons are lost from the conduction band 
in forming the dihydride from the metal. The 
electron remaining in the conduction band 
is of d character. It too is lost upon formation 
of the trihydride. For the conduction band of 
lanthanum metal, the Sd and 6s levels are 
involved. Transitions from these levels to the 
Lin(2p3/8) level involve An = 3 and An = 4, 
respectively. A higher transition probability 
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is expected for a Sd electron than a 6i 
electron. Thus the results reported here are 
consistent with the model proposed by Parks 
and Bos {2 1]. For LacOg and LaFg, there are 
weak contributions to the shape of the 
emission edge and these can be attributed to 
transitions from the valence band. For the 
highest hydride compositions, there are con- 
tributions to the shape of the emission edge 
from transitions involving the valence band 
and the small number of conduction electrons 
which are still present. 

In view of the similarity of most of the 
lanthanide hydrides to those of lanthanum 
[1,2,4] the conclusions reached here may be 
rather directly extended to other members 
of the series. Europium and ytterbium 
hydrides differ somewhat from the other 
lanthanide hydrides, but close analogies to 
the alkaline earth hydrides support a hydridic 
model for these hydrides also[2,4]. The 
extension of these conclusions to other 
transition metal hydrides is less certain; 
here the choices for bonding models also 
include the interstitial atom modeU3]. 
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MAGNETIC AND ELECTRICAL PROPERTIES OF 
CuCr2Se4_jBrjp AND CuCrjSe4_iCIx 

K. MIYATANl, K. MINEMATSU, Y. WADA, F. OKAMOTO, K. KATO and P. K. BALTZQt 
RCA Research Laboratories, Inc., P.O. Box 51^1, Tokyo International 100-31, Japan 

{Received 3 1 July 1970; in revised form 9 October 1970) 

Abstract— The systems CuCr,Se 4 .fBr, and CuCr,Se 4 -iCI;r> as polycrystal and single crystal, 
have been synthesized, and their magnetic and electric^ properties have been studied. CuCr.SejBr is 
confirmed to be a B-site ferromagnet. A very strong correlation between the magnetic ordering tem- 
perature and the electrical properties was found, and is discussed. 

1. INTRODUCTION cati easily be controlled by anion doping. It is 

The magnetic and electrical properties of for this reason that the present study was 
copper containing spinels CuCr^X^ (X = S, undertaken, and new and significant results 
Se and Te) are unique and anomalous. The now have been obtained which manifest a 
magnetic study [1] of these compounds has strong correlation between the magnetic and 
shown that the total magnetic moment is very electrical properties in the system CuCrjSe 4 _ , 
close to 5 /Afl/mol. and the susceptibility be- Yj.. 

haves like that of a ferromagnetic material. Various and somewhat contradictory studies 
Neutron diffraction studies [2, 3] have shown have been reported in the past for the com- 
that no localized moment exists on the tetra- pounds CuCfjXsY. CuCr*SesBr has been 
hedral site and support the ionic configuration shown by neutron diffraction [10] to have a 
of the form Cu*+Cr 2 *‘^X 4 . The nuclear mag- ferromagnetic alignment of the Cr^"^ spins and 
netic resonance [4-6] and the interatomic to have diamagnetic Cu*+ ions on the tetra- 
distance studies [7] can also be considered to hedral sites of the spinel lattice. It has been 
indirectly support this conclusion. Thus, the reported[14] that the crystallographic data on 
spin associated with the copper ion is not CuCrjSejBr is questionable and that the corn- 
localized, but is in fact delocalized, being pound is ‘too unstable to believe in its exist- 
ordered antiparallel to the localized spins of ence’. Electrical studies of the system 
the chromium ions. CuCr 2 Se 4 _j.Brx have indicated on one hand 

A ‘Cu*"^ ion’ effectively appears to form the [11] that the metallic resistivity behavior at 
diamagnetic Cu'"^ ion and to contribute an low values of x changes to semiconductive be- 
itinerant tZ-hole which becomes exchange- havior at large value of x, while on the other 
coupled and spin polarized antiparallel to the hand [12] that the resistivity does not change 
localized spins of the Cr®"^ ions, like in a ferri- as a function of x and temperature, 
magnet [8]. It is, therefore, thought that the In the present study, the systems CuCrj 
existence of this hole-band in the CuCr 2 X 4 Se 4 _xBrjc and CuCrjSe 4 _xCl*, both polycrys- 
compounds produces the high Curie tempera- tals and single crystals, have been reaiUly 
tures, metallic high conductivity and positive synthesized. Contrary to the results reported 
Seebeck effect [1]. or suggested by other workers[l 1, 14], the 

The fact [9- 1 3], that the spinel compounds compounds are not only stable at room tem- 
CuCrjXjY (X = S, Se or Te; Y = Cl, Br or I) perature in air, but also have shown stable, 
exist, shows that the concentration of the reproducible and consistent magnetic and 
itinerant d-holes, associated with ‘Cu*+ ions’, electrical properties. 
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2. EXraiUMENTAL BESULTS 
(a) Sample preparation 
By essentially the same method as that 
previously described [9, 13], the system 
CuCr*Se 4 _:rY, (Y = Br and Cl) has been pre- 
pared both in powder form, by firing mixtures 
in evacuated sealed quartz tubes, and in 
single crystal form, by the closed tube vapor- 
transport method using a halogen carrier gas. 
Large single crystals (3-4 mm in size) of the 
bromine system near to the composition (x = 
1) were also obtained by another vapor-trans- 
port method, in which the enclosing quartz 
ampoule was pulled through a thermal gradient 
as described separately [15], 

The system CuCraSe^-^Br^ has been pre- 
pared in powder (jr = 0 to 1) and single crys- 
tal (Jt = 0-4 to 1) forms. Wet chemical analysis 
[16] of the powder samples has shown that the 
actual compositions are the same as those in- 
tended within the experimental error of ± 1 per 
cent, which originates in the chemical analysis. 
It has been concluded that no excess-bromium 
compounds (x > 1) can be synthesized. Us- 
ing the powder samples, the lattice parameter 
and the Curie temperature have been obtained 
as functions of composition, as shown in Figs. 

1 and 2. Subsequently, the relationships, 
shown in Figs. 1 and 2, were applied as 
references to the small single crystals to 
determine their actual compositions*. Near 
x=l, the great sensitivity of the physical 
properties to composition required that the 
compositions be labeled by Curie tempera- 
ture. 

Similarly, the system CuCr 2 Se 4 -j,Clx has 
been prepared in powder (x = 0 to 0-8) and 
single crystal (x = 0-40 to 0-55) forms. The 
main difference from the bromine system is 
that the synthesis of the compounds for x = 1 
was not found to be possible. In fact, for the 


*Application of this calibration to the results of mag- 
netic (teta previously reported [9] for single crystals of 
‘CuCr,S^Br and CuCr,Se,Cr indicates that the actual 
composition of these early crystals are CuCr,Sej,joBr,^„ 
and CuCr,Se,.BCI,. 4 a. respectively. 



Fig. 1 . Lattice constant vs. composition curves, measure- 
ment at room temperature. 



Fig. 2. Curie temperature Vs. composition. 
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single cry suds, it was always found that 0*4 « 
X < 0*5. 

(b) Measurements and results 

An X-ray analysis was made of all the 
samples prepared, which were found to be 
single-phase spinels. The lattice parameters 
determined for the two systems were found to 
be the same for polycrystals and single crys- 
tals, as given in Fig. 1. Vegard’s law is fol- 
lowed indicating no unusual effect due to 
possible 1 ; 3 ordering of the Br“ and Se*~ ions 
among the anion lattice sites. Although the 
physical properties were found to change very 
sharply near the composition jc= 1, all the 
compounds near the composition x = 1 had 
essentially the same lattice parameter. 

The Curie temperatures, determined from 
the kink point in extremely low fields, as 
previously described [17], are shown in Fig. 2. 
In both systems, the Curie temperature de- 
creases monotonically with increasing values 
of X, but for the bromine system suddenly 
drops an equal amount, over 100 deg, in the 
small range 0-98 « jr « 10. This behavior of 
the Curie temperature near the value of at = 1 
is unusual, and is one of the most significant 
facts discovered in this investigation. The 
Curie temperature sensitively depends on the 
method of synthesis, and the lowest observed 
Curie temperature is about HO^K. 

The saturation magnetization is shown ver- 
sus the compositional parameter in Fig. 3. In 
the bromine system, the moment increases 
linearly from 5 /r^/mol. to 6 /Ae/mol. as x in- 
creases from 0 to 1 and is explained in terms 
of an antiparallel spin-polarized hole-band, 
with a linearly decreasing hole concentration 
(Cu*+) in the system CuflxCUj.‘+Cr 2 ^+SeJia. 
Brj.'~. However, in the chlorine system, the 
moment remains constant at 5 /xs/mol.. inde- 
pendent of X which is not understood. 

The ordinary transport properties (electri- 
cal resistivity. Hall effect and magnetoresist- 
ance) of the single crystals have been studied 
in order to better understand these com- 
pounds, and a strong correlation has been 



Fig. 3. Saturation magnetization vs. composition. 


found between the Curie temperature and the 
electrical properties. Electrodes of evapor- 
ated indium, which gave good ohmic contacts, 
were used for these measurements. In order to 
make a good contact, between the sample 
surface and the evaporated indium thin films, 
it was always necessary to electron-polish the 
sample surface in a high vacuum before eva- 
poration. All samples except jc = 0 showed 
conduction due to surface contamination 
when they were left in the air, which is be- 
lieved to have produced the anomalous results 
reported in the past. To avoid this, a thin film 
of high-polymer compounds was coated over 
the sample surface after the electrodes were 
established. Using the above technique of 
sample preparation, reliable and reproducible 
transport data were obtained. The d.c. resisti- 
vity was measured by the conventional four- 
probe method, and the Hall effect was 
measured using a.c. techniques (1 KHz) to 
avoid magnetoresistance effects and thermal 
noise. 

The temperature dependence of the resisti- 
vity is very flat and shows no anomaly at the 
Curie temperature. The compositional de- 
pendence of the resistivity is shown in Fig. 4 
showing cleariy the change in magnitude going 
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X 

Fig. 4. Electrical resistivity vs. composition. 


from metallic to semiconductive-type as x 
increases from zero to one. The very sharp 
increase in the resistivity, which occurs near 
the composition jr= 1, obviously correlates 
with the sharp decrease in the Curie tempera- 
ture over the same compositional range (Fig. 
2 ). 

The Hall voltage for the bromine system 
indicates p-type conductivity, and is, except 
near x « 0, proportional to the magnetization 
as shown for the example given in Fig. 5. The 
anomalous Hall coefficient, which can be 
determined at low enough temperatures and 
from high enough magnetic fields so that both 
the magnetization and the Hall voltage are 
nearly saturated, also shows a strong composi- 
tional dependence as shown in Fig. 6. The 
Hall coefficients observed for x = 0 were 
complex and anomalous and, therefore, are 
being reported separately [18]. The magneto- 
resistance of the stoichiometric CuCrjSejBr 
( TV = 202‘‘K) is negative, and is of the order of 
1 per cent. 

The electrical resistivity of the CuCraSe^.j. 


Cl, system (x = 0-40 and 0-55) is metallic. The 
Hall effect is found to be very similar to that of 
the bromine system. 

3. DISCUSSION 

The most significant results of this study 
are those obtained for the bromine system, as 
shown in Figs. 2, 4, and 6, in which the Curie 
temperature, log electrical resistivity and log. 
anomalous Hall coefficient are shown vs. 
composition. If log prr and log Ji' are plotted 
against Curie temperature a linear relation- 
ship is found which can be described by the 
following expressions; 

p = 30 exp [-2-8 X 10-* . Td (H-cm) 

/? ' = 8- 10-« exp [-2-3 X 10-== . TJ (V-cm/ 

A-G), (1) 

which indicate that for the whole system Cu 
Cr 2 Se 4 _,Brj,, 0 .r € 1, both the resistivity 
and Hall effect are dominated by the magnetic 
exchange interactions. 

Although relatively simple relationships be- 
tween p, R' and exist, the almost discon- 
tinuous dependence of all these properties on 
composition near x == 1 is a main feature of the 
above experimental results. The sharp in- 
crease of Tc in the semiconducting region can 
be correlated with the increase in hole-carrier 
concentration and the slow variation of 
correlated with metallic conductivity over the 
large range 0 « x ^ 0-98. 

For 0-98 > X ^ 1 , the exchange interact- 
ions and correlations between the holes would 
be negligibly small because of the low carrier 
density, and the spins of the itinerant holes will 
essentially interact only with the Cr®"*" spins. 
The critical value of x = 0-98 implies that 
each hole interacts with about one hundred 

Cr3+ 

ions and does not significantly interact 
with other holes over a distance of 20 A. This 
indicates the itinerant character of the de- 
localized copper d-orbitals. On the other hand, 
for 0 « X C 0-98, not only the exchange inter- 
actions between the holes and the Cr^"^ spins, 
but also the exchange interactions and cor- 
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Fig. 5. Hall voltage vs. temperature for CuCriSegBr ( = 202°K). 


relations between the holes, influence the 
magnitude of the antiparallel polarization of 
the hole-band. 

Since a carrier concentration of only 2 per 
cent, per formula unit, is able to produce an 
increase of 1 00 deg in the Curie temperature 



Fig. 6. Anomalous Hall coefficient vs. composition taken 
in high held. 


the holes must be strongly exchange-coupled 
to the localized Cr®"^ spins. This is consistent 
with the measured low hole mobility (/x == 10 
cm*/Coulomb). In the system CuCrjSe^-jBr, 
U = 1) all the /4-sites are occupied by Cu’"^ 
ions. Therefore, virtual transitions are a 
possibility from Cu'^-fh+ to a metastable 
Cu*+ state, which would act as an intermediary 
to exchange-couple the holes to the Cr®+ spins. 
This mechanism is only possible when an 
itinerant hole can interact with a Cu*^ ion. It is 
probably more important how many Cu"*" sites 
are reached by each hole than a direct inter- 
action with the Cr®"^ sites. 

The effect of the hole carrier concentration 
on the Curie temperature in the above system 
should be compared to systems in which 
CdCr 2 Se 4 or HgCr^Se^ are the host crystals. 
When such compounds are Ag-doped the 
hole mobility is quite high, /x = 40 cm*/ 
Coulomb at room temperature. Although the 
presence of hole carriers in these host crystals 
does increase the Curie temperature [19], the 
influence is an order-of-magnitude less in 
strength (a 2 per cent doping of Ag produces 
about a 10 deg increase in Curie temperature). 
Thus holes in p-type Cu-doped CdCr 2 Se 4 can 
not uniformly increase the Curie temperature. 
Rather, in this case a magnetic two-phase 
system is produced [20, 2 1 ] in a crystallo- 
graphically single-phase crystal. 
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At the present time no suitable theory has 
been developed for describing the case of the 
itinerant hole-band, which is polarized by 
being exchange-coupled to the localized Cr*"'’ 
spins. If such a theory can be developed, it 
should be possible to correlate the electrical 
and magnetic properties and to obtain a mea- 
sure of the exchange interaction between the 
holes and localized spins. 
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Abstract— The mechanism of the solid state reaction between a PbS-crystal and polycrystalline CdTe 
is investigated by use of an electron tnicroprobe. It can be shown that the reaction is composed of an 
interdiffusion of Pb and Cd and of a diffusion of Cd andTe in the same direction. 

The kinetics of this reaction are described by a parabolic time law /•=•*! with K = 6-6. 10*’ exp 
(- 2 1 000/RT) [cmVsec]. 


In this paper the mechanism of the solid 
state reaction between PbS and CdTe is 
investigated by means of optical microscopy 
and by use of an electron microprobe.t 

The PbS-crystals used for the reaction are 
grown from the melt in a quartz apparatus in 
a steady flow of H^S. Polycrystalline CdTe 
(puriss.Fluka) was used as the other reactant. 
Small PbS-cubes (about 1 mm®) with micro- 
scopically smooth planes (001), produced by 
cleaving larger crystals, were pressed into 
the polycrystalline matrix at a pressure of 
8t/cm®[l]. 

All the reactions were carried out between 
400° and 450°C in a nitrogen atmosphere 
(99-9%, 1 atm). 

On the one hand the thickness of product 
layers was determined by use of optical 
micrographs (magniflcation 500 j:) taken from 
ground and polished samples. On the other 
hand, in order to find out the chemical struc- 
ture of these product layers the line scanning 
profiles were measured with a microprobe at 
right angles to the phase boundaries. 

An acceleration voltage of 20 KV was used. 

In Fig. l(a, b, c) smoothed line scanning 
profiles for combinations of two elements 


in each diagram are reproduced. The sample 
was heated 1 6 min at 4S0°C. 

These profiles show that the reaction layer 
consists of two different regions i.e. next to 
the PbS-crystal is a heterogeneous layer 
containing all four components (Pb, Cd, S, 
Te) whereas the second layer next to the 
CdTe-matrix contains essentially only Pb 
and Te. This latter layer has a thickness of 
about 6^m allowing a quantitative analysis 
using the X-ray intensities measured by 
microprobe. 

In order to insure that this layer {X) really 
consists of pure PbTe the mass fractions 
and were calculated for this layer (AT) 
from the X-ray intensities measured in the 
pure reactants PbS and CdTe and in the 
product layer (X). These experimental mass 
fractions are compared to the theoretical 
values of pure PbTe. 

_ f ^Pbs 
4b /pb-Cpg . 

and 


cii^=/Te.C¥f« 




‘Part of the thesis of Anton Jamour. University of 
Munich. 

tJXA-3 AJEOL. 


The correction factors /pb=l*14 and/Te = 
0'90 are derived from measurements on pure 
standards of PbTe, PbS and CdTetl]. 
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t43« 

/R* * Pb-inteosity in pure PbS; = Te- this layer the maxima of Pb always coincides 
intensity in pure CdTe; M = Pb-intensity in locally with the maxima of Te and with the 
layer (A'); = Te-intcnsity in layer (AO; minima of Cd and S (and vice versa), we must 

sit, *= noise intensity; 7$, == noise intensity. In conclude that this heterogeneous product 
this way the experimental values for the mass layer is a microcrystallinc mixture of the 
fractions in {X) are: = 0-61 and = 0'36. reaction products PbTe and CdS. 

The theoretical values for pure PbTe are 

SB Q.^2 and dfj’’’* = 0-38. Optical microscopy and growth kinetics 

The satisfactory agreement between experi- Figure 2 also shows clearly the separation 
mental and theoretical values show that the of the product layer into two partial layers, 
layer (AT) consists of nearly pure PbTe. In Growth measurements of the layer thick- 
thc heterogeneous two phase layer an analysis ness at 400°, 425® and 450°C show that this 
of this kind is impossible, because the homo- reaction is governed by the parabolic time 
geneous regions of the two phases have law P = Kt. 

dimensions of only about 1 pm. Because of In Fig. 3 the thickness of the whole product 
the finite beamdiameter (« 1 pm) in the layer i.e. the sum of the thickness of both 
microprobe this layer always gives intensities partial layers is plotted quadratically vs. 
which are too low. But from the fact that in reaction time. The ratio of thickness of the 



Fig. 1(a). 
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Fig. 1(b). 



Fig. Uc). 
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Fig. 1 . Elementspecific X-ray intensities as function of a geometrical 
coordinate at right angles to the phase boundaries between the 
reactants (line-scanning-profiies) taken from a sample which was 
heated 16 min at 450'‘C. (a) Pb- and Te-profileS. (b) Cd- and S- 
prohles, <c) Cd- and Pb-profiles. 
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Fig. 3. Square of total layer thickness as function of reaction time 
for different temperatures. 


two partial layers in the whole range of 
measurements is: 

dpDTe/dtPbTe+CdS) 

Within the range of accuracy of measure- 
ments, PbS crystals containing 3 per cent of 
weight CdS yield the same velocity of layer 
growth as pure PbS-crystals. 

For the time law the parable constant is: 

K= K^^xpi-ElRT) 

= 6-6. 10““exp (— 21000//?r) (cmVsecl. 

The error in the activation energy is about 
±1500[cal/Mol]. 

DISCUSSION 

Former measurements [I] on polycrystalline 
PbS at 335®C showed that there are practically 
two separated partial layers consisting of 
PbTe and CdS, as long as the reaction layers 
are very thin, (see also the reaction between 


PbS and CdO[2]). This means that the 
succession of layers is: 

PbS/CdS/PbTe/CdTe. 

The fact that exactly this order and not 

PbS/PbTe/CdS/CdTe 

is obtained, means that at the beginning of the 
reaction the metals exchange faster between 
PbS and CdTe than the chalcogens do. This 
is understandable because of the size propor- 
tions of the ions or atoms in the lattices. 

In the rocksalt lattice of the PbS-crystal a 
substitution of the large Pb-iOns by the smaller 
Cd-ions occurs considerably easier than a 
substitution of S-ions by the much larger T e- 
ions. (Ionic radii[3]: T21 A; rcd.*= 

0-97A:rT..-= 2-21 k\r,. = 1-84 A). 

On the other hand in CdTe crystallizing in 
the zincblende lattice the effective charges 
of the ions are considerably smaller than in 
PbSl4] and, therefore, the tetraedric co- 




I 



Fig. 2. Product layers formed during the reaction between a PbS-single 
crystal and polycrystalline CdTe after a heating time of 64 min at 400‘'C, 
bright zone = PbTe-layer; dark-spotted zone = heterogeneous layer consist- 
ing of (PbTe -I- CdS); Magnification = 750 x. 
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Fig. 4. Product layer formed during the reaction between polycrysialline 
CdTe and polycrystalline PbS after a heating time of 30 min at 400°C; bright 
zones = PbTe; dark zone = CdS; Magnification — 750 x. 
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valent radii niiist be used for CdTe instead 
of ionic radii. This means that in the CdTe 
lattice Cd and Pb require about the same 
volume. (Tetraedric covalent radii H]: 
1'46A; rcd=l’48A; rs=l-04A; r-r,= 

1-32 A). Therefore in CdTe an exchange 6f 
Cd for Pb will cause a much lower distortion 
of the zincblende lattice than an exchange of 
Te for S will do. 

According to these considerations the 
following mechanism is supposed for the 
be^nning of the reaction; In both the PbS- 
and CdTe-lattices interdiflusion of Pb and 
Cd is favoured. Cadmium diffuses into the 
PbS-crystal until at its phase boundary to the 
matrix the crystal is supersaturated with 
CdS. As a consequence nuclei of the new 
CdS-phase are formed. These Anally grow 
together forming a continuous product layer 
of CdS. In the same way a supersaturation of 
the CdTe boundary layer with PbTe, reached 
by substitution of Cd by Pb, causes the 
formation of a PbTe-layer. The fact that for 
PbS-crystals containing 3% CdS the same 
velocity of layer growth as for pure PbS- 
crystals is observed, means that the nucleation 
of the CdS-product phase cannot be the rate 
determining step. Therefore most probably 
the reaction rate is determined by the inter- 
diffusion of cations in one of the reaction 
layers. 

From the described experimental results it 
is concluded that in the further progress of 
the reaction with growing layer thickness the 
pure CdS-layer is replaced by the hetero- 
geneous microcrystalline layer, consisting of 
a mixture of CdS and PbTe. This process 
can be interpreted as a consequence of an 
additional ‘rectihed’ diffusion of Cd and Te 
in the same direction (Fig. 5). 

If the CdS-partial layer contains no Pb, it 
can dissolve up to 2% CdTe [5] corresponding 
to the limit of solubility. In this case a further 
progress of the reaction by diffusion of Te 
would be possible only by exchange of anions 
with the neighbouring PbS-phase leading to 
the formation of a second PbTe-layer situated 


Cd Ta 

PbTi 

PbTd+CdS 

PbS 

f 


Cd 


<a) 1 


Pb 

60 % 

r 


Cd 


(b) ,j 

— 

Td 

40 % 


Fig. 5. Succession of layers resulting from the super- 
position of the two diffusion mechanisms; (a) inter- 
diffusion of Cd and Pb, (b) ‘rectified' diffusion of Cd and 
Te. 

between the PbS-crystals and the CdS-product 
layer. Under certain conditions such a reac- 
tion type will be attained (Fig. 4). But in the re- 
actions with PbS-single crystals between 
4(X)® and 450®C the CdS-phase contains con- 
siderable concentrations of Pb because of the 
interdiffusion of cations. Therefore the 
product of solubility of PbTe in this CdS- 
layer will be reached and exceeded resulting 
in the formation of PbTe-nuclei inside the 
CdS-layer. 

During the whole reaction time the PbTe- 
partial layer is preserved as a homogeneous 
phase. This means that the S-ions do not 
show any considerable diffusion in the in- 
vestigated temperature range. This is likely 
caused by the relatively high lattice energy 
of the sulAdes. 

The total diffusion process leading to forma- 
tion of the observed succession of layers 

PbScry,tai/ PbTe -I- CdS/PbTe/CdTem«rtx 

may be interpreted as a superposition of an 
interdiffusion of Pb and Cd and a ‘rectified’ 
diffusion of Cd and Te. The contribution of 
these two diffusion processes to the total re- 
action may be estimated from the ratio of 
thickness of the two partial layers. 

If X and y specify the number of moles of 
reactants participating in the interdiflusion of 
Pb and Cd respectively of Cd and Te, and 
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f^CdS and ^pitT* are the mole volumina of the 
product phases concerned, then rado r of 
the layer diickness is 

r — d(CdS+PbTe>/^PbTe 

= {^'c<is(-r + y) + l^PbTe}/-r ■ l^PbTe 

l^PtoTe = 40-2 [cm*/mol]; 

^'cds = 29-7 [cm»/mol]. 

With the measured value of 2 one 

obtains x/y = 1'38. This means that the 
fraction a, contributed by interdiifusion of 
Cd and Pb to the reaction is 

a = ;c/(x + y) - 0-58. (1) 

In the same way for the ‘rectified’ diffusion of 
Cd and Te 

b ~ ylix + y) = 0-42. (2) 

That is, the two diffusion mechanisms (1) and 
(2) participate in the total solid state reaction 
to about 60 per cei?t respectively 40 per cent. 

The high reaction rate of this double con- 
version might suggest that a transitory liquid 
phase would be present during the reaction. 
Indeed the CdTe used for reaction shows 
some isolated microscopic precipitates of 
elementary Te and therefore at the sites 
where these precipitates touch the PbTe- 
iayer we really must take into consideration 
small localised melting-zones leading to 
irregularities in the reaction layer. These 
localised liquid phases however can not be 
characterising for the whole reaction process. 


At lower temperatures {< 300®C) the cfaal* 
cogenides do not show any considerable 
solubility for the elements concerned. Con- 
sequently after quenching regularly distributed 
precipitates of elementary chalcogens or 
metals must be found in at least one of the 
two product layers if at reaction temperatures 
a nonstoichiometric liquid phase would 
contribute to the normal growth of the re- 
action layers. Besides the isolated Te- 
precipitates in the PbTe-partial layer, already 
mentioned, no elementary precipitates how- 
ever are determinable by microscope or 
microprobe. 

Consequently the high velocity of layer 
growth must be attributed to a high mobility 
of ions in the reaction layer and not to any 
transitory liquid phase. As in both partial 
layers the transport of ions can occur mainly 
by diffusion in a PbTe-phase this high velocity 
seems to be not unreasonable because of the 
low activation energy for tracer diffusion of 
Pb in PbTe of only 13-8 Kcal/Mol. [6]. 

Acknowledgement -Thh research was supported by the 
Deutsche Forschungsgemeinschaft. 


REFERENCES 

1. LEUTE V., Doppelle Umsetzungen im festen 
Zustand, Abhandlungen der Bayer. Akademie der 
Wissenschaftern. Neue Folge, Heft 140, Miinchen 
( 1969 ), 

2. LEUTE V. and KALB A., Z. Phys. Chem. N.F. 69, 
88(1970). 

3. LANDOLT-BORNSTEIN, Zahlenwerte und Funk- 
tionenU, 521 0955). 

4. SUCHET J. P. and BAILLY F..Ann. Chim. 10 , 517 
(1965). 

5. VlTRlKHOVSKll N. J. and MIZETSKAYA J. B., 
Soviet Phys. solid State 1 , 192(1959). 

6. BOLTAKS B. J. and MOKHOV Y., J. tech. Phys. 
USSR 28 , 1046 ( 1958); ibid 76. 2448 (1956). 



f 

J.Fky9,Ck€m»S^ds Pei:g«iiKMiPre8s 1971. V^.32ipp.i44|-1446. Primed la On»t Brttftas. 


MAGNETIC SUSCEPTIBILITY AND TRIANGULAR 
EXCHANGE COUPLII^G IN THE TOURMALINE 
MINERAL GROUP 

T. TSANG aad A. N. THORPE 

Howard University, Washington, D.C. 20001 , U.S.A. 

G. D(»iNAV 

Geophysical Laboratory, Carnegie Institution of Washington, Washington, D.C. 20008, U.S.A. 

and 

F. E. SENFTLE 

Building 104. U.S. Geological Survey. Washington, D.C. 20242, U.S.A. 

(Received 25 September 1 970) 

Abstract— Magnetic susceptibilities of three iron-rich tourmaline crystals from Mexquitic (Mexico). 
Pierpont (New York), and Madagascar with different and known chemical compositions have been 
studied from 8° to 3i()0°K. The iron atoms in the tourmaline crystal structure, space group /{3m. 
a — 15-9, c ~ 7-2 A, are situated at the three corners of an equilateral triangle and are close enough 
for magnetic exchange interaction. For buergerite, the Mexquitic sample, the susceptibility data lead 
to an exchange constant Jjk of 7-5°IC. Although the amount of aluminum would be sufficient to fill 
point position 18(c) exactly, the magnetic data are consistent with some substitution of ferric iron for 
aluminum, as previously determined from X-ray and neutron diffraction studies. Some aluminum thus 
replaces iron in position 9(b). Exchange constants were also estimated for the other two magnesium- 
iron specimens, of which the Madagascar sample is aluminum deficient. The results agree with the 
evidence from optical spectra that there is considerable deviation from octahedral symmetry in the 
oxygen coordination polyhedra about the 9(b) and 1 8(c) point positions. 


1. INTRODUCTION 

The tourmaline group of minerals, well 
known for its wide range of chemical com- 
position [1], has ferrous and ferric iron end 
members, both of which are of magnetic 
interest. The former is the very common 
variety schorl, of ideal composition NaFe,*^- 
BjAleSieOjrCOH.F). , for which a crystal- 
structure refinement has not yet been reported; 
the latter is a rarer and only recently dis- 
covered variety, buergerite [2], with ideal 
formula NaFe^+gBsAlgSieOso (F,OH), for 
which precise X-ray and neutron structure 
determinations have been carried out [3, 4]. 

In the tourmaline-type structure [5] , the 
position occupied by the variable cation, 
whose chemical nature is used to designate the 
mineral variety, occupies Wyckoff position 
9(b) of point symmetry m in space group 
/?3m, where the unit cell is referred to an 


-centered hexagonal lattice. The iron atoms 
in the case of schorl and buergerite, the 
magnesium atoms in dravite, the lithium and 
aluminum atoms in elbaite, thus outline 
equilateral triangles about the 3-fold axes 
which lies parallel to the z-direction and have 
X and y coordinates: 0,0; i, |; f , i The edges 
of the metal triangles are fax, where for 
buergerite, a, the cell edge, is 15-869(2)*A, 
and X. the atomic x coordinate for the cation, 
is 0-13320(8). This results in an Fe-Fe dis- 
tance of 3‘18SA, a distance small enough to 
cause exchange interactions (Fig. 1). In 
actual mineral specimens, some substitution 
of A 1 , in position 8(c). by Fe also takes place, 
so that additional Fe-Fe interactions of 
measurable magnitudes are expected. 4^or 

^Throughout the paper, a number in parenthesis 
following an experimental value represents one standard 
deviaticHi and r^ers to the last decimal place quirted. 
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bueiiKerite the atomic coordinates of this 
1 8(c) position are 0-299, 0-259 and 0-604 f 3 , 4] . 

We arc here dealing with a mixed magnetic 
compound, similar to ardennitefO] but con- 
taining triangles rather than pairs of magnetic 
ions. We set out to test a treatment similar 
to the one used for adennite, for the mineral 
group tourmaline. Preliminary results on 
tourmaline from room temperature to 77“K 
have been reported [7]. The only other 
magnetic measurements of tourmaline in the 
literature are those of Kruglyakova[8] on ten 
specimens from five different Russian local- 


samples gave susceptibilities ranging firom 
12 X 10"* to 21 X 10^ emu/g at room tempera- 
ture. These values fall in the median range of 
the data in the literature [8]. Hie three samples 
proved free of ferromagnetic inclusions were 
selected for detailed study down to 8°K. 

A buergerite specimen from the type locality 
came from the same hand specimen as the 
crystals used for the chemical aiudysis (Table 
1). The X-ray and neutron difhraction studies 
agree on the following structural way of 
writing the cell content (□ denotes vacant 
sites): 



Fig. 1. Stereo view of the magnetic atoms in the tourmaline structure and their oxygen coordination 
polyhedra. Small circles in the centers of octahedra are Z-siles; large circles are y-sites. 


ities. The reported iron contents range from 
0-3 to 13-8 weight per cent, and their measured 
susceptibilities increase from 1 x 10“* to 31 x 
10~* emu/g. Since experimental details such 
as temperature of measurements and mag- 
netic field strengths are not specified, the 
results are difficult to evaluate. 

2. EXPERIMENTAL DETAILS 
Of nine chemically distinct tourmaline 
specimens, on which we measured magnetic 
susceptibilities at room temperature with 
magnetic fields of differing strengths, only 
three were completely free from any trace of 
ferromagnetism. The common magnetic im- 
purity in the tourmaline group is magnetite 
(IngmneUs, pers. comm.). The other six 


(Na2.4gCao.3g Ko-osOo-ot) 
(Fe®‘*'B.ggAl2.e5Tio.i8Mgo.ogMn*'''o.050o-06)®9 00 

(Alie-32F®*%-9sl" M>Q)-iiTio.o4Mgo.o2 

Mn*'''o.02)(Sii7.2oBo.8o) OgSSsF 3-08 (OH)i.39 . 

For the Pierpont sample, we converted the 
weight percents obtained (Table 1) to a cell 
content with Si-fB ions equal to 27-00 per 
cell: 

(Ca|.8gNai.jjSro.o6Ko-o4)(^^»;,reF®*^i'*s)B9.oo 
(Ali4.giFe®‘''i.2oFe®'*'j.jgE3B.s3Tio.28 
Cao.oeMn^'''o.oi)(Sii7.g4Bo.oe)Ogi.3B 
(OH)g.2lF 1.53. 
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Table 1 . Chemical analyses of tourmaline specimens studied 


Variety 
specimen no. 
locality 

literature reference 
analyst. 

Buergerite 
AMNH 33468 
Mexquitic, Mexico 
12] 

C. O. IngamdU 

Dravite-Sdiori 
USNM 116996 
Pierpont, N.Y. 
[7] 

C. O. Ingamells 

Dravite-Buergerite 
Harvard Ccrflectioa 
i< Madagascar 

’ [19] 

T. Ito 

Wt. % SiO, 

33-86 

35-88 

34-57 

AI.O, 

30-79 

25-29 

22-12 

B,0, 

10-86 

10-49 

10-42 

MgO 

0-13 

10-43 

8-69 

Fe,0, 

17-62 

3-16 

10-63 

FeO 

1-27 

5-78 

4-70 

TiO, 

0-53 

0-74 

1-56 

MnO 

0-13 

0-02 

trace 

CaO 

0-69 

3-07 

2-36 

Na,0 

2-46 

1 39 

1-41 

SrO 

trace 

0- 19 

not reported 

K,0 

0-07 

006 

0-10 

BaO 

trace 

0-01 

not reported 

H,0* 

0-40 

2-76 

3-55 

F 

1-86 

0-98 

0-18 


100-69 

100-25 

100 29 

0. = F. 

0-78 

0-41 

0-08 

Total 

99 91 

99-84 

100-21 


Ionic size considerations suggest that fer- 
rous ions are combined with magnesium on 
the 9(b) position and that ferric ions as well 
as the remainder of ferrous, the titanium and 
the manganous ions be made to substitute 
for aluminum in the general 18(c) position. 
For the Madagascar sample, beginning with 
the chemical data in the literature (Table 1) 
and calculating the cell content as above, we 
obtain; 

(Nat .4oCai .3oiZ]o-24Ko'0«) 

(Mgd.jjFe*'''*.©! F e®‘*'o.s4)Bg.oo( Alt3.38Fe®'''3.77 

Tio.oeQ)-*4)(Sii7.T6Bo-*4)Ogi.j9(OH)|j.i7Fo.29. 

Single-crystal fragments, about 20 mg in 
weight and oriented on the X-ray precession 
camera, had their magnetic susceptibilities 
Xii and Xi. measured with their c axis aligned 
parallel and perpendicular to the applied 
magnetic field (Figs. 2, 3, and 4). The Faraday 
method at 5000 oe was used from 300 down to 
with a quartz helical spring[9, 10]. 


Temperature measurements were made with 
an Au-Co vs. Au-Ag thermocouple above 
16‘’K, and with a calibrated carbon resistor 
below 16°K. 

3. THEORETICAL DISCUSSKW 

For convenience the general cell content 
for tourmaline may be written XiV^ZisBa- 
Sii8093.x (OH.F)ar where X = Na, Ca, K or 
□ ; y = Mg, Fe, Li, Al, etc.; and Z = Al, Fe, 
Ti, etc. (The X, Y, Z point positions are some- 
times denoted by a, b, c, respectively [11], 
which refers to the Wyckoff letter of their 
point positions). The space group R3m pro- 
vides a ninefold position Y of point symmetry 
m for the most variable group of cations, 
which commonly includes the magnetic atoms, 
primarily Fe*'*' and Fe*'*' ions. 

The magnetic ions occupy predominantly Yg 
mid in smaller amounts Zig sites. The Y sites 
form magnetically isolated equilateral tri- 
angles[S, 11, 12, 13]. Insofar as there is only 
short range order within the triangles and no 
significant long range order between triangles, 
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Fig. 2. Reciprocal magnetic susceptibility (emu/g) vs. 
temperature (°K) for buergerite. Solid curve, calculated, 
with all Fe-ions on F-sites; dashed curve, calculated, 
with 1 0 per cent of Fe-ions on Z-sites. 

no magnetic transitions are expected. For 
buergerite the lengths of the sides of the 
triangles are 3-185 A. In addition to the two 
nearest neighbor F-sites in the triangle, each 
F-site has two nearest neighbor Z-sites at 
3-2 A. Each Z-site has one nearest neighbor 
F-site at 3-2 A and also four neighboring 
Z-sites at an average distance of 3-6 A We 
expect exchange coupling to take place 
between these nearest neighbor pairs. The 
exchange interaction for FF, ZZ and FZ 
nearest neighbor pairs will be denoted as J. 
J' and /" respectively. Most Fe*^ and Fe^^ 
ions are expected to be located on F-sites. 
so that we can expect the susceptibility 
behavior of buergerite to be quite unam- 
biguous, as we are dealing with isolated three. 



Fig. 3. Reciprocal magnetic susceptibility (emu/g) vs. 
temperature (“K) for the Pierpont sample (crosses. 
Af I C: circles, «XC). 



Fig. 4. Reciprocal magnetic susceptibility (emu/g) vs. 
temperature (°K) for the Madagascar sample. Dashed 
curve, spin-only behavior; solid curve, calculated from 
different exchange constant (see text). 

two or single magnetic ion systems. Further- 
more, because of the high Fe®+/Fe*+ ratio in 
buergerite, the susceptibility of buergerite is 
primarily determined by the Fe®+ ion, with a 
half-filled 3rf® shell which is little influenced by 
crystal fields and surroundings; susceptibility 
should follow the isotropic spin-only behavior 
rather closely with S = i Optical studies of 
Fe*+ in tourmaline [14] have shown large 
distortions from octahedral symmetry of the 
environment about F- and Z-positions, thus 
the orbital degeneracy is removed [16]; at 
room temperature and below, only the ground 
orbital singlet state is populated, and Fe*^ ion 
may be approximated by the spin-only be- 
havior with 5 = 2. It is reasonable, therefore, 
to use the Heisenberg exchange interaction 
between two magnetic ions from the same 
triangle. 

As a first approximation for buergerite, we 
shall consider the model that all Fe®"^ and 
Fe®"^ ions are randomly distributed on F-sites. 
From the chemical analysis, the probabilities 
of any F-site being occupied by Fe®^, Fe®^, 
or nonmagnetic ions are p, = 6-87/9 = 0-76, 
P 2 = 0-55/9 = 0-06 and 1 —pi —p^ = 0-18 
respectively. For random distribution, the 
probability of finding r Fe®"^ ions, s Fe®"*^ ions 
and t nonmagnetic ions (where r, s, and t 
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are integCTs between 0 and 3 such that r+s 
+ 1 = 3) on a given triangle is the coefficient of 
the term oe^/SV the expansion of (Pi« + 
Pifi+Pzyf. For example, let us consider 
three Fe^'*^ ions on the same triangle; th^ 
probability is Pi* = 0-44, and the Hamiltonian 
HW. 

H =^ — gnHt(Si^ + Si,) 

+ 2J(S, .Sj + Sj.Sa + Ss.Si) (1) 

with spins S, = t for Fe®+, g = 2, 

fi and H, are the Bohr magneton and applied 
magnetic field respectively. We note that H 
can also be written in terms of the total 
angular momentum [ 1 5] S = Sj + Sj + S, , 

// = -g/i,//,5,4-7 (S . S-S, . S, -Sj 

X Sa S3 . S3 ) 

= -gM^,5, + J[5(5+l)- (105/4)] (2) 

as 

5,(5,+ 1) =53(53+1) =53(53+1) = 35/4. 

When H, — 0, the vectors S, , S3 and S3 
couple together to form the total angular 
momentum vector S, with 5 = . . ., . the 

degeneracies g, are 2, 4, 6, 5, 4, 3, 2, res- 
pectively; the relative energy for the state 
5 is 75(5 + 1). In the presence of an applied 
field, the susceptibility of each level 5 is 
given by the spin-only formula, hence the 
contributions of all triangles with three Fe®^ 
ions to the susceptibility are given by: 

x„ = 3-1 X 10 ®Xb 

= (3)(p,®)(NgV/3*T) 
x[2sgs5(5 + l)(25+l) 
xexp {-/C5(5+l)}] 

- [Ssgs (25 + I ) exp {- /:5 ( 5 + I )}] 

(3) 

where Xb Xm are the gram and molar sus- 


ceptibitities, the formula weight betiig 3" lx 
10*. K = JlikT), k and N tue the Bcrftzmatui 
constant and Avagadro’s number respectively, 
and the facttM- of 3 is included because eat^ 
mole of solid cont^s 3iVy'Site tiiaogles. 

The calculation' is then repeated for aU 
other possible configurations the triangle 
(2Fe*+ •+ Fe*^, 2Fe®+ + nonmagnetic ion, etc,). 
The calculated susceptibility depends on only 
one parameter, the exchange interaction J, 
which is to be obtained from the comparison 
of observed mid calculated susceptibility 
curves. 

4. RESULTS AND DISCUSMON 

The experimental susceptibilities xii (crosses) 
and Xi. (circles) of the buergerite, Pierpont, 
and Madagascar samples at various tempera- 
tures have been summarized in Figs. 2, 3, and 
4 for crystals aligned with ffieir c-axes parallel 
and perpendicular to the magnetic field. The 
only magnetic ions Fe®"*" and Fe*'*'; sus- 
ceptibility contributions of small amounts of 
Mn and Ti will be neglected. 

(a) The buergerite sample 

The experimental susceptibilities, x» 

Xi_y which are shown in Fig. 2, arc not very 
different from each other, therefore justifying 
the use of the Heisenberg exchange inter- 
action. Using Jlk ~ 7'5°K, the calculated 
susceptibilities are shown as the solid line 
in Fig. 2, where 1/xo is plotted vs. T. The 
overall agreement is good except for the low 
temperature region below 5()°K. It turned out 
to be impossible to fit both low- and high- 
temperature data with a single exchange 
parameter 7. 

Structural refinements on buergerite [3, 4] 
have shown that approximately 8 per cent of 
Z-sites are filled by Fe, although the chemical 
analysis shows sufficient A1 to completely 
fill the Z-position. This indication has also 
been supported by optica] studies [13]. 
Apparently, the preferences for Y- and 
Z-positions are determined only approxi- 
mately and not rigorously by the bond type. 
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the ionic radius, and charge considerations. 

Let us now assume that 90 and 10 per cent 
of the magnetic ions are distributed on Y- and 
Z-sites respectively. Then approximately 
75 per cent of the Y- and 4 per cent of the 
Z-sites arc occupied by magnetic ions. The 
susceptibility contributions from T-sites can 
be calculated as before with a slightly differ- 
ent value of the probability. Each Z-sitc has 
one nearest neighbor Y- site at 3-2 A. Approxi- 
mately 25 per cent of the magnetic ions on 
the Z-sites are therefore isolated, and the 
other 75 per cent form a pair of magnetic 
ions with their K-neighbor. The calculated 
susceptibilities, using the same Jtk = 7-5“K 
and assuming J" to be the same as 7, are 
shown by the dashed line (Fig. 2) and are in 
better agreement with the experimental data. 

It appears that the magnetic susceptibility 
data of buergerite are compatible with the 
X-ray and neutron evidence [3, 4] and that 
about 10 per cent of the iron ions are on Z- 
sites, even though there are enough Al ions 
present to fill the Z-position. From the 
susceptibility data the exchange interaction, 
Jjk was found to be approximately 7-5'’K 
between nearest neighbor F-sites. 

(b) The Pierpont sample 

The experimental susceptibilities of the 
Pierpont sample, which are summarized in 
Fig. 3, are anisotropic. The spatial average, 
(Xii+2Xi)/3, agrees well with the Curie- 
Weiss law, 

%^CKT+e). (4) 

Least-squares fit gives C = 4-29x10“® 
emu°K/g and ^ = 9'’K. Using the amount of 
Fe®* and Fe®'*' given by the chemical analysis, 
the spin-only behavior (5 = f and 2 for Fe®+ 
and Fe*+) gives C = 4-15 x 10"®emu°K/g, in 
agreement with the experimental data. Optical 
studies of Fe®"*^ in tourmaline [14] have detected 
rather large distortions from octahedral sym- 
metry of die iron environments at both Y- 
and Z-sites; hence the orbital degeneracies 


will be removed, and only the lowest orbital 
singlet will be populated at room temperature 
and below. The agreement of our magnetic 
susceptibilities with the spin-only behavior 
supports this conclusion. 

In the Pierpont sample, for which no 
structural data are available, we deduce from 
the assumed formula that 14at.% of the Y- 
sites and 13 at.% of the Z-sites are occupied 
by iron atoms, ignoring the Ti and Mn con- 
tributions. Assuming random distribution, 
the total exchange interaction ‘felt’ by 
magnetic ions at Y- and Z sites are 0-287-1- 
0-267" and 0-527' -1- 0- 147" respectively. About 
i and | of the magnetic ions are at Y- and Z- 
sites of the Pierpont sample. The weighted 
average exchange interaction per magnetic 
ion is 7a„ = 0-097 -l-O- 357' -hO-lST". For 
spin-only behavior, B is related to7a„ by: 

0‘=^2S{S+l)JJ2k (5) 

where 5 = 1 and 2 for Fe®^ and Fe®"'^. Using 
the average 5(5-1- 1) = 7, Fe®VFe®+ « 2 and 
6 = 9‘’K, we get JoJk^TY^. Assuming that 
the structures of Pierpont and buergerite 
samples are similar and using Jjk — 7-5'’K, 
then we get (2J' +J")lk = Because of 
the longer distances between nearest neighbor 
YZ and ZZ pairs, we expect J'lk and J''lk to 
be somewhat smaller than 7/1: = 7-5°K. 

We attribute the anisotropy of th^ magnetic 
susceptibility to crystal field effects on the 
ferrous ions. For axial distortions from octa- 
hedral environmental symmetry, Tinkham [16] 
has verified the splitting of the lowest 5 = 2 
spin quintuplet by a perturbation of the form 
S . D . S. Following Tinkham's notation for 
isolated Fe®"" ions, with the ground states 
described by 5* = ±2, the susceptibilities are: 

(Xm)ii= (2N;8®/l:r){4g®rl-^exp (-3^)}/ 

{2-i-2exp (-3?) + exp (-4^)} (6) 


(Xn.) i = {IN^VkT ) {S [ 1 - exp (- 3^) ] 
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+ (3^/f)[l -cxp (-f)] exp (-3^)}/ 

[2 +2 exp (-31) exp {-403. (7) 

whtTcg = 2aad^ = 3Dzl2kT. ^ 

The magnitude of the splitting is charac- 
terized by the parameter £),. Usually f I, 
and a power series expansion gives: 

l/(Xm>i= (A:7’/2Ng*j9®)(l-l-4^) 

= mNg^^)[T-2-HDJk)]. (8) 

l/(x«)x = (kT/2Ng^^^)(\+0-W 

= (kl2Ng^^)[T +1-05 (DJk)]. (9) 

For finite concentrations of magnetic ions, 
it is necessary to replace T by T + d. We 
therefore expect the plots of 1/Xii vs. T and 
l/Xx vs. T to be parallel straight lines, with the 
same slope but different intercepts. Such 
behavior has been observed in, for example, 
dilute AljOa-Cr®"^ systems [17], where the 
parameter Dz has been measured indepen- 
dently. Also, (x,)"' =KXi.)~‘+i(Xii)"‘ is inde- 
pendent of D, (since xx = Xii)- 
In Fig. 3, the two straight lines are cal- 
culated from 10 “®/xb = (F-l-22'6)/4-286 for 
H parallel to the c-axis and I 0 “®/xb = ( T 
2-8)/4-286 for H perpendicular to the c-axis. 
The agreement with experimental data is 
acceptable. 

(c) The Madagascar sample 

Within the accuracy of our measurements, 
the experimental susceptibilities of the 
Madagascar sample are isotropic (Fig. 4). 
The ferrous to ferric atomic ratio for the 
Madagascar sample (Table 1) is much smaller 
than that of the Pierpont sample. From ionic 
radius and charge considerations, we also 
expect most Fe*"^ ions to be at F-sites, where 
the distortion from octahedral environmental 
symmetry and hence the value of D, is smaller 
than that for the Z-sites. Also, the nuyor 
distortion of the oxygen octahedron about the 
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F-positkm is aloog the psaido 4-icdd axis 
Ot-0» which makes apinoximately a 65” 
angle with the c^axis in the tourmaUne crystal 
structure, and thus fiirther reduces rite ani- 
sotropy. We therefore expect Xii to be equal to 
Xj^, an expectation brnn out by the expoi- 
mental data. 

A least-squares fit of the »iscq>ttl^ity data 
with the Curie-Weiss law, (l/Xo) = {T-¥d)IC, 
gives C = 6-26 x 1(F» emu“K/g, B = 9-2”K, 
whereas for the spin-only behavior, we 
expect C * 7-38 x 10“® emu”K/g from the 
chemical analysis; as Uie total Fe concentra- 
tion of the Madagascar sample is about twice 
that of the Pierpont sample, we expect B ~ 
18°K, twice the Pierpont value (9‘’K). The 
spin-only behavior is shown as the dashed 
line in Fig. 4, and does not agree with the 
experimental data. Susceptibilities calculated 
from the octahedral symmetry around Fe**^ 
[18] will give a value of C higher than 7*38 x 
10~^ emu°Kyg and hence will give even worse 
agreement with experimental data. 

Some deviation fr-om Curie- Weiss behavior 
is expected, as we have two types of sites, 
F and Z; If the spins located on F- and Z- 
sites are denoted as Si and St, then the 
molecular field approximation, will be: 

(s.) = [s(s-n)/33(gMW/*r) 

-fS,[5(5 + l)/3](2y«/A7')(Si> (10) 

for / = 1,2 and j= 1,2. 

The exchange constants are proportional 
to J, J', f except for a weighting factor 
(approximately 26 at.% of the F- and 21 aL% 
of the Z-sites are occupied by magnetic ions). 
By solving the two equations (10) (i= 1,2) 
simultaneously , we calculate the susceptibility, 
which is a weighted average of (5i>/// and 
Previously, for the preceeding two 
specimens we have estimated Jlk = 7-5®K 
and (2y'+y")/fc = 8°K. Using J'lk=VK 
and J"lk = 6°K, the solid curve in Fig. 4 is 
obtained. It is in somewhat better agreement 
with the experimental data. For tmprgerite. 
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Hie nearest neighbor distances are 3' 18, 3-2, 
and 3-6A, respectively, for YY, YZ, and ZZ 
pairs; we therefore expect J > f > J\ 

5. CONCLUSION 

By studying tourmaline single crystals of 
various compositions, it is possible to obtain 
information about the locations of magnetic 
ions in the crystal structure and the distortion 
of the oxygen coordination polyhedra about 
the magnetic ions. The buergerite sample 
contains very little Mg, and the Fe®"*^ to Fe®"^ 
ratio is high. To a first approximation, the 
system may be represented by magnetically 
isolated Fe®"^ triangles and the exchange 
constant J, between nearest neighbor T-site 
pairs, can be evaluated accurately. Our results 
are consistent with the X-ray and neutron 
evidence [3] that, despite the presence of 
sufficient aluminum, a small fraction (about 
10 per cent) of Fe-ions replaces Al on Z- 
sites. The lack of strong anisotropy, the 
large distances between Y-sites of different 
triangles, and the applicability of the Heisen- 
berg exchange model suggest that one should 
not expect a magnetic contribution to the 
neutron diffraction pattern at low temperature. 
This is in agreement with recent neutron 
diffraction measurements [4]. For the Pier- 
pont and Madagascar samples, it is possible 
to estimate the exchange interactions between 
YZ and ZZ-pairs. Our results are consistent 
with the optical spectra evidence [1 4] that 
there is considerable deviation from octa- 
hedral environmental symmetry at both Y and 
Z-sites. 
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Abstract— The change of electrical conductivity and thermal dilatation of cuprous seleiude at its 
phase transition was examined. The behaviour of these properties was explained considering a 
non-stoichiometric Cu,-,Se sample as the binary system (Cu,Se+ copper deficit) and equatmg the 
concentration of deficit copper atoms with the concentration of holes. An experimentally attainable 
equilibrium process of phase transition in which both phases have different concentration Wholes is 
discussed. The equations derived on the basis of this process describe the experimental curves with 
satisfactory agreement. 


1. INTRODUCTION copper atom in Cu^-xSe gives a hole. Con- 

1t has been shown that the range of homo- ductivity measurements suggest [9] that the 
geneity in non-stoichiometric Cu 2 -.fSe varies mobility and concentration of holes are the 
from 0-14 5= jc > 0-0025 at 400°C[1]. X-ray same in the a- and /9-phases. This may 
diffraction studies of Cu^-jSc show a solid- probably be explained considering the simi* 
solid a-/3 phase transition [2, 3] at tempera- larity in crystallographic structures of both 
tures which depend on the deviation from solid phases [2]. Therefore, the phase tran- 
stoichiometry[4]. sition is not complicated from the point of 

Many physical parameters, such as the view of semiconductivity measurements, 
electrical conductivity, thermoelectric power The aim of this article is to show the pos- 
and linear coefficient of thermal expansion sibility of calculating the conductivity and 
[S-8] exhibit anomalous changes at tempera- some other physical quantities of cuprous 
tures at which the a-/3 phase transition occurs, selenide at temperatures at which the two 
Conductivity variations during the phase phase region occurs, 
change are explained [9] considering non- 

stoichiometric Cuj-o-Se as the binary system 2. two phase region 

(CujSe-l- Se), in which a and /3 phases in We consider Cu 2 -;rSe to be a solid solution 
mutual equilibrium have different composi- of CujSe and hojes (Cu*Se-t-p). Vacancies 
tions. Thus, conductivity measurements give due to copper deficit in Cus-^Se serve as 
the equilibrium diagram of the (Cu 2 Se Se) acceptor states which are all ionized in both 
system for the a-/3 transformation. Also, it phases. In the temperature range where both 
is possible to calculate the temperature phases are in mutual equilibrium, the distri- 
dependence of the conductivity at tempera- bution of copper deficit causes the distribution 
tures at which the two phase region occurs, of holes. Since the diffusion constant of vacan- 
assuming that part of the sample is in the a- cies in Cu 2 -fSe is high[5,7], it is easy to 
phase and the rest in the /3-phase. The result achieve thermal equilibrium for temperature 
thus obtained is in good qualitative agreement measurements if the change of temperature in 
with the experiment. the sample is sufficiently slow. If the sample 

It has been shown [10] that every deficit is only in the a- or /8-phase, the concentration 
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of holes is the same and equal top^, depending 
on the deviation from stoichiometry. If, how- 
ever, part <rf the sample is in the a-phase and 
the rest in the i3-phase the sum of concentra- 
tion of holes, denoted by pa andp#, respectively 
can be written in the form Pa+Pfl“Po, 
neglecting thermal expansion of the sample. 
The distribution coefficient of holes between 
the a- and )8-phasc will be Ic = pjp». 

We shall start our consideration with the 
case where k is independent of po- Part of 
the equilibrium diagram of non-stoichio- 
metric cuprous selenide, for A: < 1. in the 
T-p representation is shown in Fig. 1. Here 



Fig. I. The diagram of the two phase region for the case 
where the distribution coefficient is constant. 


Tq is the temperature of the phase change in 
stoichiometric Cu^Se. and Tg are the 
respective temperatures at which the two 
phase region starts and ends with increasing 
temperature. This is valid for a sample whose 
concentration of holes is equal to pp. From 
Fig. 1 it can be easily shown that the concen- 
trations of holes in the a and /3 phases of the 
sample are 


Pa 


n-T 

Pa Pfl 

n-T^ 


n-T 

Pa • 

T'a-Tg 


(1) 


As we neglected the change aS the sample 
volume with temperature during the ph^ 
transition, we can write Va+Vg = Vo. Here 
Vo is the volume of the sample, Vc, and Vg 
are parts of volumes of the sample in the a 
and /3 phases, respectively. From Va+Vg = 
Vo and PaVa+pgVg= V,po parts of volumes 
in the a and j8 phases can be calculated 


,AT~TM-Tg) 
Vg — Vo 

(n-T)(Tg-T„) 


( 2 ) 


From the definition of the distribution coef- 
ficient of holes and equation (1) one can obtain 


ro = 


Tg~kTo 

\-k ' 


( 3 ) 


The quantities Vo and po are generally known 
(Po can be calculated from the deviation from 
stoichiometry). Ta and Tg can be determined 
from any physical parameter influenced by 
the two phase region. Ti can also be measured 
mid therefore the distribution coefficient can 
be calculated. If T' is unknown (exact stoichio- 
metry does not exist) then k and Ti must be 
determined by other properties depending 
on the physical parameter. 

Further consideration of equations (1-3) 
leads to Raoult's law. In general the phase 
curves are not linear which was also observed 
for CUi_jSe[9]. Thus, to each value of k 
corresponds a proper hole concentration po- 
The phase curves can generally be represented 
by straight lines only over narrow ranges of 
hole concentration. It means that each sample 
with a given concentration of holes po has its 
own distribution coefficient k. Now the prob- 
lem is to find the mutual orientation of the 
straight lines of phase curves corresponding to 
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a given value of po and the real phase curves for 
different values of po- There is one remark [1 1] 
that the straight lines must be tangents to the 
real phase curves at a point corresponding to 
the definite value of po- i 

We shall show another solution of this 
problem which enables us to calculate the 
temperature dependence of some physical 
quantity in the two phase region. It can be 
shown that formulas (1), (2) and (3) are also 
valid for the case where k depends on Po- 
The only difference is in the meaning of 
temperature r®. Figure 2 shows that To is 
now the parameter depending on the variation 
of A: = /(po). Knowing k, equation (3) permits 
the calculation of To- In Fig. 2 To is higher 
than T'q, but it can also be To < TJ, depending 
on the relation between k and p#. 



Fig. 2. The diagram of the two phase region for the case 
where the distribution coefficient depends onpo- 


3. ELECTRICAL CONDUCTIVITY 
The distribution of holes between the two 
phases at temperatures at which they are in 
equilibrium causes a change of sample con- 
ductivity. The influence of the hole distribution 
depends on the orientation of the boundary 
which separates the two phases in the sample. 
When the discrete phase boundary moves 
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along the sample remaining perpendicular to 
the current flow the effect of hole distribution 
on the conductivity is maximum. If the phase 
boundary moves parallel to the current flow 
the distribution bf, holes has no influence on 
the conductivity. When the sample has a 
shape of a long bar with a temperature along 
it the first case is much more probable than 
the second. In the conductivity measurements 
the thermoelectric voltage due to temperature 
gradient must be eliminated. Now, the sample 
can be regarded as a serial connection of 
two resistor, i.e. R = + where /?„ and 

R^ are the resistances of the two phases exist- 
ing in the sample. Using R = Vlarcf and or = 
epfip where V is the volume of the sample 
with the cross section q, we obtain 

0 - = gP a .Ma PpMg . (4) 

VaP»p.B-*rVpP„ti.„ 

Here cr is the effective conductivity to be 
measured, and are mobilities of holes 
in the a- and /3-phases, respectively. In the 
case where = p, equation (4) can be 

transformed into 

F(T) = — 

«ro 

= (To-D^CTa-TJ 

(Tp-T)(To-T„)^-F(r-T„)(T„-Te)*’ 


where o-q = eppo denotes the conductivity 
of the sample outside the two phase region. 
For temperatures T„ « T « T/j equation 
(1) gives F(T) « 1. The minimum of aiT) 
can be found from dF/dT = 0. It occurs at 
the temperature Tm which is 

. To(T»-Frfl)-2T„Ta Te-^kTa 
2To-(T„-FTfl) \+k • 

By measuring <r{T), Tg and T„ it is pos- 
sible to calculate k; To can be obtained using 
equation (3). 


J*’CSVo(,32,No.7-D 
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4. LINEAR COEFFICIENT OF THERMAL 
EXPANSION 

The thermal expansion in the two phase 
region varies with temperature in both phases 
separately. The general equation giving the 
magnitude of the total length or volume will 
be influenced by both phases. Knowing t'a(7’) 
and Vb{T) we can calculate the thermal ex- 
pansion of the sample in the two phase region. 
For this purpose we take into account two 
facts. Firstly, volumes in different phases 
(Fa* at Ta and at T^) are not equal. The 
volume of the sample is F= V^Va-^ 
where Fa and have the same meaning as 
in equation (2). For a sample having a bar 
shape the above equation can be transformed 
into L = La®Fa-(-Ls®F 3 , where La® and L^® 
are the lengths of the sample at and T^, 
respectively. Secondly, the coefficients of 
thermal expansions (o in the o-phase and 
/3 in the /S-phase) are not the same. Using 
equations (2) the relative dilatation of the 
sample length can be written in the form 

L>a 


+ y,f 


\+0{T-T,) 

l+/3(J„-7,) 


-1 


where /= L«»ri -f ^(r„ - T,)]ILJ>. Figure 
3 shows the temperature dependence of r 
for different values of the parameter /, assum- 
ing that a, /3, (/3 > a), Tg and To are 
constants. Figure 3 shows that the shape 
of r{T) denoted hy A, B and C correspond to 
the values of / given in the figure. Experi- 
mental measurements of thermal expansion 
give Ta, Tg, a, p and /(/can be calculated 
from r{T) putting in equation (7) = 0 and 

T =Tg). The distribution coefficient k (or To) 
can be obtained by fitting equation (7) with 
Uie experimental results. 


5. EXPERIMENTAL RESULTS AND DISCUSSION 

Cu 2 -a.Se samples with different values of 
X were prepared from an initial ingot with 



Fig. .1. The temperature dependence of the relative 
dilatation for various values of parameter/. 

large x by successive evaporation of selen- 
ium. The samples were prepared from pre- 
cisely weighed pure components in an 
evacuated and sealed quartz tube. The initial 
composition was determined from the masses 
of copper and selenium used in the synthesis. 
This initial composition with large x was in 
the range of homogeneity of cuprous selenide. 
In all experiments single crystals were used. 
They were obtained by a simple version of the 
Bridgman method. The experimental data for 
the diffusion constant of copper vacancies 
in Cu 2 _j.Se show very high absolute values 
[5,7]. This enabled one to measure the 
temperature change of conductivity with 
the thermal equilibrium in the sample. The 
rate of temperature change of l°C/min during 
the phase transition had been found to be so 
low that the good reproducibility was obtained 
in conductivity measurements. Measurements 
of conductivity were carried out by means of 
the standard two-probe method. The tempera- 
ture dependence of conductivity together with 
the linear coefficient of thermal expansion 
give characteristic temperatures Ta and Tg, 
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which denote the beginning and the end of 
the two phase region. Conductivity measure- 
ments allow to determine the temperature 
Tm between Ta and 7^ at which cr(T) reaches 
a minimum. ’ 

The data obtained from conductivity 
measurements are listed in Table 1 together 
with the distribution coefficient k calculated 
from (6) and po calculated from the deviation 
from stoichiometry [12]. 


Table 1. 


Sample 2—x ' 

r„»c 


T/C 

^ Po . 10 “cm * 

1 

1-802 

— 

— 

62 

— 

37-7 

2 

1-874 

— 

— 

103 

— 

25-8 

3 

1-893 

-80 

42 

113 

0-582 

21-8 

4 

1-910 

-50 

73 

121 

0-390 

18-2 

5 

1-918 

7 

7 

125 

7 

16-5 

6 

1-929 

-35 

88 

127-5 

0-321 

14-3 

7 

1-940 

- 5 

105-5 

132 

0-240 

12-1 

8 

1-953 

10 

106-5 

133 

0-274 

9-4 

9 

1-962 

35 

108 

137 

0.397 

7-6 


Equation (5) can be directly applied to 
cuprous selenide. The phase transition can be 
considered to be in equilibrium if the measure- 
ments are sufficiently slow. Further, conduc- 
tivity measurements show that hole mobilities 
are the same in both phases. 

Figure 4 shows the temperature dependence 
of conductivity for samples 6 and 8 together 
with the curve calculated from equation (5). It 
can be seen that the results obtained are in 
better agreement with experiment than those 
published in an earlier paper[9]. Table I 
gives the dependence of the distribution 
coefficient on the index 2-x in the samples of 
Cuj-jSe with a minimum in the middle of the 
region of homogeneity. 

Measurements of the linear coefficient of 
thermal expansion were performed on 
samples with conductivities of about 680, 
1000 and 7000 cm~‘. They were denoted 

by SO, SI and S2. The temperature depen- 
dence of the relative dilatation measured on 
sample SO corresponds to the curve f < A 
in Fig. 3. The temperatures and Tg are 



Fig. 4. Temperature dependence of the conductivities 
of samples 6 and 8. 


above room temperature. Sample SI corres- 
ponds to the case A <f < B in Fig. 3. 
Temperature is below room temperature 
(it was not possible to measure it with our 
apparatus). Sample S2 corresponds to the 
curve /> C in Fig. 3. To is far below room 
temperature. The values of r„ and Tg for 

50 and Tg for SI samples determined by 
expansion measurements correspond to those 
obtained by conductivity measurements of 
samples having the same conductivity. 

Table 2 shows the results of thermal 
expansion measurements for samples SO, 

51 and S2. 

Only samples SO and SI can be used for 
comparison with equation (7). For sample 
SO the value of k (or Tq) must be fitted to 
experimental results since other values are 
obtained from thermal expansion measure- 
ments. For sample SI the temperatures To 
and Ta must be obtained from conductivity 
measurements performed on the same sample. 
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Table 2. 


Sample 

cr . 10*(“C->) 

TXO 

TpCC) 

/S. 10»(°C->) 

/ 

SO 

12 

79 

146 

24 

0-99645 

SI 

7 

7 

133 

24 

0-99785 

S2 

7 

7 

55 

28 

7 


Experimental points together with the cal- 
culated curve from equation (7) for samples 
SO and SI are shown in Fig. 5. The distribu- 
tion coeihcient k obtained by fitting to the 
experimental results was found to be 0-14. 
This value is less than expected. This may be 
due to the difference in temperatures 
determined by electrical conductivity and 



Fig. 5. Temperature dependence of the relative dilatation 
of samples SO and S I . 

thermal expansion measurements. The dif- 
ference in Tfl can arise from the fact that the 
composition of sample SO lies at the boundary 
of the homogeneity range [1] in Cu 2 _;,Se. For 
sample SI the result of fitting (with the values 
Ta~ O^C and Tg= I75°C obtained from con- 
ductivity measurements on the same sample) 
gives a = 23- IQ-^'C"’ and/= 0-99785. 


6. CONCLUSION 

The two phase region is a common feature 
to a solution whose composition can change 
at the contact of solid with the melt due to the 
distribution of the solute. The influence of the 
two phase region on the electrical conduc- 
tance in the solid-solid transformation as far 
as we know, has not yet been reported. The 
reason for this lies mainly in the f^act that the 
diffusion rate of the solute in a solution is 
very low causing the distribution effect to be 
negligible. The a-/3 solid-solid transformation 
in cuprous selenide is extraordinarily fast 
due to the high absolute value of the diffusion 
constant of copper vacancies. From the 
experimental point of view this means that 
temperature changes in the two phase region 
should be sufficiently slowed down so as to 
ensure the diffusion rate to produce uniform 
composition of the copper deficit in both 
phases separately. 


REFERENCES 

1. LORENZ G. and WAGNER C.. J.chem. Phys. 26. 
I607(I9.S7), 

2. RAHLFSP..Z.Phys.Chem.B31. I.‘)7(I936). 

3. BORCHF'T W.. Z. Kristallogr. 106, 5 ( I94.‘i). 

4. HEYDING R, D..C(m.y. C/iem. 44, 1233(1966). 

5. REINHOLD H. and MOHRING H., Z. Phys. 
Oiem.B38.221 (1938). 

6. JUNOD P.. Helv. Phys. Aclu 32. .367 ( 1 9.39). 

7. OGORELEC Z. and CELUSTKA B., J. Phys. 
Chem. Solids 27, 957 ( 1 966). 

8. CELUSTKA B. and OGORELEC Z .Acta Metall. 
14.687(1966). 

9. OGORELEC Z and CHI.USTKA B.. J. Phys. 
Chem. solids 30, 149(1 969). 

10. CELUSTKA B., Thesis. University of Zagreb (1969). 

11. SCFIII.DKNECHT H.. Zone Melting. Academic 
Press, New York London (1966). 

12. CELUSTKA B. and OGORELEC Z.. Croat. Chem. 
Acta 41.13 (1969). 




J.Phys.Chem, Solids Pergamon Press 1971. Vol. 32,{^. 1455-1462. Printed in Great Britain. 
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Abstract— The electronic energy band structure of the tetragonal crystallographic modification of 
germanium dioxide (GeO^) has been calculated by the APW method. Application of selection rules 
indicate only two allowed direct transitions at the center of the Briltouin 2 one which correlate with 
observed room temperature optical properties at the fundamental absorption edge in single crystals. 
The calculated band structure also predicts an indirect transition which, although not inconsistent 
with the optical data, cannot be completely verified without additional and more refined experimental 
work. 


1. INTRODUCTION 

Germanium dioxide is known to exist in at 
least two different crystallographic forms 
[1,2]. The commonly occurring form is 
hexagonal (a-quartz structure) and some small 
amount of information about the properties 
of single crystals of this material is available 
in the literature [3-7]. The form that does 
not occur naturally is tetragonal (rutile struc- 
ture) and, until recently, has been prepared 
only by conversion from the hexagonal ma- 
terial[1, 2, 6, 8. 9], In the last several years 
methods for the growth of single crystals of 
tetragonal GeOj have been developed in this 
laboratory [10] and else where [ 1 1, 12] thus 
enabling the observation of optical and elec- 
trical properties. The purpose of this paper is 
to report investigations of the room tempera- 
ture optical absorption edge of such crystals 
and the correlation of resulting data with 
a preliminary calculation of the electronic 
energy bands. 

2. THEORETICAL ENERGY BANDS 
First considerations 

Tetragonal Ge02 possesses the rutile 
structure with space group symmetry 
[13]. The unit cell is simple tetragonal, with 
a c/a ratio of 0-65 and contains six atoms, two 


germanium and four oxygen. The Brillouin 
zone is also simple tetragonal and is shown in 
Fig. 1. 

The principal difficulty in performing a 
first-principle energy band calculation is the 
choice of a crystal potential. Superposition 
of atomic potentials for each constituent is 
usual; the problem in the present case is which 
atomic potential to choose. The question is 
basically one of ionicity Neutral germanium 
and oxygen, Ge"^* ions and O" ions, or some- 
thing intermediate? Further, in the APW 
method, a sphere surrounds each atom— the 
ionic potential (spherical) is used within that 
shere, and a constant potential is chosen be- 
tween spheres. The question again is what 
radius sphere to choose, which really gets 
back to the ionicity problem again (Ge"*"* ions 
are much smaller than neutral germanium 
atoms). 

Several tentative, preliminary calculations 
established the fact that neutral or slightly 
ionized atoms, with approximately equ^ 
germanium and oxygen sphere radii, gave 
completely unsatisfactory results. Such cal- 
culations predicted small band gaps or even 
metallic properties. The cause may be laid to 
the unfortunate fact that the rutile structure 
does not close-pack equal spheres. For equal 
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sphere radii, only about 35 per cent of space 
is filled by the spheres. Since the APW 
method requires the potential to be constant 
outside the spheres, the method will not work 
well when this exterior region is a large frac- 
tion of the total, as is the case here. 

Clearly, Ge^"* and O" ions with germanium 
spheres small and oxygen spheres large, is 
more appropriate. As much as 55 per cent of 
space can be filled with these unequal spheres. 
A test calculation gives more reasonable re- 
sults. Another problem arises, however. Free 
O** ions are not stable, and the only available 
potential is Watson’s[14], which artificially 
puts the ion in a stabilizing potential well. 
This will not give really good results. 


z 



We conclude that the potential must be 
found by a selfconsistent procedure, that the 
crystal potential cannot be guessed a priori. 
The ionicity question reinforces this belief. 
To avoid the really impossible task of choos- 
ing ionicity at the outset, we must let the 
charge distribute itself in the course of an 
iterative calculation. As a starting potential, 
we use the most reasonable potential found in 
the preliminary testing, i.e. the Ge+^ and O’ 
ionic potentials, with unequal sphere radii. 


The self-consistent calculation 

The parameters of the calculation are given 
in Table 1. Sphere radii were chosen as follows: 
the oxygen spheres were made to touch, 
giving as large an oxygen radius as possible; 
then the germanium spheres were made to 
touch these. The spheres cannot overlap in 
the APW scheme. As chosen, the spheres fill 
55 per cent of the space in the crystal. 

The Ge+^ ionic potential was calculated by 
the Herman-Skillman[l5] procedure; the O’ 
potential is that of Watson[14]. An Ewald 
problem is solved to obtain the average po- 
tential for the region outside the spheres [16]. 
This was the first trial potential for the 
iterative calculation. Exchange is included by 
means of the Slater approximation [17]. 

Table 1. Parameters for APW band calcula- 
tion 


Tetragonal unit cell dimensions, a 

c 

u 

Germanium sphere radius 
Oxygen sphere radius 
Type of structure 
Brillouin zone 
Space group 


8'3054 a.u. (4’395 A) 
5-4028 a.u. (2-859 A) 

0- 31 

1- 2723a.u. 

2- 2317 a.u. 

Rutile 

simple tetragonal 
D\* — P42/mnm 


This potential was used to calculate the 
energy bands; eigenvectors and charge densi- 
ties were then determined for each eigenstate. 
The total charge distribution was determined 
by summing over all occupied states. From 
the charge distribution a new potential was 
found by solving Poisson’s equation. The 
average potential outside the spheres is again 
found by a solution of an Ewald problem. 
The p"-' approximation is used to include 
exchange. The actual new trial potential is 
taken to be the average of this potential and 
the original one (this is to stabilize conver- 
gence). Bands are again calculated and the 
process repeated until the eigenvalues con- 
verge. 

Ten iterations were needed before the 
eigenvalues were reasonably stable, conver- 
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ging to within -0-005 Rydberg. It was neces- 
sary to include the higher core states (the 
oxygen 2 .^ and germanium 3d bands) to get 
accurate answers. The bands are depicted in 
Fig. 2. Because of the complicated crystzd 
structure, with six atoms in the unit cell, 
there are a large number of bands. The main 
features are the broad conduction band with 
a parabolic minimum at F, the zone center; 
the profusion of valence bands, the higher 
ones quite flat; and a large (— 5 eV) forbidden 
energy gap separating the two. Not shown are 
the germanium 3d bands at about -0-5 Ry 
on this scale and the oxygen 2s bands around 
— 0-8Ry. Each of the latter has appreciable 
(-0-2 Ry) width. 

A basic feature of the calculated bands is 
the presence of an indirect edge. The direct 
gap from to F,"^ at the zone center is 5-52 
eV; however the valence band state ^1 on 
the top edge of the zone is slightly higher 
than the F 5 + state, so that the indirect transi- 
tion R/ -» Fs"*^ is only 5-25 eV. This indirect 
edge is different from that of germanium, in 


that the valence band comes up away from the 
center of the zone; in all other cases of an 
indirect edge known at present the conduction 
band comes down. 

Table 2 ch^^terizes the charge distribu- 
tion in the GeOz crystal, not counting the 
oxygen Is® core or the germanium Is® 2 s* 2 p* 
2p* 3 s® 3p® core. There has not been a ^at 
deal of change from the first iteration, except 
for a slight shifting of charge out of the spheres 
into the exterior region. Thus the final confi- 
guration still corresponds fairly closely to the 
Ge'^^Oz" configuration assumed at the outset. 
This must not be interpreted to mean that 
GeOj is an ionic compound like, e. g. NaCl, 


Table 2. Charge disfribufion in GeO^ 


Exterior 

4- 14 



Ge(2 of them) 

Ox (4 of them) 

/ = 0 

004 

1-92 

1 

005 

5'14 

2 

9-47 

008 


9-56 

7-14 



Fig. 2 . T etragonal GeOj energy bands. 
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with an ionkity of four. It does indicate con- 
siderable charge transfer, but the bonding 
must obviously be of a covalent character. 
There is considerable charge outside the 
spheres, indicating overlap of the germanium 
and oxygen wave functions. Figure 3 shows 
a plot of radial charge density along the 
nearest neighbor Ge-O direction. The high 
degree of overlap is apparent in this plot. 
Ge 02 is clearly covalently bonded with con- 
siderable charge transfer. This charge trans- 
fer may account for the unusual hardness 
of the compound. 

3. EXPERIMENTAL 

Procedure 

Single crystals of germanium dioxide 
available had typical dimensions of 1-Ox 
O-lxO-lcm^., with the crystallographic 
c-axis lying in the direction of the largest 
dimension. All of the crystals exhibited well- 
developed flat surfaces which proved to be 
[1 10] planes upon examination by A'-ray 
diffraction. This facilitated precise allignment 
of the optica] arrangement relative to the 
c-axis of the crystals. 

Crystals of various thicknesses were pre- 
pared by a careful lapping and polishing pro- 


cedure as follows. The specimen was cemen- 
ted to a flat Pyrex glass blank with a [110] 
face parallel to the glass surface. Several 
small pieces of glass of approximately the 
same initial thickness as the specimen were 
then cemented to the Pyrex flat surrounding 
the specimen in order to ensure a uniform 
final thickness after lapping and polishing. The 
lapping was carried out with successively 
smaller grit carborundum on a flat plate glass 
base. The final laps and polish were done 
using successively smaller particle-size 
diamond paste with a silk polishing cloth 
stretched over a flat plate glass base. The 
finishing diamond particle size was a quarter 
micron. The resulting surfaces were flat to 
within 1 000 A and exhibited optical reflec- 
tivity characteristics which were similar to 
those observed on as-grown surfaces. Sample 
thicknesses down to 45 microns were ob- 
tained this way. but attempts to prepare 
thinner specimens resulted in breakage. 

All of the measurements were made with 
a Perkin-Elmer model 450 spectrometer. 
Radiation incident upon the sample was 
polarized by a 1-5 cm Glan-Thomson calcite 
prism which was placed at the exit slit of the 
monochromator, thus facilitating measure- 



Fig. 3. Radial charge density in GeOj (tetragonal) along nearest-neighbor Ge-O directions. 
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ments with the incident beam of light polar- 
ized either perpendicular or parallel to the 
crystal c-axis. For transmittance measure- 
ments, the samples were mounted in a 
microsampling accessory (Perkin-Elmer N^. 
350-0160) which was equiped with an aper- 
ture that accomodated the sample dimensions. 
The incident radiation intensity was obtained 
by removing the sample from the aperture. 
Reflectance measurements were made in 
near-normal incidence by deflecting the spec- 
trometer beam onto the sample with one 
mirror and collecting the reflected beam on a 
second mirror which in turn focused the 
radiation on the detector. The reflectance 
was determined relative to a silver front- 
surfaced mirror. In order to obtain reliable 
reflectance values in the near u.v. (4-5-6-0 
eV.) it was necessary to etch the crystals in 
13 N KOH at 100“C for 12 hr. This etch 
removed only about one micron of material 
and left the optical quality of the surface 
high. 

The values of the transmittance, T, and the 
reflectance, R, were used to determine the 
absorption coefficient, a, through 

7= (1 — y?)7[exp(ad) — /?== exp(— ad)] 

where d is the sample thickness [18]. Meas- 
urements were made on sample thicknesses 
ranging from 45 to 800 microns, yielding 
values for the absorption coefficient in the 
range of 4cm“‘ to 1-5 x 10-''cm“‘. A total of 
four crystals in all were studied and all four 
exhibited the same absorption coefficient 
wavelength dependence within experimental 
error. The absorption coefficient vs. photon 
energy curves plotted in this paper represent 
composites of several hundred data points 
obtained from these four samples. 

Results 

The room temperature reflectance, R, and 
the absorption coefficient, a, for light polar- 
ized perpendicular and parallel to the c-axis 
are presented in Figs. 4 and 5 as functions of 



Fig. 4. Reflectance, R. vs. energy, ftio, of tetragonal GeOg 
single crystals at room temperature for light polarized 
perpendicular and parallel to the crystallographic c-axis. 



Fig. 5. Absorption coefficient, a, vs. energy, fuo, of 
tetragonal GeOs single crystals at room temperature for 
light polarized perpendicular and parallel to the crystallo- 
graphic c-axis. The arrow denotes the location of the 
peak in the perpendicular polarization reflectance curve 
of Fig. 4. 
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incident photon energy, fto), in the range of 
4 to 6 eV. As expected for the optically aniso- 
tropic tetragonal crystal structure, dichroism 
in the fundamental edjsorption edge is evident. 
We anticipate, on the basis of the band struc- 
ture calculations, the existence of an indirect 
absorption edge which is also suggested by the 
data of Figs. 4 and 5. That is, the broadness 
of the absorption edge and the appreciable 
absorption at intermediate values of absorp- 
tion coefficient (~ lO^cm”') are characteristic 
of large energy gap materials known to have 
indirect edges [19, 20]. On the other hand, the 
peak observed in the reflectance for E ±c- 
axis at about 5-35 eV suggests a direct tran- 
sition in the vicinity of this energy. The E || c- 
axis reflectance continues to rise as the energy 
increases to 6eV, and may possibly peak at 
higher energies outside the range of our 
instrumentation. Sample thickness limitations 
restricted the values of absorption coefficient 
obtained to less than 2 x I0’cm“'. However, 
the rapid rise in absorption coefficient at the 
high energy side of the range seen in Fig. 5 
is consistent with the larger values of a ex- 
pected for a direct gap. The location of the 
reflectance peak for E 1 c-axis is denoted by 
the arrow in Fig. 5. On the basis of the data 
we tentatively conclude that ( 1 ) there is a 
direct gap for the E 1 c-axis mode at about 
5-35 eV., (2) the direct gap for the E || c-axis 
mode lies somewhat above 6eV, and (3) 
there is an indirect gap at an as yet undeter- 
mined energy well below the direct edges. 

The above results can be compared to 
existing optical data for the hexagonal crystal- 
line form of GeOj. Pajasova[5] has observed 
the lowest energy peak in the reflectance spec- 
trum of hexagonal GeOj at about 6-6 eV. 
(with unpolarized light). Absorption coeffi- 
cients obtained from relatively thick crystals 
by Papazian[4] and one of the authors (WAA, 
unpublished) are shown in Fig. 6. Just as in 
the case of tetragonal GeOj the absorption 
edge is broad and there is appreciable absorp- 
tion at energies well below the peak in reflec- 
tance reported by Pajasova. The absorption 



Fig. 6. Absorption coefficient, o, vs. energy, lieu, of a 
hexagonal OeOj single crystal 360 microns thick ob- 
tained by Papazian (Ref. [4]) and similar data for a 285 
micron thick crystal by Albers (unpublished). In the in- 
sert. the data points are fitted with the expression for an 
indirect absorption edge (see text). 

data of Fig. 6 can be examined in terms of the 
theoretical dependence of absorption coeffi- 
cient on energy deduced for simple parabolic 
band indirect transitions [21] 

aku) = — Eg)' 

where E„ is the indirect gap energy and B 
is an energy-independent constant. The hexa- 
gonal GeOz data is fitted to this expression 
in the insert of Fig. 6, yielding a value of 

5- lOeV. for E„. We thus tentatively conclude 
that hexagonal GeOz ha.s a direct gap near 

6- 6 eV. and an indirect gap in the vicinity of 
5-1 eV. This is not inconsistent with qualitat- 
ively similar conclusions drawn by Reilly 
using a different approach [22]. 

A parallel analysis of the indirect transitions 
in tetragonal GcOj has not proven possible. 
Upon comparison of the data in Figs. 5 and 
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6 it is readily appreciated that the form of the 
absorption coefficient dependence on energy 
for the tetragonal material is apparently 
somewhat more complex than for the hexa- 
gonal form. The determination of the indirect 
gaps in the tetragonal crystals must await 
more detailed experimental investigation. 

4. DISCUSSION 

We now wish to compare the experimental 
results on tetragonal GeO^ with the calculated 
band structure. The application of selection 
rules for electric dipole transitions at the 
center of the Brillouin zone [23] reveals only 
two allowed transitions, Fi" 1',+ for light 
polarized parallel to the c-axis and Fj^ — » F,+ 
for light polarized perpendicular to the c-axis. 
All other optical transitions at F are forbidden 
by symmetry. 

The energy band calculations indicate that 
the Fi^ state is the lowest-lying conduction 
band at F while the highest-lying valence 
band is 1",+; the F,” valence band lies at a 
somewhat lower energy. We therefore assign 
the F5+ -* f’,+ transition to the direct gap for 
£ 1 c-axis observed at 5-35 eV experimen- 
tally. The calculations then predict a direct 
transition F,"— »F,+ for the parallel light 
mode at a somewhat higher energy, not in- 
consistent with the experimental results. The 
experimentally observed dichroism should 
then be associated with the separation be- 
tween the Fs+ and F,“ valence bands. These 
assignments are consistent with similar ones 
at the F-point of (tetragonal) tin oxide [24]. 

An important feature of the calculated band 
structure is the prediction of an indirect gap 
due to the rise of the valence band at the 
R-point above the energy of the F.,^ state. 
The /?/ -> F,^ transition is allowed for 
both polarizations of light on the basis of 
symmetry considerations [23]. We tentatively 
conclude that the evidence for indirect tran- 
sitions observed experimentally supports the 
theoretical prediction. 

The band calculations yield an indirect gap 
energy of 5-25 eV while the direct gaps are 


calculated to be 5-52 and 6*04 eV fen* the 
perpendicular and parallel cases, respectively. 
These numbers are in reasonable agreement 
with experiment. That is, we observe the 
1 gap to be 5*35 eV and the || gap somewhat 
greater than 6eV'. Although undetennined, 
the indirect gap could conceivably lie in the 
vicinity of 5 eV. We conclude that the band 
calculations correlate quite well with the 
admittedly preliminary optical data and there- 
fore can be assumed to, at least qualitatively, 
account for the electronic properties of tet- 
ragonal germanium dioxide. 
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ELECTRON-HOLE RECOMBINATION IN 
COBALT-DOPED p-TYPE GERMANIUM 

G. SUSILA and G. SLIRYAN 

Department of Physics, I ndian Institute of Science, Bangalore- 12.1 ndia 
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Abstract -The recombination properties of cobalt centers in p-lype germanium containing cobalt in 
the concentration range 10*' to 10'” atoms/cm” have been investigated. The measurement of lifetime 
has been carried out by steady-state photoconductivity and photo-magneto-electric methods in the 
temperature range 145 to 300°K. The cross-sections 5° (electron capture cross-section at neutral 
centers), S„“ (electron capture cross-section at singly negatively charged centers) and their tempera- 
ture variations have been estimated by the analysis of the lifetime data on the basis of Sah-Shockley's 
multi-level formula. The value of 5° is (15 ±5) . 10"'” cm” and is temperature independent. The value 
of is ~ 4-10“'“cm” around 225°K and it increases with increase of temperature. The possible 
mechanisms for capture at neutral and repulsive centers are discussed and a summary of the capture 
cross-sections for cobalt centers is given. A comparison of the cross-section values of cobalt and 
their temperature variations with those of the related impurities-manganese, iron and nickel-in 
germanium has been made. 


1. INTRODUCTION 

This paper describes the investigations of 
recombination processes in p-type germanium 
doped with cobalt which introduces two 
acceptor levels in the forbidden gap of 
germanium[l] (0-25 eV from V.B.: Co'’ 
Co“; 0-30 eV from C.B.: Co" — » Co“). In 
p-type samples, the Fermi level is below the 
intrinsic level in the entire temperature range, 
thereby ensuring that all the cobalt atoms are 
either eingly negatively charged or neutral. 
Hence a study of carrier lifetimes in p-type 
cobalt-doped samples facilitates the deter- 
mination of the capture cross-sections 5^ and 
S„~ associated with the neutral and singly 
negatively charged centers (the superscript 
refers to the state of the center before capture 
and the subscript to the type of the carrier 
captured). The capture cross-section SJ has 
been reported to be 10T0"'''cm* by Glinchuk 
et al.[2] but no details on its temperature 
dependence are known. As far as S„" is 
concerned, some values attributed to Glinchuk 
are reported in the literature [3], From the 
study of steady-state photoconductivity and 
photomagnetoelectric effect in n-type samples. 


Susila[4] has estimated S„~ to be about 
~ 0-1 . 10^'® cm* at 145°K. These measure- 
ments have been extended to p-type cobalt- 
doped germanium samples and the results 
are reported here. 

2. MATERIAL PREPARATION AND 
EXPERIMENTAL DETAILS 

P-type germanium crystals doped with 
spectroscopically pure cobalt (from Johnson 
Mathey & Co.. U.K.) were prepEired by 
adding cobalt-germanium pellets to the p-type 
germanium melt while growing the crystal 
(by Czhochralski pulling technique). The 
starting material was zone-refined n-type 
germanium to which gallium had been added 
during crystal growth. Samples from the 
initial and middle portions of the crystals 
which exhibit low dislocation densities 
(maximum limit being one thousand/cm*) 
were used for measurement purposes. 

Measurements of resistivity. Hall effect 
and lifetime were carried out on a large 
number of samples in the temperature range 
145 to 3(X)°K. Steady-state photoconductivity 
(pc), photo-magnetoelectric effect ipme) and 
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compensation methods were employed for 
lifetime measurement and the experimental 
arrangement and conditions have already 
been described in Ref.[4]. The results of a 
few typical crystals are given below. 

3. RESULTS AND DISCUSSION 
From the measurements of Hall effect and 
resistivity in some high-resistivity p-type 
cobalt-doped samples, it was observed that 
considerable changes in the value of and 
resistivity (p) occurred below 200°K. The 
semi-log plots of Po and p against 1 000/7 tend 
to strike into a fairly steep slope at lower 
temperatures. Unfortunately, the measure- 
ments could not be extended below 150°K 
to get the magnitude of the slope. As in «-type 
[4] the lifetime values were less than Spsec 


depending upon the cobalt concentration. 
The values of cross-section were, however, 
estimated from the data obtained for low- and 
medium-resistivity samples. 

Figure 1 gives the variation of Tpc and 
for five samples as a function of temperature 
and the pertaining data are presented in Table 
1. The common features observed in all the 
samples are (i) unlike «-type crystals in which 
there is a large difference between Tp^ and 
Tpme and in which Xp^ increases with decrease 
temperature, in p-type samples both Tp<. and 
Tpme are almost the same, within the limits of 
the experimental error, in the entire tempera- 
ture range i.e., no trapping processes occur 
at low temperatures, (2) all samples show a 
well-defined plateau in the lifetime curve in 
the temperature range 14.S to approximately 



Fig. I . Temperature vanation of t„. and for cobalt-doped 
p-type germanium samples. 
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Table I . 


Sample 

no. 

Hole cone. 

(300"K) 

(No/cm’) 

Cobalt cone. 

N, 

(atoms/cm’) 

Lifetime 

at300°K 

(/t^sec) 

Lifetime 
at 145°K 
(fi sec) 

s; (temp, 
independent) 
il in 
(10-^'cm,) 

5,- (T'K) l/y(i) 

in used in 

(10'“cm,) calculations 

42 

6-20. 10« 

5 -6 . 10« 

1-45 

1 

18 


8 

63 

2-28 . 10"> 

2 4 . 10“ 

0-44 

0-263 

16 


4 

65 

9 00. 10‘» 

5 00. 10“ 

0-224 

0-17 

12 


8 

64 

3-24 . I0» 

1-6. 10“ 

1-14 

0-33 

19 

3-9 (225“K) 

8 

68 

1-47. 10“ 

8-5 . 10“ 

2-7 

1-2 

10 

4-0 (225'’K) 

8 


225°K and (3) at higher temperatures, no well- 
defined plateau dould be seen. 

The data were analysed on the basis of 
Sah-Shockley’s[5] multi-level recombination 
formula: 

-= (rio + Po) 

T 

in+n) 

T(n,0)lpo + P*ii)]+Tip, l)[no+«*(i)] 

, (/?+/!) 1 

T{n, l)[po+P*(f)] + i'(p,2)[no + /i*(i)lJ' 

( 1 ) 

For meaning of symbols see Ref.[4]. 

Since the Fermi level is below the intrinsic 
level for p-type samples,/® = 0, i.e., there are 
no doubly negatively charged cobalt centers. 
Also for the entire temperature range 
of investigation rt*(i)/po n(i)/Po 1 and 
P*(t)/Po ~p(f)/Po 1 and for all samples 
«o Ro- 
lf the temperature range and hole concen- 
tration of the samples are such that the Fermi 
level is situated well below the 0-25 eV level, 
then f° ~ 0 and the second term in the equa- 
tion (1) can be deleted. Further, the value of 
which represents the capture at an 
attractive site is generally expected to be 
large or at least of the same order as S°. The 
values of Sp~ quoted in the literature [6] for 
various ipipurities have always been much 
larger than their corresponding St,. Even if 
^ S„, 


Under such conditions the expression (1) for 
T simplifies to the form 

T = T(n,0)(l-l-p*(i)/po). (2) 

For those cases where /“ 9^ 0, the second 
term in the expression cannot be ignored. 
The first term can be written in the form 
N/t)poSS/[Po+P*(i)]- The second term can be 
expressed as follows: 

y>2 

T(n, 1 ) [po + p* (t)]+T(p, 2) K + «*(!)] 

^ P*(i)Sn'VNf 

[Po+P*(i)][l + («*(f)/Po)(5„-/5p-)] 

(3) 

since 

fo P*(i) 

[Po+P*a)]- 

The final expression for t is then given by 
^/i'[pA“+P*(i)5«-(l+^)-*] 

where 

PoSp“ 

when < Po and S„~ -4 5p“, then t is 

given by 

[Po+P*(i)] 

Nfv[poSt; + p*(i)S„-y 


T(rt, 0)[po-l-p*(i)] > t(p, l)[/io + /i*(i)]. 


( 5 ) 
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^^ether X is negligible or not depends upon 
the values of n*(i), Po. 5«“ and Sp“ and it 
varies with temperature and from crystal to 
crystal. 

The calculation of Fermi levels for low- 
resistivity (po > 10‘Vcm®) crystals (No. 42, 
63 and 65) indicates that the Fermi level is 
well below 0-25 eV for the entire temperature 
range (145-300°K), thereby enabling one to 
use the simple expression (2) for r. Also in 
the temperature range 145 to approximately 
225°K, p* (i) Po and r is given by 

T =t(m, 0) = (6) 

NfVS°„ 

and the temperature dependence of 5° is 
essentially determined by the temperature 
dependence of t = t(/i, 0). The low tempera- 
ture plateau region of the lifetime curve gives 
a value of (15 ± 5) . 10~‘* cm* for St. The well- 
defined plateau indicates that 5^ is tempera- 
ture independent from 145 to 225°K and there 
is no particular reason to expect it to vary 
above 225'’K. The temperature variation of 
T observed above 225*K can be attributed to 
the temperature variation of Attempts 

were made to fit the experimental data to 
equation (2) choosing a suitable value of 
gilgo=ily(i) and assuming E^-E{i) = 
0-25 eV. The solid lines in Fig. 1 indicate the 
calculated lifetime values. For all low- 
resistivity samples the experimental data 
could be fitted up successfully to equation (2) 
for a value of gjgo = 8. However for sample 
63, the value 4 for gjg„ gives the best fit. 

In the case of medium-resistivity (po = lO'"* 
to lO’Vcm*) samples also, the lifetime curves 
exhibit well-defined plateau in the low 
temperature range (145 to — 170°K) where t 
is given by the expression (6). The values 
of S° calculated are given in Table 1 and they 
are of the same order of magnitude as that 
observed in low-resistivity samples. Above 
170“K, one has to use the equation (4) to fit up 
the experimental data. Calculations show that 
up to 225®K, even if one assumes and 


to be of comparable magnitude, the value of X 
occurring in the equation (4) is negligible. 
Hence assuming gjgo = 8, p*(i) was calcul- 
ated and the value of S„" was estimated 
using the equation (5), it is of the order of 
4 . 1 0”’® cm* at 225°K. 

To fit up the experimental data above 
225°K, (as a first approximation), the life- 
times were calculated assuming a constant 
value of 4. 10“‘®cm* for S„~ and using the 
expression (5) for r. Surprisingly it was found 
that there is a general agreement between the 
experimental and calculated values. This 
apparent fit does not indicate that S„~ is 
temperature independent because at higher 
temperatures the term A' = n*(i)5„“/po5p“ 
is not negligible and one has to replace 
by S„~l(\ +X). Hence it is not S„~ but 
S„~l{i+X) which is approximately constant 
around 4. 10*'® cm*. (In addition, since there 
is appreciable contribution due to S^po term 
even at room temperature, small changes in 
the value of 5„“/ ( 1 + A’ ) will not be reflected in 
the lifetime curve). Since X is increasing with 
temperature, should also increase with 
temperature in the higher temperature range. 
In view of the uncertainty in the temperature 
variation of at higher temperature [4], the 
explicit calculation of S„~ has not been made. 

4. y FOR THE £(1) (0-25 eV) LEVEL OF COBALT 

As in n-type, a knowledge of the degeneracy 
ratio y for the £(i) level of cobalt is necessary 
for the analysis of lifetime data and no experi- 
mental investigation on the value of y for 
cobalt E{i) level in germanium is available in 
the literature. However, by fitting up the 
experimental curve to equation (2), l/yii) 
has been estimated. The value 8 for ^^(i) 
gave a reasonably good fit over the entire 
temperature range of investigation for most of 
the samples. 

5. CAPTURE AT NEUTRAL CENTERS 

The value of S° is fairly large and is about 
(15±5) . 10“‘*cm*. Its temperature indepen- 
dence is clearly demonstrated by the well- 
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defined low temperature plateau in the log r 
vs. 1000/r curves of p-type samples. Accord- 
ing to Lax’s [7] theory for neutral centers, 
the cross-section 5° for electrons is expected 
to exhibit some weak temperature depen- 
dence. The exponent 'n' in the power law has 
been estimated [7] to lie between 0 and 1 
depending on the relative contributions of 
optical and acoustical phonons; but the 
observed 5° is practically independent of 
temperature. The magnitude of 5^ is also 
large and it is doubtful whether the required 
number of excited states will be available 
around a neutral center due to the weak and 
short-range polarization forces (see Bonch- 
Bruevich and Glasko[8]). These lead one to 
suspect whether Lax’s cascade theory can 
completely account for capture at neutral 
centers. In this connection attention may 
be drawn to the work of Sheinkman[3] who 
has proposed a type of Auger recombination 
process at multiply charged centers in which 
the energy released on capture at a multi- 
level center is imparted to another localized 
carrier of opposite type in that center, which 
may be ejected to the respective band. He 
has remarked that for this process, the 
temperature dependence of 5° is likely to be 
very small compared to that expected on 
Lax’s theory and that this process may yield 
large value of cross-section for neutral 
centers. 

6. CAPTURE AT REPULSIVE CENTERS 
The value of S„~ estimated from p-type 
samples around 225°K is about 4. 10“'* cm* 
and it increases with increase of temperature. 
Hence at 300°K will be greater than 
4. 10“*® cm*. On the contrary, the value of 
S„~ estimated independently from the steady- 
state pc and pme measurements at low 
temperatures is of the order of 0-1 , 10“'® 
cm* and the upper limit estimated roughly at 
300°K is 1 . 10“'® cm*. Thus it seems there is a 
residuary difference between the two 5„" 
values obtained in n- and p-type samples. 
This difference can be qualitatively under- 


stood as follows: it is probable that in p-type 
cryst^s where the msiioiity carriers are h^s 
there will be a tendency for the fa<Hes to 
cluster around the negatively charged centers. 
This large concentration of carriers in riie 
immediate vicinity of the n^atively charged 
center reduces the potential barrier around 
the center and this may result in a larger 
value of cross-section in the case ctf p-type 
crystsds. 

However, the value of S„~ both in n- and 
p-type samples is larger than what is expected 
for a repulsive center and at present there 
appears to be no theory to explain the rather 
large values of cross-sections usually obtained 
for repulsive centers. The cascade mechanism 
which accounts for the large values of capture 
cross-section is not suitable for repulsive 
centers since no bound orbits for carriers can 
exist around a repulsive center. One has to 
look into other mechanisms for the dissipation 
of recombination energy. Among these the 
probability for the simultaneous emission of 
phonons is usually very small. Sheinkman[3] 
has remarked that the type of Auger process 
(which he has applied for the case of neutral 
centers) does not take place at repulsive 
centers. There seems to be some experimental 
evidence for radiative recombination to take 
place at repulsive centers (an example is that 
of Zn“ centers in germanium at low tempera- 
tures [9]). Hence the possibility of radiative 
recombination cannot be ignored. In general 
one should look into the various mechanisms 
particularly radiative and Auger processes in 
considerable detail to determine their role in 
recombination at repulsive centers. 

From the experimental point of view, the 
temperature dependence of 5„“ for cobalt 
(deduced from a study of both n- and p-type) 
is as follows: It is practically temperature 
independent in the lower temperature region 
(145° to 180°K) but there is a definite tendency 
for it to increase with increase of temperature 
at higher temperatures. However data is not 
sufficient to propose any definite mathematical 
expression for the same. While classically a 
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Steep temperature dependence is expected for 
repulsive centers, it has been shown by 
Bonch-Bruevich [10] that the tunnel effect, 
if taken into account, will reduce the tempera- 
ture dependence considerably. This may 
explain the weak temperature dependence 
observed in the low temperature region. The 
possible large increase of 5," in the higher 
temperature region, inferred from the trapping 
ratio in n-type remains, however, unexplained. 

The cross-sections and their temperature 
dependence determined for the case of cobalt 
by the authors are summarized in Table 2 
which also includes the values of cross- 
sections for the other related impurities iron, 
nickel and manganese. 

Of the four cross-section Sp~, Sp~, Sn~ 
and 5“ which describe the recombination of 
carriers at cobalt centers, it has not been 
possible to estimate the cross-section Sp~ by 
the experimental methods adopted here 
because (a) it is difficult to isolate its effect by 
any choice of temperature range and/or the 


position of the Fermi level siad (b) its vdltie is 
generally expected to be huge, hence one has 
to resort to methods like those of Rupprecht 
[11, 12] and noise methodf2IJ to determine 
the same. 

The cross-sections obtained for cobalt may 
be compared with those obtained for similiar 
centers like ' manganese, iron and nickel 
available in the literature. See Table 2. Some 
of the cross-sections determined earlier than 
1 %0 are available in Ref. [6]. 

It is seen that so far as the temperature 
variation of at cobalt centers at low 
temperatures is concerned, it behaves like 
iron [16] and manganese [23]; but according 
to Kalashnikov and Tissen[17], the cross- 
section Sp‘" for nickel is independent of 
temperature. Some of these investigations 
have been carried out on diffused samples 
with rather low concentration of nickel. 
Wertheim[l 8] on the other hand, has reported 
an increase of Sp“ with decrease of tempera- 
ture for nickel. The values of for cobalt [4] 


Table 2, Capture cross-sections and their temperature dependence ofFe, Co, Ni and Mn 
(Cross-sections given below are in units u/IO*’® cm*) 


Cross- 

section 

Element 

Fe 

Co 

Ni 

Mn 

S°n 

10(300°K)(2. 13] 

10(300''K)[2] 

I5±5; temp, indep. 
(present work) 

20(17] 1 

0'%[I8] [ temp. 

0-5(19] J indep. 

2(90°K) 

weak temp. dep.[22] 

Sn- 

< 0 001 (SO^K) 

01 ±005 

3(300'K)temp. indep.] 17] 

0-4(300'“K)[22]] 


> 1 (300°K) 

weak temp. dep. below 

5-9(300°K) temp, indep.] 18] 

0-1 (300°K)[23]j weak 


inc. exp.\0 05eV)[l4] 

180°K; inc. with inc. 
ofT(4] above 180°K 

4 (225'’K) 

(present work) 

SOOO'K) 

temp, indep. from 

280-350°K(19] 

temp. 

dep. 

5p- 

30(300'K)II5] 

- . 

I000(77°K)(20] 

(6to8) 10^(100)1 
varies at F-v* jl"- 
350(200'’K) varies 
as r-' M2l] 

(2 to 3) W(100°K) 
varies as 7-‘'*[ll. 12) 

Sp- 

100(300°K)tl5] 

22±5(I45‘'K) 

200(300'K)(17] 

0-6(300°K) 


varies as 7"* [16] 

1 

varies as T~*-, 
less steep variation 
at higher temperature 

1 (300°K) lowest 
estimate [4] 

temp, indep. 

100(300'K) 
inc. on cooling [18] 

3= 1000(30(rK)[21] 

varies as T~‘ *[23] 
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and Biia^ganese{23] are small and are amund 
1 . l<)"‘*cni* at 300“K. However the values 
quoted for nickel [17, 18, 21] are of the 
on^ 100 . 10"** cm* and more. 

The relative magnitudes of 5® and 5»“ for 
these centers are also interesting. It is found 
tha.tSllS„~ is about 3 to 10 for cobalt, mangan' 
ese[22] and iron[13, 14], but for nickel 
Eliseev and Kalashnikov [ 1 9] have established 
a value 0*16 for the ratio S®/S„". This behavi- 
our is similar to those observed in gold and 
silver [24]. 

The capture cross-section is practically 
temperature independent for nickel[17, 18. 
19] and cobalt and weakly dependent for 
manganese [22]. For iron, the temperature 
dependence of 5° is not available in the 
literature. 

While the temperature variation of is 
weak at low temperatures for cobalt centers 
similar to what has been observed for mangan- 
ese and nickel, there seems to be some 
temeperature variation at higher tempera- 
tures. For iron also, Belyaev and Mologolovets 
[14] have observed an increase of S„~ with 
the increase of temperature. 

It is found that it not possible to put the 
elements manganese, iron, cobalt and nickel 
in any particular order from the point of view 
of their recombination properties. It is clear 
that more theoretical investigations are called 
for, particularly on capture at repulsive 
centers because it has been noticed that the 
capture cross-section S„~ is of the same order 
or sometimes even larger than 5^. At room 
temperature, both in manganese and cobalt, 
S„~ is of the same order as Regarding 
the capture at attractive centers, one will 
expect on the basis of Coulombic attraction 
that 5p“ > 5p“ > 5p" but it has been found 
experimentally that in some cases Sp~ is very 
much larger than 5p” (see Table 2). The value 
of Sp“ is generally small (for example, for 
copper, Sp* at 300°K. is 1 . 10"*® cm* [25]). 

On the experimental side it is necessary to 
determine the values of the degeneracy ratio 
for the various levels accurately, without 


which quantitative calctdatk^ts Cannot be 
perftnmed. Experimrats widi IhE^irity level 
excitation and observation of impurity levd 
recombination naliation may be very vsdoal^ 
since they WUI serve to isohde nmny ctf the 
relevant cross-sections unambiguously. 
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STRUCTURE ET PROPRIETES MAGNETIQUES DU 
MANGANiTE DE CHROME* 

B. BOUCHER, R. BUHLt ei M. PERRlNt 

Service de Physique du Solide et de Resonance Magn^tique, Centre d’Etudes Nuciiaires de Saclay, 

BP n" 2 — 91 , Gif-sut-Yvette, France 

(Received 3 January 1970; in revised form 1 April 1970) 

Abstract— Chromium manganite CrMn ,04 is a tetragonally distorted spinel, its formula is Mn*'^- 
[Cr^'*'Mn ’'*']04 (inverse spinel). 

The study of the fundamental magnetic properties ; paramagnetic susceptibility and magnetization 
as a function of the field and also the measurements by neutron diffraction leads to the magnetic 
structure of CrMniO, at 4,2°K; it is a Yafet-Kittel type structure. The moments of the .4 sites are 

4.1 Ms und those of the B sites: 1,68 Ms- The B moments make an angle 9 — 23° with [110] direction in 
a vertical plane. The relative arrangement of B site moments in the magnetic configuration is depend- 
ing upon the crystallographic direction of the easy axis and this fact suggests the origin of the struc- 
ture: the anisotropy. 

The study at 4.2°K with a polycristalline sample, by neutron diffi^tion, of the peak intensities as 
a function of the magnetic field applied along the K diffusion vector allows us to verify the deformation 
mechanism of the ‘anisotropic structures' given in a previous paper. Then, are calculated the aniso- 
tropy laws, critical fields of 'flipping' and the volume variations of the different magnetic domains. 

The thermal evolution of the parameters of this structure is then worked out from the thermal 
variation of the intensities of the neutron diffraction peaks. Above the transition temperature (45°K) 
the structure becomes linear until the Curie point (63°K). 

Resume — Le manganite de chrome: CrMn^O, est un spinelle d6form6 quadratiquement, il est inverse 
et saformule s’ecrit: Mn*''(Cr’'Mn^''] 04 . 

L'etude des propri6t6s magn6tiques fondamentales : susceptibility paramagnytique et aimantation 
en fonction du champ ainsi que les mesures de diffraction de neutrons permettent de dyfinir la structure 
magnytique de CrMn^O, a 4,2°K: elle est de type Yafet-Kittel. Les moments des sites A valent 

4.1 ceux des sites B\ 1,68 mb et le demi angle d’ouverture des moments B: 9 = 23°. L'arrangement 
relatif des moments des sites B ^ I'intyrieur de la configuration magnytique. dypend de la direction 
cristallographique de facile aimantation et ceci suggyre I'origine de cette structure : I’anisotropie. 

L'etude k 4,2°K, sur ychantillon polycristallin. par diffraction de neutrons, de I'intensity des tales 
en fonction du champ magnytique appliquy suivant le vecteur de diffusion K, permet de vyrifier le 
mecanisme de dyformation des ‘structures anisotropes’ exposyes dans un article prycydent. de calculer 
les lois d'anisotropie. les champs seuils de retoumement et les variations de volumes des diffyrents 
domaines magnytiques. 

L’yvolution thermique des parametres de cette structure est ensuite deduite de la variation ther- 
mique de I’intensite des raies de diffraction de neutrons. Au-dessus de la tempyrature de transition: 
45°K, cette structure devient lineaire jusqu'au point de Curie: 6S°K. 


La preparation du manganite de chrome 
pur; CrMn 204 a deja ete decrite en detail dans 
un article precedent [1], Rappelons simple- 


*Cet article recouvre une partie de la these de Doctoral 
d'Etat de R. Buhl soutenue le 2 Juin 1969 k Paris (N° 
CNRS AO 3314). 


ment qu'il se forme a haute temperature et 
que son domaine de stabilite theimique en 
phase unique s'6tend de 1250°C ^ I’ambiante. 
II cristailise dans le syst^me quadratique: 
groupe d’espace — e’est un spinelle deform^ 
da = 1 ,485 — . La rdpartition des ions dans 
les sites cristallographiques n’est pas affect^' 
par les traitements thermiques de refroidisse- 
ment: e’est un spinelle inverse dont laformule 
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cristaliogrMii<Iue s’^crit: Mn[CrMn] 04 . les 
ions i rint^rieur des crochets sont dans les 
sites octa^driques B. 

L’&;hantillon ^tudi6 ici est cehii dont ie 
refroklissement a lent, lui assurant ainsi 
une bonne cristallisation et une grande sta- 
bility. 

1. PROPRIETES MAGNETIQUES 

La tempyrature de Curie de CrMnjO^ est 
65°K. Au-dessus de cette temperature, la 
variation thermique de I’inverse de la sus- 
ceptibility paramagnytique est celle d’un 
corps ferrimagnytique (Fig. 1). La tempdra- 
ture de Curie asymptotique est assez forte- 
ment nygative: ffp = BtXl’K, elle indique des 
interactions antiferromagnytiques prepon- 
dyrantes. La constante de Curie moleculaire 
dyduite de cette courbe: Cj/ = 7,16 est beau- 
coup plus faible que celle calculee pour une 
configuration ionique: Mn^"*^ Mn®^ Cr®"^ avec 
des moments de spin seul: Cm = 9,24. Comme 
nous le verrons plus loin, le moment magne- 
tique k basse tempyrature de Mn*+ dans les 


sites A est assez loin de sa valeur thyorique; 
5 fis, ceci peut y videmment provenir de fortes 
fluctuations mais aussi d’une part de covalence 
dans la liaison avec roxygine qui peut efFec- 
tivement ryduire le moment. D’autre part. 
I’ion Cr*+ dans les sites octaydriques peut 
presenter un certain couplage spin-orbite qui 
reduit egalement son moment effectif. 

Au-dessous de la tempyrature de Curie 
(65°K), CrMnsO^ est ferrimagnetique et la 
Fig. 2 reprysente la courbe d’aimantation a 
4,2°K obtenue en champs magnytiques in- 
tenses pulses*. Deux points sont intdressants 
k remarquer; (1) la partie linyaire de la courbe 
n’est attcinte que vers SOkOe ce qui montre 
I'importance de I’anisotropie magnytocristal- 
line; (2) la valeur de I'aimantation spontanee — 
obtenue par extrapolation a champ nul de la 
partie lineaire de la courbe — est trop faible: 
1 ,08 /Ajs/molecule pour rendre compte d’une 

*Les mesures de susceptibility paramagnytique et en 
champs magnetiques pulsys ont 6t6 effectuyes par Mrs. 
Allain. Krebs et de Ounzbourg— DPh-G/PSRM CBN 
Saclay. 



Fig. I . Vanatkm thensque de I’inverse de la susceptibility paramagnytique de CrMnjO^ 
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Structure magndtique ferrimagn^tique line- 
aire classique du type 6 tudie par Neel [2]. 
Ceci est d'ailleurs confirm^ par le fait qu’- 
aucune saturation n’est atteinte, le moment 
magnetique croit lineairement avec le champ 
au-dessus de 80 kOe. 

En transmettant des vibrations mecaniques 
^ une poudre magnetique soumise k Taction 
d’un champ magnetique exterieur et lorsque 
le materiau est assez anisotrope, il est pos- 
sible d’orienter dans la direction du champ 
un grand nombre de cristallites. La repartition 
spatiale des grains de la poudre n’est plus 
statistique et il est facile de detecter par dif- 
fraction de neutrons, la direction ou se sont 
orientes les cristallites. En effet, Tintensite de 
la raie nucieaire correspondant ^ la direction 
d’aimantation croit proportionnellement au 
nombre de cristallites en position de reflexion. 
C’est ainsi que iii determin 6 e pour CrMnt 04 
la direction de facile aimantation qui est la 
direction [ 110 ]. 


2. STRUCTURE MAGNETIQUE A 44°K 
Les spectres de diffraction de neutrons 
{X= 1,138 A) k la temperature de Th61ium 
liquide ne revelent pas de changement dans 
la symetrie cristalline. La symetrie magnetique 
reste quadratique centree a basse tempera- 
ture. La maille du spinelle contenant 4 mole- 
cules de CrMn 204 , il est possible grice ^ la 
symetrie centree de ne considdrer que la 
moitie des sous-reseaux magnetiques, les 
autres s'en deduisent par la translation i, 
i,i. lls seront de^is par leur position dans 
la maille (origine ^ 4m2): 

— 2 sous-reseaux tetraedriques A ; A i(0, 0, 0) 
et /4z(0, i, i) porteurs des moments Mi et M^. 

—4 sous-reseaux octaedriques B: BgfO.i.f); 
B 4 ( 0 ,i, 8 ); Bsti.O.i) et B«(i0,i) porteurs 
des moments M 3 , M 4 , Ms et Mb respectivement. 

Comme le montrent les spectres de diffrac- 
tion de neutrons, (Fig. 3) il n’existe pas d’- 
ordre nucieaire k longue distance, la reparti- 
tion des ions sur tous les sites est statistique 
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CrMrijQ, Spectre de diffraction de Neutrons X=I.I38A,T = 4,2°K , H=0 


I I Intensite' nucleoire 
K\:,V'3 Intensite' mognelique 

Fig. 3. Spectre de diffraction de neutron.sfX = 1,138 A) a4.2°Ket champ ext^rieur nul. 


et Ton a done en premiere approximation: 

|M,| = iMsl 

et 

IM3I = |M,| = |M,| = |Mat. 

La raie (002) etant nolle avec et sans champ 
appliqu^ suivant le vecteur de diffusion, on en 
d^duit; 

Ml = M2 et M3 + M4 = M5 + Ma- 

11 serait possible d’admettre I’existence d’un 
angle entre Mi et M 2 mais celui-ci devrait 
Tester faible (quelques degres) pour rendre 
compte de I’ensemble des r^sultat's experi- 
mentaux, m€me compte tenu de leur precision 
relative. Les valeurs de moments magn4- 
tiques ainsi d6duites en seraient tr^s peu 
affiect^es. Les parties coh^rentes des vecteurs 


M, et M2 seront done considerees egales par 
la suite. 

L’ intensite magnetique de la raie (110) est 
proportionnellc a la composante transversale 
des moments des sites B. Cette raien’etant 
pas nolle, les moments B ne peuvent pas etre 
colineaires. 

En tenant compte du fait que la direction de 
facile aimantation est la direction [1 10] et que 
I’aimantation spontanee a pour valeur: 1,08 
finlmol., on aboutit linalement a la structure 
magnetique de CrMn204. Le modele le plus 
simple est celui de Yafet-Kittel[3] ayant 
pour axe de symetrie la direction [110] 
(Fig. 4). Les moments des sites t6traedriques 
M, et M2 (4,1 flu) des sites octa^diiques B 
(1.68 /lie) se trouvent dans le plan (110), ils 
sont divis6s en 2 sous-reseaux: 

Mbi = M,3 = Ma et Mb2 = M4 = Mr 
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Sa=v5 

§^rS3 = Sg , 

Sfa=%, = 5 ^ 


Fig. 4. Structure magn^tique de CrMng 04 . 


symetriques par rapport a ia direction [110] 
avec laquelle ils font un angle 6 = 23°. Cette 
structure est identique a celle dej^ trouvee 
pour un autre manganite: CoMn 204 [ 4 ]. 

Nous avons d6ja vu dans un article prec6- 
dent[l] que grace, entre autres, a des con- 
siderations d’effet Jahn-Teller, la formule 
ionique et cristallographique de CrMn 204 
devait s’ecrire: 

Mn*-^[Cr»+Mn3+]04. 

On constate done que la valeur des moments 
trouves dans chaque sous-reseau est differ- 
ente de celle theoriquement prevue. Dans 
les sites A, Mn*^ devrait avoir un moment de 
spin seul de 5 fia et ne peut avoir de contribu- 
tion orbitale or il n’est que de 4,1 hh expdri- 
mentalement. 11 est possible que la direction 
de spin de Mn^"*^ fluctue fortement autour de 
la direction [1 10] et ceci d'autant plus que son 
entourage octaedrique est forme d’ions Cr®'^ et 
Mn®^ en meme proportion mais sans aucun 
ordre a longue distance. 11 est egalement 
possible que la liaison entre Mn®"^ et I’oxygene 
ne soit pas totalement ionique mais soit 
partiellement covalente comme cela a ^te 
souvent propose dans d’autres cas semblables; 
la reduction du moment de dans ce cas, 
serait en accord avec la faible valeur de la 
constante dd Curie. 

Dans les sites B, la longueur du moment: 
1 ,68 fjLB est tres faible par rapport aux valeurs 
thdoriques de Mn*+ et Cr®+: 4 tt 3 hb respec- 
tivement. M£me si I’on admet un couplage 


spin-orbite important pour I’ion Ci^, oeta ne 
peut suflire k dimimier le moment d'une telle 
quantity, il faut done aussi admettre de fortes 
fluctuations dues au manque d’ordre enl^ 
ions chrome et 'mmigan^e dans les sites 
octa^driques. La longueur et la direction 
d6tect£es ne sont que des valeurs moyennes. 
Le tableau I donne la comparaison entre 
intensitds magn^tiques des raies de diffrac- 
tion de neutrons, exp^rimentales el calcul^es 
pour le module de Yafet-Kittel d6crit ci- 
dessus a 4,2°K et k champ exforieur nul. Les 
raies correspondant aux 7 premiers hkl sont 
celles pour lesquelles la precision expdri- 
mentale sur rintensit6 magndtique est tr^s 
bonne et Ton peut remarquer i’excellent 
accord avec les valeurs calcul6es correspon- 
dantes (R = 2,2 per cent). Par contre les 
intensites magn^tiques experimentales des 
demi^res raies sont mesur^es avec peu de 
precision car elles sont; soit superpos^es k 
de fortes compostmtes nucl6aires ((202), (004) 
et (220)), soit situ^es ades distances angulaires 
oh le facteur de forme /devient trhs impr6cis 
((213) et (301)). 


Tableau 1 . 


Intensites magnetiques 
(S' F* en /x„‘/inailie) 
hkl Experimentales Calcuiees 


101 

1928 

1907 

002 

0 

0 

no 

56 

56 

112] 

200| 

1830 

|l819 

103 

268 

304 

211 

383 

415 

202 

1082 

755 

004 

1250 

1613 

220 

1955 

1613 

213 

4390 

3886 

301 

1368 

1238 


La structure nu^n^tique du manganite de 
chrome n’a 6te ddcrit ici que dans une por- 
tion de I'espace du cristal caract6ris6e par la 
direction [110] comme axe de sym6uie des 
moments des sites fi. Il y a 6videmment dans 
un cristal quadratique trois autres directions 
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Cr Mnj O4 - Arrangement des spins dans la structure 
|u Yafet-Kittel suivant la direction de a 

Fig. 5. Configuration des moments B suivant les quatre directions de facile aimantation 6quivalentes de la 

forme [110], 


6quivalentes: [110], [110] et [110] suivant 
lesquelles des structures magnetiques 
d’^nergie egale existent. La diffraction de 
neutrons prouve qu’effectivement existent 
les memes structures de type Yafet-Kittel 
mais que la disposition relative des quatre 
moments B dans cette configuration change 
quand on passe d'une direction de facile 
aimantation d une autre, comme cela est 
represente Fig. 5. Cette propri6te a etc egale- 
ment trouv6e dans le cas des manganites de 
cobalt [4] et defer[5]. 

11 faut remarquer a ce sujet qu'un traite- 
ment tbdorique de champ moleculaire clas- 
sique (par exemple comme Ton fait Yafet et 
Kittel[3]) ne permet pas a priori d’expliquer 
cette propri^te. En effet, si seule, la minimisa- 
tion d’une 6nergie d’interaction isotrope entre 
moments magnetiques permet de definir une 
structure stable, celle-ci est independante de 
son orientation dans I’espace. Or le fait frap- 
pant est qu’a basses temperatures tous les 
manganites quadratiques et en particulier 
CrMnj04, sont extremement anisotropes, il 
est done impossible dans tout essai de traite- 
ment th6orique de n^gliger I’anisotropie 
quelle qu’en puisse etre I’origine. Dans iin 
article precedent [6] en partant d’hypothdses 
simples et en consid^rant I’anisotropie 
(d’^hange et locale) comme Element fonda- 
mental dans le calcul de champ moleculaire, 
nods avons determine les structures magne- 


tiques possibles dans les spinelles a 0°K. Un 
des r6sultats fondamentaux de cette etude est 
qu’une configuration magnetique anisotrope 
depend essentiellement de sa direction dans 
I’espace cristallographique. A une structure 
d’energie donnee, dans une direction donnee, 
correspondent dans les directions cristallo- 
graphiques equivalentes, d’autres structures 
d’energie egale mais dont les arrangements 
internes de moments sont differents. La struc- 
ture de type Yafet-Kittel d’axe [110] n’est 
qu’un cas particulier d’une structure aniso- 
trope plus complexe et il est remarquable de 
constater que les conhgurations des moments 
B prevues theoriquement pour les quatre 
motifs diriges respectivement suivant les 
quatre directions equivalentes [110] sont 
exactement celles qui ont ete determinees 
exp^rimentalement pour CrMnz04 (voir Fig. 
5). Ce r6sultat est tr^s important car il montre 
le role que joue I’anisotropie dans CrMn204 et 
nous verrons qu’il sera necessaire d’appliquer 
les mecanismes theoriques de deformation 
des structures anisotropes en fonction de 
leurs changements de direction pour expliquer 
le comportement de CrMn204 sous Taction 
d’un champ magnetique exterieur. 

3. COMPORTEMENT DU MOTIE MAGNETIQUE 
DE CrMii,04 DANS UN CHAMP EXTERIEUR 

La Fig. 6 represente le sppetre de diffrac- 
tion de neutrons ^ 4,2“K lorsqu’un champ 
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OMhjQ, Spectre de diffroction de Neutrons K'l.ISS A .T=4,2“K , H'I5 kOe l(T //"?) 
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Fig. 6. Spectre de diffraction de neutrons a 4,2°K. Un champ ext^rieur de 1 5 kOe est Bppliqu6 suivant 

K. 


magn6tique de IS kOe est applique suivant 
le vecteur de diffusion K. Seule I’intensite 
magn6tique de la raie de surstructure [110] 
devient nuUe. Pour expliquer ce fait, revenons 
tout d’abord a des considerations generales 
sur les parois separant des domaines magne- 
tiques dans un monocristal. 

3.1 Parois 

Considerons un cristallite d’un compose 
ferrimagn6tique quadratique dont la direction 
de facile aimantation est [110]. A champ 
ext6rieur nul, il est divise en quatre sortes de 
domaines de volume total identi<)ue corre- 
spondant aux direction de fi^ile aimantation 
6quivalentes; [1 10], [1 10], [1 10] et [1 10]. Ces 
domaines sont s6par6s par des parois. 

Lorsque Ton a affaire it une configuration de 
moments determinee par des considerations 


d’echange magn^tique isotrope (par exemple 
modeies de N6el ou Yafet-Kittel) une paroi 
separant deux domaines est la region dans laq- 
uelle il y a rotation progressive de I’ensemble 
du motif magnetique depuis une direction de 
facile aimantation jusqu’a une autre. La 
disposition relative des moments n’est pas 
affectee par le changement de direction. 

Dans le cas oil la disposition relative des 
moments B depend de la direction de facile 
aimantation comme cela est le cas pour 
CrMn 204 et pour les structures magn6tiques 
anisotropes, le r61e d’une paroi ne doit pas 
etre seulement de faire passer le motif d’une 
direction a une autre mais egalement de modi- 
fier la configuration des moments pour que de 
part et d’autre de cette paroi, les motifs 
magn^tiques soient ^nergetiquement stables. 
La notion de paroi est ici beaucoup plus 
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cottiplexe que celle admise classiquement. 

Dans un article precedent [6] nous avons 
6tudi6 thtoriqucment revolution d’un motif 
magn^tique anisotrope sous Taction d’un 
champ ext^rieur et mis en Evidence sa defor- 
mation en function de sa direction dans 
Tespace. II y a dans le cas de ce type de struc- 
tures anisotropes une solution de continuite 
entre les configurations de deux motifs de 
directions diff6rents et en Tabsence de champ 
ext^rieur, une paroi separant deux domaines 
de configurations difKrentes peut fitre con- 
stitute par le meme mtcanisme. Ceci corre- 
spond ^ la notion elargie de paroi, nous Tap- 
pellerons paroi ‘avec flipping’ pour bien 
montrer qu’elle separe deux domaines ou 
Tarrangement des moments est different. 

Admettons maintenant que le compose 
feirimagnttique en question soil CrMnjO^, il 
a done en premiere approximation une struc- 
ture de type Yafet-Kittel et on a vu experi- 
mentalement que Tarrangement des moments 
B est different suivant les directions de facile 
aimantation [110] (Fig. 5). On ne fait pour 
Tinstant aucune hypothese sur Torigine de 
cette structure. 

Appliquons maintenant le champ magne- 
tique exterieur sur le cristallite suivant 
la direction [110]. Suivant la definition (iso- 
trope ou anisotrope) de la structure, le com- 
portement est different; 

(1) La structure est isotrope: la rotation du 
motif magnetique dans une paroi classique 
n’aifecte pas sa configuration, le deplacement 
de cette paroi dans chaque domaine ne fait 
que changer Torientation du motif sans en 
modifier Tarrangement interne. Quand le 
champ appliqud est devenu suffisamment 
grand pour qu’il ne subsiste plus qu’une seule 
direction d’aimantation pour tous les motifs, 
on se trouverait alors en presence d’un cristal 
en apparence monodomaine. Ce monodomaine 
serait effectivement caracterise par une direc- 
tion d’aimantation unique mais il comporterait 
quatre ‘sous-domaines’ egaux correspondant 
aux quatre motifs differant par la configura- 
tion des moments de leurs sous-r6seaux B. 


Ces ‘sous-domaines’ sentient s6par6s eux- 
m£mes par exemple par des parois de type 
interphase. 

(2) Les parois sont du type dit ‘avec flipping’ 
decrit plus haut, dans ce cas, leurs d^place- 
ments correspondent non seulement au 
changement de Torientation des motifs mais 
aussi au rearrangement des moments des 
sous-reseaux B pour que lorsque le champ est 
devenu suffisamment grand il ne subsiste plus 
qu’un veritable monodomaine constitue d’un 
seul type de configuration magnetique le long 
d’une direction unique. 

Le premier cas correspond a la situation oii 
seul Techange isotrope definit la structure 
magnetique, le second a celle ou Tanisotropie 
est un facteur determinant. Dans le cas de 
CrMn 204 , le fait que la raie [110] soit nulle 
quand un champ magnetique est applique, va 
nous permettre de trancher. 

A champ nul; pour la reflexion (110), les 
facteurs de structure correspondant aux quatre 
motifs sont: O pour celui dirige suivant la 
direction [110] et F pour celui dirige suivant 
la direction [110] de meme O e t F pour ceux 
diriges respectivement suivant [1 10] et [1 10]. 

F est proportionnel a la composante trans- 
versale des moments B et. est perpendiculaire 
au plan (001) ainsi qu'a K. L'intensite de la 
raie ( 1 1 0) a champ nul est done / = 2F*. 

Si on applique un champ exterieur suffisam- 
ment grand ( 1 5 kOe) suivant la direction [110] 
pour qu’il ne subsiste plus qu’un mono- 
domaine dans un cristallite bien oriente, 
l’intensite de la raie (110) depend du mecan- 
isme de deplacement de parois: 

Si en effet les parois sont de type classique. 
e’est-a-dire sans ‘flipping’ de moments, leurs 
deplacements n’auront pour effet que de 
changer la direction des motifs sans en modifier 
Tarrangement interne. On retrouverait dans 
ce cas un ‘monodomaine’ comportant quatre 
sous-domaines 6gaux dont les facteurs de 
structure pour la reflexion (110) sont encore 
O, F, O et F, l’intensite de la raie (110) est 
/ = 2F* clle n’aurait pas varie par rapport ^ 
sa valeur a champ nul. 
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Si au contraire les parois sont de type ‘avec 
flipping', leurs d^placements, tout en chang- 
eant la direction des motifs, en modifient la 
configuration interne pour finalement aboutir 
au monodomaine ne contenant plus qu’un 
seul type de motif. Dans ce cas done, lorsque' 
le champ applique suivant la direction [110] 
est suffisamment grand pour qu'il ne reste plus 
dans le cristallite qu’un seul motif magn^tique 
caract6rise par la disposition relative des 
moments B d’axe [1 10], le facteurde structure 
de la reflexion [110] est nul, I’intensite de la 
raie[l 10] est done egalement nulle. 

II est bien evident que pour des cristallites 
orient6s suivant les trois autres direcdons 
cris tallographiques equivalentes; [110], 
[110] et [110], le raisonnement est identique 
et il conduit au meme resultat. 

La raie (110) etant nulle avec champ, seul le 
type de parois dites ‘avec flipping’ peut rendre 
compte de I’experience. L’origine de la struc- 
ture et des propriet^s magnetiques est done 
I’anisotropie. II va done etre necessaire de 
tenir compte des deformations des configura- 
tions en fonction de leur direction dans I’es- 
pace sous Taction d'un champ exterieur 
comme cela a ete prevu theoriquement[61. 

3.2 Action du champ magnetique sur I’inten- 
site des raies de diffraction et etude de I’aniso- 
tropie de CrMn 204 

La diffraction de neutrons permet de suivre 
revolution de Tintensite des raies en fonction 
du champ applique suivant le vecteur de dif- 
fusion K. Ces intensites dependent de; 

— Torientation dans Tespace des motifs de 
chacun des domaines (done de Taniso- 
tropie) 

— du volume des differents domaines 

— de la deformation des motifs. 

Les raies siir lesquelles la precision experi- 
mentale est bonne et qui permettent done une 
exploitation quantitative des resultats, sont 
au nombre de trois: (101), (112) et (200). Les 


\m 

deux demibres seront 6tudt6es en prem^ 
en raison de leurs directions particoltiUes par 
rapport au motif. 

3.2. 1 Raie (200). La nue (200) est particul- 
i^rement int^resaante car son intensity nd 
depend que des mohients des sites A, d'witre 
part, sa direction est contenue dans le {dan 
(001) k de la direction de facile aimanta- 
tion. 

Pour pouvoir aller plus avant dmis Tinter- 
prdtation des rdsultats expdrimentaux, il est 
necessaire de faire quelques hypotheses sur 
revolution de I’arrangement des moments B 
en fonction du champ. Nous supposerons done 
que tous les moments restent contenus dans 
un plan vertical lorsque I’aimantation du motif 
se ddplace dans le plan de base. Nous sup- 
poserons de plus que la variation des angles 
entre les spins, en fonction du ddplacement du 
motif dans le plan de base, est lin^aire. Ces 
hypotheses ne sont que des approximations 
que permettent la relative precision exp6ri- 
mentale et le manque de renseignements 
n^cessaires, foumis par la diffraction de neu- 
trons surpoudre. 

Par rapport a la direction du champ [100], 
il existe done dans le cas de la raie (200), 
quatre sortes de domaines; deux a 45° et deux 
a 135°— nous continuerons k les appeler ainsi 
meme si les motifs se sont deplac6s de leur 
position d’origine. Sous Taction du champ, 
tous les motifs commencent k toumer, puis 
disparaissent les domaines ‘a 135°’. Des lors, 
seuls subsistent les deux domaines ‘a 45" de 
volume egal et qui donnent la mdme contribu- 
tion a Tintensite de la raie (200) (Fig. 7). II 
est alors possible de determiner la loi d’aniso- 
tropie dans le plan (001). 

Si a est Tangle entre la direction de facile 
aimantation et celle de Taimantation du motif, 
en tenant compte de la symetrie quadratique 
globale, renergie d’anisotropie dans le plan 
de base peut s’ecrire: 

^iKooi) — sin*2a -f Ki sin* 4a 
et rdnergie magnetique totale: 
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H = 0 H Croissant ^ 

Fig. 7. Representation schematique de I'evolution des domaines en fonction de I'intensite croissante du Champ 
exterieur dirigC suivant la direction [ 1 00]. ( I ) Domaines ‘k 45°’ (2) Domaines ‘a 1 35°*. 


^Ttooi) ~ sin* 2a + Kz sin* 4a— M.H. 

La position d’6quilibre du motif est done 
d4^e par: 

^ = 2Ki sin4a + 4A:j sin 8a-/-{MH) =0. 
oCk dot 

Pour la direction [200] et les domaines ‘a 45°’: 
MH = M//cos((7r/4)-a) et (d/aa)(MH) = 
MH sin ((‘IT 1 4) — a). 

La variation de [’intensity de la raie (200) en 
fonction de la valeur du champ applique 
(Fig. 8) (lorsque ce champ est superieur a 
4 kOe pour qu’il ne restc plus que des domaines 
‘k 45°’) permet de determiner /l, et Kz- On 
trouve: 

X, = 3 . lO^ergs/g 
et Ki = —7,5 . 10® ergs/g 

I’dnergie d’anisotropie s’ecrit done: 

Eaioou = 3.10^ sin* 2a — 1,5 . 10® sin* 4a; 

II est remarquable de constater que cette 
expression est identique k: 

Ettioov = 3 . lO* sin^ 2a. 


Connaissant la loi d’energie d’anisotropie, 
il est possible de calculer le deplacement des 
motifs 'k 135°’ entre 0 et 4 kOe (champ oil ils 
disparaissent) en appliquant r6quation d’equi- 
libre d6rivee de 

£„ooi) = 3 . 1(P sin* 2a-M//cos(^-a). 

Comme cela etait prevu, le motif ‘a 135°’ se 
deplace progress) vement dans le plan (001) 
pour se rapprocher de la direction du champ, 
mais quand ce dernier atteint une certaine 
valeur critique, il n’existe plus de minimum 
d’energie stable dans la region consider^e. Le 
motif se deplace alors brusquement pour venir 
occuper la position stable la plus proche qui 
est celle du motif ‘a 45°. Ceci est trfes bicn 
represente Fig. 9 oii sont mis en evidence les 
deplacements des motifs ‘a 45°’ et ‘a 135°’ 
correspondant aux deplacements des posi- 
tions des minimums de I’energie magn^tique 
totale en fonction de I’intensit^ croissante du 
champ ext6rieur applique suivant la direction 
[ 1 00}. Le champ correspondant k la disparition 
d’un minimum de I’^nergie sera appel6 ‘champ 
seuil de flipping’ puisqu’il correspond non 
seulement au brusque passage d’une direc- 
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CrMn 0^ - Variation de I'intensite 

mognitique des raies [I1i0 
et [20CQ en fonction de H 
a T * 4,2*K 

o points expirimentoux 

—.1.1. courbe colculee 

Fig. 8. Variation de [’intensity magndtique (.^F* en 
Mfl’/maille) des raies (200) et ( 1 1 2) en fonction du champ 
extirieur parallile a K. 

tion a une autre mais egalement ^ un rear- 
rangement des moments des sous-reseaux B 
(‘flipping’). 

Ce champ seuil de flipping correspond 
6videmment a la disparition du domaine 
magn6tique considere. Sa valeur est une 
fonction tres pointue des valeurs des con- 
stantes d’anisotropie, elle permet ainsi de 
preciser nettement Ki et K^. 

Connaissant l'6volution de la direction des 
deux motifs en fonction de la valeur du champ 
appliqu^, il est possible de calculer leur 
contribution a I’intensite globale de la raie 
[200] et par ^ustement a la courbe experi- 
mentale de deduire la variation du volume 
rclatif des domaines ‘a 135°’ en fonction du 
champ applique (Fig. 10). 

3.2.2 Raie (1 12). La raie (1 12) a un facteur 



ol 

Cf Mn .O. Enerqie totole en knction de s 

H,«'l00 fef-45*) 

Deplocement da ta position stable 

du moM en fonction de H 
"Rlppinq“ 

Fig. 9. Variation de I’^nergie magnitique totale dans le 
plan (001) en fonction de a et pour diffdrentes valeurs du 
champ extdrieur. Ce champ H est appliqud suivant la 
direction [100]. c’est4-dire a or = —45°. Les lignes pointil- 
\6es reprdsentent le ddplacement des motifs ‘4 45°' et 
‘h ISS*" en fonction de H. 

de structure plus compliqu^ que la raie (200), 
sa direction est cependant int6res^te: efle 
est en effet contenue dans le plan (1 10) oh est 
6galement situ6e la direction de facile aiman- 
tation [1 10], 

Par rapport a la direction [112] existent 
quatre domaines magnetiques que nous appel- 
lerons par extension: ‘k 0” (1 domaine), 
‘a 90°’ (2 domaines) et ‘a 180°’ (1 domaine), 
ces angles sont ceux que font les plans des 
motifs a champ nul avec la projection de (Ff 
dans le plan de base (Fig. 1 1). 

On voit done que lorsque les deux sortes de 
domaines ‘h 90°’ et ‘h 1^" auront disparu, il 
sera possible de calculer I'anisotropie dans un 
plan vertical. Or comme nous allons le voir un 
peu plus loin, I’^nergie d’anisotropie est 
beaucoup plus grande dans ce plan que dans 
le plan de base, le d£placement du motif a 
15kOe n’est pas assez grand (environ 10°) 
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Cr Mn ^O^ ~ Variotion du volume 
relatif en fonction de 
H applique dans le 
plan (001) des domaines 
I / a 90« de H 
n / 6 135* de H 
nr / d 180* de H 

Fig. 10. Variation en fonction du champ applique dans le 
plan (001), du volume relatif des domaines (I) a 90° de H 
(II)al35°de«(Ill)al80°de«. 


I’inergie d’anisotropie a 6t€ choisie simple- 
ment: = C sin* if>, <p dtant I’an^e entre 

I’axe du motif et le plan (001). L’dquation 
d’equilibre en presence d'un champ est: 

— = Csin2^-^(MH) =0. 

d(p d<p 

En considerant les champs sup6rieurs 4 
1 1 kOe pour qu’il ne subsiste plus que le 
domaine ‘a 0°’ on aboutit a: 

C = 1 . 10® ergs/g. 

C'est une valeur assez forte qui explique 
bien le faible deplacement du motif dans le 
plan vertical (Fig. 12). Comme nous I’avons 
dit plus haut, Tarrangement relatif des mo- 
ments des sous-reseaux B doit se modifier 
en fonction de son deplacement dans le plan 
vertical, nous avons admis pour ce calcul 
qu’une si faible desorientation (10“ a 15 kOe) 
ne modifiait pas la structure. Ceci est d'ailleurs 
largement justice par la precision experi- 
mentale. 



Fig. 11. Repr6sentation sch£matique de revolution des domaines en fonction de I'intensite croissante du 
champ extericur dirige suivant la direction (110] (projection de H // [ 1 1 2] dans le plan (00 1 ) ( 1 ) Domaines 
0” (2) Domaines ‘i 90°’ (3) Domaines ‘i IgO"". 


pour que la variation d'intensit6 de la raie de Connaissant maintenant les deux lois 
diffraction soit mesur^e avec precision. Dans d'anisotropie: dans le plan de base (tir^e de la 
ces conditions, on ne peut esperer determiner raie [200]) et dans le plan vertical (tir6e de la 
des constantes d'ordre eleve et lafonne.de raie [112]), il est possible de calculer les 
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Fig. 12. Variation de tp en fonction de H parall^le it la 
direction [001]. 

d6placements des motifs des domaines ‘a 90°’ 
et ‘a 180°’ par rapport a la direction [112]. Les 
Figs. 13 et 14 representent les d^placements 
des motifs ‘k 0°’, 90°’ et 'a 180°’ correspon- 

dant aux d^placements des minimums de 
I’dnergie magn^tique totale en fonction de 
I’intensite croissante du champ exterieur 
applique suivant la direction [110]. Les 
champs seuils de flipping des motifs a 90°’ et 
‘a 180°’ vers le domtiine ‘a 0°’ sont respective- 
ment de 4 et 8 kOe (composantes de H dans 
le plan (001) suivant la direction [110]), 

Les lois de deplacement des diiferents 
motifs resumdes Figs. 12 et 15 6tant connues, 
il est possible de calculer la contribution de 
chacun d’eux a I’intensite de la raie (112). II 
faut pour cela tenir compte des faits suivants: 

(1) Le facteur de structure de la raie (112) 
depend des moments B il faut done tenir 
compte des deformations des configurations 
que nous prendrons de la manidre deflnie en 
3.2.1. 

(2) Les deux motifs des domaines ‘a 90°’ 
ne sont pas identiques en elfet, au fur et il 
mesure qu’ils se rapprochent de la direction 
du champ, dans un cas ce sont les moments 


Ms et M4 qui se rapprochent <tu plan de base 
et dans rautre cas les moments Mt et Me. La 
contribution de chacun de ces domaines h 
I’intensite totale estdiff^rente. 

(3) Le motifidu domaine ISO*^ il chainp 
nul, peut se nqiprocher de la direction du 
champ en tournant dans un sens ou dans 
I’autre. La probability est ygale et, il faudra 
done ponderer la contribution il I’intensity 
magnetique de la raie de chacun des deux 
cas possibles. En eifet, la dyformation de la 
configuration, bien qu’6tant globalement la 
myroe se diffi^rencie par la permutation des 
moments B qui ’flippent’ suivant le sens de 
rotation du motif. 

Ayant pris en considyration tous ces phyno- 
menes, un calcul numyrique assez long permet 
de connaitre toutes les contributions & Tin- 
tensity de la raie (112) et par I’ajustement ii 
la courbe expyrimentale de dyterminer les 
variations des volumes relatifs des diifyrents 
domaines en fonction de I’intensity du champ 
magnetique extyrieur (Fig. 10), 

3.2.3 Raie{\0\). L’intensitydelaraie(lOl) 
est celle qui est connue expyrimentalement 
avec le plus de prycision. Son facteur de 
structure dypend des moments des sites A et 
B. 

Par rapport au champ magnytique appliquy 
suivant la direction [101], il existe quatre 
domaines semblables a ceux qui existaient 
par rapport a la raie (200). Nous connaissons 
grace a I’ytude systymatique des deux raies 
(200) et (112) les lois d’anisotropie cotre- 
spondant au plan de base et au plan vertic^, 
done les variations de volume relatif de tous 
les domaines suivant leur orientation, les 
champs seuils de flipping et la maniyre dont 
se passe ce flipping. 

II est done possible de calculer a priori la 
variation de I’intensity totale de la raie (101) 
en fonction du champ magnytique {q>pliquy 
suivant le vecteur de diffusion K {H compris 
entreOet 15 kOe). 

La Fig. 16 montre I’exceUent accord entre 
intensitys expyrimentale et calcuiye de la 
raie (101) en fonction du champ. 


ik:svoi. «,no.7-f 
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CrJ^ 2 P^ Energie totole en fonction K (CX<90") 
H// [ 110 ] ( 0 < = 0 ) 

position stable de O’ en fonction 

de H 


■ " f lipp mg " 


Fig. 1 3. Variation de I'energie magnetique totale dans le plan (001 ) en fonction 
de a et pour differentes valeurs du champ exterieur, Ce champ H est applique 
suivant la direction [110] (a = 0). I.es lignes pointillees representent les 
d^placements des motifs ‘a 0°' et ‘a 90°' en fonction de H. 


Cet accord confirme ainsi I'existence des 
mecanismes proposes et done de I’origine 
anisotrope de la structure magnetique de 
CrMn204 car comme cela a deja ete fait 
remarquer: un module Yafet-Kittel defini 
uniquement par de I’dchange isotrope ne peut 
avoir ces propri 6 t 6 s. 

La diffraction de neutrons sur poudre n’ap- 
porte pas assez de renseignements — meme en 
ne considerant que des moments moyens dans 
chaque sous-r 6 seau— pour permettre de 


determiner quantitativement les parametres 
theoriques definissant une structure aniso- 
trope [ 6 ] mais il est extremement interessant 
de constater I’excellent accord experimental 
decoulant de i'application des mecanismes 
theoriques au cas de CrMn204. 

4. EVOLUTION THERMIQUE 
Le moyen le meilleur pour suivre revolu- 
tion des parametres definissant la structure 



H k Ofe 






Fig. 14. Suite de la Fig. 13 pour les valeurs de a superieures a 90°. 

pointiilee represente le d^placement du motif ‘a 1 SO*”. 



Cr MnjC^ VARIATION THERMIQUE 
DE L'INTENSITE DES RAIES ; 
tl0l],[l10].[l12] et [200] 
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Fig. 17. Variation tbennique de I'intensite magnetique des 
raies de diffraction; ( 10 1), ( 1 10), (1 1 2) et (200). 
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Cr Mnj O 4 VARIATION 
THERMIQUE DE 5^,50, 0 



Fig. 18. Variation thermique des longueurs des moments et 
5 k et du demi angle d'ouverture 8 des moments B. 


magn^tique de CrMn 204 en fonction de la 
temperature est de suivre la variation ther- 
mique de I’intensite des raies de diffraction de 
neutrons. 

Les resultats experimentaux concemant 
quatre raies: (110), (101), (200) et (1 12) sont 
representes Fig. 17. 

L’intensite dTa raie (110) s’annule k 45'’K 
done avant la temperature de Curie. L’inten- 
site de cette raie etant proportionnelle k la 
composante transversale des moments B, le 
fait qu’elle devienne nulle, indique done la 
fermeture de Tangle, entre les moments B. 
Au-dessus de la temperature de transition, 
la structure devient done colineaire: module 
de Neel. 


L’interpretation des variations thermiques 
de toutes les intensit6s permet de calculer les 
longueurs des moments et Sb ainsi que 
celle de 0 en fonction de la temperature. Ces 
variations sont repr6sent6es Fig. 18. 

La variation thermique du moment Sa est 
tres proche de celle calcul^e theoriquement 
avec f , ce qui semble normal puisque 

Mn^'^ occupe les sites tetraedriques A et 
possdde un spin de f . Or, la valeur du moment 
determine experimentalement n’est que de 
4,1 fiB, Thypothese de fortes fluctuations dans 
sa direction est done renforcee par ce dernier 
resultat. II faut pourtant preciser que la con- 
cordance entre la variation thermique experi- 
mentale et celle calcuiee theoriquement, n’est 
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pas une preuve suffisante car, I’^cart entre les 
courbes calculus avec = I et ^ f n’est 
pas grand par rapport k la precision exp£ri- 
mentale. 

Remerciementx— 'Sous remereions Monsieur le Profes- 
seur Herpin qui a suivi de pris ce travail et Monsieur 
Muriel qui nous a constamment aid^s par de nombreuses 
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LE VOLUME D’ACTIVATION POUR 
L’AUTODIFFUSION DU PLUTONIUM EN PHASE € 
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Rraumi— On d^crit un ensemble experimental permettant d'obtenir des pres-sions hydrostatiques 
variables de 0 & 20 Kbars a des temperatures allant jusqu'k I000°C et utilise pour I'dtude de I'auto- 
ditfusion sous pression du plutonium en phase t. Les quelques resultats experimentaux obtenus 
indiquent que la vitesse d'autodilTusion dans cette phase augmente sous pression; le volume d'activa- 
tion est negatif (AF = — 4,9cm^ soil— 33.6 pour cent du volume molaire); les correlations generale- 
ment utilisees n'interdisent pas un tel lesultat qui semble cependant peu compatible avec un 
mdcanisme de diffusion lacunaire. On discute de la possibilite d'une mecanisme par interstitiels. 

Abstract — An experimental device is described which allows to obtain hydrostatic pressures in the 
range 0-20 kbars at temperatures up to I000°C: it was used for the study of self diffusion under pres- 
sure in theb.c.c. e phase of plutonium. Only a few experimental results were obtained, but they indicate 
that the rate of self-diffusion in that phase increases under pressure; activation volume for self- 
diffusion is negative (AF = — 4-9cm'''. i.e. — 33-6 per cent of the molar volume). The correlations 
generally used do not preclude such a result, but it does not seem to be consistent with a diffusion 
vacancy-mechanism. The possibility of an interstitially mechanism is discussed. 


I. INTRODUCTION 

L’etude recente de rautodiffu.sion sous 
pression normale du plutonium en phase €[1] 
a permis de placer ce metal dans le groupe de 
plus en plus dense des metaux cubiques 
centres dits ‘anormaux’ du point de vue de la 
diffusion, pour lesquels aucune theorie satis- 
faisante du mecanisme mis en jeu n’a pris 
encore jour: le facteur de frequence Do est 
tres faible et I’enthalpie d’activation A// 
beaucoup plus petite que ne le prevoient les 
correlations semi-empiriques de Gibbs [2] ou 
de Sherby et Simnad[3] (ameliorations de la 
loi de Van Liempt AH = 34 Tf, Tf point de 
fusion) qui donnent pourtant de bons resultats 
pour les metaux C.F.C. ou le mecanisme de 
diffusion monolacunaire est bien admis. 

Sans negliger, dans le cas du plutonium, 
I’influence possible de parametres incontrol- 
ables (lacunes extrinseques liees a I’oxyg^ne 
en solution ou role des dislocations introduites 
par les changements de phase [1]) on peut se 
demander si un mecanisme de diffusion avec 
une aussi faible enthalpie d’activation peut 
etre lacunaire et s'il en est ainsi, quelle peut 


etre la configuration de la lacune. C’est pour 
apporter un element de reponse supplement- 
aire que nous avons entrepris de mesurer une 
nouvelle grandeur directement attach^e au 
defaut: son volume d’activation, somme de 
son volume de formation et de son volume de 
migration. Parmi toutes les methodes generale- 
ment utilisees pour effectuer cette mesure, 
I’etude de la variation du coefficient d’auto- 
diffusion en function de la pression hydro- 
statique semble la plus precise et la mieux 
adaptee bien que dans le cas du plutonium le 
domaine de pressions utilisables soit reduit 
[4-6] (Fig. 1). 

2. TECHNIQUES EXP^RIMENTALES 
Les recuits de diffusion sous pression et a 
temperature constantes ont 6t6 realises en 
boite a gants et sous atmosphere d’argon 
purifie a I’aide d’une presse hydraulique de 
1 00 tonnes deja decrite [7]. Par suite du faible 
domaine de pression exploitable (Fig. I), nous 
avons choisi pour cette etude une chambre de 
compression construite sur le principe classt- 
que 'piston cylindre’; un seul etage est n6ces- 
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Fig. 1 . Le diagramme de phases du plutonium jusqu'a 
35Kbars[4]. 


saire et les dimensions relativement impor- 
tantes du coeur (Fig. 2) permettent d’envisager 
des conditions d’hydrostativitd supcrieures h 
celles obtenues dans la chambre k double 
etage et a fortiori dans I’encliime ‘Belt’ 
utilisees primitivement pour faire grossir des 
grains de plutonium en phase a [7]. Le milieu 
transmetteur de pression est la pyrophyllite et 
la chauffage est realise k coeur h I’aide d’un 
resistor en graphite de 1 mm d’6paisseur ali- 
mente sous faible tension (3 a 5 V) (Fig. 3). La 
puissance n6cessairc pour monter k la tem- 
perature de 600°C est voisine de 800 W. 

L’inertie thermique du systeme four- 
chambre de compression etant extremement 



Fig. 2. Schema de la chambre de compression type 'piston cylindre'. Carbure de tungstine 
as. A — Platen superieur fixe. B — Plateau inf^rieur mobile. C — Chambre de compression 
proprement dite en acier MTC, 60 Rc(Ugine)et coeur en carbure detungstine. D — Enclume 
infdrirare (prise de potentiel). E— Piston sup6rieur. F — Grain poussoir en carbure de 
tungstene. G — Amence de puissance avec passage de thermocouple, isolie ilectriquement 
par depot d alumine. H — Canon isolant. I — Vis d'assemblage. J — Passage de thermocouples. 

K- Enceinte dectJmpression(cf. Fig. 3(a)). 
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Fig. 3. Microfour pour Etudes aux hautes pressions; diffusion (a) et analyse 
thermique differentielle (b). Pyrophyllite ES. A — resistor en graphite 
(epaisseur 1 mm). B — couple de diffusion. C— gaine bifilaire en alumine. 
D — ^chantillon pour analyse thermique dilKrentielle. 


faible, une regulation par alimentation dis- 
continue s’est revelee impossible. C’est 
pourquoi nous avons dQ, tout d'abord, stabil- 
iser la tension d'alimentation a mieux de 0,3 
pour cent puis realiser un systeme d’asservis- 
sement de la temperature: recart entre la 
temperature reelle et la temperature desiree, 
module par des actions proportionnelle, 
integrale et derivee fait varier, apres amplifi- 
cation, la saturation du noyau magnetique, 
c’est-a-dire I’impedance, d’une self placee en 
serie avec le four. On dispose done d’une 
tension d’alimentation variable de fagon con- 


tinue jusqu’au moment oil la temperature 
desiree est atteinte. Le reglage des differentes 
actions est deiicat; il depend, de plus, etroite- 
ment de la configuration du four utilise et des 
temperatures de traitement desirees mais il 
nous a permis de realiser sur tous nos recuits 
de diffusion une regulation de temperature i 
1“ pres. On donne Fig. 4(b) une courbe de 
traitement typique 7 =/(/); son allure de 
fonction creneau rend negligeable I’incertitude 
sur le temps de recuit et inutile la correction 
de montee en temperature. 

Afin de s’assurer de I’hydrostaticite de la 



Fig. 4. Cycles pression- temperature et temperature - temps lors des recuits de diffusion sous 
pression. I — recuit de restauration. 2— recuit de diffusion. 
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pression ^ I’intdrieur du microfour, nous y 
avons recuit un ^chantillon polycristaHin de 
plutonium de haute purete a 500°C sous 15 
Kbars pendant 3 h 30 mn, puis nous I’avons 
refroidi lentement (vitesse “ 2°C/mn) de 
fa^on ^ faire grossir les grains par changement 
de phase /3 -» a sous pression[7]. Nous avons 
constat^ que I’^chantilion ne revele aucune 
deformation macroscopique et les grains 
aucune direction de croissance preferentielle. 
On peut done affirmer que les conditions 
d’hydrostaticite sont suffisantes, mais, pour 
eviter que les defauts cr^es lors de la mise en 
pression au cours du tassement du materiau 
transmetteur et lors des premiers changements 
de phases se produisant au cours de la montee 
en temperature n’influencent la cinetique de 
diffusion en phase e, on effectue un prerecuit 
de restauration en phase y pendant quelques 
heures (le coefficient de diffusion en phase y, 
tire des travauxdeTateI8]est lO^foisinferieur 
au coefficient de diffusion en phase €[1] a la 
pression normale). A la fin du recuit de dif- 
fusion,, on trempe I’echantillon jusqu’en phase 
y, puis on refroidit lentement tout en reiachant 
la pression de fagon a rester continuellement 
en phase y jusqu’a la decompression totale 
(Fig. 4(a)). Cette faQon de proceder permet de 
realiser les changements de phase y — ♦ /3 et 
/3 a sans pression exterieure, e’est-a-dire 
de fafon forcement hydrostatique. On evite 
ainsi toute deformation parasite de I’echantil- 
lon au passage de ces points de transformation 
qui se font avec de fortes variations de volume. 

La pression disponible a coeur: 

F=(i-y)f 

est proportionnelle au rapport force/surface 
du piston, la constante y definissant la perte de 
charge par friction. Cette constante est de 
J'ordre de 0,26 pour la pyrophyllite a la tem- 
perature ordinaire [9] mais il est certain qu’elle 
depend de la temperature, de la pression et de 
la geometric du coeur de la chambre de com- 
pression; e’est pourquoi il est necessaire 
d'etalonner I’appareil en pression en fonctfon 


de la temperature. Aussi, pluot que de passer 
par la methode classique qui consiste a 
reperer les transitions du bismuth ou du thal- 
lium en augmentant progressivement la force 
appliquee ^ la temperature ordinaire, nous 
avons prefere court-circuiter cette etape inter- 
mediaire et etalonner la chambre de compres- 
sion a I'aide des transitions du plutonium, 
e’est-a-dire dans les conditions exactes de 
fonctionnement. Un ‘vernier’ en serie avec le 
rheotor principal permet de realiser, dans une 
gamme limitee de tension, une montee en 
temperature absolument reguliere. On donne 
sur la Fig. 5 deux courbes completes d’analyse 
thermique differentielle sans pression et sous 
pression. Les thermocouples chromel-alumel 
utilises, dont les indications n’ont pas a etre 
corrigees sous pression, sont disposes comme 
I’indique la Fig. 3(b). Les transitions sont 
facilement decelables surtout y c oil il y a 
peu ou pas d’hysteresis. 11 est alors possible 
de tracer la courbe d’etalonnage de la chambre 
de compression dans un domaine de tempera- 
ture voisin de 500°C. File met en evidence une 
friction de I’ordre de 30 pour cent sous une 
pression de 10 Kbars. Notons enfin que le 
gradient de temperature axial varie peu en 
fonction de nos conditions operatoires. II est 
de I’ordre de TC/mm; il semble que ce soit le 
gradient minimal que Ton puisse obtenir 
jusqu'a 600°C dans une installation de ce type. 

Le couple de diffusion est constitue de 
deux pastilles de plutonium polycristallines 
(d> = 5 mm, e = 3 mm) a teneurs en isotope 240 
differentes (Tableau I) polies mecaniquement 
puis soud6es en phase 6 a 420‘’C pendant 4 hr 
sous une pression initiale a froid de 3 Kbars 
dans une petite presse a vis suivant une tech- 
nique decrite en detail parailleurs [ 1 ]. Insistons 
sur le fait qu’il est important que les deux lots 
de plutonium soient de purete suffisante 
(Tableau I) et surtout contiennent les memes 
impuretes en teneurs voisines; 200 . 1 0”® de 
gallium dans I’un des lots sont suffisants pour 
abaisser la temperature de transition 6 y de 
telle facon que, lors du refroidissement qui 
suit le recuit de collage, il y a un cisaillement 
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Analyse simple (sensibilite 5^y). B— Analyse differentielle (sensibility 
5 mV). Fig. 5(b); sous 97 tonne's (IS Kbais). A— Analyse simple (sensibility 
5 mV), B - Analyse differentielle (sensibility 1 mV). 
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important au niveau de I'interface qui decoilc 
les deux pastiHes. 

Apr^s recuit de diffusion, le couple est 
enrobe dans de I’araldite de fa?on a ce que ses 
faces terminales, paralleles a I’interface de 
collage soient egalement paralleles aux faces 
rectifi6es d’une bague d’acier doux: ce dis- 
positif d^ja d^crit[l] permet de realiser en 
boite k gants des abrasions paralleles a I’inter- 
face a I’aide d’une rectifieuse a plateau mag- 
ndtique. Les epaisseurs abrasees (de I’ordre 
de 100 /a, la zone de diffusion s’etendant sur 
2 a 3 mm) sont mesurees au palmer (precision 
1 (jl). Apres chaque abrasion, on compare 
suivant une technique proposee parDupuyfl] 
les spectres d’emission X des deux faces a 
I’aidc d’un scintillateur plan d’iodure de sodium 
dopd au thallium ((;()= 1 3 mm, e = 3 mm) et 
d’un analyseur a 400 canaux. On compte 
I’activite X correspondant a la bande d’energie 
des raies de conversion L de I’uranium (17 
keV). L’^mission X de I’isotope 240etant 20 
fois plus grande que celle de I’isotope 239, 
I’activite du plutonium tres irradie* est dans 
cette bande d’energie environ le double de 
celle du plutonium peu irradie (soit 300.000 
coups par heure dans nos conditions experi- 
mentales, en delimitant la surface d’emission 
par un diaphragme de 3 mm de diametre). 

3. L’AUTODIFFIISION SOUS PRESSION 

HYDROSTATIQUE DU PLUTONIUM EN PHASE 
CUBIQUE CENTREE 

Par suite de la faible activite X de la source 
et de sa faible variation en function de la 
penetration, les erreurs statistiques de 
comptage dans les conditions definies ci- 
dessus sont les plus importantes et, compte 
tenu de la largeur des zones de diffusion, bien 
superieures aux erreurs de mesure des dis- 
tances au palmer (± 1 /i) ou aux erreurs de 
g^ometrie (inclinaison de I’interface de collage 
de ±5° au maximum par rapport aux faces de 
rdference). II en r^sulte une incertitude non 


•Le plutonium riche en isotope 240 est ohtenu par 
traitement des combustibles tr^s irradies. 


negligeable (de 10 a 20 pour cent) sur le co- 
efficient d’autodiffusion D 



oil a est la pente de la droite u=f{xl\/t) 
avecA = distance a I’interface de collage de la 
face abrasee a la temperature de 
recuit. 

t = duree de recuit a cette temperature 
2 f" 

u = tel que— 7- e ’’du 

Vtt Jo 


I = activite de la surface abrasee 
/„= activite de la face riche en Pu 240 
(non affectee par la diffusion) 

/, = activite de la face pauvre en Pu 240 
(avant abrasion). 

On applique ici la methode de Gruzin [10], 
generalisee aux couples soudes par Seibel[1 1]. 
Le fort coefficient d’absorption, dans le 
materiau. des rayons X emiz, permet de con- 
sidcrer dans les formiiles indifferemment les 
concentrations ou les activiles. 11 est neces- 
saire d’effectuer sur les mesures de distance 
aux temperature et pressions ordinaire une 
correction de fatjon a tenir compte de la 
dilatation thermique de I’echantillon sous 
contrainte (cf. Annexe 1). On donne a litre 
d'exemple sur la Fig. 6 les courbes concen- 
tration penetration en coordonnees gausso- 
arithmetiques corrigees, relatives a quatre 
couples de diffusion recuits a 550° ± 1°C a des 
pressions allant de 0 a 11,8 Kbars. L’ensemble 
des donnees et des resultats figure au Tableau 
2; les courbes D — /(P)r font apparaitre (Fig. 
7) une variation, en premiere approximation 
exponentiellement croissante, du coefficient 
de diffusion avec la pression, resultat tout a 
fait inhabituel, suffisant a lui seui pour carac- 
teriser la pha.se e ‘d’anormale’. 

(a) Volume d'activation 
L’evaluation. dans la theorie de I’etat active 
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Fig. 6. Courbes concentration-penetration en coordonnees gausso-arithmetiques 
a SSO-C. A 0 Khar, x 2,7 Kbars. • 8.R Kbars. □ 1 1 .8 Kbars. 


Tableau 2. Volume d 'activation pour I’ autodiffusion du plutonium en phase e 





D"'"’ ,cm-/s 

comge 


— RT h log D 



rK 

P Kbars 

D*'"' cmVs 

non comge 

1. 



~% 

788 

0 

1,66 ±0,37 

1,87 ±0,42 

13305 + 45 

-4.12 

-0,62 

-32.9 

8,1 ±0,2 

2,98 ±0,44 

3,22 ±0.48 

15720 ±60 



0 

2,I5±0,47 

2,43 ±0,53 

7320 ± 120 




811 

6,9 

3,55 ±0,46 

3.87 ±0,50 

6120±60 

-4.44 

-0,63 

-35 


13,8 

5,53 ±0,47 

5.90 ±0.5 1 

7560 ±40 





0 

2,54 ±0.40 

2,88 ±0,45 

10222 ±70 




823 

2,7 

3. 14 ±0,44 

3,50 + 0,49 

11972 + 25 

-4,29 

-0,67 


8.8 

4.50 ±0,50 

4.87 ±0,54 

12540 ±30 

-34,7 


11,8 

5,.50±0.47 

5,90 ±0,50 

7520 ±20 





0 

3,40 ±0,48 

3.85 ±0.54 

84 12 ±25 




849 

1,8 

3,85 ±0.41 

4.32 ±0,46 

7480 ±30 

-4,04 

-0,70 

-33 


7 

5. 14 ±0,35 

5,62 ±0.40 

7324 ±40 





'AFr = — RTxAi~ Ffl: cf. Fig. 8 pour les vaieurs de Xt- 
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Fig. 7. Autodiffusion sous pression hydrostatique du plutonium e. Isothermes 
Log (D) =‘f(P)T\ a- 5I5°C-A: 538“C-<'; 550‘‘C-d: 576°C. Les intersections □ 
des isothermes avec la droite isodiffusion D = 7 . 10-’cm“s“' ont lieu aux pressions 
pour lesquelles s’effectue la fusion aux lempiratures correspondantes. 


[12] du volume d’activation AF pout I’auto- 
diffusion du plutonium en phase e, a partir de 
laformule: 

necessite pour cette phase la determination de 
la compressibilite isotherme xt et de la con- 
stante Fr definie par: 


permet d’ecrire 

r _ I , 1 ^ log Ty 
3 2xr^ f)P • 

La connaissance de la pente du liquidus du 
diagramme pression-tcmperature ((3 log T/IdP) 
= 7 . 10"Vbar[6]) et de la valeur de x extra- 
polee a la temperature de fusion conduit a 

IV = 0,15. 



ou V est une frequence caracleristique de 
vibration des atomes. La methode par reson- 
ance ultrasonique appliqude a des echantillons 
cylindriques nous a donne des valeurs repro- 
ductibles jusqu’^ 520°C du module d’Young 
E et du coefficient de Poisson o'[13], c’est a 
dire aussi de la compressibilite: 


On peut alors calculer le terme correctif 
^V, = -RTxTa-Fr) 

et on constate (Tableau 2) que ce terme est 
negatif et de I’ordre de 5 pour cent du volume 
molaire; on ne peut done le n6gliger et on 
aboulit a la valeur globale du volume 
d’activation: 

AT = — 4,9 cm^ 


Xt ~ 


_ 3(1 -2a-) 


(Fig. 8) 


Quant a IV, la loi de Lindemann 


V 


Ill 


soit —33,6 pour cent du volume molaire au 
signe pr^s du meme ordre de grandeur que 
pour les alcalins[14-17] et ruraniumy[18]. 

(b) Variation de I'enthalpie d' activation avec 
la pression 

Le faible nombre et la dispersion des valeurs 
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Fig. 8. Compressibility du plutonium c: xx points expyrimentaux[13]; — extrapolation 

linyaiie. 


experimentales du volume deactivation 
(Tableau 2) ne permettent pas une v6rification 
de la formule theorique de Girifalco[191 
exprimant la variation avec la temperature du 
volume d'activation; mais il est possible, 
comme nous allons le voir, de verifier la 
formule donnant la variation avec la pression 
de I’enthalpie d’activation [12] 

A//(P) = 

ou les diverses grandeurs ont leur signification 
habituelle. 

Notons tout d’abord que les coefficients de 
diffusion que nous avons obtenus a pression 
nulle dans notre dispositif sont legerement 
plus dlev6s dans le domaine des plus basses 
temperatures que ceux determines par Dupuy 
[1]. I Is conduisent & des vaieurs plus faibles 
pour le facteur de frequence et I’enthalpie 
d'activation (Fig. 9). Nous ne pensons pas que 
la precision sur nos resultats soit superieure a 
celle donnee par Dupuy, mais nous avons 
conserve nos vaieurs pour etablir les courbes 
logD=/(P) de faeon it ce que tous les co- 
efficients de diffusion utilises soient obtenus 
dans les tnemes conditions experimentales. 


On compare au Tableau 3 ces differents resul- 
tats ainsi que les vaieurs des autres functions 
thermodynamiques qu’il est possible de cal- 
culer en supposant un mecanisme de diffusion 
monolacunaire. La correlation de Van Liempt 
[20] ou celles plus eiaborees de Sherby et 
Simnad[3] et de Gibbs [2] sont de toute 
evidence inapplicables. 

L’etude experimentaie de la variation de 
AH avec P necessite generalement le trace des 
isobares 

Cependant, nos experiences ayant ete 
effectuees ^ des temperatures donnees repro- 
ductibles, mais a des pressions routes differ- 
entes, ces courbes s’appuient sur des points en 
majeure partie non experimentaux. Leur 
analyse s’est reveiee incoherente; c’est pour- 
quoi nous avons prefere utiliser la relation 
empirique 

AH(P) - 17,2 r/P) 

bien representative de nos resultats (Fig. 10) 
et que nous analyserons au prochain chapitre. 
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Fig. 9. Autodiifusion du plutonium en phase t sous pression 
normale: + Dupuy [1]. A nos resultats. 


Tableau 3. Facteur de frequence et fonctions thermodynamiques pour 
I’ autodiffusion du plutonium t (en supposant un mecanisme lacunaire) 



AW(0) 

cal/mole 

D, 

cm*/s 

AS 

cal/mole °C 

AC 

cal/mole 

Dupuy ( 1 ] 

18 500 

-3000 

2 . 10-2 

3. 10-2 ^9. lo-a 

5±3 

14.500 + 5000 
a T = 800°K 

Nos resultats 

15.700 + 1000 

3 . 10-2 

2 . 10-2 « 6 . 10-2 

1,4±1 

14.500+1000 

Br=800°K 





Fig. 10. Correlation fusion-diiiiusion pour le plutonium c. 
La pente de la droite conduit ^ AH(P) ^ 17,2 Tf(P)-. 
X sous pression, □ sans pression. 


On constate sur le Tableau 4 que I’accord est 
satisfaisant entre leur valeurs ‘experimentales’ 
et les valeurs calculees de I'enthalpie d’activa- 
tion k la pression P. 

4. DISCUSSION DES REsULTATS- MECANISME 
D’ AUTODIFFUSION EN PHASE c 

( 1 ) Possibilite d’un effet parasite 

11 est necessaire d’ examiner tout d’abord si 
I'augmentation avec la pression du coefficient 
d’autodiifusion en phase e ne peut fitre due a 
un effet parasite. 

(a) Influence des impuretes. La teneur en 
oxygene est de I’ordre de 500. 10"* avant 
traitement, c’est-a-dire bien sup6rieure k la 
limite de solubility considdree comme nulle. 
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Tableau 4. Variation avec la pression de 
I’enthalpie d’activation 


P Kbars 

T/F) “K 

exp^rimenule' 

‘caki|16e‘ 

3 

892 

15.300 

15.400 

7 

869 

14.950 

14.950 

10 

847 

14.600 

14.600 

13 

833 

14.300 

14.300 


La pyrophyllite 6tant un silicate, il faut 
6galement consid6rer la teneur en silicium: 
elle passe de 15.10"* avant traitement a 
30. 10"* apr^s traitement quelle que soit la 
pression puisque, par suite de I'^tat solide du 
milieu transmetteur, la teneur en impuretes au 
voisinage de I’^chantillon est ind6pendante de 
la pression (difference avec un milieu trans- 
metteur gazeux). Dans un mecanisme de diffu- 
sion lacunaire et avec une forte interaction 
lacune-impurete, une augmentation sous pres- 
sion soit de la limite de solubilite de Toxyg^ne 
soit de I’interaction lacune-impurete, permet 
de rendre compte d’une acceleration de la 
diffusion. Mais une application numerique 
conduit pour chacun de ces deux schemas a 
des resultats sans grande signification 
physique. 

(b) Influence des dislocations. Une forte 
densite de dislocations produites au cours des 
changements de phase lors de la montee en 
temperature peut acceierer la diffusion dans 
les cubiques centres ‘anormaux’* bien que les 
resultats experimentaux permettant de verifier 
cette hypothese soient contradictoires(21]. 
Dans le cas du plutonium e qui subit sous 
pression trois changements de phase, notre 
technique operatoire (recuit en phase y avant 
traitement de diffusion) nous permet de ne pas 
considerer les dislocations introduites par les 
gradients de pression eventuels mais il faut 
considerer les dislocations et les glissements 


*Ces changements de phase existent pour la quasi 
totality des m^taux cubiques centres anormaux. 


intergranulaires du^ au changemest 4e ptiase 
y~* e: rdner^e de formatitni d’une taeune 
dans les dislocations doit Stre plus fidble 
qu’ailleurs, par dans le cas tTuile diaiobatioi! 
coin par exentjde, il y a un demi plan stwld- 
mmtaire en comintissitMi; sous pression cef 
effet doit s’accentuer. Cependant pit suite de 
la diminution sous pression du vtdatUe de 
changement de phase y-* e (Fig. 1 ) (APy^, 
passe de 5 pour cent du volume nu^biire & 2 
Kbar k 1 pour cent k 13,5 Kbar), le nombre 
done I’influence des dislocations doit diminuer. 
Elies ne peuvent done rendre compte du 
signe de la variation avec la pression du co- 
efficient d’autodiffusion, (signe d'ailleors 
inddpendant du temps de recuit)t et par voie 
de consequence expliquer la faible valeur de 
AH{Q). Un calcul simple montre d’ailleurs 
qu’une densite tres elevde de dislocations 
(]0’*/cm*) serait necessaire pour interpreter la 
valeur de A//(0) [1], 

D’un autre c6te, une recristallisation even- 
tuelle au cours du traitement de diffiision en 
phase 6 qui augmenterait le coefficient de 
diffusion apparent sans que la forme des 
courbes c =/(x) soit modifiee[221, est moins 
probable aux hautes pressions qu’aux plus 
faibles pressions par suite de la diminution de 
AFy_(. Il n'est cependant pas possible de 
mettre cette recristallisation en evidence. 

Enfin un deformation plastique du mat^riau 
sous I'influence d'un gradient de pression 
eventuel au cours des traitements de diffusion, 
a une vitesse n’entrainant pas, a la fin de 
Texperience, de deformation macroscopique 
ne peut engendrer suffisamment de defauts 
ponctuels pour interpreter nos resultats. 


tOn doit souligner que I'effet dd aux dislocations 
induites par la transformation ne se fait sentir qu’en dibut 
de recuit. La comparaison des resultats obtenus it la 
pression atmosph^rique et it la pression P = 8,5 Kbar 
pour les deux temperatures 788 et 823°K. avec les condi- 
tions 

t{P) >m 

P) < (cf Tableau 3) 

permet done d'assurer que I'eflfet de la ftression sur la 
diffusion est sup^rieur a celui, possible, des dislocations. 
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(c) D^uaion intergranulaire et diffusion 
superficieUe. La premiere a peu de chances 
d’etre pr6pond6rante car les traitements de 
difftision sont effectues dans un domaine de 
hautes temperatures; il n’est malheureuse- 
ment pas possible de s’en assurer par auto- 
radiographie X car le contraste X entre les 
deux lots de plutonium est trop faibie[l]. 
Notons que pour les polycristaux d’argent qui 
manifestent, dans une gamme limitde de pres- 
sion, des coefficients d’autodiffusion superieurs 
k ceux des monocristaux[10] la diffusion 
integranulaire diminue sous pression[23]. 

Quant a la diffusion superficielle, nous avons 
verifie qu'elle etait negligeable: 

— I’activite d’une surface abrasee en dif- 
f^rents points de celle-ci est la meme. 

— apres abrasion des faces terminales sur 
1/10 mm (pour eliminer la couche 
d’oxyde superficielle), la rapport /i//o 
est identique avant et apres diffusion et 
vaut 0,502 ±0,003. 

II est probable que la couche d’oxyde qui se 
forme tr^s rapidement sur I’echantillon 
emp£che la diffusion superficielle. 


(2) Volume d’activation et fusion 

Rice et Nachtrieb[24] ont remarque que le 
coefficient d'autodiffusion a la pression et a 
la temperature T est, en coordonnees semi- 
logarithmiques sensiblement proportionnel au 
rapport Tf{P)IT oii Tf(P} est la temperature 
de fusion a la pression P, quelle que soit cette 
pression. Cette loi est bien verifiee pour les 
metaux ‘normaux’ oii le mecanisme de dif- 
fusion est fort probablement lacunaire. La 
concentration en lacunes a la fusion est done 
constante quelle que soit la pression P, et le 
volume d’activation est positif et relie a la 
pente du liquidus par 


Cette relation* garde-t-elte un sens dans le cas 
des metaux dont le volume (te fusion est 
n6gatif? En ce qui conceme le plutonium e, on 
peut tout d’abord remarquer (Fig. 7) que les 
droites D =f(P) coupent la droite isodiffusion 
D - 7 . 10“’^ cm*s."‘ aux pressions pour 
lesquelles s’effectue justement la fusion aux 
temperatures considdrees: le coefficient de 
diffusion est done le meme £i la temperature de 
fusion quelle que soit la pression, ce qui 
suggere que D ne depend effectivement que 
de la variable reduite Tf{P)IT. Ceci est 
confirme sur la Fig. 10 ou nous avons portd 
nos resultats experimentaux en fonction de la 
variable reduite; la pente de la droite permet 
de calculer I’expression deja signalee de 
I’enthalpie d'activation en fonction de la 
temperature de fusion. 

AH(P) = 17,2 r/(P). 

L’application au plutonium £ de la formule de 
Nachtrieb conduit alors a la valeur moyenne 

AF = -5.2cm“ 

soit — 34,5 pour cent du volume molaire, ce 
qui est en bon accord avec les resultats 
experimentaux. 

(3) Les defauts ponctuels en theorie elastique 
Compte tenu de la faible probabilitti d'un 
effet parasite et etant donne I’accord ci-dessus, 
on est amene a considerer que le defaut 
responsable de la diffusion dans la phase cubi- 
que centree du plutonium doit avoir un volume 
d’activation negatif. La presence d’effet 
Kirkendall sans porosite au cours de la dif- 


*11 y a lieu de noterque la relation de Nachtrieb conduit, 
compte tenu de la loi de Lindemann d^ja 6crite, a 

A.-- - . X, [1 + 1^] - . X, [- r,] . 

C’est precis6ment la relation de Keyes [25] issue d'une 
thiorie Elastique. La proportioiinalit^ £M(P) « Tf(P) 
pourrait done recevoir une base th^orique dans un modele 
elastique. 
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foskm ct|iini<^ dans les idliages It base <te 
phitonitin) en phase cubique centr6e ne pennet 
pas de chotsir entre le m^canisme par lacunes 
(mono ou polylacunes) ou le mdcanisme par 
interstitiels; elle interdit seulement i'^chaage 
simultan6 de deux atomes et le m^canisme par 
anneau (“ring mechanism"). 

(a) Les lacunes. II semble que les experi- 
ences d’effet isotopique de Barr et Mundy sur 
les alcalin8[26] ne soient pas suDisantes pour 
prejuger du mecanisme de diffusion dans ces 
metaux[27]; cependant les correlations 
empiriques y sont bien suivies et il est fort 
probable que le mecanisme soit en fait lacun- 
aire. Avec un tel mecanisme, on pourrait 
s’attendre, dans le cas du plutonium dont la 
compressibilite voisine a celle des alcalins, a 
une relaxation appreciable de la lacune, 
conduisant a des volumes d’activation faibles 
mais positifs. La theorie elastique n’interdit 
pourtant pas, pour la lacune, un volume 
d’formation negatif[28]: la fonnule 

3(l-t-K) Afl 
V Y a 

avec 

y = I 

2 ( 1 - 20 -) 

cr = coefficient de Poisson 

montre que le volume de formation devient 
negatif si la relaxation de la lacune Aala 
exprimde en % du rayon atomique est 
superieure a 

Y 

3(1-1- y) 

c’est-^-dire a 17 pour cent dans le cas du 
plutonium € pour lequel o- = 0,2[13]. En con- 
sidirant un volume de migration faible mais 
positif,* il apparait que pour interpreter nos 


'Ce n'est que dans un module de spheres dures que le 
volume de migration dans une structure cubique cemr6e 
est ndgatif. 


resuitats expirkiieiitaox, U la 

relax^ioo de to lacune soit supiiieore 4 23 
pour cent, ce qui est mctunpatible avec to 
faible enthatoie d'activatkm exp^rimeutale. 

(b) Les bU^cunes. Contrairemetit au cas 
des m6taux C.F.C., I’enthaliw de foiuuttkMi 
des lacunes doit constituer dans les mitaux 
C.C. de structure assez ouverte, la mt^ure 
partie de I’enthalpie d’activation. 11 est idtns 
peu probable que I’dnergie de liaison d’une 
bilacune soit 6gale, si ce n’est superieure, it 
renergie de formation d’une lacune; c’est4i- 
dire que la concentration en bilacunes est 
ndgligeable a toute temperature. 

(c) Les interstitiels. Ce sont des defauts 
qu’on ne consid^re g6nera]ement pas en 
autodiffusion par suite de leur energie de 
formation trop eiev6e. A titre d’exemple, 
I’dnergie de formation d’un interstitiel dans to 
theorie elastique est de 35.400 cal/mole pour 
le plutonium e dans les sites octaedriques 
ii, h 0). De plus le volume de formation ne 
peut Stre negatif que si le metal est peu com- 
pressible, ce qui n’est pas le cas pour le 
plutonium e. Nous venrons cependant au 
chapitre suivant que, compte tenu d’une 
hypoth^se supplementaire il est possible de 
rendre compte de nos resultats avec un m^ca- 
nisme de diffusion par interstitiels. 

(4) Mecanisme d’ autodiffusion en phase e 

II est peu probable que la contraction du 
plutonium a la fusion soit iiee a une tendance 
^ I'ordre en phase liquide, sous forme d’un 
reseau aussi dense que le r^sedu C.F.C. Par 
analogie avec rinterpr6tation doni^e par 
Jayaraman[29] pour le c6rium (C.C.) dont le 
diagramme {P,T) se caique tr^s bien sur 
celui du plutonium, nous pensons au contraq-e 
que la contraction a la fusion du plutonium est 
due a une modification de la structure dlec- 
tronique de I’atome. Cette hypothese est 
etay6e par plusieurs risultats experimentaux, 
en particulier: 

— la chaleur specifique ^lectronique dU 
plutonium liquide est bien plus elev£e 
que pour la phase € [30] 
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—la tension superficielle au point de fusion 
y, » 550 dynes/cm 

est environ trois fois moindre que pour 
l'uranium[31]. Larelation[32] 



oil a est le coefficient de dilatation 
cubique du liquide 

p sa density 
A sa masse molaire 
n sa valence 

permet alors de calculer une valence 
voisine de 7 en phase liquide. Si on 
admet avec Zachariasen[33] que la 
valence du plutonium e est de 5 avec un 
rayon ionique de 1,59 A, le rayon 
ionique en phase liquide serait de 
1,4 A [34], 

Rappelons enfin qu’on interpr^te generale- 
ment le coefficient de dilatation negatif de la 
phase 6 (C.F.C.) par une modification elec- 
tronique du meme type [33]. 

La parcnte qui semble exister entre la 
phase e et la phase liquide (mise en evidence 
en particulier par les coefficients de diffusion 
tris eleves en phase e, la faible chaleur latente 
de fusion et la forte viscosite du liquide [35]) 
nous permet alors d'envisager que le d6faut 
responsable de la diffusion pourrait etre un 
interstitiel dans le meme ^tat electronique que 
les atomes en phase liquide (nous dirons etat 
‘active’). D’ailleurs, la grande compressibilite 
du plutonium e et sa variation rapide avec la 
temperature mettent en evidence une struc- 
ture diectronique instable pour cette phase, ce 
qui est un bon argument en faveur d’uqe 
promotion d’electrons permettant a, certains 
ions de changer de valence et de reduire leur 
rayon. 

Un calcui classique[28] montre alors que 
r^nergie elastique n6cessaire pour placer im 


atome de plutonium de valence 7 dans les sites 
octaedriques n’est plus que de 1 6.000 calories 
par mole. Si la migration de I'interstitiel se fait 
par un processus indirect, I’enthalpie de 
migration (comme le volume d’activation pour 
la migration) peut etre trds faible, et nos r6sul- 
tats s’interpretent correctement. 

En ce qui concerne le volume d'activation 
AV d’un tel processus, on a sensiblement en 
theorie elastique [28] 

V F)8' * 

oiiAu est la difference de volume molaire 
entre I’interstitiel a I’^tat “active” et le 
site octaedrique. 
y le volume molaire. 

/3 le facteur d’Eshelby [36] = 1 -f 
fi le module de cisaillement. 

Xt la compressibilite isotherme 
13' = I -f-/i,x V4/3 tient compte du fait que la 
compressibilite x’t I’interstitiel est 
differente de celle de la matrice. 

Les valeurs experimentalcs de xr> M ct AL 
montrent que ce processus est possible si la 
compressibilite de I'interstitiel est superieure 
au tiers de la compressibilite de la matrice. ce 
qui est concevable. 

5. CONCLUSION 

Nous venons de voir qu’il est possible 
d’interpreter la faible enthalpie d’activation 
pour I’autodiffusion du plutonium en phase e. 
et le volume d'activation negatif k I’aide d’un 
mecanisme par interstitiels indirects a I’etat 
‘active’. Sous pression la concentration en 
interstitiels croit et. bien que leur mobilite 
diminue. le coefficient de diffusion augmente. 

II est possible qu’un mecanisme analogue 
rende compte de la diffusion dans les autres 
phases moins denses que leurs liquides ou se 
superpose a un mecanisme lacunaire pour 
Tip, Zrp, Hf/3, V ou les courbes log D =fillT) 
ne sont pas lineaires, I’importance relative des 
deux mecanismes etant reliee k la pente du 
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liquidiis du diagramme {P, T) comme doiveot 
rStre ia compressibility et la constante de 
Orimeisen. 

ANNEXE 1 

Dilatation thermique d’un solide sous pression kydro- 
statique 

D^signons par x I'ecart d'un atome par rapport k sa posi- 
tion d'equilibre et par 

y(x)=ax‘-bx^ 

le potentiel anharmonique le plus simple responsable de 
la dilatation thermique. Sous pression P, la position 
d’equilibre est jc, telle que 

— 2aJCo + ibxa^ = Pr„' 

oil To est la distance interatomique. Si on designe par X les 
deplacements par rapport I x, il est facile de voir que ie 
potentiel auquel est soumis I’atome autour de Xo est: 

UIX) = la-ibx^)X‘-bX^. 

Par analogic avec un calcul deji effectue[37], on exprime 
alors le coefficient de dilatation cubique sous pression P 
par 

^bk ^ Oo 

oil k est la constante de Boltzmann. 

L'application de cette formule au plutonium permet de 
tracer les courbes theoriques a=f(P) pour les phases 
a, jS. y et e. Compte tenu des volumes de transitions de 
phases calculus 4 partir de I'dquation de Clapeyron 
supposee verifiee meme aux fortes pressions avec 
I'approximation lineaire 

AH,(P) = AW.iOI-fAf'.fOlP 


oh vf est le nombre d’ttvogadrQ 
y le volume molairt 

Cl et C| les vitesses lon^tudinale et transversales du son 
qui s’ekpriment sous la forme 

" 

V(l-l-<r)(l-2tr)p S2(l-ka)p 

avec p densitd 

E — module d'Young ddtennin^ par la mdthode de 
resonance ultrasoniqueflS]. 

<T » coefficient de Poisson ditemund grapfaiquement 
b partir de la dispersion des harmoniques de la 
frequence fondameiitale[ 1 3]. 

On obtient: 

Od - «)*K 

ce qui est bien plus faible que pour les auttes phases du 
plutonium dijii 6tudi6e$ [38]; il n'y a pas lieu de s'en Iton- 
ner 6tant donn^e la tr&$ faible rigiditd de la phase e (b titre 
de comparaison bo “ 88°K pour le plomb). 

Une valeur approchie de <b peut aussi £tre obtenue 
a I'akle de la loi de Lindemann[391 basde sur la th£orie 
d’Einstein; au voisinage de la tempdrature de fusion, tons 
les modes de vibration sont excites et on peut ddfinir une 
frequence moyenne 

Vs = ivp 

par suite de I’allure parabolique du spectre de frequences 
de Debye. Si on ddsigne par d la distance interatomique 
et qdH I’amplitude maximaJe de vibration, c'est & dire 
I'amplitude it la tempdrature de fusion, on a, par suite de 
rdquipartition de I'dnergie entre tous les modes de 
vibration 

iAf7r*q*d*v,t = RT^ 

c'est-a-dire 



il est possible de calculer le volume molaire du plutonium 
en phase e it diffdrentes pressions et tempdratures et de 
dresser ainsi des abaques que Ton peut utiliser pour 
calculer, dans nos conditions expdrimentales la correction 


y(T, P) 

V'(300°K,0Kbar) 


oil M est la masse molaire et R la constante des gaz. 
Lindemann a montrd que q variait tres peu d’un mdtal ft 
I’autre pour une meme colonne du tableau pdriodique des 
didments. La temperature de Debye du thorium (I68°K 
[40]) et de I’uranium (nO°K[41]) conduit & prendre pour 
q la valeur moyenne q = 0,126; c’est k dire que, pour le 
plutonium c; au voisinage du point de fusion 


k apporter k la mesure des distances k tempdrature et 
pression ordinaires. 


Vs => 2.12. 10'* 


4 




ANNEXE 2 

T empirature de Debye de la phase f du plutonium 
C’est par ddfinition pour la phase polycristalline sup- 
posde isotrope 


Op 


h 

k 


9^ 1 I''* 


4irF_l_ 2 I 
I c,» c,\ 


ce qui conduit k 

Op =« 109“K. 

Cette valeur est bien supdrieure k celle obtenue prdeddem- 
ment k partir des propridtds diastiques; le spectre de 
frdquence est done certainement plus dtem^ que la 
spectre parabolique proposd par Debye et il serait intdres- 
sant de vdrifier ceci par diffraction neutronique. 
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R^sum^— Nous avons dtudi6 Tadsorption de I'acide fomnique et du mdthanol sur le noir de carbone 
Carbolac et I'oxyde de zirconium tdtiagonal par RMN haute rdsolutkm. Le taux de monom^re dans 
ces liquides augmente par adsorption sur ZrO|, mais n’est pas modifid par adsorption sur le Carbolac. 
Pour les deux solides. I'dchange chimique entre polymires et monomires reste rapide en phase ad- 
sorbie comme dans le liquide libre entre — 70° et 35°C. La largeur de raie du groupe OH est toujours 
supirieure a celle de I’autre groupe de la meme molicule; Ceci peut s'interpriter en admettant que 
les molicules polaires sont adsorMes sur le solide par leur groupement oxhydrile qui est alors moins 
mobile que I'autre groupe de la molecule. L’ilargissement des raies du groupe OH peut etre dO i 
I'interaction dipolaire entre groupes OH des molecules adsorbies el groupes oxhydriles chimisorbis 
i la surface des adsorbents d'autre part. 

Les considirations pricedentes sont en bon accord avec les proprietis catalytiques de I'oxyde 
de zirconium pour la dicomposition de I'acide formique. 

La lisonance magnitique nucliaire. qui permet d'observer le catalyseur en action, peut donner 
des renseignements sur le processus de catalyse. 

Abstract— Adsorption of formic acid and methyl alcohol on the carbon black 'Carbolac' and on 
tetragonal zirconia has been studied by high resolution N.M.R. 

Adsorption on ZrO| increases the rate of monomer in these liquids while adsorption on Carbolac 
has no effect. In both cases, the chemical exchange in the adsorbed phase between monomer and 
polymer remains fast. 

The proton line width is always larger for the OH group than for the other group of the same 
molecule. This could be understood if the polar molecules were bound to the stdid by their OH 
groups. These would then be less free. 

Dipolar interaction between OH groups of adsorbed molecules and chemisorbed OH groups 
seems to be the predominant cause of the observed increase of the OH line width. 

These results agree quite well with catalytic properties of zirconia. 

By following the catalytic process with NMR techniques one may obtain informations on catalysis. 


•Cet article recouvre en panic le travail de la thbse de doctoral de Mmc S. Gradsztajn pass6e le 13 ttvrier 1970 
4 la Facultd des Sciences d’Orsay (n° d'enregistrement au CNRS: AO 3770). The CNRS, 15 quai A France Paris VII 
wfll send a copy of this diesis, which is not printed. 
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1. INTRODUCTION 

Dans Ic cas des alcools et des acides en 
phase liquide, la raie de risonance du proton 
du groupc OH sc d^place, par rapport aux 
autres raies du spectre de la molecule, lorsque 
la temperature ou la concentration varie. 

Ce pb6nomdne bien connu[l-2] est 
attribue a la perturbation de la liaison hydro- 
gine (association, dissociation des molecules). 
La position de la raie du proton de OH carac- 
terise un equilibre chimique entre les etats 
monomeres et polymeres des molecules 
d’alcool ou d’acide[3-4] et eventuellement 
un equilibre plus complique oil intervient 
la complexation avec le solvant. 

Dans retat adsorbe de liquides tels que 
I’acide formique ou I’alcool methylique nous 
observons aussi un deplacement de la raie 
correspondant au groupe OH, variable 
avec la temperature et le recouvrement de 
la surface. Cette raie se distingue en plus 
par sa largeur beaucoup plus grande que 
celle des autres raies [5-7]. 

L’etude prealable des proprietes des raies 
correspondant aux groupes d’atomes non 
concemes par la liaison hydrog^ne (raie du 
groupe CH de HCOOH) ou raie du groupe 
CHs de CH3OH) ainsi que I’etude des 
liquides adsorbes non polaires[8] nous 
permet de raettre clairement en evidence le 
comportement particulier des raies corres- 
pondant aux groupes OH. 

2. ECHANTILLONS 

(a) Adsorbants 

En plus du noir de carbone ‘Carbolac’ 
d^j^ utilise pour (’adsorption des liquides 
non polaires et dont les proprietes sont 
ddcrites dans un article pr6c6dent[8], nous 
avons utilise egalement I’oxyde de zirconium 
tetragonal Zr O 2 . Cet adsorbant a ete choisi 
en raison de ses proprietes catalytiques 
pour la deshydratation de I’acide formique [9]. 

L’oxyde de zirconium tetragonal est pre- 
pare & partir de I’oxyde amorpbe par chauffage 
h 550*^ it I’airflO]. Son spectre de rayons 


X montie qu’il a la structure tetragooale 
metastable, avec moins de 10 pour cent de 
la forme monoclinique. Nous avons prepare 
deux lots d’oxyde de zirconium dont les 
surfaces specifiques (BET/Azote) sont de 
20 mVg pour le lot I et 35 m*/g pour le lot 
II. Ceci resulte du temps de recuit different 
des deux lots. Des cliches de microscopie 
et de diffraction eiectronique montrent que 
la zircone utilisee est constituee de grains 
polycristallins dont les dimensions sont de 
i’ordre de 0,1 fi. La densite apparente varie 
de 1,35 a 1,55 suivant le tassement. La 
densite theorique de I’oxyde de zirconium 
est 5,6 [II] ce qui donne un coefficient de 
remplissage de 0,25 bien inferieur h celui 
d’un empilement compact (0,75) ou meme 
d’un impilement cubique simple (0,52) de 
grains spheriques. 

Ces deux solides (Carbolac et ZrOj) presen- 
tent I'avantage de ne pas trop eiargir les 
raies de liquides adsorbes, ce qui permet de 
separer les deux composantes chimiques. 

(b) Adsorbats 

Les liquides utilises: acide formique 
HCOOH et alcool methylique CH3 OH ont 
ete choisis pour leur spectre RMN simple 
(deux raies bien separees). Ils ont deja ete 
etudies partiellement en RMN h retat pur 
ou en solution (CCI4 ou H2O) et en fonction 
de la temperature [1 2- 1 3]. Nous avons aussi 
utilise leurs homologues deuteres: CH3 OD. 
CD3 OH et HCOOD 

(c) Preparation des echantillons 

Les echantillons ont generalement ete 
prepares comme pour les etudes anterieures 
[8]: avant adsorption du liquide, les solides 
ont subi un degazage — a 400°C sous 10“^ Torr 
pendant 48 hr pour le Carbolac;— h 450'’C 
sous 1 0"^ Torr pendant 3 hr pour Zr O*. 

Les solides ainsi degazes ont ete examines 
par RPE k 10 GHz et par R.M.N, a 60 MHz. 

En R.P.E, ils presentent des raies; 

Cambolac 1 spins/g; largeur de raie 2 G 
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I tme raie sym^trique de largeur 6 0 
tme raie dont la dissymdtrie est due 
k une anisotropie de g de 1.3 . 10 ~*. 

En R. M. N. Aucune raie de protons n’est 
detectable en large bande ou en haute reso- 
lution. 

N. B. Cas particulier: Zr O 2 (h) 

Pour certaines experiences nous avons 
utilise un echantillon de ZrO^ prepare 
differemment: le degazage prealable a ete 
fait a temperature ambiante (au lieu de 400°C) 
sous 10~* Torr pendant 4 hr. Dans ces condi- 
tions I’examen par R.P.E., apres degazage, ne 
montre pas la raie de 6 G observee precedem- 
ment. Par centre I’examen par R.M.N. 
revele I’existence d’une raie large de protons 
(AH = 2,2 G) qui sont vraisemblablement 
attribuables a des groupes OH lies a la surface 
comme c’est le cas pour d’autres oxydes 
[14-16]. Nous noterons I’echantillon ainsi 
prepare Zr O 2 (h)! 

Le liquide k adsorber est lui aussi degaze. 
Connaissant les surfaces BET des solides, 
le nombre de couches moieculaires statis- 
tiques 6 a ete determine par pesees. On admet 
que la surface d’une molecule est 1 7 A* pour 
I’acide fonnique[5], 18 A* pour le methanol 
[17]. Compte tenu des faibles surfaces specifi- 
ques de Zr O 2 . nous n'avons pas pu etudier 
dans ce cas des recouvrements inferieurs a 
4 couches. 


spectres des moiecutes adsOTbees non deu- 
terees presentent deux raies bien separecf 
(Fig. 1). Dans d'autres cas moins fav(»aUes 
(basse temper^ure, faible recouvrement) on 
n’observe qu’iiino seule raie tr^s large avec 
une structure plus ou moins apparente. Nous 
avons alors effectue une analyse du spectre 
sur ordinateur, basee sur la seule hypothese 
que chacune des raies qui le composent est 
symetrique. 

3. R.M.N. DES PROTONS NON MOBILES DES 
LIQUIDES AOSORBES (ETUDE DES RAIES 
DES GROUPES CH ET CH,) 

(a) HCOOH ou CH 3 OH adsorbi surZrOt 
(1) Deplacement des raies des groupes CH 
et CHg. Des experiences faites en utilisant 
des porte-echantillons spheriques (Fig. 1) 
montrent que la seule cause importante de 
deplacement des raies par rapport aux raies 
du liquide libre est la difference de suscep- 
tibilite entre le liquide libre et le melange 
adsorbat adsorbant[8, 18]. Les valeurs des 
susceptibilites que Ton peut deduire des 
mesures de deplacement des raies de liquides 
adsorbes (lorsqu’on utilise les porte-echan- 
tillons cylindriques) sont diiferentes: 

Xi = (- 0, 1 9 ± 0,03) 1 0-» CGS/g pour 
Zr02(I) 

X„ = (- 0,07 ± 0,02) 10-« CGS/g pour Zr O 2 

(II) 


(d) Conditions experimentales et analyse des 
spectres 

L’etude par R.M.N. a ete affectuee a 15,1, 
60 et 100 MHz sur des spectrometres Varian 
DP 60 (muni d’une stabilisation exteme a 
proton), Varian HA 100 et Jeol 4H 100.* 

Pour I’acide formique et I’alcool meUiyl- 
ique. dans les cas les plus favorables, les 

•Nous remercions MM. Duhamel et Dang du Labora- 
toire de Synthase Asymdtrique du Professeur Kagan. 
Faculti des Sciences. Orsay et M. E. G. Derouane. 
Institut de Chimie de I’Universite de Liige. Belgique, 
qui ont contribue aux mesures faites it 100 MHz. 


et montrent le role important de la prepara- 
tion. 

La litterature donne 

X = -0,11.10-« CGS/g. 
et 

X = -0,19.10-® CGS/g (11). 

(2). Largeur des raies des groupes CH et 
CH3. Des mesures faites pour des valeurs 
diiferentes du champ Ho (Table 1 et Fig. 2) 
aux frequences 15,1, 60 et 100 MHz montrent 
une contribution importante du champ local 
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Fig. I . Spectre de I'acide formique adsorbc sur I’oxyde de 
zirconium Zr Oj (II). Le champ H„ croit de gauche a droite. 
Sous chaque spectre figurent les raies du liquide libre qui 
servent de reference pour le deplacement des composantes 
OH (a gauche) et CH (a droite). 

A. Echantillon cylindrique 

B. Echantillon sphirique 

C. Porte echantillon ayant permis de realiser ces spectres. 


Tableau I. Ir^fluence de la rotation (a la frequence v) de I' echantillon sur la largeur 
de raie Af a differentes frequences de mesure Fq 


Lot 

d’adsorbant 

Liquide 

adsorbe 

(Hz) 

AF(Hz) 

Fo= 15.1 MHz f„ = 60MHz 

100 MHz 



0 

102 ±5 

124 + 5 

172 ±5 



25 


116 + 5 


ZrOjd) 

CHa OD (CH 3 ) 

50 

94 + 5 

96±5 




100 

88±5 





0 

35±5 

65 + 2 

87±2 

ZrOj(lI) 

HCOOH (CH) 

25 


52±2 




50 

28 + 5 

52 ±2 



d’origine diamagn^tique a I’^largissenient distributions: (1) Une distribution du champ 
de la raie. Comme dans Je cas des carbones dipolaire r6trAcie par le mouvemcnt des moJe- 
[ 8 } Dbus avons done la superposition de detlx cules. Elle est homogdne, lorentzienne et sa 
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Fig. 2. Variation de la largeur de raie en fonction du champ H« (fr^uence 
de mesure coirespondante F,) et decomposition de la largeur experimcntaJe en 
laigeur dipolaire et largeur inhomogene: (I) Largeur experimentale, (2) 
Largeur inbomogene. (3) Largeur homogene. 


largeur est independante de Ho- (2) Une 
distribution du champ local d’origine diamag- 
netique. Sa forme depend de la geometrie 
des grains de la poudre[19. 18, 8] mais sa 
largeur est inhomog^ne, proportionelle a //o 
et a la susceptibilite x de radsorbant[18]. 

La forme de la raie de resonance resulte 
done du produit de convolution de ces deux 
distributions. Si la distribution du champ local 
etait lorentzienne la raie de resonance serait 
lorentzienne egalement (produit de convolu- 
tion de deux lorentziennes). Les raies que 
nous obtenons ont une forme interm^iaire 
entre la gaussienne et la lorentzienne. Nous 
admettrons que la distribution du champ 
local est gaussienne. Dans ces conditions 
on peut determiner les laigeurs respectives 
AL et AG des deux distributions i partir 
des largeurs exp6rimentales A(G * L) ob- 
tenues pour plusieurs valeurs du champ Ho 
(L est la distribution lorentzienne, G la 
distribution gaussienne et L * G leur produit 
de convolution). Cette decomposition (Fig. 2) 
de la largeur exp6rimentale en sa partie 
homog^ne (d'origine dipolaire) AL et sa 
partie inhomogene (due au champ local 
diamagn^tique) AG est obtenue par une 
construction graphique (Fig. 3) faite & partir 
de la couttie Ui^rique donnant AL/A(L * G) 


en fonction de AG/A (L * G) ca]cul6e par 
Alquie[201. On v6rifie bien que les pentes 
des droites ainsi obtenues pour les largeurs 
inhomogenes, correspondant aux deux lots 
(1 et 11) de Zr Oe, varient comme les sus- 
ceptibilit^s obtenues au paragraphe pr6c^denL 
Cette largeur inhomog^ne, plus faible que 
celles prevues par Drain: AF ~ 3X»'F„fl9], 
s'explique bien par le fait que les grains de la 
poudre sont approximativement spheriques 
et que leur empilement n'est pas compact. 
Une rotation rapide de I’echantiilon (~50 
a 100 Hz) module le champ local d’origine 
diamagnetique et reduit les largeurs des raies 
mesurees a 60 MHz a la partie homogene 
(Tableau 1). Ceci montre que^^jpartie in- 
homogene de la largeur n’avait 'pas 6t6 
retrecie par le mouvement des mol^ules 
adsorbees. II est done legitime de considerqr 
que toute la molecule voit le meme champ 
local. 

(b) HCOOH ou CH3OH adsorbis sur le noir 
de Carbone ‘Carbolac’ 

Les raies des groupes CH ou CH3 de I'acide 
formique ou de I'alcool m6thylique adsorb^ 
ont les memes proprietes que celles des 
liquides non polaires, tel que le benz^ par 
exemple, adsorb6s sur ce mSnie carbone 
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Fig. 3. Decomposition de la largeurde raie en sa partie homo- 
gene Ai. (distribution lorentzienne) et sa partie inhomogene 
AC (distribution gaussienne). AFi, AF^ et AFj sont les 
laigeurs de raies experimentales k 15,1, 60, et 100 MHz. Les 
courbes 1, 2, 3 sont obtenues a partir de la courbe theorique 
(20) donnant y = G) en fonction de x = ALIMi- • C) 

par la transformation: X = x. A(1 . G), y = y . A(L. C)/Fo 
pour Fo=15, IMHz. F„ = 60MHz, F„= lOOMHz et 
A(f..<;) = AF„ A(/..6') = AFj, A(L. G) = AF,. Le point 
d’intersection des trois courbes donne AL et AGIF„. 


[ 8 ], Leur d^placement ne peut etre reduit par 
rutilisation d’un echantillon spherique. II 
est dQ ^ I’anisotropie du champ diamagnetique 
des grains de carbone. Leur largeur est. 
comme dans le cas precedent, due a la super- 
position d’une distribution du champ dipolaire 
(homog^ne) et du champ local diamagnetique 
(inhomog^ne). 

4 . R.M.N. DES PROTONS MOBILES: ETUDE DE 
LA RAIE DU PROTON DU GROUPE OH DE 
HCOOH OU CH,OH ADSORBES 

(a) Deplacement specifique de la raie du 
groupe OH 

La raie du groupe OH subit dans certains 
cas, en plus du d^placement du au champ 
local d’origine diamagnetique, un deplacement 
sp^tflque que i'on peut mesurer en utilisant 
cooiposante CH ou CH 3 du spectre comme 
r^i^rence. 

Dans le cas du liquide iibre le deplacement 


de la raie OH a lieu vers les champs forts, 
lorsqu’on augmente la temperature ou 
lorsqu’on dilue I’alcool ou I'acide (Fig. 4) 
[12-13], 

(1) Effet de I’ adsorption, du recouvrement 
et de I’etat de surface de I’adsorbant. Pour 
HCOOH adsorbe sur ‘Carbolac’ la raie du 
groupe OH subit le meme deplacement vers 
les champs croissants que celle du groupe CH 
du spectre, lors de I’adsorption, et ce deplace- 
ment varie comme ceux observ 6 s pour les 
liquides non polaires [ 8 ], avec le recouvrement 
d de la surface (Fig. 5) 

Pour HCOOH adsorbe sur Zr O 2 (I ou II) 
la raie du groupe OH est plus deplac 6 e vers 
les champs croissants que celle du groupe 
CH: c’est-a-dire que r 6 cart des deux raies 
du liquide adsorbe est plus petit que celui des 
deux raies du liquide libre (Tableau 2). Ce 
deplacement augmente encore lorsque le 
recouvrement d de ia surface diminue (Fig. 6 )- 
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Fig. 4. Diplacement de la raie du groupe OH par rapport 
i la raie du proton du groupe CH dans un milange d’acide 
formique et d'eau en fonction de la concentration {Liquide 
libre). 


ifil 

Dans le cas particuHer de ZrO* (b) te 
d^placement en champ fort de la raie OH est 
encore plus important que dans le cas pr6c^* 
dent (Tableaq,2) 

Pour CH3OH adsorb^ sur les diff^rents 
solides on observe les mSmes pix^ni^t^s 
mais' I'ecart des deux raies (CHs et OH) £tant 
initialmnent plus petit, la t^compositkm dn 
spectre est moins precise. 

(2). Effet de la tempirature et du champ Ha, 
Comme dans le cas du liquide libre on 
abaissement de la temperature a pour effet de 
d^placer la raie du groupe OH des liquides 
(HCOOH et CHsOH) adsorbes vers les 
champs faibles, celle des groupes CH ou CH3 
restant iixe. 

A temperature constante I’ecart des raies 
des liquides adsorbis est proportionnel 
^ Ho (Tableau 2) 

(b) Largeur et forme de la raie du groupe OH 
des liquides adsorbes 

(1) Effet de r adsorption, du recouvrement 
et de I’itat de la surface. Dans la phase 
adsorbee la raie du groupe OH est plus laige 
que I’autre raie du spectre dans tous les cas 
examines (Tableau 2, Fig. 1) 


Tableau 2. Largeur et icart des raies CH et OH de iacide formique (HCOOH) pour 
diffirentes frequences de mesure Fo d temperature ambiante 


Decomposition de la largeur de raie 
en largeur homogine AL et largeur 
inhomogine AG 

Largeurs expirimentale CH OH 



F. 

Heart des 

des raies AF (Hz) 

AL 

AG 

AL 

AG 

Adsorbant 

(MHz) 

raies (Hz) 

CH 

OH 

(Hz) 

(Hz) 

(Hz) 

(Hz) 


15 

41±5* 

40±10 

100+10 

35±5 

10 + 2 

95 + 6 

15±3 

Carbolac 

60 

162 ±2* 

60±10 

140±10 

35 + 5 

40±8 

95+6 

60+12 

(e~ 2) 

100 

270 ±2* 

90 + 5 

160 + 5 

35 + 5 

62 + 13 

95 + 6 

100±20 


15 

39rt5 

35+10 

n5±io 

32 + 3 

10+1,5 

113±2 

13 ±2.5 

ZrOsdl) 

60 

I40±2 

65 + 10 

145+10 

32 + 3 

42+3 

113 + 2 

52+10 

(0-6) 

100 

231 ±2 

87+ 5 

142+ 5 

32±3 

61 + 10 

113±2 

86+16 

ZrOs (h) 
(0~6) 

60 

90±2 

65 ±10 

180 + 10 






*Oan$ ce cas i'icart des rates est igai i ceiui du liquide libre. 
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Fig. 5. Variation des largeurs AF, et des deplacements 7 par rapport aux raies 
correspondantes du liquide libre, des raies de resonance de liquides adsorb^s 
sur le noir de carbone Carbolac en fonction du recouvrement B de la surface. 
(/> Osi Hocroit) 


Ce resultat est a rapprocher de ceux 
obtenus pour I’adsorption de ces memes 
liquides sur gel de silice ou sur alumine 
(5-7). 

Dans tous les cas la rate du groupe OH 
s'61argit lorsque le recouvrement 8 de la 
surface diminue (Figs 5, 6). A recouvrement 
6gal la raie du groupe OH de HCOOH ad- 
sorb^ est plus large sur Zr Oj (h) que sur 
Zr O2 (II) La raie du groupe CH, par contre, 
a sensiblement le meme largeur dans les 
deux cas (Tableau 2, Fig. 7). 

(2) Eiffet du champ directeur Ho et de la 
temperature. La raie du groupe OH ne 
s'^largit pas plus vite avec le champ Ho que 
celle du groupe CH (Tableau 2) pour I’acide 
formique adsorbd sur tous les adsorbants 
Studies. 

Lorsque la temperature d6croit les deux 
raies de HCOOH et les deux raies de CH3 
•OH; s’eianpssent simultanement (Fig. 8). 
[Oli" remartiiiera que les variations des lar- 


geurs de raies en fonction de la temperature 
sent tr^s voisines pour HCOOH et CH3OH 
entre + 35° et — 50°C alors que les tempera- 
tures de congelation de ces deux liquides sont 
tres dilferentes (7'c = 8,4°C pour HCOOH 
et Lc = - 97.8°C pour CH3OH) 

(c) Saturation des raies 

L’amplitude de la raie de resonance OH 
des liquides adsorbes se sature beaucoup 
plus difiicilement, en fonction du champ RF 
applique, que celle du groupe CH. Par 
contre dans le liquide libre, nous avons 
verifie que les raies OH et CH de I’acide 
formique se comportaient de la meme 
maniere vis a vis de la saturation. 

5. RESULTATS DE RESONANCE ELECTRONIQUE 
ET DE SPECniAGRAPHIE INFRA-ROUGE 

La raie sym^trique de R.P.E. de Zr O2 
d6gaze (Section 2(c)) disparait lorsqu’on 
adsorbe de I’acide formique ou de I’eau. Pour 



I 


MOLECULES A PROTONS MOBILES 



Fig. 7. Spectres de I'acide formique (A) pur, (B) adsorb^ sur Zr Ot (II), (C) adsorb^ 

sur ZrOi (h). 
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Fig. 8. Influence de la temperature sur la largeur des rates 
des differents liquides adsorbes sur Zr Ok (1). Les recouvre- 
ments sont 0 — 6,5 pour HCOOH; = 10 pour CHjOH et 
8 = 6,3 pourCHsOD. 


ces memes liquides la raie de R,P.E. du 
Carbolac diminue et s’elargil, Ces raies ne 
sont pas modifiees par I’adsorption d’un 
liquide non polaire tel que ie benzene. 

Quand on disperse de I’acide fonnique pur 
dans le nujol on observe [9] les bandes 
d’absorption i.r. CO caracteristiques du 
dim^re (1718 et 1202 cm”') [21], Par centre 
quand on examine dans les memes conditions 
ZrOg ayant adsorb^ HCOOH on observe 
en plus des bandes precedentes des epaule- 
ments caractiristiques de la formation de 
monomdre ( 1 748 et 1 103 cm“'). 

6. INTERPRETATION 

Les raies des groupes OH se distinguent 
essentiellement des autres raies de liquides 
adsorbes par leur largeur et leur deplacement 
plus grands Nous remarquerons tout d’abord 
que ces deux effets (^largissement et deplace- 


ment) ne sont pas necessairement correles: 
Dans le cas de I’acide fonnique adsorbe sur 
‘Carbolac’, on observe en effet un elargisse- 
ment de la raie OH, bien qu’elle n’ait pas 
de deplacement specifique. 

(a) Cause du deplacement specifique de la 
raie du groupe OH 

(I), Influence des molecules d’eau de 
surface. Les deplacements observes pour le 
groupe OH de I’acide formique ou du methan- 
ol adsorbes sur ZrOg pourraient s’expiiquer 
par la presence d’une certaine quantity d’eau 
sur la surface des adsorbants. Le deplace- 
ment de la raie OH serait alors celui obtenu 
par dilution avec HjO (Fig. 4). Dans le cas 
de I’acide formique il faudrait alors que la 
phase adsorbee ait pour composition, pour 
^ = 6 : 
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10% HkO, 90% HCOOH dans le cas de Zr Ot 


( 11 ) 

20% H; 0, 80% HCOOH dans le cas de Zr Ot 

(h). 

t 

Cette premiere hypothfese ne saurait £tre 
retenue pour les raisons suivantes; 

Nous avons mesur6 par thermogravimi6trie 
ia quantity de protons qui restent dans 
I’adsorbant apr&s traitement thermique 
k 430°C. Ces protons appartiennent vraisem- 
blablement ^ des groupes OH de surface 
(14-15-5) mais m£ine s’ils appartenaient 
a des molecules d’eau, le melange HCOOH 
-l-HtO obtenu apres adsorption de I'acide 
formique contiendrait moins de 1 ,5 pour cent 
d’eau. 

Les quantiles d’eau adsorbees sur I’echan- 
tillon necessaires pour obtenir des melanges 
acide formique-eau a 10 et 20 pour cent 
d’eau seraient detectables par RMN large 
bande avant adsorption de I’acide formique 
(Section 2c). 

La presence de telles quantiles d’eau se 
traduirait par des differences appreciates 
des surfaces des raies OH et CH. Nous 
avons verifie que quand on adsorbe sur Zr Oz 
un melange de 20 pour cent d’eau et 80 pour 
cent d’acide formique on observe effective- 
ment un rapport f entre les intensites des 
deux raies (c.a.d. leurs surfaces). Pr^cisons 
que la largeur et le deplacement observes 
dans cette contre experience, pour la raie 
OH, different de ceux observes pour HCO 
OH adsorbe sur Zr Oj (h). 

(2) Equilibre monomere polymeres. Dans 
le liquide, pur ou en solution, la duree de 
vie des 6tats associes est courte (~10~’“.t) 
de sorte qu’on observe en R.M.N. une 
seule raie pour OH correspondant a un 
echange chimique ‘rapide’[2] entre les diffe- 
rents etats d’association de la molecule. La 
frequence de resonance de cette raie est la 
moyenne, ponderee par le nombre de protons 
du groupe OH dans chaque 6tat d’association, 
des frequences de resonance de chacun de 
ces 6tats[3-4]. 
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Dans ki phase adsorb^e le £ait qws Ton 
n’observe, qu’une seule raie de r^sooai^ 
pour te groupe OH montre que I’^ebaQge 
entre monom^res et polyouhes (CH3OH) 
ou entre mondmdres et dim^res ({iCOOH) 
reste un 6change rapide, m8me k basse 
temperature. 

Dans le cas de I’adsorption de HCOOH 
sur Carbolac, r6quilibre dim^ monom^e 
n’est pas modifie par I’adsorption: II n'y a pas 
de deplacement specifique de la composante 
OH lors de I’adsorption. 

Dans le cas de I’adsorption de I’acide for- 
mique sur Zr O 2 , r^quilibre dim^re-monomdre 
est 16g^rement modifi^ en faveur du mono- 
m^re (deplacement specifique de la raie du 
groupe OH vers les champs croissants). Ce 
deplacement dans I’^tat adsorbe et k tempera- 
ture ambiante est equivalent a celui obtenu 
pour une dilution dans I’eau de 10 pour cent 
environ (Fig. 4) ou pour une augmentation 
de la temperature de I’ordre de 40°C dans 
le cas du liquide libre. 

Cet effet est plus important dans le cas de 
I’adsorption de HCOOH sur Zr O* (h). Le 
deplacement specifique est alors equivalent 
k une dilution de 30 pour cent ou une eleva- 
tion de temperature de 150° dans le cas du 
liquide libre. 11 semble done que la presence 
de groupes OH a la surface de la zircone 
favorise la dissociation de I’acide formique. 

La formation de monomere par adsorption, 
deja mise en evidence dans d’autres cas 
[5-22], est en bon accord avec les resultats 
obtenus par spectroscopie i.r. (Section 5). 

Contrairement a la surface du Cartxriac 
ceile de Zr O 2 favoriserait done la formatimi 
de monomere dans les premieres couches 
d’acide formique ou de methanol adsoibes. 
Quand on diminue le recouvrement, le poids 
statistique du moimmere augmente, et la 
raie de resonance des groupes OH des mole- 
cules adsorbees se ckeplace vers celle du 
monomere, c’est-&-dire vers les champs., 
forts. Enfin pour I’oxyde de zirconium comme 
pour le Carbolac, le deplacement de la raie 
OH des molecules adsorbees vers les champs 
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fjdbtes quaxid on diminue le temperature, 
trathiit comme pour le liquide libre la forma- 
tion de dimires aux depends du monomire. 

(b) Causes d’ilargissement spic^que de la 
rale du groupe OH 

Pour expliquer la diffirence des largeurs 
des deux raies (CH et OH de HCOOH ou 
CHj et OH de CH3OH) on peut envisager 
les hypotheses suivantes: 

(1) Un ralentissement, lors de I' adsorption, 
de I’echange chimique entre les differenis 
itats d' association des molecules. Un tel 
ralentissement aurait pour effet d’elargir la 
raie de OH (2) sans afFecter la largeur de 
I’autre raie (CH ou CH3). 

Cependant lorsque le champ Ho croit, 
Tecart des friquences de resonance du groupe 
OH dans le monomere d’une part, et dans le 
polymire considere d’autre part, augmente 
proportionnellement a //,. La frequence 
d’echange restant la meme on devrait observer 
un elargissement de la raie du groupe OH 
en fonction de Ho beaucoup plus rapide que 
celui de la raie CH (ou CH3) ce qui n’est 
pas le cas. (Tableau 2). 

La forme de raie OH, est comme pour le 
groupe CH (ou CH3), intermediaire entre 
une gaussienne et une lorentzienne. Une 
dicomposition de la largeur de raie analogue 
a celle que nous avons faite pour la raie CH 
(ou CH3), en sa partie homogene (invariable 
avec Ho) et en sa partie inhomogine (pro- 
portionnelle i Ho) montre que la partie 
homogine est beaucoup plus importante 
pour la raie OH que pour la raie CH (ou 
CHa) (Tableau 2). L’elargissement specifique 
de la raie OH est done independant de Hg. 

(2) Une orientation preferentielle des 
moldcules par rapport au solide. Cette 
hypotbise[23] a egalement ete proposee 
par d’autres auteurs qui ont observe un 
elargissement ou une disparitioh des raies 
OH par rapport aux raies CH (5-6-7). Si 
les groupes OH sent preferentiellement 
Uis au stride (ce qui est vraisemblable 
j^ij^qiie i(»ir Ti est plus court que celui des 
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autres protons de la molicule Section 4c), 
leur mobiliti sera plus faible que celle des 
autres groupes qui gardent un degri de liberti 
supplimentaire. Dans cette hypothise la 
distribution des champs locaux aux dilFerents 
sites d’adsorption est moins bien moyennee 
par le groupe OH que par I’autre groupe 
de la molecule. 

Pour preciser I’origine de ce champ local 
nous avons envisage 3 efFets. 

Le diamagnetisme de I'adsorbant. II a 
pour effet d’elargir la distribution inhomogine 
proportionnellement a Ho. Or nous avons 
vu que la difference des largeurs des compo- 
santes OH et CH provient essentiellement 
d’un elargissement de la distribution homo- 
gene independante de Ho (Tableau 2). II 
ne peut etre retenu. 

L’ interaction dipolaire entre groupes OH. 
Ce champ peut etre du soit aux groupes OH 
de molecules adsorbees voisines, soit aux 
groupes OH presents a la surface des ad- 
sorbants qui n’ont eti que partiellement 
elimines par le degazage (cas de ZrOz (h)). 
Ces groupes OH ont pu aussi itre recrees 
par chimisorption en lire couche, avec forma- 
tion d’ions formiates ou methylates. Ce 
phenomene de chimisorption est classique 
surles oxydes. 

Ce champ a bien pour effet d’elargir la 
partie homogene de la raie des groupes OH. 
Cette interpretation permettrait de com- 
prendre les largeurs plus grandes observees 
pour la raie du groupe OH dans le cas de 
HCOOH adsorbe sur Zr O 2 (h). 

Le champ dipolaire des electrons du solide. 
Les resultats de RPE montrent qu’il existe 
une influence des molecules polaires sur les 
electrons non apparies du solide. Ces ex- 
periences peuvent s’interpreter de la fagon 
suivante: la raie de RPE itroite que Ton 
observe sur les carbones degazis b tempira- 
ture elevee est due a des electrons dilocalisis 
[24); la raie elargie que Ton observe apris 
adsorption d’acide formique ou d’eau peut 
etre due a une localisation de ces electrons 
au voisinage du point d’accrochage des 
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molecules adsorbros. La disparition d« la 
raie sym^trique de RPE dans le cas de Zr Oa 
ou de Zr O 2 (h) serait meme en faveur de 
I’utilisation de ces electrons dans une liaison 
entre les molecules adsorb6es et le solit^. 
Si son temps de correlation est assez long, 
le champ dipolaire des electrons du solide 
pent done contribuer ^ I'elargissement de 
la raie du groupe OH dans le cas de I'adsorp- 
tion sur le Carbolac. 

(c) Relation avec les propriitis catalytiques 
de Zr O 2 pour la decomposition de I’acide 
formique 

La decomposition de I’acide formique sur 
I'oxyde de zirconium tetragonal est a 85 
pour cent une reaction de deshydratation. 
Tous les m^canismes proposes pour la 
deshydratation de HCOOH[25] font intervenir 
les groupes OH de surface du catalyseur, et 
une etape intermediaire oil I’acide formique 
monomere est adsorb^ sur le solide par son 
groupement OH (sur un catalyseur deshydro- 
g^nant les 2 hydrogenes de I’acide formique 
seraient en interaction avec le solide). Nos 
r6sultats sont en bon accord avec ces pro- 
positions: nous avons mis en evidence la 
formation de monomere par adsorption de 
I’acide formique dim^re sur la zircone des 
la temperature ambiante. Les molecules 
d’acide formique sont en interaction avec 
le solide par leurs groupements oxhydriles. 
Enfin cette interaction a lieu vraisemblable- 
ment, au moins en partie, par I'intermediaire 
des groupes OH de surface. 

7. CONCLUSIONS 

Dans le cas de Zr O 2 , le d^placement des 
raies de resonance des groupes OH de mole- 
cules polaires (apr^s soustraction de I’elfet 
dfj au diamagnetisme du solide), et la varia- 
tion de ce deplacement avec le recouvrement, 
peuvent s’interpreter si Ton admet qu’une 
partie des liquides adsorb^s se transforme 
en monomere au contact de la surface du 
solide. II n’y a pas modification du taux de 
monomere par adsorption sur le carbolac 


(bien que Tcmi observe dans ce cas . ^ 
recouvrements inf^eurs it une couche 
monomol^culaire). Pour les deux adsodiants 
le d6placement des raies OH quand on abaisse 
le temperature, 'lest dfi, comme dans le liquMe 
libre, ^ la formation de dimeres (HCOOH) 
ou de polym^res (CH3OH). 

La saturation plus difficile, et la largeur 
plus grande des raies des groupes OH de 
molecules adsorbees sur Zr O 2 bt Carbolac 
(apres deduction de la contribution ^ la 
largeur de raie, de la distribution aux sites 
d'adsorption de champs locaux d’origine 
diamagnetique) nous conduit a admettre 
que les molbcules etudibes sont en interaction 
avec le solide par leur groupement OH. La 
largeur exebdentaire de la raie du groupe 
OH semble alors etre due k I’interaction di- 
polaire entre les groupes OH des molecules 
adsorbees et les groupes hydroxyles de la 
surface du solide. Des etudes par deuteration 
sont en cours pour picciser ce point. Le 
champ dipolaire des electrons du solide peut 
egalement contribuer a cette largeur dans le 
cas de I’adsorbat Carbolac. 

Ces rbsultats sont en bon accord avec 
les proprietes catalytiques de Zr O 2 . 
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PARTIAL DISLOCATIONS IN THE WURTZITE 
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Abstract— The analysis has been carried out of the hypothetically possible types of partial dislo^ions 
and stacking faults in the wurtzite lattice. The models are made up of the atom arrangements in the 
cores of the partial dislocations both bordering the stacking fault and being formed in the process 
of splitting of the perfect dislocations. 

The possible types of the dislocation reactions are considered between the partial dislocations, 
as well as between the partial and perfect dislocations. 

INTRODUCTION faults in the face centered cubic f.c.c. and 

The EXPERIMENTAL discovery of the stacking the close packed hexagonal structures. The 
faults in the crystals having the wurtzite lat- difference is that in the wurtzite (as well as 
tice testifies to their comparatively low ener- in the sphalerite) a stacking fault of double 
gy. The investigations of the stacking faults layers must be considered. Let a, b, c he 
in the wurtzite type crystals were made by the atoms of metals and A, B, C — represent 
different methods: the X-ray diffraction [I -4], the atoms of a non-metal. Hence, the wurtzite 
the transmission electron microscopy (5- 13], structure can be represented by means of 
the moire fringes[14]. All the workers ob- the symbol sequence 
served the stacking fwlts both in basal 

(0001) and prismatic (1120) planes. Drum[9] oAbBaAbBaAbBoAbB 

and Fitzgerald and Mannami[14] carried 

out a thorough study of the stacking fault which are packed normal to the [0001] 
displacement vectors and proved that in direction. By the same designation, the sph^e- 
basal planes the staging faults have the dis- rite structure is ... oAbBcCaAbBcCoA . . . 
placement vector i[2023] and those in pris- The intrinsic stacking fault can be obtained 
matic planes have the displacement vector by removing a double layer of atoms and 
i[1011]. Chikawa[4] observed a Shockley subsequent closing up of the remaining layers, 
dislocation in plane JOOOl) in CdS with the Here, a shear is to_be necessarily produced 
Burgers vector i[ 1010], Similar dislocations by the value of i{0223] so that a pair of layers 
were also observed by Blank et a/. [8]. We will transit into cC, and layers a>4 into 

found it reasonable we have made an analysis i.e oAbBoAbBcCbBcCbBcC . . . It should 

of the hypothetically possible dislocations in be noted that for the wurtzite structure there 
the wurtzite lattice, constructed models of are two possibilities leading to the same 
the atom arrangements in the cores of these stacking fault, that is, removing of a double 
dislocations and considered the possible layer from distant atoms of the aA type 
dislocation reactions. (as it is usually done for the diamond and 

sphalerite lattices) and removing of a double 
I. THE STACKING FAULTS AND PARTIAL layer from neighbouring atoms of the Ab or 
DISLOCATIONS Ba types. Removing of an Aa results in break- 

The Stacking faults in basal planes of the ing of 3 chemical bonds per atom whde 
wurtzite are similar to the corresponding removing of an Ab— in one bond per atom 
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cMdy, which means that from this point of 
view removing of an Ab or Ba is more favour- 
able energetically. This version is being con- 
sidered now. 

In Fig. 1(a) such a fault is shown. The 
sphalerite layer is given in thick lines. Evi- 
dently, such a defect, if it terminates inside the 
crystal, must be bordered by partial disloca- 
tions on both ends. In this case, the Burgers 
vector of such a dislocation does not lie in the 
plane of the violation and according to the 
established terminology this will be a Frank 
partial dislocation. It is clearly seen in the 
figure. Its axis lies in the [2110] direction. It is 
also seen that such dislocations are polar and 
can be of either a or /3 configurations. 

A similar fault, which is also bordered by a 
Frank partial dislocation, can be produced 
by means of introduction of a corresponding 
double \&ytrAb or Ba. In Fig. 1(b) such a fault 



/ 


/ 

[Siio] 

Fig. 1, Frank dislocation with axis [2TT0] and b = (2023] 

(a) removing of a layer 

(b) introducing of a layer. 


and a bordering Frank p^ial dislocation with 
the Butters vector i{0223] and axis, lying in 
the [2110] direction, are shown. 

If a Frank partial is ^ be produced with the 
axis lying in the [1010] direction, its core 
structure will be quite different, the disloca- 
tion is non-polar, as is seen from Fig. 2. The 
core structure is likely to be the same irres- 
pectively whether the dislocation has been 
obtained by means of removing or introducing 
of a double layer. 



Fig. 2 Frank dislocation_with axis [1100] and b = 
*12203]. 

A fault of another type can be produced as 
a result of slip in a basal plane. For conven- 
ience, the basal plane between the distant 
layers will be referred to as B,, and the basal 
planes between the neighbouring layers — 
as B 2 , the prismatic plane of the kind II is 
P 2 (Fig. 3). Formerly considered [15] perfect 



/ 
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Fig. 3. 30° Shockley dislocation in a bastd plane Sh,®. 


the WURTZITE LATTlCe tm 


dislocations in the wurtzite lattice were ob- 
tained during slip in the basal planes of the Bi 
type. During slip in the basal planes 0, im- 
perfect dislocations can be produced. The 
foUowing sequence of layers is obtained d^- 
ing the shear along Bg into the i[10l0] 

vector . , .AaAbBoAbBcCaAcCaAcC If 

such a fault is limited inside a crystal, it must 
be bordered by a partial dislocation, that is a 
Shockley dislocation (Sh.D.). In particular, 
the Burgers vector of the dislocation shown 
in Fig. 3 isi[1010], its direction is [21 10]. 

Similar to the classification of perfect dis- 
locations, Shockley dislocations can also be 
distinguished by the angle between the axis 
and the Burgers vector. In Fig. 3 the 30° 
Shockley dislocation is given. As is seen, its 
core is a homoatomic row with broken bonds 
and, therefore, can have a and /3 configura- 
tions. Its glide plane is Bg. 

In Fig. 4 the Thompson’s model is given 
with designation of the Burgers vectors of the 


dislocations. The vectors of AC« DE, typc» 
are the vectors of perfect dislocations. Itte 
Shockley p^rtials have the Aer, Ikr, Co vector 
types in a basal plane. The vectors of the £A 
type are the Burners vectors of Frank disloca- 
tions. It can be seen by the figures that 
formally, the 4 types of Shockley dislocatioRs 
can be produced, with the angles between the 
axes and the Burgers vectors of 30°, 90°, 0° 
and 60°, respectively. 

The core structures of the dislocations that 
border a simple stacking fault are being 
considered now. 

The pattern of a Shockley edge partial 
dislocation is given in Fig. 5. Its core consists 
of two parallel homoatomic rows with one 
broken bond per atom. On the opposite 
side of a stacking fault (shown in heavy 
lines) another partial dislocation is lying 
having the analogous core, consisting of atoms 
of different type, though. 

The Shockley screw dislocation is shown 



Fig. 4. Thompson’s model for the Burgers vectors of partial disloca- 
tions in the wurtzite lattice. 
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Fig, 5. Two edge Shockley dislocations with opposite 
signs. 

in Fig. 6 (drawn in heavy lines). In the fore- 
ground is the sphalerite structure, in the 
background behind the dislocation, is the 
wurtzite. The dislocation axis lies in Jhe 
[OlTO] direction, the Burgers vector isi[01 10], 
respectively. 

Naturally, the mobility of this dislocation 
is limited by the faulting plane, i.e. the basal 
plane, unlike the perfect dislocations. Figs 
7(a) and 7(b) show the cores of the two 60° 
dislocations of the opposite burgers vectors, 
that limit the stacking fault on both ends. They 
are different. One of the dislocations (7-a) 
is a homoatomic row with three broken 
bonds. Evidently, the energy of such an 
atomic configuration can be considerably 
decreased by means of a break-away of these 
atoms and removing them by diffusion. At the 
opposite end of a stacking fault, the 60° dis- 
location is located of which the core consists 





(o) 



Fig. 7. 60° Shockley dislocation in basal plane of the op- 
posite sign. 


of atoms of different type. Here (Fig. 7(b)) 
single atoms and pairs of atoms with one 
broken bond alternate along the dislocation 
line. 

Now, let us consider the stacking fault lying 
in the prismatic plane of the kind ll-Fj (2TT0). 
The shear with the EF type vector is possible 
(seeFig. 4). The defect of this type is pictured 
in Fig^. It can be bordered by the Sh.D. with 
the i[l 101] vector along the C axis. (Fig._8). 
The dislocation is non-polar. Along the [1010] 
direction, the stacking fault in can be bor- 
dered by the Sh.D., pictured in Fig. 9. The 
dislocation is also non-polar. 


b 


[OOOl] 



Fig. 8. Stacking fault in prismatic plane of the kind II 
bordered by Sh.D. with glide plane (2110), l-axh, b- 
Buigers vector Sh,|,,. 
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Fig. 9. Shockley dislocation wiA glide plane (2110), 
axis [01 10] b = *(0223]SHip.. 

Unlike the basal Shockley dislocations, 
these dislocations have the same glide plane 
as the corresponding perfect dislocations. 

2. SPLITTING OF PERFECT DISLOCATIONS IN 
THE WURTZITE LATTICE 
The perfect dislocation in the wurtzite 
structure, lying in the basal plane (0001) can 
split into two partial Shockley dislocations, 
separated by a stacking fault, for instance, 
according to equation 

MT2T0] = MTl00]+i[0lT0]. 

Here are being considered the splittings of 
some known types of the perfect bas 2 il dis- 
locations (see [15]) and the types of Shockley 
partial dislocations, originating as a result 
of this process. The wurtzite and sphalerite 
structures under consideration, which con- 


sist of the close packed doidile iRym oA:, 
bB, cC have smane specthc features associated 
with the fact, that glide can occur in die- two 
types of the p^alkl basal planes Bt and ; 
(see Fig. 3). Ilie nucleation and motion of t}» 
perfect dislocations occur between distant 
layers in the planes of the Bi type, while 
their splitting and motion of the partial dis- 
locations occur between the neighbouring 
layers in the basal planes of the Bt type. 

As it turns out to be, the core structure of 
the partial dislocations, obtained by splitting 
of the perfect dislocations and die structure 
of similar to them partial dislocations, which 
bound the simple stacking fault, can differ 
sufficiently in spite of the fact, that both their 
Burgers vectors and dislocation direction are 
similar. This creates the specific character of 
the situation, connected with non-coincidence 
of planes Bt and This will be seen in the 
figures below. 

Another cause of difference in the core 
structure of dislocations of the same type is 
that splitting of the perfect dislocation, lying 
in the Bj plane, can also occur in the Bt type 
plane, that lies either lower, or above the Bt 
plane. In such cases different cores can also 
be nucleated. 

2. 1 Splitting of the 60® perfect dislocation 

Figure 10 pictures splitting of the 60° per- 
fect dislocation into two Shockley parties, 
one is the edge, another is the 30® dislocation, 
in accordance with reaction AB — * A<r-1-Ba 



Fig. ) 0. Possible version of splitting of perfect 60° dislocation into partials. 
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(Fig. 10(a)). Then, the two types of splitting 
are shown in schematic drawing, when the 
plane of splitting lies below (10(b)) and 
above (10(c)) the plane of the perfect disloca- 
tion location. In this connection, four ver- 
sions of splitting can be realized, which are 
seen in Fig. 10(d). 

Now, the structures of the partial disloca- 
tions, nucleated during this process are being 
considered. 

If, in accordance with the drawing 10(b), 
the edge partial Shjg is being split, in place of 
the 60° perfect dislocation, the 30°Sh.D. is 
formed. The core of this 30° Shockley is 
different from the core of the above con- 
sidered corresponding Sh,B (see Fig. 3). This 
new formed is the Shsa- Its structure is seen 
in the left-hand side of Fig. 10(d). The core 
consists of the parallel homoatomic rows, 
each atom having one broken bond in one row 
and two broken bonds per atom in another 
row. If the row, having two broken bonds per 
atom is to be removed from the core (by 
diffusion, for instance) then, the atoms re- 
maining in the core, can realize the configura- 
tion without broken bonds. 

The corresponding version according to 
the drawing 10(c) shown in Fig. 10(e). Here, 
the dislocation Shjs also splits, the new 30° 
Shockley dislocation being formed — Shgg. 
Its core consists of 3 parallel rows of atoms 
in two planes with one broken bond per 
atom. Two homoatomic rows lie in the upper 
double layer, and row, consisting of atoms of 
different type, lies in the lower layer. By 


means of extra elastic displacement, one of 
the upper rows can be chemically closed up 
with die lower one, which sufficiently de- 
creases the number of broken bonds in the 
core. In case of splitting the 30° dislocation 
Shifl type, two new types of Shockley partial 
edge dislocations Shrs (Fig. 10(f)) and Shgj 
(Fig. 10(g)) are to be formed (compare with 

Shis). 

Whether it is possible or not to form co- 
valent bonds between homogeneous atoms 
and double bonds between heterogeneous 
atoms, this point is important for energetic 
stability of the mentioned and subsequent 
dislocations. If there are such possibilities, 
sometimes with removal of the atom row 
off the dislocation core taken into con- 
sideration, the interlock of broken bonds can 
be realized, which sufficiently decreases the 
chemical energy of the dislocation core. This 
question is likely to be answered after the 
detailed quantum-mechanical calculations. In 
this connection we shall not judge by the 
number of broken bonds obtained, whether 
the splitting is advantageous or disadvanta- 
geous. but confine ourselves to listing the 
structures of the dislocations obtained. 

2.2. Splitting of a screw dislocation 

According to the vector drawing in Fig. 
11(a), the two types of splitting of a screw 
perfect dislocation into two 30° partials can 
be seen. At first approximation, the cores 
of both dislocations are similar (see Fig. 1 1(b) 
the Sh,a type). They somewhat differ in 
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character Of their screw component, but this 
is not seen from the figure. Naturally, their 
polarity (a, /3) is different. 

2.3 Splitting of 30° dislocation t 

The perfect 30° dislocation in a basal plane 
can split into two Shockley dislocations, of 
which one is of a screw type, the other is the 
60° (Fig. 12(a)). If the shear trfi is to be 
produced in plane the stacking fault 
occurs, which is bordered by an ordinary 



Fig. 12. 4 types of partial dislocation configurations, 
which occur during splitting of 30° dislocation. 


screw partial Shockley dislocation the Shas 
type on one end, and a new 60° Shocldey 
dislocation, the $h«B type appears on the other 
end. Its core is shown in Fig. 12(b). Splitti^ 
of the 30° perfect dislocation results in forma- 
tion of four types of new partial Shockley 
dislocations. This happens due to the foct, 
that (a) splitting can be produced either above 
or lower the plane of location of the perfect 
dislocation and (b) the shear can be of oB or 
Ao* type. Along with the above mentioned Sh«ji, 
the 60°Sh.D. — ShiM and two types of the screw 
Sh,iB and Sh,M are produced (Fig. 12(c, d, e), 
respectively). The dislocations Shua and Shi^ 
are no longer the screw ones in the usual 
sense, because they have broken bonds. It 
should be pointed out, that during splitting 
of the 30° dislocation into the screw and 
60° ones (Fig. 10(b) and (c)) the number of 
broken bonds do not increase. 

As for Fig. 12(d), here the number of 
broken bonds can also be decreased by means 
of removing of the atoms with three broken 
bonds and further interlock of bonds of atoms 
1 and 2. 

2.4 Splitting of an edge dislocation 
It can be realized with the formation of a 
stacking fault, bordered by the two 60° 
Sh.D. As a result of this process the two new 
types of Shockley dislocations — Shjjg and 
Sh itB (Fig. I3(b, c)) with a great number of 
broken bonds are produced. The atomic 
configurations in the core of both types 
are rather complex. 

To conclude the above said, the considered 
partial dislocations are given in Table 1 . 

3. PARTIAL DISLOCATIONS REACTIONS 
3. 1 Reactions between partial dislocations 
Figure 4 represents the totality of the Bur- 
gers vectors of the partial dislocations in 
the wurtzite lattice. The totality is as such: 

6 vectors ±A<r type— the Burgers vectors 
of basal dislocations, the Shockley type. 

6 vectors ±EC type— the Burgers vectors 
of the Frank dislocations. 
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(b) 

Fig. 13. 2 types of partial dislocation configurations, 
which arise at splitting of edge perfect dislocation. 

12 vectors ±EF type — the Burgers vectors 
of the Shockley dislocations, lying in the 
prismatic planes of the 1 1 kind. 

At such a set of the burgers vectors, 465 
geometrical combinations prove to be possible, 
which reflect interactions of the dislocations 
under consideration. In Table 2 are summed 
up the most interesting reactions, advan- 
tageous from the view point of energetic 
balance. The reaction type (1) means inter- 
action of the two Shockley dislocations, of 
which, the Burgers vectors form a sharp 
angle. As a result, a new Sh.D. occurs. The 
reactions types (2) and (3) describe interac- 
tions of Frank and Shockley dislocations. As 
a result, a new sessile dislocation is formed, 
with a Frank defect on one end and a Shock- 
ley defect on the other end. 


ToWe 1. 


N 

Dislocation 

Axis 

Burgers 

vector 

Type 

Fig. 

I. 

Frank 

(2710) 

4<o223) 

F, 

la, b 

2. 

Frank 

(iTOO) 

*(2503) 

F, 

2 

3. 

Shockley-30° 

<2110) 

1(1100) 

Shia 

3 

4. 

Shockley-90' 

(2110) 

1(0110) 

Sh«i 

5 

5. 

Shockley-0“ 

<1010) 

1(1010) 

Shsj 

6 

6. 

Shockley-60° 

<1100) 

1(0110) 

Sh40 

7a 



(iTOO) 

KOTlO) 

Sh4s 

7b 

7. 

Shockley- 

<0001) 

1(1011) 

Ship, 

8 

8. 

Shockley 

<0110) 

KlOll) 

Shjp, 

9 

9. 

Shockley-30° 

<2lT0) 

1(1100) 

Shsa 

lOd 

10. 

Shockley-30° 

<2110) 

l(iioo) 

She* 

lOi 

11. 

Shockley-90“ 

<2110) 

1(01 10) 

Sh7g 

lOf 

12. 

Shockley-90“ 

<2110) 

KOlio) 

Shg* 

lOg 

13. 

Shockley-60“ 

<1100) 

1(01 10) 

Sh,g 

12b 

14. 

Shockley-60' 

(1100) 

1(0110) 

Shio* 

12c 

15. 

Shockley-0° 

<1010) 

Kioio) 

Sh||* 

12d 

16. 

Shockley-0° 

<10i0) 

KlOlO) 

Shij* 

I2e 

17. 

Shockley-60° 

<1100) 

1(0110) 

Sh|3* 

13b 

18 

Shockley-60' 

<1100) 

1(0110) 

Shi4* 

13c 


The third group of the reactions deal with 
interaction of Frank defects. These reactions 
are likely to be interpreted this way: as a 
result of growth there can occur complex 
configurations from Frank defects, with 
different burgers vectors. In between, sessile 
dislocations will be lying, with the Burgers 
vectors, pointed out in reactions [4-6]. 

The fourth group of the reactions describe 
interactions of the basal Sh.D. and Sh.D.. 
which lie in the prismatic plane of the II 
kind. The reactions (7), (8) result in formation 
(rf a dihedron of stacking faults, between the 
(1210) type and (0001) basal plane. Along 
the vertex of this angle there forms a stair 
rod dislocation with the (01 10) type axis and 
the Burgers vector i[l 103] in case of reaction 
(7) and [1 323] in case of reaction (8). 

The group 5 corresponds to interaction 
of Frank defects, lying in a basal plane and 
defects, lying in prismatic planes. Exactly 
such dihedrons have been repeatedly ob- 
served in the experiments. In particular. 
Drum [9] observed a stair rod dislocation, 
corresponding to reaction ( 1 0). 

The group 6 deals with interaction of the 
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Table 2. Reactions between partial dislocations 


Group 

N 

Type reactions 

Ehys. sense of 
reactions 

I 

1 

ifOlTOj+iCTOlO] =i[Tioo] 

Formation of a 
new dislocation 

11 

2 

*[0523] -t-iCono] = Kopol] 

Formation of a 
sessile disloc. 


3 

*[0223] -1-HlOlO] =*[2503] 

Formation of a 
sessile disloc. 


4 

*[0223]-!- *[2023] =*[1120] 

Formation of a 
sessile disloc. 

III 

5 

*[0225] -l-*[0223] = |[0lT0] 

Formation of a 
sessile disloc. 


' 6 

- *[0223] 4- *[2023] =*[ MOO] 

Formation of a 
sessile disloc. 

IV 

7 

*[Tl01]-t- *[1100] =*[1103] 

Stair rod disloc. 

8 

*[II01]+i[I0l0] = *[1323] 

Stair rod disloc. 


9 

*[1101] -(-*[0223] =*[3120] 

Stair rod disloc. 

V 

10 

*[1101] 4- *[2203] =*[1100] 

Stair rod disloc. 


n 

*[1 101] 4-*[2023] =*[5320] 

Stair rod disloc. 


12 

*[110l]4-*[110l]= [0001] 

Perfect dislocat. 

VI 

13 

*[1101] 4-*[0l II] = *[1210] 

Xb, = Q 


14 

*[1101] 4-*[1011] = *[0110] 

Stair rod disloc. 


Shockley dislocations i^mg in the prismatic 
planes of the kind II. 

Reaction (12) corresponds to interaction 
of the two Sh.O., lying in the same plane. 
As a result of this interaction, a sessile 
dislocation is being formed, with the Burgers 
vector [0001] stacking faults with different 
displacement vectors lying on both ends of 
this dislocation. It should be noted that as a 
result of the reaction of the two Sh.D. the 
Shjp, type, an edge dislocation is formed while 
a screw type dislocation occurs in case of 
the dislocations the Shjp, type. 

Reactions (13) and (14) describe the two 
types of stair rod dislocations as a result of 
formation of a dehedron of stacking faults 
Reaction (13) results in formation of a disloca- 
tion with the [0(W1] axis and the Burgers 
vector () = itl210] _reaction (14)— the 
[0001] axis and /> = MOl 10], respectively. 

3.2 Reactions of partial and perfect dis- 
locations 

Below, the following totality of totality 


of the Burgers vectors is being considered: 

6 vectors ± a< type i= 1,2,3 
2 vectors ± c type 
6 vectors ± o-A type 
1 2 vectors ± AE type 
1 2 vectors ± EF type. 

In Table 3, the 240 physically non-equiv- 
alent combinations are given, which are 
advantageous from the view point of energetic 
balance. 

From the view point of the elastic energy 
decrease, reaction (1) is energetically advan- 
tageous. It can reflect the following process. 
The perfect dislocation with the Burgers vec- 
tor the type (Fig. 4) AB splits into two Shock- 
ley partials AB -> Atr-l-o-B, then, one of the 
new-formed dislocations_annihilate with the 
other Sh.D. of the opposite Burgers vector, 
which participates in the initial reaction. As 
a result, one Shockley partial remains. 

AB -I- Bcr = Aar-f-vB -f- Bir — > Atr. 

it should be noted that only basal perfect 
dislocations can participate in such a reaction. 
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Table 3. Reactions of partial and perfect 
dislocations 


Phys. sense of 

N Reactions reactions 


1 i[2ll0]+i[1010] = J[ll00] 

2 i[2110]+i[2053]=i[2203] 

3 [0001]+*[02B] = i[0223] 

4 l[2IIO]+i[lToT] =i[Tr2J] 

5 [oooi] + KiToT] “iCiToi] 


Splitting with an- 
nihilation of parti- 
als of different 
signs. 

Formation of a 
sessile dislocation. 
Splitting with an- 
nihilation of par- 
tials of different 
signs. 

Formation of a 
sessile dislocation. 
Formation of a 
sessile dislocation. 


because the dislocations, lying in the pris- 
matic plane of the kind 1 - /“i, and having the 
Burgers vector cannot split with violation of 
a stacking parallel to the basal plane. 

Reaction (2) describes the interaction of 
a perfect dislocation with the Burgers vector 
a< and a Frank defect. As a result of this 
reaction, a new sessile is formed. 

Reaction (3) deals with the interaction of a 
Frank defect and the perfect dislocation, lying 
in the prismatic plane of the kind I or the kind 
II, during its interaction with the basal plane. 
A sessile is formed. 

Reaction (4) is of major interest. It de- 
scribes energetically advantageous formation 
of a sessile dislocation. In particular, it can 
occur between the 30° basal perfect disloca- 
tion and a Shockley partial the Shjp, type. 

Another example of this reaction is interac- 
tion of a perfect dislocation with the C axis 
and the Burgers vector Oi, in the prismatic 
plane of the kind I-F, (Fig. I4al and a 
partial Ship, type. As a result of this reaction, 
on one end of the stacking fault a sessile is 
formed of which, the pattern is given in Fig. 
14(b). Its axis lies Jn ^he C direction, the 
Burgers vector is K 1 1231. On the other end 
Ctf Uie stacking fault, a routine partial Ship, lies. 
^Reaction <5) similarly to reaction (2) results 
id formation of a sessile dislocation. 




Fig. 14. Sessile, which occured after splitting of edge 
dislocation with violation of stacking non-parallel to the 
glide plane. 
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Abstract — An expression is obtained from the Maki theory for Hn(0) in terms of three measurable 
material constants T^. p„ and HfiiO). The calculations are compared to the measured //« vs. T 
extrapolated to T = 0 K for three vacuum annealed Nb-Ti alloys. Values ofN^O) are also determined 
from the computation of Harden and Arp. Both sets of calculated values differ greatly from the 
measured values showing that the Maki theory is not applicable for kcl < 30, and the computation of 
Harden and Arp is not valid at T = 0 K in disagreement with recent results of Echarri et at. Analysis 
of data available in the literature supports our conclusions. Comparison of the magnetization data near 
Tf with the theory of Neumann euid Tewordt shows reasonable agreement. 

1. INTRODUCTION in measuring Hd in materials with a large kgl 

Calculations of the lower critical field //<., and small electron mean-free-path /. The 
in units of the thermodynamic critical field He thermodynamic critical field is also difficult to 
are not presently available for the complete measure unambiguously in hysteretic 
range of reduced temperature and Ginzburg- superconductors. 

Landau parameter «(,•;.[ 1]. It would be useful Recently Echarri et al.[4] (hereafter E) 
in a.c. applications to be able to calculate Hei have shown for a Mo-34% Re alloy with a 
from easily obtainable material constants and kcl ~ 5-8 that the calculations of Het using 
to avoid the necessity of magnetization Harden and Arp (hereafter ///<) gave excellent 
measurements. agreement with their measurements of //« 

Harden and Arp[2] have numerically solved at a reduced temperature of f = 0-356. This 
an equation derived from the Ginzburg- agreement would seem to indicate that the 
Landau theory and extended Abrikosov’s HA computation might be valid over a larger 
calculation of HcJHc for all kgl> 1/V2. temperature range than originally anticipated. 
However, this result is generally believed to Their measurements of Wci at 4-2 K(f = 0-356) 
be valid (as was Abrikosov’s original solution) are also compared with the M prediction for 
only at temperatures close to Tc- Maki [3] was Hd at 7 = 0 K and do not seem to warrant 
the first to obtain a solution for the tempera- their conclusion that the M theory is restricted 
ture dependence of H^ for dirty supercon- to k > 50. Since there is no well established 
ductors do > 1) but only in the limit of large temperature function for H^, a zero tempera- 
The range of validity of Maki’s theory ture value could not be obtained from a 4-2 K 
(hereafter M) has not been adequately tested measurement. If, however, a quadratic 
by experiments partly owing to the difficulty temperature variation for Hci(T) is assumed, 

then calculations based on the M theory yiel4 

♦Work sponsored by the George c. Marshall Space values that on the average are Only 7 per cent 
Flight Center, NASA, Huntsville, and by the u.s. lower than the extrapolated measured ones: 

tOperated by Union Carbide Corporation under Since as they state, the temperature variation 
contract with the u.s. Atomic Energy Commission. of Hei is slower than parabolic, then the 
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difference between the M theory and the 
experimental values is even less than this, 
which is quite surprising. 

We have investigated a series of Nb-Ti 
alloys covering a range of kql values from 5 to 
24 in which all the material constants 
necessary for a calculation of //ci(0) have 
been individually measured. These were 
compared with experimental values of /fci(O) 
determined by a smooth extrapolation of Hc\ 
vs. T data to J = 0 K. In this manner, it was 
seen whether the M theory would be applic- 
able to lower kgi than originally anticipated. 
Also the HA calculation, valid for all kgl at 
T = Tc, was independently checked for its 
validity at T = 0 K even though agreement 
could hardly be expected. Magnetization data 
taken near Tg was in reasonable agreement 
with theory especially when mean-free-path 
corrections were considered. 

2. DERIVATION OF FORMULA USED IN ANALYSIS 
Starting with the M theory as our point of 
departure and employing well-known type II 
relationships, a simple formula for HgtiO) is 
obtained below in terms of easily measurable 
parameters. Maki[3] gave for HcAO), in the 

dirty limit (fo > 0. 

^ci(Q) _ In >< 3 ( 0 ) /i\ 

Hg(0) V2/c3(0) 

where ksCO) = 1-272 k,(0) = 1-53 kgi, is one 
of the three generalized Ginzburg-Landau 
parameters which are all equal to kgg at 7 = 
Tg. Equation ( 1 ) was independently derived by 
Melik-Barkhudarov [5] who obtained k3(0) = 
1-54 Kgl and K3(1) = kgl- The upper critical 
field at zero temperature is given by [1] 
HgiiO) = V2Kii0) Hg{0). Substituting these 
expressions in equation (1), we find 

^c,(0) = .. In (l-272^«(0)/ 

1 272"-(0) V2//,(0)). (2) 

An expression for the calculation of the 
ffiermodynamic critical field at zero tempera- 


ture in terms of measurable constants is 
readily obtainable. Combining a BCS equation 
[1] Hg{0) = 2-43 y*'® Tg and a formula due to 
Kim et H* (0) = 3-11 x lO'* yp„7„ we 
obtain for Hgifi) in G, 

//,(0)=436(//*(0)rc/p„)‘'®, (3) 

where is the nonparamagnetically 

limited GLAG upper critical field at zero 
temperature in kG, Tg is the transition tempera- 
ture for zero field in Kelvins, p„ is the normal 
• state resistivity in pH-cm, and y is the normal 
state electronic specific heat coefficient in 
ergs/cm®-K®. The Kim et al. [6] expression for 
(0) assumes kgl = xi and thus is valid only 
in the dirty limit [7] which however is a good 
approximation for this alloy system which has 
a low intrinsic kq. Substituting equation (3) 
into equation (2) gives the desired result for 

//c,(0)inG, 

HgAO) = (74-67e/Pn) ln(4-26//*(0)p„/7e). (4) 


3. EXPERIMENTAL 

As a test of the range of applicability of 
equation (4), measurements of Tg, p„, HMO), 
and Hgi ( 7 ) were made on three Nb-Ti alloys 
of nominal composition Nb-5% Ti, Nb-10% 
Ti and Nb-25% Ti (at. %). 

The samples were made fronr an ingot 
which was arc-cast on a copper hearth in an 
argon atmosphere from starting materials 
99-9 per cent pure. After a slight amount of 
cold working, the ingot underwent a homo- 
genization anneal at 1 250°C for 2 hr and was 
fast-quenched in ice water. The ingot was 
drawn down to 0-77 mm dia. wire which was 
measured and then vacuum annealed at 
1400°C for 2 hr. Further details on sample 
preparation have been given [8]. 

In Table 1 the experimentally determined 
quantities for the three alloys are tabulated. 
The normal resistivity p„ was measured by a 
standard four probe d.c. technique at 7 = 4-2 K 
in a field higher than the upper critical field. 
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The upper critical field at zero temperature 
was determined by a fiux flow experiment 
from the Kim et al. [6] expression p//p„ = 
HIH’^iO) where the flux flow resistance 
Pf = dVidI is given by the slope of the linbar 
portion of the voltage vs. current curve taken 
at constant H and Tg. An example of flux flow 
data for the annealed Nb-25% Ti sample is 
shown in Fig. 1. The critical temperature Tc 
and lower critical field Hd ( T ) were measured 
magnetically on a bundle of six 2*6 cm lengths 
of wire each 0-77 mm in dia. The critical 
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some scatter in the data shown in Fig. 2, 
possibly because of the geometry (wire 
bundle). This method generally yields values 
less than those;, obtained by a determination of 
the first point of the departure from linearity 
of the Meissner region. The value of Hct at 
r = 0 K was obtained by a smooth extra- 
polation of the data as shown in Fig. 2. 

The critical temperature was about 0*1 K 
lower in the annealed samples than in the as 
drawn cold-worked material. Both and p„ 
were on the order of 10 per cent lower in the 



Fig. 1. Normalized flux flow resistivity vs normalized applied transverse field for an 
annealed Nb-25% Ti wire 0-77 mm dia, at T/ — 4-18 K (t = 0-38) where //*2(0) = 90-5 kG. 


temperature was taken as the midpoint of a 
transition having a spread of only 20 mK, 
however the absolute accuracy was no better 
than ± 50 mK. The error in the deteniunation 
of p„ and (0) is not known exactly, but it is 
less than 10 per cent. Values of 7/ci were 
obtained by measuring small remanent 
magnetic moments after increasingly higher 
excursions of the applied field into the 
Meissner region (perfect diamagnetic state 
where B = 0). Extrapolation of the remanent 
moment vs. applied field to zero moment then 
yielded values of Hn- Although the sensitivity 
of the magnetization equipment [9] is sufficient 
to detect a flux density of 1 G, there is still 


annealed material than in the cold-worked 
samples. Lower values of Hd than shown in 
Table 1 could possibly have been obtained by 
either a higher temperature anneal or a longer 
anneal, but the accompanying loss of Ti would 
have had a deleterious effect on the distribu- 
tion (rf^Ti in each sample. 

4. CALCULATIONS 

The values calculated from the measure- 
ments are shown in Table 2. The thermo- 
dynamic critical field HdO) was calculated 
from equation (3). Kappa one at T = 0 K k, (0) 
was determined from the measured H^(0) 
and the calculated HdO) which is equivalent 
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Fig. 2. The lower critical field vs temperature for three Nb-Ti alloys. The measure- 
ments were made on a bundle of six 2-6 cm lengths of wire each 0-77 mm in dia. 
The values at 7' = 0 K determined by a smooth extrapolation of the data are listed 

in Table 1. 


to taking k,(0) = 1-203 kci. where k,,/, is 
assumed equal to k/, the extrinsic value only. 
Hence k, (0) is also calculated from the three 
measured quantities p„, T^, and since 

by this procedure K,(0) = l -62(H^(0)p„ITry'-. 
Kappa three at T = 0 K ks( 0) was calculated 
from 1-272 /fi(0). 

The first column of Hci(0) values listed in 
Table 2 was determined from the graph of HA 
using K;i(0) and Hr(0) calculated from 
equation (3), As is readily evident, these 
values are very much below the measured 
ones. The calculation of Hci(O) using equation 
(4) derived from the M theory is given in the 
last column. The disagreement in this case is 


even worse. These calculations average 
between 36 and 57 per cent below the 
measured values. The disagreement is 
particularly bad for the sample with higher 
Ti content, i.e. larger K(,x. 

5. DISCUSSION 

The discrepancy between the calculated and 
measured values of HedO) is due to either 
grossly inaccurate measurements, poor 
assumptions in utilizing the theories of the 
calculated values, or inapplicability of the 
theories. Let us examine each of these 
possibilities in turn. 

Of the measured parameters, H*^{0) is in 


Table I . Measured values of annealed Nb-Ti alloys 


Nominal composition 
(At. %) 

7. 

(K) 

Pi. 

{(itt-cm) 

(kG) 

HnW 

(G) 

Nb-5%Ti 

9-41 

6-42 

18 

675 

Nb-10%Ti 

9-6t 

12-1 

35 

500 

Nb-2.S%Ti 

9-93 

35-5 

90-5 

350 
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Fig. 3. Magnetization vs. applied axial field for a bundle of six 2-6 cm lengths of annealed 
Nb-5%Ti wire each 0-77 mm in dia. at Fg = 7'2 K (t = 0-765). 


agreement with values reported in the litera- diamond pyramid hardness for the 5,10, and 
turellO, 11] for other compositions in the 25% Ti cold-worked alloys, respectively, 
high Nb concentration end of the Nb-Ti The measuring thermometer is unlikely to 
system. Our Tc measurements do not agree have a significant systematic error since the 
with Fietz and Webb[IO] (hereafter FW) Tc of pure Nb measured with it was 9'26K 
who indicate only 0-1 K change from Nb to which is in agreement with many recently 
Nb-12-5% Ti while our values increase reported measurements. The normal resistiv- 
monotonically. We have checked the Vickers ity is the easiest and most straightforward 
hardness for our three compositions, and in parameter to measure, and the only source of 
qualitative agreement with the Tc data it also difficulty leading to an error is the measure- 
shows a monotonic increase with increasing ment of the exact length between voltage 
Ti content varying from 78 to 96 to 123 probes. The measurements of HcAT) on a 


Table 2. Calculated values of the Nb-Ti alloys 


Nominal composition 
(At.%) 

HAO) 

(G) 

equation (3) 

K,(0) 

[a] 

Ka(0) 

[b] 

Hci(O) 

(G) 

[c] 

HcAO) 

(G) 

equation (4) 

Nb-5%Ti 

2240 

5-7 

7-2 

556 

433 

Nb-IO%Ti 

2300 

11 

14 

364 

310 

Nb-25%Ti 

2200 

29 

37 

174 

151 


"‘'Determined from the measured value //^(O) and calculated H^O) which 
is equivalent to K,(0) = 1-203 kci,= \-62 {H*W pJTc)''*. 

"■'Calculated from Ka(0) = 1-272 k,(0) = 1-53 k,. 

'‘■'Determined from the graph of Harden and Arp£2], using (tatO) and the 
calculated //,.(0). 
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hysteretic materia] such as Nb-Ti are difficult. 
As a criterion for determining Hci, we have 
used the first detectable remanent moment 
equivalent to detecting a flux of 10"’ G-cm*. 
This procedure gives a value that is even less 
than that obtained by trying to determine the 
exact deviation from linearity of an M vs. H 
^aph, i.e. the end of the Meissner state. The 
only value in the literature to compare our 
results to is a measurement on Nb-3% Ti by 
DeSorbo[12]. He gives Hci(4-2K) = 675 G 
which should by and is larger than Hci(4-2 K) 
= 520 G for our 5% Ti alloy. One would, per- 
haps, anticipate an anomalously high value of 
Hct due to surface effects as first proposed by 
Bean and Livingston [13]. Our specimens did 
not have smooth surfaces which tend to 
enhance the formation of an image barrier [1 4] 
but instead were left in the roughened state 
characteristic of the drawing process. 

Since there is no simple analytic form for 
the temperature dependence of Hcu we can 
only say that the ratio Hci{T)IHci{T) does 
increase with decreasing T which is in accord- 
ance with’ the theory of Neumann and 
Tewordt[15]. This result should be true 
regardless of the value of kol or the ratio ^oU- 
The temperature dependence of Hc\{T) was 
close but not equal to a quadratic one. A final 
check on the consistency of our data is given 
by the calculation of //c(0) from the three 
measured quantities p„, and 

utilizing equation (3). The values shown in 
Table 2 are between the calculated and 
measured values given by FW on annealed 
Nb-Ti alloys. The calculation ofHc(O) brings 
up the first discrepancy between theory and 
experiment. FW have shown that the cal- 
culated BCS Hc(0) using an estimated rather 
than measured y is on the average about 
18 per cent less than the measured HdO) for 
annealed specimens for compositions 
covering the range from Nb to Nb-9% Ti. If 
the same is true for our samples and this is by 
no means at all certain, then this would 
account for some of the difference between 
our calculated and measured //ei(0). Although 


He could not be measured at low temperatures 
due to the relatively low applied field available, 
it was determined at a few high temperature 
points for the annealed samples, and the 
extrapolated value at T = 0K using a quad- 
ratic temperature dependence yielded values 
within 5 per cent of the calculated values 
shown in Table 2. 

In applying the theory we used forms 
containing HMO) [viz. equations (3) and (4)], 
the nonparamagnetically limited upper critical 
field at zero temperature. However this is the 
value determined from flux flow experiments. 
In addition the GLAG limit should be 
dominant for Nb-Ti alloys in this range [16], 
and paramagnetic limiting probably is absent 
in all three compositions but most certainly 
in the 5 and 10 per cent alloys. If the Ginz- 
burg-Landau theory is to be applicable in the 
dirty limit below Tp, then kcl must be replaced 
by k 3 (T). The procedure we have followed 
here in calculating //ri(0) is to replace ks( 0) 
in the M theory by 1-53 K(;l where kcl is given 
by the extrinsic component k;. We have 
determined ki through a calculation involving 
the normal state resistance. There are other 
methods [10. 17] for determining kql, but 
these generally yield values within 10 percent 
of each other. Since kci. g 5 for all composi- 
tions, a variation of 10 per cent in the 
magnitude of would affect the final results 
by less than 5 per cent. Finally there is one 
more check that can be made to substantiate 
the general validity of our calculations. 
Equation ( I ) when combined with the 
definitions proceeding equation (2) in such a 
way as to eliminate HdO) can be put in a form 
where HaiO) is a function only of two 
parameters, i.e., //c 2 ( 0 ) and ki(0). 

Hei(0) = (//«(0)/2-544K,H0))ln 1-272 »r,(0). 

( 5 ) 

By extrapolating the Hc%(.T) and K,(r) data 
given by FW to T = 0 K, we have obtained 
values of HeiiO) and ki( 0) for their annealed 
Nb-4-5% Ti, Nb-9% Ti. The values of //ci(0) 
computed from equation (5) are 436 and 3 14 G 
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for Nb with 4-5 and 9% Ti, respectively. This 
agreement between our values and those 
calculated from entirely different measure* 
ments (based on measurements of Hd and He) 
lends further support to the conclusion that 
our measurements and methods of calculation 
are not seriously in error. 

6. MAGNETIZATION MEASUREMENTS NEAR Tc 

Although magnetization measurements 
yielding values of H^iT) and HdT) could 
only be performed at a couple of temperatures 
close to Tc, we present an analysis of this 
data for two reasons. First, we will show that 
an extrapolation of this data to low tempera- 
tures yields results close to our calculations. 
Second, a comparison of the data near Tc with 
theory applicable for this region shows 
reasonable agreement which provides 
confidence that the samples are not adversely 
contaminated with impurities. 

A calculation of Hci(O) using our high 
temperature measurements of HdT) and 
K,(r) = HdiTVVZHciT) extrapolated to f = 
0 K using a quadratic approximation for HdT) 
and the Af theory for ki(T) gave results within 
5 per cent of those presented in Table 2 for 
the 5 and 10 per cent samples. Only one high 
temperature evaluation was obtained for the 
25 per cent sample and so an extrapolation 
wjis not prtictical, but a crude estimate gave a 
40 per cent higher value for HdiO) which 
nevertheless still did not agree well with the 
measurement. The high temperature values of 
K, ( r ) determined magnetically are compared 
to the r = 0 K calculations based on electrical 
measurements in Fig. 4. 

In Fig. 5 the measured values of HciiT)l 
HdT) are compared with the theories of M, 
HA, and Neumann and Tewordt[15]. The M 
result was obtained from the theoretical value 
of KdT)/KdT) in the region near Tc, the 
measured k,( J), and equation (1). Note that 
unlike the zero temperature calculations given 
previously, here the discrepancy between the 
M theory and the measurements decreases as 
kgl increases (i.e. increasing Ti). Results 



Fig. 4. The measured first uneralized Ginzburg-Landau 
kappa. ((|(r) = Het(T)l'\WdT'), vs. reduced tempera- 
ture (r = TtITc) for three Nb-Ti alloys compared with the 
values at T == 0 K obtained from Table 2. 

based on the HA computation using ksIT) m'e 
in closer agreement with experiment than the 
M theory. The calculations using the Neu- 
mann and Tewordt[15] computation includes 
a correction for mean-free-path dependence. 
In calculating the mean-free-path parameter, 
we used a method similar to FW in determin- 
ing the intrinsic Ginzburg-Landau kappa, kq. 

We attempted to use our measured values 
of HcdT) and calculated values of HdT) 
(using both a BCS and a quadratic temperature 
dependence) to obtain "observed values' of 
k 3 ( r ) based on the M theory, equation ( 1 ) but 
over a good part of the temperature range, 
there was no solution. 

7. CONCLUSION 

The fact that the calculations of HedO) 
differ so greatly from the measurements leads 
us to conclude that the M theory is not 
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• Nb-5%Ti 
Measured A Nb — 10%Ti 
X Nb-25%Ti 
— Neumonn S Tewordt 
Theory MaKi 



t 

Fig. 5. The measured values of //^(D/Wrir) vs. reduced 
temperature (r = TJTr) for the three Nb-Ti alloys compared 
with theory near T^. 


applicable for type 11 superconductors with 
Ginzburg-Landau kappa values less than 26. 
One might anticipate a smaller discrepancy 
as K increases toward high values but such 
was not the case for our samples. We have 
also concluded that one is not justified in 
using the computations of HA for zero 
temperature evaluations. In order to make 
more comparisons, we have calculated H^,(0) 
for other low kappa systems, namely the 
Nb-Ta data of Ogasawara et a/. [1 8], the 
Mo- 15% Re and Mo-25% Re data of Joiner 
and Blaugher[19], the Mo-32. 3% Re data of 
Lemer et a/. [20], and the Nb-Ta data by 
Ikushima and Mizusaki[21]. For all of the 
above cases, Hcifi) was measured and did not 
have to be calculated. Only a summary of the 
results are given in Table 3. The widely 
different values for Mo-32-3% Re are perhaps 
due to the two-phase nature of the composition 


Table 3. Per cent difference between calcula- 
ted from measured H^fO) from analysis of 
published data where was measured 


Material 

Equation (4) 

Equation 0 ) 

HA 

Nb-Ta'“' 

-37 

-47 

-26 

Mo- Re"’' 

-35 

-37 

-11 

Mo-32-3% Re"-' -SO"-'' 

-II 

-1-20 

Nb-Ta"" 

-46 

-64 

-30 


'“'Ref. [18]. The values given are the average for six 
compositions. We used k..,( 0) not ici(O) as was done by 
Ogasawara et a/. [18]. 

•'■’Ref. [19]. Average of two compositions Mo- 1 5% Re 
and Mo-25% Re. 

•'■'Ref. [20]. This composition is very close to that used 
by Echarri et at. [4]. 

''‘’Ref.[2ll. The values given are the average of six 
compositions except for the values in the column headed 
equation (4) where only the three highest Ta com- 
positions could be calculated. 

'“'For this calculation the resistivity values were 
obtained from an earlier report by the same authors[24]. 
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[22]. Similarly the agreement between theory 
and experiment by £ on a composition close 
to that used by Lemer et al. [20] might be a 
fortuitous consequence of measurements on 
a multi-phase material. In all cases, the vatue 
of HciiO) calculated from equation (4) was 
lower than the measured //«, extrapolated to- 
r = 0 K. For low KcL material, the HA 
calculation in almost all cases agreed more 
closely with experiment than the M theory. 
Nevertheless the agreement is not good 
enough to warrant the conclusion that the 
HA results are valid over a wide temperature 
range. It has also been pointed out recently 
by Decker and Lacquer [23] that the M theory 
does not agree with experiment even for a 
high kappa {kc.l ~ 60) material. Extension of 
the GLAG theories covering temperatures 
far from Tc valid for all kql are still needed. 
Even if obtained, however, agreement with 
experiment may well require additional 
refinements such as inclusion of anisotropy 
of the Fermi-surface, multiple band effects, 
and as suggested by E normal state spin effects 
on the lower critical field. 

Acknowledgements — are grateful to R. E. Reed for 
vacuum annealing the samples and also to S. T. Sekulafor 
helpful discussions. 
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Abstract— The contribution from direct interband transitions to the photoelectric effect in Germanium 
is calculated for php\on energies up to 12 eV. Refined computational techniques for the calculation of 
the energy distribution curves allow a detailed comparison of the theoretical and experimental curves. 
The agreement is good and the structure is interpreted in terms of the details of the energy bands. A 
new interpretation is given for some of the peaks. 


1. INTRODUCTION 

The power of the photoemission experiments 
for determining important features of the 
electron energy band structure of semicon- 
ductors, especially for the higher electron 
energies, has been emphasized by Spicer and 
Eden[l]. From a theoretical point of view, the 
calculations of the energy distribution curves, 
necessary for a quantitative analysis of the 
experimental structure, has been limited to Si. 
Brust[2] has performed a calculation for Si in 
the lower photon energy range. Recently, 
Saravia and Casamayou[3] have extended the 
calculation in Si up to a photon energy of 10 
eV, and used numerical techniques that im- 
proved considerably the resolution of the 
calculation. It was shown that the agreement 
between the experimental and theoretical dis- 
tribution curves is excellent for the higher 
electron energies, allowing a detailed inter- 
pretation of the structure in terms of the 
energy bands. 

In the present work a similar calculation is 
performed in Ge, for which there exist experi- 
mental results [4, 5] for photon energies cover- 
ing the range up to 12 eV that show very 
interesting structure. 

The procedure to compute the photo- 
emission energy distribution curves is de- 
scribed in Section 2. A direct transition model 
is adopted. The contributions for the different 


energy bands are calculated, but no detailed 
study of the scattering of the electrons by the 
crystal is performed. The model adopted for 
the energy bands of Ge is explained in Section 
3. They are calculated using a pseudopotential 
approach combined with a k.p extrapolation 
procedure. Spin orbit effects are included. The 
results are given and discussed in Sections 4 
and 5. The agreement with the experimental 
results is good for the higher electron energies, 
and a detailed analysis is made in terms of the 
contributions from the different interband 
transitions. The regions of the Brillouin Zone 
(BZ) producing the most important structure 
are indicated. Particularly, the interpretation 
of the experimental structure corresponding to 
higher electron energies, previously discussed 
by Donovan and Spicer[5], is clarified. 

2. CALCULATION OF THE ENERGY 
DISTRIBUTION CURVES 

We are dealing with photoelectrons produced in the 
volume of a semiconductor by direct optical excitation. If 
o) is the frequency of the incident photon and £ the final 
conduction band energy of the excited electrons, the 
energy distribution curve N(E, fua) is given by 

N(E,hm)^A'2 ( |p„(k)|»P(£.k)6(ai«(k)-6i) 
"•'ir 

6(£.(k)-£)d»^. (1) 

The sum is over all conduction bands n and valence 
bands s. The integral is perfonned over all the BZ, nu 
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(k> is the momentum matrix element between bwds n and 
s, A ita nonnalization constant, and hw^k) is equal to 
E*(k)-£,(k) . P(E, k) is the probabUity that the electron 
produced with energy E and wave vector k will escape. 

We perform this integration using a method developed 
elsewhere [3]. Briefly, the integration is reduced to one 
along a line defined by the surfaces f^fk) = E and = 
0 ). which is performed analytically using a linear inter- 
polation for the functions £„(k) and <u,u(k) inside each 
cube in the mesh defined by the points of the BZ where 
the bands are calculated numerically. 

For the calculations to be performed in this work, the 
cubic mesh necessary to obtain a good resolution will 
have about 1600 points in the asymmetric part of the 
BZ. The energy distributions will be computed at inter- 
vals of energy equal to 0-01 eV. 

In (I) there appears the escape probability factor P(E. 
k). To treat this function exactly would require having 
rather detailed information about the surface potential 
and scattering mechanisms. We will compute it adopting 
the hypothesis proposed by Brustf2J. We assume that 
an electron produced with an energy £,(A) has a momen- 
tum k which is completely randomized by elastic scatter- 
ing processes before the electron reaches the surface of 
the crystal. Electrons whose momentum is directed to- 
wards the surface are assumed to leave the crystal with 
an escape probability : 

Constant, if £„(k) - E,,,. > 

£(£,k.= "" ,2) 

0. if £„(k)- £,.„< — 

where i,- is the component of k parallel to the surface of 
the crystal and £,..„. is the vacuum level. This factor is 
obtained in the supposition that the absolute value of the 
momentum k is conserved during the process and is 
continuous through the escape surface. Next, we average 
the escape probability over all the available states of 
energy £ in the BZ, obtaining an escape probability fac- 
tor £(£) independent of k. 


3. CALCULATION OF THE ENERGY BANDS 

We need to compute the energy bands and the dipole 
matrix elements over a cubic mesh in the BZ containing a 
considerable number of points. We use a pseudopotential 
method to generate the bands, and a k . p extrapolation 
procedure to increase the size of the cubic mesh as ex- 
plained elsewhere (6J. Briefly, one computes eigenvalues 
and eigenvectors at a small number of points in a coarse 
cubic mesh by solving the secular equation generated by 
the pseudopotential approach. Then, a refined mesh of 
points is generated from the previous one by a k . p extra- 
polation procedure. The combination has the advantage 
of greatly expediting the computational work. 

The spin-orbh terms have also been considered. We 
use the formalism developed elsewhere [7]. 

The pseudopotential parameters used for Ge are the 
same as those used in a previous work [7]: V(l, I 
-0-282 Ry, V(2, 2. 0) = 0-058 Ry, V(3, 1, 1 ) = 0-018 Ry. 


The spin-orbit parameter was selected to fit the experi- 
mental value of the spin-orbit splitting at the £»■ level [8], 
The comparison with other energy bands, calculated by 
Brust[9], by Cohen and Bergstresser[10), by Herman « 
a/.[ll], by Cardona and Pollak(12], and by Dresselhaus 
and Dresselhaus[13] are performed in the mentioned 
work [7]. The selected pseudopotential formfactors are 
somewhat different from those used by Brust[9] and by 
Cohen and Bergstresser[10]. The changes were performed 
in order to bring down the position of the I'u level. The 
spin-orbit splittings in Ge. about 0-3 eV, are of the order 
of the broadening constants present in the photoemission 
experiments, what makes them not very important from 
the point of view of the interpretation of the experimental 
structure. 

The resulting energy bands along several directions in 
the BZ are shown in Fig. I . The double group notation is 
not used. In the discussion that follows the energy values 
at a general point in the BZ are denoted by £, (/' = 1 , 2, 
...), not taking into account Kramer’s degeneracy, i.e., 
each value of i corresponds to two eigenvalues. All the 
electron energies are referred to the top of the valence 
band. 

4. RESULTS 

(a) Escape probability 

Donovan and Spicer[5] have measured 
energy distribution curves obtained from Ge 
surfaces which have received different treate- 
ment in order to change their vacuum level. 
We have calculated the escape probability 
curves for two values of the vacuum level: 

1 -65 and 4-80 eV. They are shown in Fig. 2. 

(b) Energy distribution curves 

They have been calculated for different 
values of hto up to 12 e V and include inter- 
band transitions involving valence bands 2, 3, 
4 and conduction bands 5 to 12. 

The results are extremely rich in details 
and the structure is in general quite sharp. 
This is produced by the fact that the structure 
due to two-dimensional saddle critical points 
is logarithmic, and the discontinuities related 
to maxima and minima critical points can take 
large values, even approaching infinite. It is 
not possible to make a direct interfHetation of 
the experimental peaks, since they are fewer 
and look much broader than the calculated 
ones. 

This is expected because effects such as 
electron-phonon and electron-electron scat- 
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Fig. 1 , Energy bands of Ge along some principal symmetry lines. They were computed using 
the pseudopotential method together with a k.p extrapolation procedure. The energy bands are 
labeled f, (/ = 1. 2. . . .), with i increasing with energy. The single group notation is given for 

some of the points of the BZ. 



Fig. 2. Shows the two different escape probability functions used 
in the present calculation. The differences are produced by the 
position assumed for the vacuum level in each case. 


tering, interaction of the electrons with the duce a phenomenological broadening of the 

cesium film and band bending have not been form 

considered. 

In order to perform a comparison, we intro- N'(E,Aat)—f N(E',A<o)L(E',E)dE' (2) 
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where 

r is the broadening constant. We adopt dif- 
ferent values of r according to the surface 
treatement: 0'15 and O-lOeV for the surfaces 
with vacuum levels at l'65eV (cesiated sur- 
face) and 4'80eV (uncesiated surface). 

The calculated energy distribution curves 
for different photon energies, including the 
effect of the escape probability factor and 
broadening, are given in Figs. 3 to 6. The 
experimental ones, as measured by Donovan 
[5], are shown in Figs. 7 to 10. 

5. DISCUSSION 

A general remark can be made about the 
calculated results shown in Figs. 3 to 6. The 
calculated structure is clearly observed in the 
experiments. Figs. 7 to 10, but it appears 
superposed in a contribution not reproduced 
at all by the present calculation. This contri- 
bution is particularly large for the case of 
cesiated surfaces and low photon energies. 
It shows a large shoulder and peak which 
appear for all hat at electron energies equal to 
2-2 and 3-0 eV. For the uncesiated surface the 
effect is not so important, but all the same 
there is a shoulder beginning at 5-0 e V for all 
hw which probably results from the action of 
the escape probability function on the men- 
tioned contribution. This structure disappears 
after the surface is cesiated. indicating that it 
is not related to direct transitions. A similar 
situation was found in the case of Si [3]. 
Several authors have mentioned the possi- 
bility for this type of structure to be produced 
by physical effects not mentioned here, such 
as scattering mechanisms [ 1 , 14, 15, 16] or 
contributions from indirect transitions [17]. 

On the following we study the interpreta- 
tion of the different peaks in terms of the dir- 
ect interband transition contributions. The 
position of the structure in the calculated dis- 
tribution curves is given in Figs. 1 1 and 12 as 



Fig. 3. Shows the calculated energy distribution curves in 
Ge for several values of photon energy corresponding to 
a sample with a cesiated surface. The calculation includes 
an escape probability factor with the vacuum level at 
l-65eV and a broadening factor equal to 0T5 eV. Partial 
results indicating the contribution from some of the inter- 
band transitions are also shown. They are identified by 
the numbers labeling the bands involved in the transition 
(e.g., label 4-7 indicates the contribution from transitions 
between valence band E, and conduction band £,). For 
the sake of clarity only partial contributions important 
from the point of view of the interpretation of the peaks 
were included. 

•An E — hat plot. The experimental results [5] 
have been superposed in the same diagrams 
and the structure has been denoted by capital 
letters, from A to J. We find that each piece of 
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Fig. 4. Shows the calculated energy distribution curves in 
Ge for several values of photon energy corresponding to 
a sample with a cesiated surface. The calculation includes 
an .escape probability factor with the vacuum level at 
l-65eV and a broadening factor equal toO-15eV. Partial 
results indicating the contribution from some of the inter- 
band transitions are also shown. They are identified by 
the numbers labeling the bands involved in the transition 
(e.g., label 4-7 indicates the contribution from transitions 
between valence band Ei and conduction band £ 7 ). For 
the sake of clarity only partial contributions important 
from the point of view of the interpretation of the peaks 
were included. 


Structure is mainly produced by contributions 
from a few interband transitions. They are 
indicated in Table 1. The region of the BZ 
producing the structure is also given in Table 
1 . The region of the BZ producing the struc- 



Fig. 5. Shows the calculated distribution curves in Ge for 
several values of photon energy corresponding to a 
sample with no cesium on its surface. The calculation 
includes an escape probability factor with the vacuum 
level at 4-80 eV and a broadening factor equal to O-lOeV. 
Partial results indicating the cmtribution from some of the 
interband transitions are also shown. They are identified 
by the numbers labeling the bands involv^ in the transi- 
tion. For the sake of clarity only partial contributions 
important from the point of view of the interpretation of 
the peaks were included. 


ture is also given in Table 1- Usually, the 
region of interest in the BZ is related to a 
symmetry line. Plots E—tua for the calculated 
symmetry lines are given in Figs. 13 and 14, 
together with the position of the calculated 
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Fig. 6. Shows the calculated distribution curves in Ge 
for several values of photon energy and high electron 
energies corresponding to a sample with no cesium on 
its surface. The calculation includes an escape probability 
factor with the vacuum level at 4-80 eV and a broadening 
factor equal to 0- 10 eV. Partial results indicating the con- 
tribution from some of the interband transitions are also 
shown. They are indicated by the numbers labeling the 
bands involved in the transition. For the sake of clarity 
only partial contributions important from the point of 

view of the interpretation of the peaks were included. 

Structure. This data establishes the connec- 
tion between the experimental structure and 
the energy bands. 

The structure labeled B is well reproduced 
by the present calculation. The main contribu- 
tion comes from interband transitions £3-10 
and Ei-a- Transition £3-10 determines the 
position of the peaks for the higher photon 
energies. 

There is a region of the BZ, in the \ KL 
plane, where the surfaces of constant £ and 
constant im are quite parallel. This region be- 
gins near the I’ point and moves mainly along 
the r^L line as the photon eneigy increases. 



Fig. 7. Shows the experimental normalized energy distri- 
bution curves for a p-type crystal of Ge with no cesium on 
its surface, as measured by Donovan 15]. 

The contribution from transitions £4-9 are 
clearly seen at lower photon energies. An ex- 
tense region in the VKX plane is responsible 
for the structure. Band £9 shows a saddle point 
which is not at the 1' point, but somewhat dis- 
placed, in the VXK plane, as can be seen in 
Fig. 1 . It has an energy value below the one 
corresponding to Tja and for this reason inter- 
band £4-9 produces peaks in the region labeled 
F in Fig. 1 2 , where peaks from £3-10 have dis- 
appeared. This interpretation clearly indi- 
cates that level that is the double 
degenerate level £9 and £,□, is the one re- 
lated to structure B, but its position in the £ — 
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Table 1 . Interpretation of the structure pres- 
ent in the photoemission experiments in terms 
of the different interband transitions. Regions 
of the BZ involved in the transitions as well 
as energy levels corresponding to the related 
symmetry points are indicated 


Structure 

Interband 

transition 

Location in BZ 

Related 
energy level 

B 

3- 10 

4- 9 

Plane KL 

Plane XJf 

r.. 

C 

h<o « 8-2 eV 

4-7 

LW line in the 
hexagonal face 


hat » 8-2 eV 

4-8 

Plane I'KX, near 
line rX. 


D 

3-7 

Line LW, near the 
L point. 


E 

hoi « 9-0 eV 

3-6 

Hexagonal face, 
near the W 
point. 


fun ^ 9 0 eV 

3-7 

Hexagonal face, 
near the W 
point 

W(E,) 

G 

h<o » 5-5 eV 

3-6 

LIP line, near the 
L point 

Ly 

hw s 5-5 eV 

4-6 

LW line, near the 
L point 




Fig. 8. Shows the experimental normalized energy distri- 
bution curves for ap-type crystal of Ge with no cesium on 
its surface, as measured by Oonovan[5]. 



Fig. 9. Shows the experimental normalized energy distri- 
bution curves for a p-type crystal of Ge with a cesiated 
surface, as measured by Donovan [5]. 

h<i) diagram is not directly given by the 
intersection of the line defined by structure B 
and the line E=hoi. Its position can be deter- 
mined taking into account the fact that a shift 
of the conduction bands and E^ in order to 
put the l ',2 level in the right place, essentially 
shifts structure B in the diagram £ — ^ along 
a direction parallel to the line E — hot. In order 
to superpose the calculated and experimental 
structure, the calculated fn level has to be 
shifted in 0*8 eV, what places this level at 8-1 
eV t^proximately. Level Ti has been men- 
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Fig. 10. Shows the experimental normalized energy dis- 
tribution curves for a p-type crystal of Ge with a cesiated 
surface, as measured by Donovan [5]. 

tioned in the past[l, 5 ] as a possible source 
for this structure. We have found that inter- 
band transitions related to I'l, here denoted as 
i^ii. give no important contribution. This is 
due to the fact that the dipole matrix elements 
for these transitions are very small near the 
I’l point, and transition l ^, — 1’, is indeed 
forbidden. 

Structure labeled A is not well reproduced. 
We performed a detailed calculation of the 
tua) curves in the region of higher photon 



Fig. 11. E — hw curves for the most prominent calculated 
structure and for the experimental structure as given by 
Donovan [5] for a crystal of Ge with a cesiated surface. 
The experimental peaks are labeled by capital letters from 
A to J. The calculated peaks are indicated by the numbers 
labeling the bands involved in the transition mainly 
responsible for the structure. 

energies in order to detect these shoulders. 
The results are shown in Fig. 6. There appears 
some small structure produced by £4-9 and 
£■4.10 transitions from regions in the BZ near 
the hexagonal face. The agreement in position 
is not very good and we are not sure whether 
they correspond to structure A or they are 
shoulders in the photon region where rfieasure- 
ments were not performed. The experimental 
structure is indeed very weak, as can be seen 
in Fig. 8 and 9 , and small shifts in the calcu- 
lated contribution to peaks B could eventually 
produce the shoulders. 

Structure labeled C is mainly related to 
interbands and £4-8. £4-7 is responsible 
for the peaks corresponding to the lower 
photon energies. The contributions are pro- 
duced in regions near the LW line. For this 
reason they appear when kw becomes larger 
than the values corresponding to the L point. 
For the case of the uncesiated surface, the 
probability escape function highly distorts the 
contribution from the E^-^ transition. £4-8 
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Fig. 1 2. E — tioi curves for the most prominent calculated structure and 
for the experimental structure as given by Donovan[5] fora crystal of 
Ge with no cesium on its surface. The experimental peaks are labeled 
by capital letters from A to J. The calculated peaks are indicated by 
numbers labeling the bands involved in the transitions mainly respons- 
ible for the structure. 



Fig. 13. £ — ft<u curves for the most prominent calculated struc- 
ture (open circles) for a crystal of Ge with a cesiated surface, and 
for the points along the symmetry lines of the BZ related to the 
structure (solid lines). The interband transition plotted for a 
given point are indicated by the numbers labeling the bands in- 
volved in the transition. The symmetry lines are identified 
through the symmetry points in the BZ that determine the line. 
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gives contribution for the higher photon ener- 
gies. An extended region in the I'KX plane, 
related to the I'X symmetry line, is responsible 
for the contribution. Donovan [5] gives the 
same interpretation, based on the work of 
Spicer and Eden for GaAs[l]. It is interesting 
to notice that the peaks obtained from £ 4 -* 
define a line in the E — hto diagram which be- 
comes parallel to E=hb) for the higher ener- 
gies. This means that for the region of the BZ 
near the X point, the valence band E^iXJ is 
very flat and the energy- value corresponding 
to X 4 can be determined from the experiment. 
A value between —2-7 and -2-9 e V is obtained 
f5]. 



Fig. 14, E — htii curves for the most prominent calculated 
structure (open circles) for a crystal of Ge with no cesium 
on its surface, and for the interband transitions corres- 
ponding to points along the symmetry lines of the BZ 
related to the structure (solid lines). The interband transi- 
tions are indicated by the numbers labeling the bands in- 
volved in the transition. The symmetry lines are identified 
through the symmetry points in the BZ that determine 
the line. 

Structure labeled D is partially produced by 
contributions from interband transition £ 3 - 7 , 
highly distorted by its superposition on the 
shoulder produced by contributions not due 
to direct transitions. The main contribution 
comes from a region in the BZ related to the 
LW line near the L point. The structure is not 
very pronounced and it is practically lost be- 
tween the structure C and £ when a cesiated 
surface is used. 

For Aat larger than 9-0 eV, £ 3.7 intersects 


the hexagonal face near the fV point, and its 
contribution becomes significant producing 
the structure labeled £. As fiw increases, the 
region of interest moves from the W to the K 
point. A similar interpretation has been given 
by Donovan [5], who noticed that constant 
values of £3 near the JV point produce a struc- 
ture moving like £ in the £ — fleu diagram. The 
peaks determine the experimental value of £3, 
—4-2 eV approximately. The calculated value 
is off by 0-6 eV and for this reason the calcu- 
lated peaks have to be shifted 0-6 eV in a 
direction parallel to the flo) axis in the £ — hw 
diagrams. Figs. 11 and 12, to reproduce the 
position of the experimental structure £. 
When a cesiated surface is used, the contribu- 
tions to structure £ from interband £ 3 -^ be- 
come important. They are also produced in a 
region of the hexagonal face related to the W 
point. 

Structure labeled G is also produced in part 
by £ 3 - 8 . For the lower photon energy range 
the surfaces of constant heu find a region in the 
hexagonal face near the L point where the 
electron energies are practically constant. We 
get peaks which are locked at a certain value 
of £ for fiti> up to 7-5 eV. Interband £ 4.8 also 
contributes to structure G and the structure 
is also produced in a region near the L point. 
Structure C determines the position of level 
£« (£3), giving a value of 4-2 eV approximately 
[5], Our calculated bands give a value for 
£ 3 , off by 0-5 eV from the experimental results. 
This can be clearly seen in the £ — flw diagram, 
Fig. 1 1 , where the calculated structure G is 
about 0-5 eV below the experimental one. 

Finally, we have not attempted a study of 
the structure labeled H, since it is superposed 
to a large contribution not predicted at all by 
our calculation not allowing any detailed com- 
parison. Donovan [5] has performed a de- 
tailed experimental study and relates the onset 
of this structure to the Pu level. Unfortunate- 
ly, the spin orbit splittings are not resolved. A 
value of 3-13 eV is obtained for the center of 
mass transition energy of the Pj*' — P 15 transi- 
tion. 
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6. CONCLUSIONS and Lf, are obtained from optica} ex- 

The present calculation has allowed a de- periments[19, 20]. For L^, we used a value of 
tailed interpretation of the structure fwesent in the L^i—Lt transition energy which is 0- 1 eV 
the photoemission experiments in terms of smaller than the one measured for the Aa — Aj 
the energy bands of the semiconductor. ,, transition in reflectivity experiments {20]. The 
In general, this interpretation is similar to position of La) is determined since Lj is known, 
the one given by Donovan [5], based on a The La/ — La transition, also measured in re- 
direct inspection of the energy bands calcu- flectivity experiments [20], can be used as a 
lated by Herman [11], and by Brust and Kane check of the position assigned to La through 
[18]. The most important difference is the the photoemission experiment. It is important 
change in the identification of structure to remark that most of the values included as 
which is now related to level I’la, with an as- results of experiments are really obtained 
signed energy of 8‘leV, and not I',. It is through processes of interpretation which 
interesting to notice that the same problem in could be eventually revised, 
the interpretation of the experimental struc- Table 2 shows that the calculation per- 
ture is present in other semiconductors [1]. formed by Herman [1 1] is in excellent ^ree- 
Actually, we found the same interpretation ment with experiment for the valence bands, 
for Si [3]. but the discrepancies become larger for the 

These results add a considerable amount of higher conduction bands. Actually, we see 
information about the value of the energy from the pseudopotential calculations shown 
levels of some of the symmetry points to that in Table 2 that the conduction levels Tig, Lg, 
obtained in the past from other types of experi- and r ,2 are quite sensible to small changes in 
ments. The available information has been the parameters. A better overall agreement 
included in Table 2, where a comparison is can be expected if the new data is taken into 
performed with some of the energy band cal- account in the process of adjustment of the 
culations. The values indicated in Table 2 for parameters. 

Table 2. Shows experimental and theoretical energy level 
locations in eV. The first experimental value is that obtained 
from experiment. The second value, between parenthesis, 
represents the experimental level reduced to the center of 
mass value without spin-orbit splitting. The theoretical values 
do not include spin-orbit splittings 


Level 

Exp. 

Herman 

el at. IcJ Brust [d] 

Present 

calc. 

New 

model 

1 

0-8(b)(0-9) 

0-9 

0-7 

0-9 

0-8 

r.. 

(31) (a] 

2-9 

3-5 

30 

3-2 

r.2 

8-l[a] (8'2) 

9-5 

8-5 

7-3 

7-9 

Liy 

(-l-4)Ibl 

-13 

-11 

-1-2 

-1-2 

L, 

0-7 [b] (0-8) 

0-8 

0-7 

0-9 

0-8 

Lj 

4-2[a) (4-3) 

41 

4-3 

3-7 

4-0 

X, 

-2-8[a]-3-OIa] 
(-2-7, -2-9) 

-2-8 

-2-5 

-2-8 

-2-7 

IFfE,) 

-4-2[aJ(-4-l) 

-41 

-3-4 

-3-5 

-3-5 


Obtained from photoemission experiments. 

[b] Obtained from optical experiments. Ref. [ 1 9-2 1 ]. 
fcj Ref.fil]. 

[d]Ref.[9]. 
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The pseudopotential model used in the pres- 
ent calculation was obtained in a previous 
workf7] from a careful adjustment to the ex- 
perimental energy levels near the band gap, 
but now it shows large discrepancies for the 
other levels. We have tried a general adjust- 
ment of the pseudopotential parameters at 
posteriori of the photoemission calculation 
performed here. The energy levels corres- 
ponding to the new model, calculated with the 
following parameters: V(l, 1, I) = — 0-251 Ry, 
V(2, 2, 0) = 0-028 Ry, V(3. I. I) = 0-039Ry, 
are given in the last column of Table 2. They 
show an average error of 0-2 eV respect to 
experiment. Although a better general agree- 
ment is obtained in the conduction levels, it 
was not possible to improve the position of the 
fV level. It appears as practically unchanged in 
all the available pseudopotential calculations 
and contrasting with the value obtained by 
Hermanfll], which is the same as the 
experimental one. 
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Resume— Nous presentons dans ce premier article des mesures de faibles deviations par rapport a la 
ioi d'Ohm dans I'antimoniure d'indium tris pur, en fonction de la temperature (77° « I s 210°K) et de 
I'induction magnetique (0,08 s fl s 1,2 Wb/m*). A B fixe, nous observons que le coefficient r carac- 
terisant les deviations change de signe a 7 = 135°K; i T fix6, r varie comme S'” (0.9 « p « 2,2 selon 
les valeurs de T). Nous utilisons les resultats du second article consacre a la theorie quantique du 
coefficient r, pour interpreter ces resultats experimentaux. Nous montrons ainsi que les phonons 
optiques polaires jouent un role essentiel dans les phenomenes d'elecirons tildes. Neanmoins, les 
variation experimentales avec la temperature et I'ordre de grandeur du coefficient r ne sont en bon 
accord avec la theorie que si Ton tient compte a la fois de I'interaction des electrons avec d'une part les 
phonons optiques. d'autre part les phonons acoustiques par I'intermediaire d’un couplage 
piezoeicctrique. 


Abstract — In this first paper we present measurements of small deviations from Ohm’s law in very pure 
n-type InSb, as function of temperature (77° « T «210°K) and magnetic induction (0-08«B« 1'2 
Wb/m*). At fixed B. we observe that the r coefficient, which characterizes the deviations, change sign 
at T = I35°K; at fixed T. r varies as B'' (0-9 s p « 2-2, depending on 7). We use the results of the 
second following paper devoted to a quantum theory of the r coefficient to fit our experimental results 
on InSb. Then we show that polar optical phonons play an essential part in warm electron phenomena. 
Nevertheless, the experimental variations and the order of magnitude of the coefficient r are in good 
agreement with our theory only if we lake account of both the interaction with optical phonons and 
piezoelectric acoustical phonons coupling. 


1. INTRODUCTION 

Dans un article precedent [I] nous avions 
etudie theoriquement les faibles deviations 
par rapport a la Ioi d’Ohm dans des semi- 
conducteurs soumis a des inductions mag- 
netiques intenses. En particulier, dans le cas 
ou le champ electrique E et I'induction 
magnetique B sont perpendiculaires, nous 
avions obtenu des expressions du coefficient 
/3 caracteristiques des variations avec le 
champ electrique E du coefficient de con- 
ductivite electrique o-jj et tel que; 

( 1 ) 

represente la partie de o-„ inde- 
pendante de E, mais fonction de B). Nous 


avions donne des expressions explicites de 
B valables dans la limite classique {hw^ kT, 
(OcTP- 1; (Or', pulsation cyclotron, t: temps de 
relaxation de la vitesse moyenne des elec- 
trons) et pour r une interaction electrons- 
phonons acoustiques traitee a I’aide du poten- 
tial de deformation; 2° une interaction 
electrons-phonons optiques. Pour la premiere 
interaction notre expression de B 
contradiction avec d’autres resultats 
theoriques[2]; pour la seconde interaction, 
elle etait inedite. En I’absence de resultats 
experimentaux dej& publies que Ton puisse 
confronter avec nos formules, nous avons 
entrepris une serie de mesures du coefficient 


‘Laboratoire associe au C.N .R.S. . 


Ce premier article (designe par A) est 
consacre a I’expose des resultats de mesure 
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et a leur interpretation. Cette demiere a 
necessite de modifier la th^orie de la Ref.[l]. 
Ce travail theorique fait I’objet du second 
article qui suit (d^signe par B). 

Pour I’etude experimentale, nous avons 
choisi un semiconducteur ou Ton puisse 
admettre que seuls interviennent des porteurs 
de mfime type et de masse effective en 
premiere approximation constante — a savoir 
I’antimoniure d’indium, InSb, de type n tres 
pur (densite electronique: n=10'^cm“® 
a r = 77°K) — et avec lequel les conditions 
(ticT > kT soient aisement realisees (77 « 7 « 
300‘’K,B'S l,2Wb/m='). 

On trouvera dans la Section 2 I’expose des 
techniques experimentales utilisees et les 
resultats des mesures concernant les variations 
avec la temperature et I'induction magnetique 
non pas du coefficient mais d’un coefficient 
r qui est proportionnel a yS. 

Nos resultats experimentaux se sont 
averes en desaccord profond avec les expres- 
sions du coefficient jS de la Ref.[l]. Nous 
avons dfl reprendre son etude th6orique; 
I’article B, consacre a la theorie quantique 
du coefficient /3, contient des expressions 
explicites de p pour trois types d’interaction 
entre les electrons et les phonons. 

La demiere partie (Section 3) est consacree 
a la confrontation entre nos resultats experi- 
mentaux et ceux de cette derniere theorie. 
Les variations de /3 avec la temperature et 
notamment son passage de valeurs negatives 
a positives, quand la temperature croft, sont 
convenablement interpretees quand on 
suppose que pour les phenomenes d’elec- 
trons tiedes, I’interaction electrons-phonons 
optiques joue on role fundamental dans InSb 
de type n. Les variations de /3 avec I’induction 
magnetique posent cependant des problemes 
non encore resolus. 

2. RESULTATS EXPERIMENTAUX 
Les mesures ont ete faites sur de I’anti- 
moniure d’indium de type «, de concentration 
et de mobiiite electroniques respectivement 
de J’ordre de 10*® et 50w*/V/s a la tem- 


perature de T7°K. Une etude prealable des 
phenomenes lineaires par rapport au champ 
eiectrique nous a permis de retrouver 
I’ensemble des resultats experimentaux bien 
connus dans InSb. Notons simplement ici 
que le coefficient de magnetoresistance trans- 
versale varie lineairement en fonction de 
I’induction magnetique pour des valeurs de B 
telles que les conditions 0)^7 ^ 1 , fUoc kT 
sont remplies. Ce resultat est une anomalie 
bien connue qui se produit dans InSb; il 
n’est pas explique par la theorie qui prevoit 
une saturation de Ap/po en fonction de B. 

(a) Schema de principe du montage de mesure 
La mise en evidence des variations de la 
resistance d’un echantillon en fonction du 
champ eiectrique applique ne peut se faire 
qu’en utilisant des champs electriques impul- 
sionnels dont la duree et la frequence de 
repetition sont suffisamment faibles pour 
eviter les effets Joule intempestifs ou destruc- 
teurs. Les variations de resistance a mesurer 
etant tres faibles, une methode de comparaison 
s’impose. Comme nous desirons distinguer 
sur r^chantillon entre les contacts d’amenee 
de courant et les contacts de prise de potentiel 
le schema le plus simple que Ton puisse 
imaginer est celui represente sur la Fig. 1. Un 
generateur d'impulsions attaque un echan- 
tillon parallelepipedique (E) en s^ie avec un 
potentiometre (P); soient K,, et V 3 les 
d.d.p. mesurees respectivement entre les 
points (1), (2) et (3) du circuit et la masse. 
Admettons que la resistance de I’echantillon 



Fig. 1 . Schema de principe du montage. 
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mesur^e ratre les points ( 1 ) et ( 2 ) varie avec 
la composante longitudinale Ex du champ 
6 lectrique appliqu 6 suivant la loi: 

lorsque Ex est suflisamment faible pour que 
r Ex^ < 1 . Supposons que la resistance du 
potentiom^tre (P) soit inddpendante de la 
d.d.p. qui lui est appliquee et que la resis- 
tance Rc mesur 6 e entre le curseur et la masse 
soit exactement egale a /?o- Dans ces condi- 
tions, on trouve immediatement: 

oil I est la longueur de I'echantillon entre les 
points (1) et (2). Pour determiner le para- 
metre caract 6 ristique r, il suffit de tracer la 
courbe: 

(Avyi^=f{y,) 

qui doit apparaitre comme une droite dont la 
pente (r/P)''® fournit le coefficient r cherche. 

Notons bien ici que, par cette methode, nous 
mesurons un coefficient r, different du coeffi- 
cient /3 intervenant dans (1). Nous reservons 


pour le Section 3a d’l^tabiir la liaison entre 
ces deux coefficients (cf. (3.6)}. 

(b) Montage e^tperimental et mithode de 
mesure ' 

Appqreillage ilectronique. Le schema de 
I’ensemble des appareils 61ectroniques est 
repr 6 sente sur la Fig. 2. L’organe essentiel est 
le sy Sterne de detection de la d.d.p. AF, car 
il conditionne le choix de nombreux appareils 
qui I’entourent. 

En effet, chaque d.d.p. F,, F*, F 3 s’616vera 
dans les mesures sur InSb ^ quelques dizaines 
de volts au maximum; la deviation AF sera 
parfois de I’ordre du millivolt .. 11 f^utdonc que 
la mesure de chacune des 3 d.d.p. s'effectue 
avec une erreur relative inferieure ii 10”®. En 
particulier il faut que le systeme de mesure 
des 3 d.d.p. ne deforme pas les trois impul- 
sions de facon differente, ce qui introduirait 
dans AF un signal qui n'aurait aucun rapport 
avec un comportement non ohmique de 
I'echantillon. Pour eliminer cette difficult 6 
nous avons utilise un appareil unique 
mesurant directement AF: un amplificateur 
operationnel (A.O.) differentiel monte en 
amplificateur de gain unite. Cet A.O. doit (1) 
posseder une grande bande passante pour 



Fig. 2. Appareillage ilectronique. 





1556 


D. CALECKI 


op6rer avec des impulsions de duree aussi 
faible que possible; (2) posseder un taux de 
rejection en mode common elev6; (3) admettre 
de fortes d.d.p. ^ ses entrees. Nous avons 
utilise I’A.O. Philbrick P 85 AH et des impul- 
sions de 4 IJ.S de duree. Cependant on constate 
que le plateau des impulsions subit une defor- 
mation et que seule la demiere microseconde 
est transmise sans distorsion. Cette remarque 
est importante car nous transformons ensuite 
les impulsions en un signal continu propor- 
tionnel a I’amplitude de ces dernieres et il 
faut necessairement ne pas faire intervenir 
dans cette operation les trois premieres 
microsecondes des impulsions. Cette suppres- 
sion s’effectue, a la sortie d’un oscillographe 
utilise en amplificateur, a I’aide d’une porte 
qui se debloque et laisse passer I’impulsion 
uniquement pendant sa derniere micro- 
seconde. L’ouverture de la porte est com- 
mandee par un generateur d'impulsions 
synchronise avec trois microsecondes de 
retard sur le generateur d’impulsions ali- 
mentant I’echantillon. A la sortie de la porte 
un systeme de detection a diode transforme 
les impulsions d'une microseconde en signal 
continu. Le systeme de detection fonctionne 
d’autant mieux que la frequence / de repeti- 
tion est elevee et Ton ne peut descendre en- 
dessous /= 10 Hz. Cette valeur de la fre- 
quence de recurrence, associee a une duree 
d’impulsion de 4fis, n'a jamais entraine dans 
nos echantillons des echauffements par effet 
Joule genant nos mesures. Nous obtenons 
finalement une d.d.p. continue proportionelle 
AK que nous envoyons sur la voie Y d’un 
enregistreur dont la voie X doit devier propor- 
tionnellement a I’amplitude de V^. Un systeme 
oscillographe -I- porte synchronisee -I- detec- 
teur— systeme Jumeau de precedant par con- 
sequent— transforme la derniere micro- 
seconde de Vs en signal continu proportionnel. 
Les deux oscillographes, de la chaine, outre 
leur role d'amplihcateur permettant de faire 
fonctionner a haut niveau d'entree les portes 
et les detecteurs, servent d’etalonage des 
vdies A" et K de I’enregistreur; c’est sur leur 


6cran qu’on lit directement la valeur de Al^ 
associ^ a une d.d.p. Vg donnee. 

Remarquons que I’enregistreur XY, etant 
de dimensions relativement grandes (30X40 
cm par exemple), il est facile de verifier que 
la condition d'6quilibre initial du montage 
/?o = est bien realisee en s’assurant que la 
courbe AV=/(V 3 ) se confond avec I’axe 
des abscisses quand V^ est sulfisamment 
faible. 

Linearite de la chaine. Notre but etant de 
mesurer des deviations par rapport a une loi 
lineaire, il est indispensable de s'assurer de 
la lineairite de la chaine des appareils elec- 
troniques. La determination experimentale 
de cette lineairite s’efFectue en branchant a la 
place de I’echantillon une resistance— un fil 
de constantan en I'occurence — independante 
de la d.d.p. appliquee a ses bornes et de valeur 
sensiblement egale a celle de I'echantillon sur 
lequel nous allons travailler. Nous tratjons 
alors les courbes AK = /( Lg) pour toutes les 
valeurs de Vs que nous utiliserons avec 
I’echantillon ensuite. Si nous avons prealable- 
ment equilibre le montage en ayant regie egal 
a I’unite le gain de chacune des trois voies de 
I’ampli operationnel et en ayant convenable- 
ment place le curseur du potentiometre (P) 
nous devons trouver AK = 0. Si au contraire 
nous avons volontairement desequilibre le 
montage en deplafant le curseur, nous devons 
trouver AV = kVs et la courbe enregistree 
doit etre une droite. Dans le premier cas, pour 
une d.d.p. de sortie du generateur egale a 
60 F, AK reste inferieur a 1 mV. Dans Ic 
second cas la courbe AK = /(Kg) se confond 
avec une droite a 5.10“® pres, dans les con- 
ditions les plus defavorables. 

Echantillons — Porte echantUlon — 
Appareillage environnant. Nous avons 
etudie une trentaine d’echantillons en forme de 
barreau parallelepipedique, munis de six 
oreilles pour les differents contacts (deux pour 
les amenees de courant et quatre, opposees 
deux a deux par rapport a I’axe loQgptudinal du 
barreau, pour les mesures de id.d.p.). Les 
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lingots de InSb provenaient de deux fabriques 
differentes et poss6daient sensiblement les 
memes caracteristiques eiectroniques. Les 
axes cristallographiques ont eu des orienta- 
tions diverses par rapport aux aretes dqs 
6chantinons parall61epip6diques. Enfin nous 
avons utilis6 comme decapant tout d'abord du 
CP4 faible puis un melange d'acide lactique 
( 1 0 volumes) et d’acide nitrique ( 1 a 2 volumes). 
La plupart de ces echantillons — de sources, 
d’orientations, de traitements par consequent 
differents— ont systematiquement offert les 
memes comportements sous Paction de 
Pinduction magn^tique B et du champ 
electrique E perpendiculaire, a savoir: (1) un 
changement de signe de la deviation par 
rapport a la loi d’Ohm quand, a B fixe, la 
temperature croit en passant par des valeurs 
voisines de 135°K; (2) un accroissement de 
la deviation quand, a temperature fixee, 
Pinduction magnetique croit. Nous n’avons 
pas fait une etude systematique des devia- 
tions par rapport a la loi d’Ohm en fonction 
des differents parametres que nous venons 
d’evoquer (traitement chimique, distance 
entre les prises de polentiel, orientation 
cristallographique...). Nous avons simplemenl 
retenu pour des mesures detaillees, les echan- 
tillons -au nombre de quelques unites — qui 
presentaient les caracteristiques suivantes: 
(1) les quatres courbes de variations de AK 
en fonction de Lg a T et B fixes (et dans une 
large gamme de variation de T et de B) 
tracees pour les quatres orientations relatives 
oil Pinduction magnetique B et le vecteur 
densite de courant (j) sont perpen- 
diculaires*, sont des cubiques identiques 
entre elles. Pour ces echantillons. les deux 
traitements de surface (CP4 ou acides 
lactique -h nitrique) ont donne les memes 
resultats. De meme Putilisation de Pune ou 
Pautre des paires d’oreilles, ont fourni des 
resultats numeriques tres voisins. (2) La loi 


*L'utilisation dans cet article de la notation (J) au 
lieu de J tout simplement est justifiee dans I’article 
theorique B qui suit. 


de variation du codficient de inagn6toristance 
en fonction de Pangle 6 entre les cfirections 
de B et (J) est trds voisine d’une ioi en 
sin*fi, montrant ainsi (cf. H. Weiss, “Semi- 
conductors and' Semitals’’ Vol. 1 Academic 
Press 1966) que ces Echantillons Etaient 
assez bien homogenes. 

Les echantillons de faible largeur (0,3 mm) 
et de faible Epaisseur (0,2 mm) afin d’adapter 
leur rEsistance a PimpEdance de sortie du 
generateur d’impulsions, sont en contact 
thermique avec une masse de cuivre munie 
d’une chaufferette a meme de faire varier sa 
temperature. Le maintient de la temperature 
de Pechantillon a une valeur constante pendant 
tout le trace d’une courbe AK=/(K 3 ) est 
absolument indispensable. En effet, si du fait 
d’une variation infime de la temperature du 
bloc de cuivre (egale a A To) la resistance de 
Pechantillon varie pendant le trace d’une 
courbe, la condition d’equiiibre initiate de 
notre montage Ro{To) = Rr est rompue; la 
difference AK va done representer la somme 
de deux desequilibres: le ler que Pon cherche 
a mesurer, du au phenomene d’electrons 
tiedes; le second du au fait que R„(To + 
A To) # Rc- II est bien evident que Ro(To) 
variant tres rapidement quand ro>150°K, 
un desequilibre produit par AT^ risque d’etre 
tres superieur a celui produit par un champ 
electrique. Pratiquement un desEquilibre du 
a A To intervenant en cours de trace s’observe 
immediatement du fait que la courbe AL = 
/(Lg) obtenue quand Lg croit ne se confond 
pas avec elle obtenue quand Kg decroit. La 
meilleure verification que la temperature est 
restee constante s’obtient a posteriori quand 
on s’asure que la courbe AK— /(Kg) est 
bien unecubique. Remarquonsqu’unEchauffe- 
ment par effet Joule produit les memes effets 
qu’un A To provoque par une variation de 
temperature du bloc de cuivre, e’est pourquoi 
la durEe des impulsions et leur frequence de 
repEtition ont EtE des parametres importants 
de notre Etude. 

Pour maintenir le bloc de cuivre a tempEra- 
ture constante, nous avons utilise le systeme 
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suivant. Le bloc de cuivre est place au fond 
d’une enceinte tubulaire en acier inox a 
double paroi. On peut viderouemplird’hdium 
gazeux le milieu ou se trouve I’^chantillon 
et le volume contenu entre la double paroi. Le 
tube en inox est plonge dans un dewar con- 
tenant en permanence de I’azote liquide. Le 
maintien du bloc de cuivre a une tempera- 
ture constante est du a I’equilibre qui s’^tablit- 
entre les calories apport6es par la chaufferette 
(alimentee par un courant stabilise a 10~® 
pr^s) et les frigories provenant de Phelium 
gazeux se trouvant entre la double paroi du 
tube en inox. Ce gaz dont la pression est 
r^glable sert d’echangeur entre le milieu 
gazeux dans lequel baigne I'echantilion et 
I’azote liquide oil le tube en inox est plonge. 

Notons enfin que I'echantilion est place 
dans I’entrefer d’un electro-aimant de fa^on 
que I’induction magnetique soit perpen- 


diculaire a son axe longitudinal, comme dans 
une mesure d’effet Hall ordinaire. 

(c) Resultats des mesures du coefficient r dans 
InSb 

Les mesures du coellicient r ont ete faites 
dans une gamme de temperatures comprises 
entre 77 et 205“K et avec des inductions 
magnetiques variant entre 0,08 et 1 ,2 Wb/m*. 
Dans ces conditions, il existe toujours une 
region ou les deux inegalites cjcT > 1 et 
fttuc kTg sont satisfaites. 

Nous avons represente sur la Fig. 3 une 
courbe experimentale AF = /(F 3 ). On 
reconnait un trace par point auquel I’emploi 
du generateur d’impulsions nous a contraint. 
A chaque point experimental nous avons fait 
correspondre un point calcuie, de meme 
abscisse et d’ordonnee egale a (AF)*'®- On 
constate que I’ensemble des points calcuies 
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s’alignent sur une droite passant par rorigioe, 
ce qui confirme la loi AK ~ Kg®. 

Les variations du coefficient r avec {'induc- 
tion magn^tique B, pour diff6rentes valeurs 
de la temperature sont repr6sentees sur la 
Fig. 4. Les remarques essentielles deduites 
de ce r6seau de courbes sont de trois ordres. 



Primo; A induction magnetique constante, 
le coefficient r passe de valeurs negatives a 
positives quand la temperature evolue enlre 
77 et ZOS'K. La Fig. 5 schematise, pour 
differentes valeurs de B, les variations de r, 
non pas en fonction de To, mais en fonction 
du parametre ao = fuaJlkTo ou hca^ est 
I’energie des phonons optiques dans InSb. 
Sur la Fig. 5, on constate que la temperature 
d’annulation Ta de r est fixee par la condition 


hot^IlkTa = 0,95. Comme dmis InSb, renagre 
des phonons optiques [3] exprimee en degre$ 
Kelvin vaut ZbO^K, on en deduit que Tg *= 135®. 
Cette temperature est independante de la 
vsdeur de B. Notions de plus qu’au-detk de 
la temperature d’annulation, quand r est > 0, 
sa valeur absolue passe par un maximum et 
decroit rapidement ensuite en ayant tendmice 
a s’annuler une seconde fois. 

Secundo: A temperature fixe, le coefficient 
r est une fonction croissante de I’induction 
magnetique; les deviations par rapport 4 la 
loi d'Ohm sont done d'autant plus importantes 
que les valeurs de B sont eievees. Sur la Fig. 
4, on constate que les lois de variations de r 
avec B sont assez bien representees par des 
fonctions puissances, r~B^{Tg), ou 
I’exposant p est toujours > 0 et depend de la 
temperature, ses valeurs restant comprises 
entre 0,9 et Z,Z. 

Tertio: Les remarques qui suivant ne 
decoulent pas directement des Fig. 4 et 5, 
mais en expliquent le caractere parfois incom- 
plet. Tout d’abord au voisinage de la tem- 
perature To, les mesures de r deviennent 
impossibles a effectuer pour deux raisons: 
(1) r devient trop petit; (Z) les courbes AK = 
/(l^s) perdent leur caraetdre cubique. Par 
ailleurs, pour les temperatures superieures 
a To, nous n’avons pas depasse des valeurs de 
B de I’ordre de 0,7 Wb/m® ceci provient du 
fait que pour les valeurs des champs eiec- 
triques ou la loi d’Ohm n’est plus verifiee, 
des instabilites de courants sont produites 
par des inductions magnetiques superieures 
^ 0,7 Wb/m® et empechent la mesure de r. 

Nous allons maintenant utiliser les resultats 
theoriques de {’article B qui vont nous foumir 
des expressions du coefficient r ^ confronter 
avec les lois de variations mesurees et 
representees sur les Fig. 4 et 5. 

3. CONFRONTATION THEORIE- EXPERIENCE 
DANS LE CAS W InSb 

A la Section 2, nous avons donne la fa$on 
d’effectuer des mesures— et les resultats de 
CCS mesures — sur un certain coefficient r 
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Fig. 5. Roseau des courbes r(B)aB fixe. 


caracterisant les variations de la resistance 
d’un echantillon d’antimoniure d'indium, de 
forme parallelepipedique allongee, en fonction 
de la composante longitudinale du champ 
electrique applique. Dans I’article B, nous 
avons expose la theorie du coefficient yS 
caracterisant les deviations par rapport a la 
ioi d’Ohm. Afin de comparer les resultats 
theoriques et experimentaux, il faut prealable- 
ment etablir la liaison entre les coefficients 
retyS. 

(a) Relation entre les coefficients retp 
Quand on fait passer un courant dans un 
echantillon parallelepipedique allonge et 


homogene, on peut imposer au vecleur 
densite de courant (J> d’etre longitudinal. 
Quand en plus on applique une induction 
magnetique B perpendiculaire au courant, 
le champ electrique E qui regne dans I’echan- 
tillon est perpendiculaire ^ B, mais pas 
parallele a (J). 

Designons par OX la direction de E (cf. Fig. 
6); d'apres les resultats de I’article B con- 
cernant les phenomenes jusqu’a I’ordre 3 en 
champ electrique, les composantes du vecteur 
densite de courant suivant E et suivant la 
direction Oy perpendiculaire a E et a B, 
s’ecrivent: 

(1) 
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<Jy} = ne§ = -<T2E. ( 2 ) 

Le coefficient n’est autre que la con- 
ductivity yiectrique dans la rygion ohmique. 
La valeur —nelB de n’est valable que dans 
la limite des inductions magnytiques yievees, 
quand WcT > 1 . Les expressions de /3 que Ton 


Y 



trouvera dans I’article B n'ont yty etablies 
que dans cette meme limite. On deduit de 
(I) et (2) que, si Ton impose au vecteur 
density de courant d’etre dirige suivant la 
longueur OX de I’echantillon parallele- 
pipedique, alors: 

= < [1 + ^ ( £/ + E/)]Ex + (3) 

(7,) = 0 = I + /3(£/ + £,*)]£,. 

(4) 

On obtient immediatement a partir de (3) 
et (4) une relation entre Ex et {Jx)~ qui 
definit la resistivite en presence de E et B. 
Quand on tient compte du fait que 

lorsque I, la modification relative 

de resistivity a I’ordre le plus bas en champ 
electrique se reduit a; 


Ap 

P(£ = 0) 



(5) 


Le coefficient r dyfini a la Section 2a. est done 
liy a r par la relation: 





1 

P B‘i (<>)*• 


( 6 ) 


Du point de vue de la variation de r avec 
I’induction magnetique, nous avons montry 
dans I’article B, que pour tous les coupia^s 
envisages dans la limite classique 

En consyquence, r doit etre indypendant de 
B en limite classique. Comme r est propor- 
tionnel a r s'annule et change de signe en 
meme temps que j3 quand la temperature varie. 
Enfin, en ce qui concerne la grandeur de r, 
comme ** ^ quand (OcT 1 , le 

coefficient r est toujours superieur ^ p. 

(b) Interpretation des r^sultats experimentaux 

Nous revenons sur les resultats expyri- 
mentaux de la Section 2c concemant le coeffi- 
cient r. Examinons tout d’abord les variations 
de r avec I’induction magnetique B. D’apr^s 
la remarque qui suit la formule (6), la theorie 
pryvoit que r est indypendant de B en limite 
classique. Cette conclusion est en contra- 
diction flagrante avec les rysultats expyri- 
mentaux representys a la Fig. 4. Cependant, 
il ne faut pas etre trop dycouragy car, dans 
I’etude des phynomenes lineaires, la variation 
de la magnetoresistance avec I’induction 
magnetique, qui s’avere etre une fonction 
lineaire de B, n’est pas non plus interpretye; 
la theorie correspondante pryvoit en eflFet 
une saturation de la magnetoresistance dans 
la limite ftwp /cT, a>rT>l. Nous aban- 
donnons done I’idee de faire comcider la 
thyorie et I’experience sur ce point particulier. 

Passons maintenant a I’analyse des varia- 
tions de r avec la tempyrature, ou nous 
allons rencontrer plus de satisfaction. Nous 
avons vu que les valeurs experimentales de 
r passant de valeurs ndgatives a positives 
quand To croit et que r s’annule pour T# — 
135°K. D’aprfes (6), r est proportionnel a ^ 
et s’annule done en meme temps que lui. Or, 
nous pouvons voir a la Section 2c de I'article 
B que, quand on suppose les yiectrons interagir 
avec les phonons optiques, le coefficient /3 
s’annule en passant de valeurs <0 a > 0 
quand Tq croit. Plus precisyment, pour ce 
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type de couplage, a partir des formules En remontant aux sources de la th6orie 
(3.34), (3.42) de I’article B, le coefficient r expos6e dans I’article B, nous pouvons 
a pour expression: aisement d6montrer que, dans le cas o& les 


1 f5/:,(an)-9A:o(ao)][A:.(ao)-9j^o(ao)]sinh^Q;p 

160Fo* A:,*(ao)A:o(ao)tA’ 2 (ao)-/:o(«o)] ao* 


Les fonctions A:((ao) sont des fonctions de 
Bessel modifiees de seconde espfece. La quan- 
tity Fq, homogene a un champ electrique est 
ddfinie par: 

* lireh^ 

qui, dans InSb, vaut 34.10^ V/m. D'®' est 
une constante de couplage entre les electrons 
et les phonons optiques (Cf. (3.27) dans 
I’article B). 

Nous ne presentons pas la courbe deduite 
de (7) et repr^sentant les variations de r avec 
<*0 = hoiJlkTo. En effet, bien que cette courbe 
ait un air de ressemblance avec les courbes 
expyrimentales de la Fig. 5, la temperature 
Ta pour laquelle r s’annule en passant de 
valeurs < 0 a > 0, deduite de (7) differe par 
trop de celle mesuree puisque (7'a),h4on,ue = 
45°K tandis que (7a)exi> = 135°K. De plus, 
les valeurs numeriques de r deduites de (7) 
sont superieures d’un facteur 1(F a 10® aux 
valeurs experimentales. 

A ce stade, dans le but d’ameliorer I'accord 
entre thdorie et experience, nous pouvons 
introduire un element nouveau. En effet, 
nous savons d’apres I'etude des phenomenes 
lineaires [4] et [5] que les phonons optiques ne 
sont pas les seuls a interagir avec les electrons; 
les phonons acoustiques, par I’intermediaire 
du couplage piezoelectrique, jouent aussi 
un role. Nous sommes done conduit a 
rechercher une expression de r en presence 
de deux interactions pour les electrons. 


electrons interagissent avec deux types de 
phonons, les composantes de (J), calcul4es 
au second ordre par rapport au coefficient 
de couplage, s’ecrivent: 


<y„) = ne^et {Jj^} 


q-i/3| +criPi 
O’, -t-o-j 




( 8 ) 


Les coefficients cr, et <T 2 sont les coefficients 
de conductivity associes a chacune des 
deux interactions; de meme, ^t /Sj sont les 
coefficients caracterisant les deviations par 
rapport a la loi d’Ohm associes a chaque 
interaction. 

En partant de (8), a I’aide d’un raisonne- 
ment analogue a celui de la Section 3. a on 
trouve que le coefficient r s’exprime en fonc- 
tion de a, , tJa, /3i , ^2 sous la forme: 


(7,^1 + 0-^2 

(tr, -t-o-a)® ■ 


(9) 


Nous admettons que les coefficients 
/Sz qui interviennent dans (9) sont ceux qui 
ont ete determines separement ^ la Section 2 
de I’article B. Appliquons alors (9) au cas oil 
les electrons interagissent avec les phonons 
optiques et avec les phonons acoustiques 
par I’intermydiaire du couplage piezoelec- 
trique. A I’aide des fonnules (20), (26), (34) 
et (42) de la Section 3 de I’article B, nous 
obtenons: 


-Ao), , ao 


-I-- 


3^- 1 mj®£)*®* sinh ao^(o(«o) 


160Fo®“® 


-^ 2 ( 0 : 0 ) ~A^o(ao) 


. s sinh ao 


Ki{a^) 


( 10 ) 



I 
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La formule (10) fait 6videinment intervenir 
Ics paramfetres (ou Fo) qui fixent 

I’intensit^ de chacun des couplages et qui ne 
sont pas tous connus de fa^on precise dans 
InSb. N^anmoins, nous pouvons tracer des 
courbes r(ao) ^ partir de (10) pour diff6rentes 
valeurs du rapport Apres quelques 

tatonnements, on constate qu’en choississant 
pour la quantite sans dinlension: 




(11) 


une valeur voisine de 9, la courbe represen- 
tative de r(ao) (cf. Fig. 7) define par (10) 
s’insere approximativement dans le r6seau des 
courbes exp6rimentales de la Fig. 5. II existe 



200 135 87 65 


To, 'K 


Fig. 7. 


toutefois une difference notable entre les deux 
temperatures d'annulation de r, th6orique et 
expert mentale, puisque: 

( 7’«)ex„ - nS'K tandis que ( - lOS^K. 


Done en choiSsant A=^9 (c.a.d. =« 

2.10"‘*m), nous rendons compte de I'annula- 
tion de r k une ‘temperature theorique’ qui 
s’est nettement rapprochee de la ‘tem^ature 
experimentale' par rapport au cas oil nous 
ne considerions que I’interaction eiectrons- 
phonons optiques. De plus failure des varia- 
tions expertmentales de r avec oto et notam- 
ment la tendance, pour r, k s’annuler une 
seconde fois au-delik de BOff’K (ag ~ 0,4) 
est bien traduite par la loi (10). Enfin les 
ordres de grandeur des valeurs de r, theoriques 
et expertmentales, concordent grossierement 
jxjur certaines temperatures. 

4. CONCLUSIONS 

Nous avons mis au point un appareillage 
relativement sensible, fonctionnant en regime 
impulsionnel, mesurant les faibles deviations 
par rapport k la loi d'Ohm. Nous avons ainsi 
pu observer dans des echantillons de inSb 
de type n tres pur que les premieres devia- 
tions par rapport a la loi d’Ohm passent de 
valeurs > 0 a < 0 quand la temperature 
croit a partir de 1TY<. Dans la region ou r 
est >0, il varie rapidement en passant par un 
maximum et, au-del^, en ayant tendance a 
s’annuler une seconde fois pour prendre des 
valeurs < 0. La theorte exposee dans I’article 
B interprete qualitativement I’ensemble de 
ces resultats; le couplage avec les phonons 
optiques est le responsable essentiel des 
annulations de ravec la temperature. Toutefois 
I’interaction avec les phonons acoustiques par 
I'intermediaire du couplage piezoelectrtque 
joue un role secondaire non negligeable. 
Grace a ce dernier, les valeurs num6riques de 
r et des temperatures d’annulation ne sont 
pas trop eloignees des resultats expertmentaux. 
II subsiste cependant des disaccords entre 
thiorte et experience, notamment en ce qui 
conceme les variations de r avec I’induction 
magnitique. 


REFERENCES 

1. CALECKI D. J. Phys. Chem. Solids 28. 1409 (1967). 

2. KAZARINOV R. F. and SKOBOV V. G., Soviet 



1564 


D. CALECKI 


Phys. JETP IS, n*4, 726 (1962). BUDD H. F., Phys. 
131, nM, 1520(1963). 

3. HAAS M. and HENVIS B. W., J. Phys. Ckem. 
Solids n. 1099(1962). 


4. FIRSOV Yu. A., GUREVICH V. L.. PARFENIEV 
R. V. and SHALYT S. S., Phys. Rev. Lett. 12, 660 
(1964). 

5. SLADEK R. J..J. Phys, Chem. Solids 16, 1 (1960). 



J.Phys.Chem.SoHds PergamonPress 1971. Vtri. 32,pp. 1565-1571. Ptlnt(Bd in Oreat Britain. 
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Abstract— The Bi L,„ and Se A-absorption discontinuities in BiiTcj, Bi]Se, and Bi,TeiSe have been 
studied using a 40 cm dia. bent crystal X-ray spectrograph. The Bi edge in these compounds is found 
to shift to higher energies with respect to that of the metal. The Se edge on the other hand moves to 
lower energy in Bi,Se, and to higher energy in BijTejSe. The X-ray absorption data on Bi,Ses and 
Bi 2 TeiSe brings out clearly the difference in the nature of the chemical bond two types of selenium 
atoms, Sei and Sen. have in these compounds. An alternative bonding picture is proposed for BitSe, 
to remove deficiencies in Drabble and Goodman’s scheme. 


1, INTRODUCTION 

Compounds of the type and especi- 

ally those crystallizing in the rhombohedral 
type structure e.g. BijSea, BijTeg have in re- 
cent years assumed importance because of 
their thermo-electric applications [1, 2]. More- 
over, bismuth telluride forms unlimited solid 
solutions with isostructural compounds BiaScs 
and Sb^TcglS-S]. Many workers [6-9] have 
tried to explain various properties of BijSeg, 
BijTes and bismuth telluride base solutions 
from the chemical bond point of view. At 
present there are two suggestions regarding 
the nature of bonding in bismuth selenide and 
bismuth telluride; one by Mooser and Pearson 
[8] based on the ‘semiconducting bond' be- 
tween neighbouring bismuth and selenium/ 
tellurium atoms and the other by Drabble and 
Goodman [9] postulating a fully saturated 
bonding with two electrons per bond due to 
hybridization of outer orbitals. 

The X-ray absorption spectroscopy pro- 
vides a direct method of studying the empty 
orbitals in solids. Hence it is possible with the 
help of absorption data to choose and/or asign 
a correct bonding picture compatible with the 
structure as well as electrical properties of 
compounds. In this paper we present our 


results on BigSeg, BigTeg and the alloy 
BigTegSe. 

2. EXPERIMENTAL 

A Cauchois type bent crystal spectrograph 
of 40 cm diameter was used for photographing 
the spectra. A mica crystal with known optics 
(100 planes) was used as an analyser. A Philips 
sealed X-ray tube with Mo target acted as a 
source of radiations. The tube was run at 25 
KV and 1 5 mA. The absorbers were prepared 
by spreading a fine powder of the substance 
under investigation on cellophane tape. The 
optimum thickness of the absorbing screen for 
a good contrast in the spectrum was deter- 
mined by trial. The spectra were recorded on 
‘Forte’ high speed X-ray film, the exposure 
time varying between 1 5 to 20 hr. 

The Bi Lm edge was photographed in the 
second order where it could be bracketted 
between Mo line (third order) and Br K 
discontinuity (second order). The Mo Ka,.a, 
and Mo lines in the third order were used 
as reference for the Se K discontinuity in the 
second order. Each spectrogram was photo- 
metred at 5-6 points with a Hilger-Watts 
microphotometer coupled to a Honeywell 
chart recorder with a magnification x 50. The 
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values given in Table 1 are an average of at 
least 30 microphotometer records. 

3. CRYSTAL STRUCTURE AND CHEMICAL 
BONDING 

The C-33 structure (rhombohedral unit cell. 
R3ni space group) in which Bi 2 Te 3 , Bi^Ses and 
BijTejSe crystallize[10-12) is built of multiple 
layers in the sequence 

Bi- The stacking of these layers is such that 
each atom inside any of the layers acquires a 
slightly distorted octahedral neighbourhood. 
There are two types of B atoms. The Bi atom 
(Se/Te) at the boundaries of each five layer 
group have three nearest 'A ’ neighbours ( Bi) in 
the same multiple layer and three nearest 
neighbours (B,) at somewhat greater distance 
in the adjacent multiple layer group. The cen- 
tral Se„/Te„ atom has an environment of six 
Bi atoms in the same multiple layer group. 

The nature of chemical bonding in bismuth 
selenide and bismuth telluride has been dis- 
cussed by Mooser and Pearson and by 
Drabble and Goodman. 

Mooser and Pearson by considering the 
bond lengths in Bi 2 Se 3 and BijTea suggest that 
the bonding in these compounds is mainly due 
to a mixture of two types of valence struc- 


Table 1. X-ray absorption data on 
BijSeg, BijTejjSe and BijTea 


Substance 

KX.U. 

£eV. 

AE 

^111 

absorption edge of Bi. 


Bi. 

921-704 

±0-06 

13423-18 


BisSe^. 

921-481 

±0-06 

13426-42 

+3-24 

BijTejSe. 

921-522 

±0-06 

13425-83 

+ 2-65 

BijTe,. 

921 590 
±0-06 

13424-84 

+ 1-66 

K absorption edge of Se 


Se. 

977-790 

±0-04 

12653-22 


BijSca. 

977-869 

±0-04 

12652-20 

-1-02 

Bi,Te|Se. 

977-683 

±0-04 

12654-61 

+ 1-39 


tures as shown in Fig. 1. In structure li hy- 
brid orbitals are formed in Tci and Bi 
atoms, the paired p electrons of Te, in the 
ground state become unpaired with one elec- 
tron passing into free d orbitals. Six hybrid 
p3d“ orbitals thus arise in the Te, atom. For Bi, 
six bonds with its neighbours (3Te, and 3Te,i) 
are formed by resonance of three bonds with 
respect to six hybrid orbitals. The bonds be- 
tween the Te„ atom and its six Bi neighbours 
make use of the empty orbitals on Bi to reson- 
ate among six positions. The outermost Te, 
atom forms a bond with its six neighbours (3Bi 
and 3Te,) by resonance of four bonds with 
respect to six hybrid orbitals. Structure I in 
Fig. 1 corresponds to no covalent bonding 
between neighbouring multiple layers and 
according to the concept of semiconducting 
bonds leads to semiconducting properties. 



M ifihTi I c 

1 



■r-i M ihT 


Interlayer bonds 


Fig. 1. Two valence structures whose mixture represents 
the bonding in BUSe, and BijTe, following Mooser and 
Pearson. 
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Drabble and Goodman’s bonding (Fig. 2) is 
based on an application of the method of 
valence bonds between hybrid orbitals of 
neighbouring bismuth and tellurium atoms. 
They assumed that the bond length Tej-Tei 
(3*73 A) is of Van der Waals type being of the 
same order as the bond length (3-74 A) be- 
tween tellurium atoms in the adjacent chains of 
the tellurium metal structure. This means that 
the electron density in these bonds is effec- 
tively zero and thus the valence electrons in 
Tei atom are used only in bonding to the three 


4. X-RAY SEBCTROSCOPIC DATA AND 
CHEMICAL BONIHNG 

As described above two hypotheses have 
been put forv^sud regarding the nature of 
chemical bonding in BijSes and BitTeg. We 
shall show below how H is possible from X- 
ray absorption work to choose and/or assign 
the correct bonding in these compounds. 

Following the theoretical and experimental 
work of Richtmyer et a/. [13], it is now gener- 
ally accepted that the inflection point on an 
absorption edge in the case of a metal repre- 


< 


p 


d 



nearest neighbour bismuth atoms in the same 
multiple layer group. To satisfy the octahedral 
co-ordination, Bi and Tci, atoms form hybrid 
sp^d^ orbitals. The s electrons of Bi and j and 
p electrons of Te,i become unpaired and 
occupy their respective d orbitals. Additional 
electron necessary to form sp'^d^ hybrid 
orbitals in case of Bi is drawn from Tei- The 
bismuth is thus charged negatively and the Tci 
positively. The formal covalent formula of 
Bi 2 Te 3 according to this bond scheme is thus 
{Bi~'Te+') 2 Te emphasizing the difference be- 
tween the nature of bond formed by two dif- 
ferent Te atoms. 


sents the position of the Fermi limit. No 
theoretical calculations on the shape of the 
absorption discontinuities for semiconductor 
and insulators have yet been made. The experi- 
mental work of Deslattes and DeBen[14] and 
Mande and Nigavekar[l5, 16] on the K 
absorption and emission spectrum of semi- 
conductor shows that the emission edge 
coincides with the inflection point of the 
absorption discontinuity. It may. therefore, be 
assumed that the inflection point on the absorp- 
tion discontinuity of a semiconductor repre- 
sents the top of the outermost filled band. 
Hence the shift of the absorption discontinuity 
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in the con^iound with respect to the discon- 
tinuity in the metal could be taken as a mea- 
sure of the distribution of outer electrons in 
the valence band. In the present work we 
have studied the Lm absorption edge of Bi and 
the K absorption edge of Se in metals as well 
as in compounds. It is known that the absorp- 
tion transitions like emission ones are gov- 
erned by the selection rules. Evidently the 
transition from an Lm level never has the same 
end state as a transition from a K level. How- 
ever in the present study as we are consider- 
ing the shift in the same edge in going from the 
metal to the compound, it (the shift) reflects 
the change in the electron environment of the 
atom due to chemical combination. Our 
choice of these absorption edges was restric- 
ted by limitations in our experimental set up. 
It is also known that the physico-chemical 
state of the absorbing atom affects the inner 
levels. However, such achange is comparitive- 
ly small for the deeply buried inner levels, such 
as K, than on the outermost levels. 

It could be seen from the experimental 
results (Table 1 see also Fig. 3) that the Bi 
Ljn absorption discontinuity in BijScs, Bi^Teg 
and BijTejSe shifts towards the high energy 
side with respect to the discontinuity in the 
bismuth metal. This suggests that the outer- 
most empty orbitals in case of bismuth (cations 
in the compound) get filled either due to pro- 
motion of valence electrons or by acceptance 
of electrons from anions (Se/Te). However, 
the K absorption edge of Se shifts towards the 
low energy side in BijSes whereas it shifts 
towards the high energy side in BijTejSe with 
respect to the K absorption edge in selenium. 

Assuming that the Drabble and Goodman’s 
chemical bonding picture for BijTes is applic- 
able to isostructural BijSej the filling of the 
outer d orbitals of Bi in the compound due to 
promotion of one 65 electron and acceptsmce 
of a p electron from Sei atom should cause the 
L absorption discontinuity of the cation to 
move towards the high energy side as observed 
by us. But Drabble and Goodman in their 
bonding picture for BijTes assume the bond 


between Tei atoms in the adjacent multiple 
layer groups to be of Van der Waals type 
which seems to be correct as the distance 
Tei-Tci is of the same order as the sum of 
VDW radii. However in BijSea the Se,-Sei 
bond length (3-31 A) for neighbouring groups 
is almost equal to the ionic bond length (2-96 
A). Hence one cannot neglect the bonding of 
Sej atoms with three Sei atoms in the adjacent 
layer. We can thus understand the easy cleav- 
age in BijTes but not so easy a cleavage in 
BijSe,. 

Although Mooser and Pearson’s picture 
with resonating p®d® hybrid oii)itals provides 


^xu 



O 10 


E tV 

Fig. 3. Bismuth Lai absorption edge in BitScs; BiiTe^Se. 
BifTe, and Bi metal. 
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for such ihterlayer bonds, it is not compatible 
with the X-ray absorption data as according to 
this picture Bi absorption discontinuity should 
not be affected in the compound which is not 
the case (see Table 1 ). ’ 

An alternative scheme (Fig. 4) which ap- 
pears to remove the difficulties discussed 
above is as follows. The bismuth and both 
types of selenium atoms have nearly octa- 
hedral co-ordination in B^Seg. The central 
Scu atom forms bonds with sp^d* hybrid 
orbitals, the two s and four p electrons getting 
redistributed in six orbitals. Bi and Se are 
linked by resonating bonds. This involves the 
p-d hybridization since according to Pauling 
[17] empty orbitals must be available in at least 
one of the two atoms which are linked by 
resonating bonds. The donation of one p elec- 
tron by Sei atom to each Bi atom enables the 
formation of six two electron covalent Bi-Sen 
bonds. Thus the bonding between Sen and Bi 
atom is covalent whereas it is of ionic type 
between Se, and Bi atoms. The formula for the 
compound could be written as (Bi“'Se'*'‘) 2 Se 
emphasizing the iono-covalent type of 
bonding. 

Our picture is compatible with the X-ray 


absorption data. The Bt L absorption edge as 
expected shifts towards the high energy side. 
In our picture the two Set atoms give two elec- 
trons to Bi aton^. This should cause the Se iX 
discontinuity to shift towards the low energy 
side. On the other hand in Sen atom two s and 
four p electrons get redistributed to form 5p*d^ 
hybrid orbitals and the bonding between Bi 
and Sen atoms is of covalent type. However 
because of limited resolution of our spectro- 
graph we observe only an average change and 
hence the Se K absorption edge is found to 
shift towards the low energy side. 

In the case of BijTe, Drabble and Good- 
man’s chemical bonding picture seems to be 
compatible with the X-ray absorption results. 
In their picture Bi atom acquires six hybrid 
sp^d* orbitals in which six electrons (five orig- 
inal and one obtained from Te, atom) are dis- 
tributed. The high energy side shift of the Bi 
discontinuity confirms this promotion of one s 
electron to d orbitals and the acceptance of a 
p electron from Te, atom. Even though the 
absorption discontinuity of Te has not been 
studied it could be anticipated that just like 
Se K discontinuity in Bi^Ses this would also 
shift towards the low energy side. The picture 


t p d 



Fig. 4. Suggested bonding in BiiSe, and BiiTes. 
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of Mooser and Pearson does not fit in the X- 
ray results since according to this picture 
neither the cation nor the anion absorption 
discontinuity should get affected in the com- 
pound with respect to the discontinuity in the 
metal. 

Thus in both the compounds viz. BijSca and 
BiaTes the bonding is of iono-covalent type. 
The bonding between the central atom (Se,, or 
Ten) and the Bi atom is of covalent type. But, 
in case of Bi-Te,, it is predominantly covalent 
compared to the bonding between Bi-Scn. 
This is also expected since the bond length 
Bi-Tci, (3-24 A) is longer than Bi-Se,i (3-05 
A) bond length. Where as the Bi-Sei bond 
(2-99 A) is more ionic than Bi-Tci bond (3-04). 
These may be reasons why BijSca has a more 
metallic behaviour than BijTe,,. 

In BijTejSe the situation is a little different. 
Austin and Sheard[18] have studied the varia- 
tion of the optical energy gap of alloys of com- 
position BijTca-^Se^ with increasing selenium 
content. In these compositions selenium first 
replaces the Te,, atoms in BijTes lattice, being 
less firmly bound to the bismuth atoms. This 
substitution leads to greater ionicity, as selen- 
ium is more electronegative than tellurium, in 
the bond with Bi atoms. Thus the bond strength 
and hence the energy gap will increase with 
increasing A" until A reaches the value of one 
when Bi 2 Te 2 Se is formed. X-ray absorption 
data show that the Bi L,,, as well as the Se A 
edge in this compound shifts towards the high 
energy side. The observed high energy side 
shift of Se A absorption discontinuity provides 
a direct evidence for the redistribution of s and 
p electrons in the central Se atom thereby 
forming the spM'^ hybrid orbitals. The bond 
length between Te, atoms in two adjacent 
layer groups in case of Bi 2 Te 2 Se is of the same 
order (3-65 A) as the similar bond length for 
Te, atoms (3-73 A) in BijTcg. Thus here also 
the electron density in the Tcj-Te, bond is 
effectively zero and the valence electrons in 
Te, atoms are only used in bonding the three 
bismuth atoms in the same multiple layer 
structure. This and the observed high energy 


side shift of the Bi discontinuity suggests the 
sp^d^ hybridization for Bi atoms. Thus the 
chemical bonding picture in Bi 2 Te 2 Se is of the 
same type as BijTes. 

Some more tentative conclusions may be 
drawn for the system Bi 2 Tes_fSe^ when A 
becomes more than one in value. With the 
increase of A (> 1) the selenium atoms will go 
into Te, sites and tend to attract charge along 
the Bi-Te, bonds, making bismuth atoms more 
electronegative, which in turn causes charge 
to move towards the bismuth along the Bi- 
Te,, bonds. This should make the bond length 
between the Se, occupying Te, sites in one 
multiple layer with Se, atoms in the other layer 
group to change from VDW type to more and 
more ionic with the increase of selenium con- 
tent until finally BijSca is formed. Thus the 
bonding picture should also change from that 
given to BijTca (Fig. 2) to that of BijSca (Fig. 
4) in the system BigTeg-a-Sea^ with increasing 
selenium content. 
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Abstract —The dispersion properties of room temperature cubic ZnS were measured in high symmetry 
directions by the constant-^ method. A valence shell model, following the method of Woods, et ai, 
was least square fitted to the neutron data with only fair success. This model and its comparison with a 
rigid ion version are discussed. Longitudinal optic branches were not observed. 


1. INTRODUCTION 

The lattice vibrational properties of semi- 
conductors with the tetravalently bonded 
diamond and zincblende structures have been 
extensively studied in recent years by neutron 
inelastic scattering measurements. Phonon 
dispersion curves have been measured along 
the high symmetry directions of the Brillouin 
zone for Ge[l], diamond[2}, Si[3], and for 
the 111-V compounds, GaAs[4] andGaP[5]. 
Zinc sulfide provides an obvious extension to 
the II-VI compounds, as well as being an 
important semiconductor in its own right. 
Preliminary results for cubic ZnS have been 
published by us in an earlier paper[ 6 ]. The 
present paper is an extension of that work, 
both in experimental detail and in modeling. 

Both the wurtzite (2ff)[7] and zincblende 
(3C) forms of ZnS have been widely studied 
by i.r. absorption and reflection [ 8 - 10 ], and 
by Raman scattering [1 1-14]; this work in- 
cludes measurement of first order (zone 
center phonons) and second order (interpreted 
as zone boundary phonons), measurement of 
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successive polytypes for phonons propagating 
along! Ill] directions, and mixed crystal 
sequences. Table 1 lists the most recently 
reported zone center frequencies and sym- 
metry assignments. 

ZnS (3C) has the zincblende crystal 
structure. The space group is Ta*iF43m) and 
there are two atoms per primitive cell. Thus, 
there are six phonon dispersion branches. 
ZnS (2H) has the wurtzite structure, with 
space group CJ„(P 63 mc) and four atoms 
per primitive cell. ZnS ( 2 //) has twelve 
branches. Figure 1 illustrates schematically 
these branches along representative directions 
for both forms of ZnS. Also given are the 
group theoretic labels for the q = 0 phonons, 
both in the notation employed in solid state 
physics and that used in molecular spectro- 
scopy. In cubic ZnS, both optic modes are 
Raman and i.r. active. In ZnS {2H), all 
branches are either Raman or i.r. active 
except Bi- Several conclusions can be drawn 
from Table 1 and its supporting references: 

(a) The wurtzite zone center frequencies 
Ei(TO) and Ai(LO) are well established at 
274 cm"' and 352 cm"*, within an accuracy 
of ± 1 cm"*. By contrast, the two Et inodes 
have been subject to considerable disagree- 
ment. 
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Table l.Long wavelength frequencies of ZnS 


2H 

Crystal type and branch 

3C 

Method 

and 

reference 

E,(ro] 

273 cm-' 

i«(ro) 

276 cm-' 

Raman [13] 

AALO) 

351 


351 

Raman[13] 

Et 

72 



Mixed crystals[13] 

Et 

286 



Mixed crystals [ 1 3] 

EATO) 

274 



Raman [ 1 2] 

AALO) 

352 



Raman [ 1 2] 

Et 

55 



Raman [ 1 2] 

Et 

274 



Raman [12] 

Et 

48 



i.r.on mixed 





crystals[10] 

Et 

287 



i.r. on mixed 





cry$tals[10] 

TO 

274 

r.*(TO) 

282 

i.r. reflection [9] 

TO 

272 



i.r. transmission [9] 

TO 

279 

r,s(7-o) 

271 

Raman [1 1] 

to 

348 

r„(z.o) 

352 

Raman [1 1] 





q «. 


Bir, 

Ears 


Bir4 


EzHb 


Fig. I. Comparison of idealized phonon dispersion curves in ZnS (3C) and ZnS (2H) showing two 
common group theoretic labels: (a) [1 1 1] in ZnS (30, (b) 10001] in ZnS (2H), (c) [0001] in ZnS (2H) in the 
unfolded scheme, (a) and (c) are nearly identical because the .stacking of atoms in the two structures is 

very similar. 


(b) For zincblende, r,5(L(9) is identical to 
the wurtzite frequency of 352 cm“'. Some 
disagreement exists for r, 5 (rO), the limits 
of which appear to be 271 cm~' to 282 cm“'. 
Because of the close equivalence of force 
fields, there is little difference expected 
between the long-wavelength frequencies 
Tii(TO, LO) for 3C and the Aj and E, 
frequencies for 2H. However, the small dif- 
ferences are not well established. 

(c) First order optical events observed for 


hexagonal polytypes have been interpreted 
as zone boundary and zone interior phonons 
of the cubic 3C crystal along the [1 1 1] (i.e., A) 
direction. Patrick and his associates have 
successfully applied this technique to SiC[15]. 
Vetelino et al. have similarly used several 
hexagonal ZnS frequencies to predict the 
dispersion relations for transverse A modes in 
ZnS (3C)[14]; they assign their observed 
frequencies of 72cm“’, 286 cm"’ to 
modes corresponding to the TA and TO 
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branches at L in the cubic crystal. It should 
be noted that only the active modes in the 
A direction can be so treated. 

(d) Second order optical events appear to 
be too ambiguous to provide reliable dispet^- 
sion points interior to the zone even for the 
relatively simple zincblende structure. 

(e) The mixing of crystal polytypes inherent 
in vapor phase grown ZnS samples make it 
difficult to obtain a pure target of either 3C or 
2H unless a very small specimen 0-01 cm 
along hexagonal C axis) is used [16], This has 
introduced ambiguity in some optical experi- 
ments. The need for much larger targets in 
neutron spectroscopy makes it difficult to 
avoid the presence of a substantial volume 
fraction of undesired crystal structure. 

Lattice dynamical models appropriate to 
mixed ionic-covalent crystals have been 
extensively explored[2-5, 17-20] since the 
initial success of the shell model as applied to 
ionic crystals. These are equivalent in the 
sense that they include: (a) short-range 
interactions between a few nearest neighbors; 
(b) long-range coulomb forces appropriate to 
vibrating polarizable atoms with fixed charges; 
and (c) local vibration-induced displacement 
of the outer electron distributions relative to 
the ion cores. Models differ in the treatment 
of local electron-ion core distortion, but 
always within the limit of the dipole approxi- 
mation and always restricted to time invariant 
core and shell charges. Application of models 
to neutron data have differed in the number 
and selection of parameters in eliminating 
model parameters. GaAs[4] and GaPf5] data 
were fitted by a standard shell model extend- 
ing the technique used by Woods et al.[ 1 7] for 
NaCl, i.e., ten parameters for short range 
interactions and five electric parameters. 
Most recently, Nusimovici and Balkanski [ 1 9] 
have analyzed CdS (wurtzite structure) with 
a twelve parameter model wherein short 
range forces are expressed in valence compo- 
nents out to third neighbors, and wherein the 
electronic polarization includes, in addition to 
the usual electric field polarizability a local 


deformation dipole with an effective deforma- 
tion charge due to relative mechanical dis- 
placements. 

The present ^nS data have been analyzed 
with a ‘valence shell model' which combines 
the short range parameter economy of a 
valence force description with the electronic 
and mechanical polmizabilities of the shell 
model. It is similar to Nusimovici’s model. 
The general validity of the dipole models for 
the 11-Vl, 111-V compounds will be discussed 
later. 


2. EXPERIMENTAL 

Phonon peaks were measured at room 
temperature in three symmetry directions 
AfOOl], A[1 1 1], S[1 10], using the constant-^ 
method 121] on the University of Michigan 
triple axis crystal spectrometer. The spectro- 
meter monochromator and analyzer crystals 
are thin (0-13 in.) copper plates reflecting in 
the (200) planes. In the parallel positions and 
with no collimation, these crystals have a 
double crystal rocking width (FWHM) of 
approximately 30 ±6 min. Seller collimators 
precede both crystal positions and have 
apertures (FWHM) of 26 min. The collimators 
preceding the target and detector are not 
limiting. The source plane neutron intensity 
as determined by foil activation is approxi- 
mately 1-5 . 10’^ neutron/cm^-sec. The no- 
target background is about 0-9±0-2c/min 
and this rises to a typical level of 2-5 ±0-5 
c/min with a ZnS target in position. Extra 
source intensity has been achieved by verti- 
cal focusing using double monochromator 
crystals. Because of potential errors from 
vertical divergence, many of the phonons 
measured were repeated with a single mono- 
chromator crystal. For targets having dense 
reciprocal lattices or high dispersion surface 
asymmetry, vertical focusing is probably 
undesirable; in the case of ZnS, no apparent 
errors were generated. 

Two different ZnS crystals were used. One 
was a natural crystal from Japan, given to us 
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by Professor Chihiro Kikuchi of this depart- 
ment. The second was an 1 8 cm® synthetic 
crystal grown by vapor deposition, loaned 
to us by Eagle-Picher Industries. The natural 
crystal was used for almost all of the acoustic 
branch points. The synthetic crystal was 
used for the optic branches, for the lowest and 
upper acoustic 2 branches, and for the zone 
boundary longitudinal acoustic phonons near 
X and L. The synthetic crystal was also used 
to check numerous events obtained with the 
natural crystal; where the latter were strong 
and well resolved, the agreement was always 
within the experimental uncertainties. 

Both samples were visibly imperfect, and 
both showed severe twinning as evidenced by 
neutron diffraction. We infer from the diffrac- 
tion intensities that the twinning is due to 
occasional rotations of the lattice, by multiples 
of 60°, about one unique [111] axis. When 
viewed in a ( 1 1 0) scattering plane containing 
the unique [111] axis, this produced a second 
set of reciprocal lattice points equivalent to a 
180° rotation of the normal lattice about the 
[111] axis. Bragg reflections from these had 
about half the normal intensity. This alternate 
lattice was of course avoided in the phonon 
scanning, but this does not guarantee com- 
plete freedom from interference from un- 
wanted events. Such interference may have 
been responsible for the large limits of un- 
certainty assigned in Fig. 1 to the acoustic 
branch data near X and L. Two small pieces 
(1-44 and 0-5 cm®) were later cut from the 
natural crystal and found to be relatively free 
of twinned regions. Several phonons were 
measured with the larger piece and found to be 
in agreement with those of the original 
sample. 

A related problem was the presence of 
polytype structures other than cubic ,(3C), 
as has been noted above. The fraction of 
hexagonal structures (2H, 4H, 6H, 15/?, 
21/?, and higher) depends presumably on 
growth history. X-ray intensity measurements 
made by the Eagle-Picher Industries indi- 
cated that the synthetic crystal was approxi- 


mately 80 per cent cubic and 20 per cent 
hexagonal [22]. For the same crystal, our 
neutron diffraction data indicates a content 
of 60-70 per cent cubic ZnS. The apparent 
disagreement may be due to the fact that 
neutrons can probe the bulk of a large crystal, 
whereas X-rays see only a very limited 
region because of their greater scattering 
probability. Our data on the 0-5 cm® segment 
of the natural crystal indicates a very small 
volume of hexagonal structure ZnS (i.e., 
< 1 per cent). The wave vectors of the phon- 
ons measured, excluding those in the [111] 
directions, were in off-symmetry 2H direc- 
tions. We feel it is unlikely, though possible, 
that the results of our phonon measurements 
were affected by the presence of the non- 
cubic ZnS in our target. 

The structure factor zone was found, and 
an initial estimate of the structure factors was 
made to guide the optimum choice of recipro- 
cal lattice positions for each phonon scan. 
The resolution ellipsoid was calculated accord- 
ing to the method of Cooper and Nathans 
[23], and it was used to verify the observed 
peak widths for most of the data points. 
Qualitatively, the observed peaks followed 
the predicted widths as expected, but the 
absolute agreement fluctuated, disagreeing in 
a few extreme cases by almost a factor of 
two. Widths of elastic Bragg events were 
always calculated to within 20 per cent of 
observation. 

The low net signal-to-background ratio 
and poor focusing conditions made difficult 
the positive identification of most of the 
TO events and LA events near the zone 
boundary. For these events, advantage was 
taken of the G® dependence of the coherent 
cross section by operating with Q in the region 
of 5 to 7A“‘ using final energies (in neutron 
downscattering) up to 55 MeV. The resolution 
was unavoidably broadened, which is reflected 
in greater limits of uncertainty shown in Fig. 2 
for these events. We found it impossible to 
reliably identify any LO branch phonons. It 
should be added that a measure of focusing 
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Fig. 2. Dispersion data in the three symmetry directions A, X. and A. The dashed lines 
are the sound velocities, as determined by the elastic constants of Ref. [30], The solid 
curve is the ten parameter VSM. The dashed curve is the six parameter rigid ion model 
obtained from the VSM code by setting oi = ^ 0. Y, is the transverse optic frequency. 


was regularly achieved for LA events, as 
noted in our earlier paper, by directing Q 
slightly off the q direction. The technique was 
also used for the expected LO events. It is 
possible that by lowering the target tempera* 
ture a sufficient background improvement can 
be achieved to reveal the LO branches. 

Experimental results and model fitting 
The neutron data are shown in Fig. 2 
together with two calculated dispersion 
curves; group theoretic labels are also shown. 
The solid circles give the centroid of each 
neutron peak after background subtraction, 
the latter being interpolated from the values 
in the wings. In some cases, the centroid did 
not coincide exactly with the maximum count 
rate, but this discrepancy was usually less 
than the uncertainty in absolute energy 
calibration. The limits shown for each point 
include an estimate of uncertainties due to 
calibration, background structure, and resolu- 
tion width. The double points for acoustic 
branches at X and L are the result of two or 
more scans using different crystal align- 
ments and positions in the reciprocal lattice. 
The discrepancies are of the order of 3 cm~* 
and are a reasonable upper limit of the 


reproducibility for these difficult points. The 
acoustic data points in the vicinity of X and 
L are an extension of our earlier measure- 
ments, and for X are significantly lower than 
the original extrapolation. The present data 
were obtained with the synthetic crystal, and 
repeated for several different constant-g 
conditions, especially at large Q*. These data 
are considerably more reliable than the earlier 
work, both because of an improved signal/ 
noise ratio and the more extensive coverage. 
No adjustment has been made to data points 
to correct for distortion from resolution 
overlap out of the scattering plane; this was 
estimated to be negligible. 

The open circles at F in Fig. 2 are the zone 
center frequencies obtained by Nilsen[ll] 
from Raman scattering. Although the neutron 
data extrapolate fairly well to the TO frequen- 
cy, a precise comparison is not possible since 
there is an absolute uncertainty in the neutron 
optic data of about ± 6 cm~', and, as shown in 
Table I, considerable disagreement in the 
optical data as well. The energy calibration of 
the spectrometer was checked by measuring 
several high energy phonons in silicon, and 
the agreement was within the above accuracy. 
However, most of the phonon frequencies so 
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measured were larger than those reported [3] 
by about 4 cm”*. Table 2 lists the zone bound- 
ary neutron-measured frequencies at X and L. 
The TO branches were measured between 
O-lqlQmax aiid in both the A and A 

directions. The quoted values at the boundar- 
ies are extrapolated from those data. 


, Table!. Zone boundary frequencies 



X 

L 

TA 

X^. 93 ±2 cm-' 

L,\ 73 ±2 cm-' 

LA 

XT,; 199 ±8 cm-' 

t,: 195 ±5 cm-’ 

TO 

Xi. 326 ±4 cm-' 

Z.,: 300 ±6 cm-' 


The Z -3 frequencies inferred by Brafman 
and Mitra[13] (Table I) were 286 cm”' and 
72 cm”'; the latter is in excellent agreement 
with our 73 cm”*, but the former is somewhat 
beyond our experimental uncertainties. 
Aside from these observations, the zone 
boundary frequencies inferred from various 
two-phonon Raman data can be compared to 
the neutron values. Some of these data agree 
well for one or more points, but there is no 
set of frequencies from a single experiment 
which provides a self-consistent set in good 
agreement with the neutron data. 

The dispersion curves of Fig. 2 were 
obtained from a general ‘valence shell model’ 
(VSM) with adjustable parameters fixed by 
least squares fitting to the neutron data in the 
A and A directions. 

As in other dipole models [1 7, 19], the 
dynamical matrix for the VSM includes a 
short range term and a long range coulomb 
term: 

r 

+ 2 e"'*'''* ’ (1) 

r 

The indices k,k' range over the two cores and 
two shells of the primitive cell, y* is the charge 
assigned to the element (core or shell). 


The charge on the Zn ion (core plus shell) is 
Ze. denotes the short range part of 

the force constant tensor connecting the 
yt"* element in the 0“* cell with the A'*** element 
in the /'“* cell, while is the correspond- 

ing coulombic part. x(Tk') represents the 
equilibrium position of the element con- 
cerned (as usual, the equilibrium positions of 
the shell and core belonging to a given ion are 
taken to be the same). The coloumb matrices 
(24] are taken from the tabulation of Kaplan 
and Sullivan [25] for zincblende structures. 
In view of the fact that the polarizability 
tensor is isotropic for the zincblende struc- 
ture, the shell and core of the same ion are 
taken to interact isotropically. Interionic 
forces are assumed to act only through 

shell-shell coupling. This shell model with 
tensor forces out to second neighbors requires 
ten short range parameters and five ‘electric’ 
parameters (two shell charges, two core-shell 
coupling constants, and Z). The short range 
parameters are reduced to seven by express- 
ing the short range interaction potential (in 
the harmonic approximation) in valence 

form: 

^ ^ ^ 1-1 

2-2 2 - 1-2 
+ y (80mr^ + ^r, y senjdr^ 

2 9 

^ 1 - 2-1 ^ 2 - 1-2 

+ ■^^0 2 bOijicBrij. (2) 

1 - 2-1 

Here V = 3aV4, where a is the lattice 
constant. The summations are taken over the 
entire crystal. Srjj represents the change in 
bond length of the atom pair (y). S0;u is the 
change in the angle formed by atoms IJJ 
with / at the vertex. Further, the valence 
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coeffic^ts are as follows: 


X = 1-2 

*9 = 2-1-2 
Ai= 1-2-1 

krt = 1-2, 2-1-2 
= i_2, 1-2-1 
M= 1-1 

v = 2-2 


(c.g., Zrt==l, 5 = 2) 
bond stretching 
bond angle bending 
bond angle bending ' 
stretch-bend interaction 
stretch-bend interaction 
second neighbor bond 
stretching 

second neighbor bond 
stretching. 


The components of the force constant 
matrices are obtained by the transformation 
shown in the Appendix. The use of valence 
parameters is intended to provide relations 
among the tensor force constants appropriate 
to covalent bonding. Once the valence para- 
meters have been transformed, our model is a 
standard shell model. The basic model has 
twelve disposable parameters: seven valence 
forces and five electric parameters. We tried 
several different versions of this model by 
equating some pairs of parameters and setting 
others to zero. To further simplify the model, 
fi and V were set equal to zero. 

As in Ref. [17], the shell charges and the 
core-shell coupling constants were replaced 
as parameters by the following: 

«. = Z4^ (3a) 


di = 


-4ay( 
—4a + ki 


(3b) 


where ki is the core-shell coupling constant of 
the /th ion and a is the diagonal element of 
the first neighbor force constant matrix (see 
Appendix). ai and dt may be identified as the 
electronic polarizability and the deformation 
or mechanical polarizability of the /th ion, 
respectively. 

The dielectric constants Cq and e«, are 
related to the polarizabilities by the Clausius- 
Mosotti relations 


4ffauni ^ e,-^l. 4-ira<0) ^ €«— 1 
3v e»-l-2’ 3» %»+2 

where t> is the volume of a primitive unit cell, 

ttpoi = a, + o„Jlpd 


a(0) =Fapoi+ 


(Z-d, + diPe> 

—4a - e*(di*/ai + dt^a,) ' 


(4) 


When all the above quantities and the zone 
center optic frquencies are computed from 
the model, the LST relation is obeyed. 

The least squares program used the follow- 
ing experimental measurements: neutron 
determined phonon frequencies in the A and 
A directions, Nilsen's[ll] zone center optic 
frequencies, the static dielectric constant and 
the piezoelectric constant. The latter two 
were used because the relation [26] between 
them and the two elastic constants, Cf, and 
C^,, which are related to the transverse 
acoustic (001) branch and the middle acoustic 
(110) branch, respectively, resulted in a poor 
fit to that 1 branch: 


C2. = Cf. + ^e?,. (5) 

e ,4 tends to be an order of magnitude too 
large when computed from shell model 
parameters unless it is included in the fitting 
process. 

The lack of LO data seriously hindered the 
fitting process. Often a good fit to the available 
data in the A and A directions was a poor fit 
to the 2 data, and the remaining LO brtmches 
were unreasonable. This is because different 
branches require different combinations of 
the parameters, and lack of data removes 
some of the constraints on the parameters. 
An attempt to overcome this difficulty was 
made by inventing two sets of LO data. In 
one, was given the value V (Mi/Af*) 


*It is shown in Ref. [17] that ‘in general the relation 
= 2 a, is very closely, but not identically, true unless 
shell-shell interactions vanish. 
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because this relation holds rather well 
in OaAs and GaP. ooiou.) was located arbitrar- 
ily. The second set of LO data was created 
by drawing relatively flat LO dispersion 
curves in the A and A directions. 

The first set results in poor fits with the 
VSM but gave a reasonably good fit with a 
six parameter rigid ion model derived from the 
ten parameter VSM by setting the Oj’s and 
d(’s equal to zero. The results of this model 
are shown by dotted lines in Fig. 2. The best 
general fit was obtained with the ten para- 
meter VSM using the second set of LO 
frequencies. The dispersion curves for this 
model are shown as solid lines in Fig. 2. 

Table 3 lists the parameters for the two 
models in Fig. 2 and the physical quantities 
computed from them. Z* is identified with the 
Szigeti effective charge. In the shell model 
formulation of Ref. [ 1 7], this is 

Z* = Z-d 2 -f-d, (6a) 

47r (€«-f2)^ 


where n is the reduced mass and all quantities 
are computed from the model. £* is the 
measure of goodness of fit; 


t 4N a»L 


(7) 


where fWnj and CDd are the Ith measured and 
calculated frequencies, respectively. 


4. DISCUSSION 

Several other models were calculated in 
addition to the two shown in Fig. 2, but they 
were less successful. The rigid ion model had 
only one minimum of 4* for each set of LO 
data. When polarizability was introduced, 
several minima were found. Adding the 
polarizability and dielectric constants de- 
creased the number of minima for the shell 
models. Three minima were found with both 
ions polarizable. One of these had Z = —1-5. 
The other two had Z =01, but differed in 
the relative magnitudes of oj and oj. The 
model chosen had oj > oj. While this model 


Table 3. Fitted parameters and physical constants 


Quantity 

10 parameter VSM 

6 parameter rigid ion 

Measured 

\ 

12-67 X 10* dynes/cm 

10-11 X 10* 


k. 

0-48 X 10* 

-0-75x10* 



0-22 X 10* 

1-08 X 10* 


ki 

0-23 X 10* 

1-11 X 10* 


kre 

-013x 10* 

-0-05x10* 


z 

0-08 

-0-89 


“l 

4-99 X 10-"cm^ 

0 



0-68 X 10-** 

0 



-108 

0 


d2 

-0-23 

0 


C„ 

10-42 X 10" dynes/cm* 

7-78 X 10" 

10-46 X 10" (30) 

Cij 

6-48 X 10“ 

3-29 X 10" 

6-53 X 10" (30) 


3-228 X 10" 

4-93 X 10" 

4-613 X 10" (30) 

C« 

3-253 X 10" 

5-34 X 10" 

4-643 X 10" (30) 

eu 

4-4 X 10* esu/cm* . 

10-50 X 10* 

4-41 X 10* (30) 

z* 

0-77 

0-89 

0-88 

«o 

8-37 

1-61 

8-3 

o(0) 

6-7 X 10-** cm* 

1-6X 10-** 

6-7 X 10** 

«IWl 

5-67 X 10-** cm-’ 

0 

5-40 X 10-** 


0-784 

1-69 
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had this one apparently unphysical feature, 
it was the best in all other respects. 

The rigid ion model is a good fit to our 
ZnS data in spite of the unphysical electric 
properties associated with the rigid ion 
scheme. The external constants predicted by 
the model parameters are reasonable. In 
particular, the good value of the Szigeti 
effective charge is well predicted due to a 
numerical coincidence. Rearranging expres- 
sion (6b) 

( 8 ) 

In the rigid ion model, = 1 and the factor 
in brackets is unity. However, it will also be 
one for e*, = 4. In ZnS, = 5-4 so that the 
factor is 0-89. Thus, if the zone center 
frequencies were perfectly fit, the parameter 
Z of the rigid ion model would be 6 per cent 
higher than the value of Z* as computed 
from experimental values for to^o, <0^0. and 
That the present rigid ion model Z is 
closer than 6 per cent is due to the inexact 
fit to the zone center frequencies. 

We chose the simplest valence shell model 
possible to attain a reasonable fit to the 
available data and external constants. We 
felt that only second neighbors should be 
included and chose those valence forces 
which would seem to be predominant. The 
worth of the model is demonstrated by the 
fairly good fit to the upper and middle acoustic 
branches in the 2 direction. These are 
governed by the antisymmetric matrix compo- 
nents rj and (see Appendix) which do not 
appear in the A and A directions. Thus, the 
model combines economy of parameters with 
a physical picture of the nature of tetra- 
hedrally bonded materials with the sphalerite 
structure. Additions to this model could 
include higher neighbors, nonzero p. and v 
and other than shell-shell interactions. The 
model can be extended to include materials 
with the wurtzite or diamond structures. 


ISSl 

T he piezoelectric problem 
The piezoelectric constant e^ is contputed 
in the shell model for materials with 
zincblende structure by the following formula 
[26]: 

£0 -f- 2 / fl \ 

eu = eZa 5-02884a(0)/o j 

( 9 ) 

where a is the lattice constant and a and are 
the diagonal and off-diagonal elements of the 
nearest neighbors force constant matrix (see 
Appendix).* For all such materials, e^ has a 
magnitude of the order of 4 x 10< esu/cm*. 
As noted earlier, the computed tends to 
be an order of magnitude too large in the shell 
model if Z is of order 1 . Fitting to £14 requires 
that either Z be small (~ 0-1) or the quantity 
in the parentheses be small.t 
All of the shell model calculations for 
materials with the zincblende structure [4, 5] 
exhibit small Z’s, as does our chosen ten 
parameter model. This suggests that: (1) the 
small Z is indeed significant in materials with 
the zincblende structure; or (2) there is a 
fundamental error in the shell model computa- 
tion of dipole effects and piezoelectricity in 
such materials. The first of these implies that 
all such materials have about the same 
degree of covalent bonding and that covalent 
bonding is predominant. However, one would 
expect the degree of covalent bonding to vary 
considerably from compound to compound 
[28]. Phillips [28] takes a different approach 
to piezoelectricity. The sign and magnitude 
of the piezoelectric constant are determined, 
in his view, by the competition between ionic 
polarization and charge redistribution. He 
explains the apparently opposite signs of 
ei4 for II-VI and Ill-V compounds on this 
basis. 


^Though (9) applies to the present model, it must be 
modified [26, 27] to apply to more general shell models. 
In some cases, there is a term which is not proportional 
to Z. This term is generally small, so that the conclusions 
here are not invalidated. 
tFor a discussion of this problem, see Ref. [27], 
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The relative ease with which rigid ion 
models compute a reasonable compared 
to shell models suggests that the shell model 
treatment of electronic polarizability is 
defective in that it overestimates the piezo- 
electric effect. The rigid ion model cannot 
make such an overestimate since it ignores 
electronic polarization. The reason may be 
found in the observation that the shell model 
treats electronic and ionic polarization but 
embodies nothing resembling charge redistri- 
bution. The latter could be included in several 
ways, among them is the implementation of an 
exchange charge model [29]. Such ideas are 
being pursued. 


REFERENCES 

1. BROCKHOUSE B. N. and IYENGAR P. K.. 
Phys. Rev. 111 . 747 (1958); BROCKHOUSE 
B. N., Phys. Rev. Leu. 2. 256 (1959); BROCK- 
HOUSE B. N. and DASANNACHARYA B. A., 
Solid State Commun. 1 , 205 (1963), 

2. WARREN J. L., WENZEL R. G. and YARNELL 
J. L., Inelastic Scattering of Neutrons, Vol. I, p. 361. 
IAEA, Vienna (1965). 

3. DOLLING G., Inelastic Scattering of Neutrons in 
Solids and Liquids, Vol. II, p. 37. IAEA, Vienna 
(1963). 

4. WAUGH J. L. T. and DOLLING G., Phys. Rev. 
132 , 2410 (1963); DOLLING G. and WAUGH 
J. L. T., Lattice Dynamics p. 19, (Edited by R. F. 
Wallis). Pergamon Press, New York (1965). 

5. YARNELL J. L., WARREN J, L., WENZEL R. G. 
and DEAN P. S., Neutron Inelastic Scattering. 
Vol. I. IAEA. Vienna (1968). 

6. FELDKAMP L. A. VENKATARAMAN G. and 
KWG }.S..SolidStateCommun.7, 1571 (1969). 

7. We adopt the Ramsdell polytype identification. 
RAMSDELL L. S., Am. Mineral. 32, 64 (1947). 
Also VERMA A. R. and KRISHNA P.. Poly- 
morphism and Polytypism in Crystals. John Wiley. 
New York (1966). 

8. DEUTSCH T., Proc. Ini. Corf. Semiconductors, 
Exeter, 1962. Institute of Physics and Physical 
Society, London ( 1 962). 

9. MANABE A., MITSUISHl A. and YOSHINAGA 
H., Japan J. Appl. Phys. 6, 593 ( 1 967), 

10. LUCOVSKY G., LIND E. and DAVIS E. A., in 
ll-VI Semiconducting Compounds, 1967 Inter- 
national Conference (Edited by D. G. Thomas), 
W. A. Beiyamin, New York (1967). 

1 1. NILSEN W. G.. Phys. Rev. 182 , 838 (1969). 

12. ARGUELLO C. A., ROUSSEAU D. L. and 
PORTO S. P. S., Phys. Rev. 181, 135 1 (1969). 

13. BRAFMAN O. and MITRA S. S., Phys. Rev. 171 , 
931 (1968). 


14. VETELINO J. F., MITRA S. S., BRAFMAN O. 
and DAMEN T. C.. Solid State Commun. 7, 1809 
(1969). 

15. PATRICK L., Phys. Rev. 167 . 809 (1968); FELD- 
MAN D. W., et al., Phys. Rev. 170 , 698 (1968); 
FELDMAN D. W., et al., Phys. Rev. 173 , 787 
(1968). 

16. BRAFMAN O. and STEINBERGER 1. T.. Phys. 
Ren. 143.501(1966). 

17. WOODS A. D. B., COCHRAN W. and BROCK- 
HOUSE B. N., Phys. Rev. 119, 980(1960). 

18. NUSIMOVICI M. A. and BIRMAN J. L., Phys. 
Rev. 156 , 925(1967). 

19. NUSIMOVICI M. A. and BALKANSKl M., 
Phys. Rev. RA. 595(1970). 

20. DOLLING G. and COWLEY R. A., Proc. Phys. 
Soc. 88, 463(1966). 

21. BROCKHOUSE B. N., in Inelastic Scattering of 
Neutrons in Solids and Liquids, p. 113. IAEA, 
Vienna (1 961). 

22. Private communication, Eagle-Picher Industries 
(Dr. L. Richie); SMITH F. G., Am. Mineral 40, 
658(1955). 

23. COOPER M. J. and NATHANS R.. Acta crystal- 
logr.U. 357(1967). 

24. KELLERMAN E. W,, Phil. Trans. R. Soc. London 
238,513(1940). 

25. KAPLAN H. and SULLIVAN J. J.. Phys. Rev. 
130. 120(1963). 

26. COW LE Y R. A. , Proc. R . Soc. A-268. 121(1 962). 

27. KAPLAN H., Lattice Dynamics (Edited by R. F. 
Wallis), p. 615. Pergamon Press, New York (1965). 

28. PHILLIPS J. C. and VAN VECHTEN J. A,. 
Phys. Rev. Lett. 23, 1 1 15 ( 1969). 

29. DICK B. G., Lattice Dynamics (Edited by R. F. 
Wallis), p. 159. Pergamon Press. New York (1965). 

30. BERLINCOURT D., JAFFE H. and SHIAZAWA 
L, R., Phys. Rev. 129, 1009 (1963). 

31. MUSGRAVE M. J. P. and POPLE J. A., Proc. R. 
Soc. A-268, 474(1962). 

APPENDIX 

The method of Musgrave and Pople[31] for transform- 
ing valence force constants to tensor force constants has 
been derived for the zincblende structure. The first 
neighbor force constant matrix for Zn at (0,0,0) and S 
ata/4(l, 1, 1) is: 

« P R\ 

/8 a )3 (A.l) 

R oJ- 

There are three others related by symmetry operations. 
The second neighbor matrix for Zn at (0, 0, 0) and Zn 
ata/2(l, 1,0) is: 

/Rt Tj -p2\ 

|ts Rt-Pt\ (A.2) 

\Pf P! yJ- 

There are eleven others related by symmetry operations. 

The second neighbor matrix for S at a/4(l, 1, 1) and S 
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8ta/4(3,3,l)is: 



<A.7) 

/bx lx f X \ 



(/, bx -r.) 

\r« r* aj- 

(A.3) 


(A.8) 

There are eleven others related by symmetry operations.' 


(A.9) 

The transformations are: 


a,-4(2A,-V2itrt) 

(A. 10) 

a = ||— X — + 

(A.4) 


(A. 11) 

i3 = ^j-X + 2(1:, + *;) + ;^ (Art + /t*)} 

(A.5) 


(A. 12) 

yx = H2k',-V2K,) 

(A.6) 

r, = bt. 

(A.13) 
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ELASTIC WAVE PROPAGATION IN THE GROUP VB 

SEMIMETALS 
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South Road, Durham, England 
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Abstract- Elastic wave velocities, particle displacement and energy flux vectors are presented and 
compared for the three rhombohedral, A7 structure, semimetals arsenic, antimony and bismuth. The 
wave velocity surfaces are discussed in terms of the crystal symmetry. The pure mode axes in each 
crystal— knowledge of which is especially useful in experimental pulse echo ultrasonic studies— are 
given. The elastic wave propagation in antimony and bismuth single crystals is shown to differ not 
only in degree but also in kind from that in arsenic which exhibits the characteristics expected for a 
layer-like crystal: high, direction insensitive, ultra-sound velocities in the xy plane and lower velocities 
along the direction (z) of weakest inter atomic binding. Knowledge of the energy flux and particle dis- 
placement vectors has provided a basis for reassessment of the elastic moduli of arsenic at room tem- 
perature: C„=-(-l30-2±l 0, C„ = -|-30-3±21, Cn = -l-64-3± 11. C , 4 = -3-71 ±0-52, Cm = +58-7± 
1-0, C 44 = -l-22'5±0-5. Cm — -(-50-0± 1-6 in units of 10'* dynes cm'*. 


1. INTRODUCTION 

Plane elastic waves can be propagated along 
any direction in an infinitely extended crystal- 
line medium. In single crystals the phase 
velocity of sound waves is a function of wave 
vector; and for any particular direction n. 
three waves can propagate. In general these 
need not be pure longitudinal (u . n = 0) or 
pure transverse (u x n = 0) waves, although 
their respective particle displacements u are 
orthogonal. Furthermore, only in special 
crystallographic directions is the energy flow 
directed along the normal to the planes of 
constant phase. The mathematical theory of 
wave propagation in anisotropic media (find 
a brief review in Ref. [I]) has been used 
extensively [2-8] to derive the appropriate 
relationships for phase velocities, particle 
displacement and energy flux vectors. 
Emphasis has been placed on cubic and hexa- 
gonal crystals, except for a study [8] of the 
trigonal crystals a-quartz and sapphire. 
Extension of the problem of plane elastic 
wave propagation to single crystals of the 
elements arsenic, antimony and bismuth is 
the present concern. 


Measurement of the attenuation and velocity 
of ultrasonic waves provides detailed knowl- 
edge of the elastic and anelastic properties 
of solids. A compilation of the orientation 
dependence of elastic wave propagation in 
the rhombohedral semimetals will serve as a 
point of departure for continued ultrasonic 
studies in these materials. When pulse echo 
techniques ^u'e employed, it is advantageous 
to choose, whenever possible, crystallo- 
graphic directions for pure, or failing that, 
quasi-pure mode propagation; such modes 
are more readily excited individually, the 
calculation of the elastic constants from 
velocity data obtained from such directions 
is less complex and also the attenuation is 
more easily analysed. Knowledge of the 
energy flux vectors is of great value in setting 
up experiments: then transducers can be 
sited on samples cut so that the pulses 
reflected between two parallel crystal faces 
will not be degraded by wall reflections. 

The major aim of this paper is to compile 
and contrast the orientation dependence of 
elastic wave propagation in arsenic, antimony 
and bismuth. By virtue of their unusual 
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rhombohedral A7 crystal structure of space 
group Dh (JRim)- which has been reviewed 
elsewhere [9] — these elements constitute a 
unique series. An interesting feature is that 
while the crystal symmetries are identical, 
the antimony and bismuth lattices are much 
less distorted than that of arsenic, which in 
fact tends towards a layer-like structure. 
Distinctive differences are found between the 
characteristics of elastic wave propagation 
in antimony and bismuth on the one hand and 
and in arsenic on the other. 

2. ELASTIC WAVE PROPAGATION IN TRIGONAL 
CRYSTALS 

The generalised form of Hooke’s law 

O'iJ — Cukl^kl (1) 

relates the components of the stress tensor 
(To to the components of the symmetrical part 
of the strain tensor €*( 



where m* and jc* are the kth components of 
the particle displacement vector and the posi- 
tion vector respectively. Both o-y and are 

symmetrical and, as a consequence 

^ilkl~ CicUj= Ciiiij (3) 

which reduces the number of elastic constants 
Cyfc, in equation (1) from 81 to 36. A further 
condition is that the strain energy is a function 
of state and does not depend on the path by 
which the state is reached; this imposes the 
symmetry relation 

Cikji — Cjuic ( 4 ) 

and diminishes the number of independent 
elastic constants from 36 to 21. Crystal sym- 
metry reduces the number still further; in the 
case of trigonal crystals belonging to the 
Laue group Rl, which includes the point 


group 3m of interest here, the can be 
written in matrix notation (replacing 11 by 1 , 
22 by 2, 33 by 3, 23 and 32 by 4, 13 and 31 by 
5 and 1 2 and 2 1 by 6) as 

Cii C|2 C]3 Cn 0 0 

Cn C„ C,3 -Cm 0 0 

C,3 C.3 C33 0 0 0 

Cm -Cm 0 C44 0 0 

0 0 0 0 C44 Cm 

0 0 0 0 Cm Cgg 

( 5 ) 

where Css is equal to KCn — C12). The con- 
vention used to specify the coordinate system 
is that used by Cady [10] for quartz, according 
to which a positive y-axis is chosen to be 
along the projection of one edge of the primi- 
tive rhombohedral cell on the plane perpen- 
dicular to the threefold (z) axis (see Fig. 1 of 
Ref.t9]); the positive x-axis is then chosen 
along that binary axis which completes the 
right-handed, orthogonal set. Therefore, 
suffix 1 refers to the x-axis, 2 to the y-axis and 
3 to the z-axis. 

In a medium of density p and in the absence 
of body forces, the equations of motion which 
describe the movement of elastic disturbances 
are 


Plane waves of the form 

u = puoexp(<(cut - k . x)) (7) 

where p is the scalar amplitude of the particle 
displacement, are a good approximation to 
those produced in the pulse echo experiments 
and are taken to be the solutions to the equa- 
tions (6). Substitution of solutions of this type 
into the equation of motion (6) yields three 
equations 

(f-n pu*)WQi -f C12U02 ■+• C] 3 Uo 3 — 0 
CjgMfll (C 22 pt^}Uo2~t L^Ugg = 0 (8) 

C13M01 -t- LggUga -l- ( £.33 — pu*) Wo 3 = 0 
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where for the R I Laue group in particular 

~ "i" l-ritn^Cn 

L22 ~ /Ji*Cge+ n 2 ^Cn + n 3 *C 44 2^3^3014 

^33 ~ ( Wj* + C44 + /J3*C33 ( 9 ) 

Li 2 ~ 2/I1/I3C14 + iwi/i2 (Cii + C\z) 

Li 3 = niAi3(C44 + C 13 ) + 2 n]n 2 Ci 4 
^23 ~ (Wl*~W2*)Ci4+n2n3(Ci3+C44) 


and (n,, ^ 2 , n 3 ) and (uoj, U 02 , Uoa) the direc- 
tion cosines of the propagation and particle 
displacement directions respectively. The 
condition that Uqj, and Uoa are not all zero is 


L,i-pv* 

Li2 

L\s 


Li2 

Lti-pv^ 

i<23 


^13 

^3 

Lss-pv* 


= 0 . ( 10 ) 


This is a cubic equation in v‘. The most 
straightforward direction for solution is the 
[001] threefold symmetry (z) direction. Solu- 
tions for this direction yield the velocities 
of a degenerate, pure transverse mode, and a 
pure longitudinal mode as and (C33/ 

p)‘'* respectively. Any one of the three, 
indistinguishable x-axes, which are perpen- 
dicular to mirror planes, can support three 
pure modes; but the particle displacement 
vectors for the two pure transverse modes 
can only be determined from a priori knowl- 
edge of the elastic moduli. This is overcome 
in practice by rotating the polarisation vector 
of the driving transducer until two distinguish- 
able transverse wave velocities have been 
recorded. The angle which the particle 
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-s 

Fig. Kb). 


displacement vector makes with the x-y plane, 
is given by 


tan,^ = ^ = — 

Wo2 G 44 ■ 


The two values of 0 obtained by substituting 
values of pv^ corresponding to the two pure 
transverse modes, differ by ttH. The velo- 
cities of the three pure modes which can be 
propagated along an x-axis are related to the 
elastic moduli by 


pb* = C„ (12) 


for the longitudinal mode, and 


ilfCes "i" C 44 ) — { (^44 Cge)* - 

+ 4^4}''='] (13) 

for the transverse modes. 

Therefore, five pure wave velocities — 
making available all the elastic moduli except 
Cm and the sign of C ]4 — can be obtained from 
ultrasonic wave propagation along the x and 
z axes. Inspection of equation (9) shows that 
Cj 3 and the magnitude of C ,4 can be found 
from knowledge of the velocity in directions 
for which both «i and Wz are not zero and 
is not zero, that is in any direction save for 
the z-axis and those in the xy plane. The most 
convenient directions, which embrace these 
direction cosine requirements, are those which 
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lie in the yz plane at any angle to the y axis 
except 0° and integral multiples of tt/Z; the 
sign of C ,4 can be obtained using these propa- 
gation directions. Requisite solutions of the 
secular equation (10) shows that one pure 
transverse wave can propagate along any 
direction in the yz plane with a velocity. 

PU* = — C44) -hC44-f2flj«3C,4. ( 14 ) 

The remaining two orthogonal solutions are 
quasi-pure modes with velocities 

pu* = rtaMCii — C33) -I-C44 + C3S — 2 /J 2 « 3 Cj 4 
— C'ss) •+• C 44 -b C 33 

— laitiaCuf + 4{(n2«3(C44 -b Cj3) (15) 

~ ri2*Ci4)* ~ + n3*C44 

2n2n3C 44 C33) -b Css)}]*^* 

where the positive sign corresponds to the 


quasi-longitudinal wave and the negative 
sign to the quasi-transverse wave. For .one 
particular direction in the yz plane in addition 
to the z-axis, all the modes are pure; this occurs 
when 

«3_ VCii-bn3^C44-2/i2W3Ci4-pt;^ 

^2 ^2^Ci4 n2n3(C44-b Cxs) 

where v is the velocity of the longitudinal 
mode along this direction. 

The solution of equation (10) for a general 
direction in the xy plane are the solutions of 
the cubic equation 

p^v”+A p^v* + B pv^ + C = 0 (17) 

where /4 = -(Ln - 1:^22 + ^) 

B — (Z>ni.22'l" ^11^33 “b ^2^^ 
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Fig. 1(d). 

Fig. 1. The xy cross section of the velocity surfaces of arsenic ((a) and 

(b)), antimony (c) and bismuth (d) where refers to the quasi-longitudinal 

wave, to the fast quasi-transverse wave and to the 

slow quasi-transverse wave. The sections (a), (c) and (d) are drawn to the 
same scale; the origin of section (d) is zero whereas that for (a) and (c) is 
0-5 X 10* cm. sec"'. The Section (b) is (a) drawn on an extended scale. Units 
are 10* cm. sec"'. 


with «3 = 0. Similarly, the solutions of equa- 
tion ( 1 0 ) for the xz plane are solutions of ( 1 7) 
with «2 = 0- Using these solutions to the 
secular equation, the wave velocities in the 
jcy, yz and zx planes have been computed for 
all three elements. 

3. EXPERIMENTAL DETAILS 
To obtain a complete set of elastic constants 
Cijki for trigonal crystals, one of the propaga- 
tion directions required must not be along a 
major crystallographic axis x, y or z- Without 
access to such a direction, neither C 13 nor 
the sign of Cu is available. To this end. 


propagation in the yz plane is most convenient 
To improve the accuracy of a set of elastic 
constant measurements, a valuable procedure 
is to use a predetermined set to estimate first 
the wave velocity surfaces and the energy 
flux vectors associated with elastic waves 
propagating in various directions. This pro- 
cedure has been followed here. A previously 
determined [9] elastic constant set was used 
to establish the overall features of the phase 
velocities, the directions of the energy flux, 
and the particle displacement vectors. On this 
basis, further velocity measurements were 
founded. In particular to minimise the effects 
of the quasi-pure mode propagation, the aim 
was to get close to the pure mode direction 
in the yz plane (which was found to be 14-5° 
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from the axis in the +>> + z quadrant from 
the data in Ref.[9]). 

The measurements were made by the pro- 
cedure detailed in Ref. [9] on arsenic single 
crystals grown by the vapour phase methpd 
[11] from 99-9995 per cent purity arsenic. The 
state of perfection of these crystals and their 
electrical properties have been discussed 
elsewhere [12]. For the A7 crystal structure, 
the tensor component signs can depend upon 
the definition of a right-handed (-l-x, -t-y, +z) 
axial set in the particular specimen; the sign 
of Cu is the only elastic tensor component so 
affected in this Laue group. The definition of 
this axial set and its assignment in the arsenic 
crystals used here can be found in Ref.[9]. 
The experimental wave velocities obtained 
for arsenic are given in Table 1 . 

An extensive survey of the effect of experi- 
mental errors in the velocities on the elastic 
moduli Cijici has been carried out. In brief, 
the moduli were calculated by a least-mean- 


squares method[i2] using combinations of 
velocity errors. A maximum error of ±l per 
cent in measured wave velocities was taken 
throughout. The errors obtained are quoted 
with the moduli in Table 2; moduli most 
affected by velocity errors are Cjs and C,*. 
In particular the error in C^, much the smallest 
modulus, is substantial but by no means large 
enou^ to change its sign; this is significant 
because the sign of Cu in arsenic is opposite 
to that in bismuth and antimony. Another 
important feature is that C13 and C33 do not 
have large errors; because of the layer like 
nature of the arsenic structure these two 
moduli dominate the components of the 
Griineisen tensor [15]. 

4. CROSS SECTIONS OT THE VELOCITY 
SURFACES FOR ARSENIC, ANTIMONY AND 
BISMUTH 

The xy, yz and zx cross sections of the 
velocity surface of each of these three A7 


Table 1. Experimental velocities and their relations with the elastic moduli 


Experimental 

Solutions of secular Propagation Polarisation velocity 

equation (10) direction direction X 10* cm sec"' 


pv,* = Ctt 

100 

100 

4-79 

= *l(C« + C«) + ( (C„ - C«)* 

+4q,)'«] 

100 

001 

2-99 

pfs* = i[(C«,-(-C„) - ((C„-C„)« 

+4q,)>»] 

100 

010 

1-89 

pw,* = Caa 

001 

001 

3-20 

PVs = Cu 

001 

in jcy plane 

2-05 

2pt),* = HCii + Caa) — C,4+ ((ic,, 

-Ca, - Cm)* + (C,3 + Cu - Cu)')'" 

0, 1/V2, 1/V2 

0, l/V'2, 1/V2 

4-32 

2pVi' = 1(C,, -t-Caa) +C44 — Cm — ((fCii 

- Caa - Cm)* + ( (C,a + C„ - Cm)*)*'* 

0, 1/V2, 1/V2 

0,-l/v'2, l/V'2 

1-38 

pVa* = 1 (Cm + Cm) + Cm 

0, 1/V2, 1/V2 

100 

2-43 

p»»* = Cos*0 . CM + Sin*6 . CM-t-2Sin9Cos9CM 

0,0-9681, 0-2504 

100 

2-78 


(9= 14-5') 
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Table!, Elastic stiffness and compliance constants of 
arsenic, antimony and bismuth 


Elastic stiffness 
constants x 10 “' 
dynes cm"’ 

Arsenic* 

Antimony”” 

Bismuth"” 

c„ 

130-2 ±10 

99-4 

63-22 

C., 

30-3 ±2-1 

30-9 

24-4 

c„ 

64-3±ll 

26-4 

24-7 

Cm 

-3-71+0-52 

21-6 

7-20 

C 33 

58-7+1-0 

44-5 

38-11 


22-5+0-5 

39-5 

11-30 


50 0+1-6 

34-2 

19-40 

Elastic compliance 




constants x lO"'* 




cm’ dyne"' 




s.. 

30-3 

16-2 

25-74 


202 

-6 1 

-8 01 

Sn 

-55-2 

-5-9 

-11-35 

•Sm 

1-67 

- 12-2 

-21-5 


137-8 

29-5 

40-77 


45-0 

38-6 

115-9 

5,6 

20-2 

44-6 

67-51 


*This work and Ref. [9]. 


Structure crystals are presented in Fig. 1 
and 2. Each cross section will now be discussed 
in turn. 

(a) xy cross section 

In crystals of the R3m point group the xy 
plane is the plane normal to the threefold 
inversion axis and, because sound velocities 
are independent of the sense of direction, the 
xy velocity sections (Fig. 1) exhibit sixfold 
rotational symmetry about the z-axis. For 
the purpose of direct comparison, the sections 
(Fig. la, Ic, Id) of all three elements are 
drawn to the same scale, although the origins 
differ. On this scale the three velocities in 
arsenic appear independent of direction. 
However, expansion of the scale (Fig. lb) 
shows that arsenic also obeys the symmetry 
requirements. Plausibly the lack of sensitivity 
of the velocities in the xy plane in arsenic, in 
contrast to those in antimony and bismuth, 
arises from the relatively small control 
exercised over the atomic motion in the xy 


plane by the weak binding forces between the 
double layers [9]. 

(b) zx cross section 

The zx plane is normal to the yz mirror 
plane and includes both the binary x-axis and 
the z-axis. In consequence, these velocity 
cross sections show 2m symmetry_(Fig. 2a, 
2b and 2c). The intersection at the z-axis of 
the two quasi-transverse wave sections occurs 
because two degenerate pure shear waves 
can be propagated down the z-axis. The rela- 
tive softness of arsenic along the z-axis is 
manifested in the elongation of the sections 
along the x-axis. 

(c) yz cross section 

Cross sections in the yz plane reflect the 
two-fold rotational symmetry about the x- 
axis (Figs 2d, 2e and 2f). The importance 
of an unambiguous assignment of the right- 
handed, orthogonal (-bx, -t-y, -t-z) axial set to 
the particular sample under investigation is 
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Fig. 2(a). 


well demonstrated by these sections: velocities 
in the +y + 2 quadrant differ markedly from 
those in the — y+z quadrant, especially in 
antimony and bismuth. The arrow labelled A 
on each section indicates that pure mode 
direction in the yz plane which occurs in 
addition to the z-axis itself. For such a direc- 
tion the particle displacement vectors are 
either parallel or perpendicular to the propa- 
gation direction; in the former case the wave is 
pure longitudinal and consequently the energy 
flux vector is also parallel to the propagation 
directioa We now turn to a detailed discussion 
of wave propagation in the yz plane. 

5. ENERGY FLUX VECTORS FOR DIRECTIONS IN 
THE^z PLANE 

Of considerable interest both experimentally 
and theoretically are the energy flux vectors 
associated with elastic wave motion in aniso- 


tropic crystals. For example, in ultrasonic 
pulse-echo experiments, deviations of energy 
flow from the propagation direction can result 
in the wave impinging on the specimen side 
walls, giving rise to mode conversion and 
echo train deterioration. Thus, before any 
detailed studies of anisotropic, anelastic 
behaviour can be made, the energy flux vectors 
are required. Love [16] has given the ith 
Cartesian component of the energy flow F, as 

Pi = -o‘u*j ( 18 ) 

where Mj is the yth component of the particle 
displacement velocity. The plane wave 
solution (7) is substituted into equation (18) 
to give, 

p i ~ ^ ( 19 ) 
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Fig. 2 (f). 

Fig. 2. The zx and yz cross sections of the velocity surfaces of 
arsenic ((a) and (d)), antimony ((b) and (e)) and bismuth ((c) and 

(0) respectively, where refers to the quasi-longitudinal 

wave. to the fast quasi-trans verse wave and 

to the slow quasi-transverse wave. The arrows labelled /4 on the 
yz sections indicate a pure mode axis. Units are 10* cm. sec”'. 


where v and n, are respectively the wave 
propagation velocity and the propagation 
direction cosine relative to the 1 th co-ordinate 
axis. For propagation in the yz plane in crystals 
of point group R3m, it is found that P,, that 
is the energy flux component along the x-axis, 
is zero for ail three modes. Thus, the direction 
of energy flow is always in the yz plane for 
any mode propagating along any direction 
in that plane. Because of this, the direction of 
energy flow for modes in the yz plane may be 
described by the angle /3 the energy flux vector 
makes with the positive y-axis. 


propagate along any direction in the yz plane 
i8r. = tan->(^£^^i^). (21) 

\^2G0e+ ^3^14/ 

In the case of the quasi-longitudinal.and quasi- 
transverse modes in the yz plane 


Pz — (^2^11 ^3^14) *^02"^ ( 2/12^1 

+ n3{C44 -|- Cj3})Mo2Wo3"F ^2^44^1 


03 


P 3 — ( n2Ci4 -|- n3C44)M^ -|- n2(C44 

■I" C'i 3 )mo 2 Wo 3 "F nsCssMos. 


(22) 


/3 = tan-‘(P3//’i)- (20) 

For the pure transverse mode which can 


Thus the angle which the energy flux 
associated with the quasi-longitudinal mode 
makes with the positive y axis is 


/ 3 i, = tan- 


—n^Cn + -F nAC^ -F C1.3) tan d» -F naCxt tan* d> I 

^ 3^14 “F (n3(C44 "F 013) 2n2C}4) tan d* “F ^12^44 tan* ij) J 
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where <> (= tan"‘(“os/«o 2 )) is the direction of 
particle displacement. The angle /3r. which 
the energy flux associated with the quasi- 
transverse mode makes with the positive y- 
axis is obtained from equation (23) by replac- 
ing by (4) + ir/2) since the particle dis- 
placement vectors are orthogonal. 

For each of the elements arsenic, antimony 
and bismuth, the particle displacement direc- 
tions and the energy flux directions associated 
with the three waves, which can propagate 
along directions in the yz plane, are plotted 
in Fig. 3 as angular deviations from the 
propagation direction vs. the propagation 
direction. The particle displacement directions 
for the pure and quasi-pure transverse modes 
are not shown; the former is always pter- 
pendicular to the plane of the diagram and the 
latter always differs by -nil from that for the 
quasi-longitudinal mode. 

In all three elements, the condition for pure 
longitudinal mode propagation u X n — 0 


l»7 

(that is that the propagation direction n and 
the particle displacement vector n are i»raltel) 
is oteyed twice in the yz plane. One pure mode 
axis is the z-ptis itself; the other (marked by 
the arrows A in Figs. 2d, 2e, 2f) is given in 
Table 3. It is interesting to note that for 
antimony and bismuth this pure mode direc- 
tion is much the same but that for arsenic is 
in a different quadrant. Since one of the 
transverse waves with propagation vector in 
the yz plane is always a pure mode, the propa- 
gation direction which supports the pure 
longitudinal mode must by orthogonality carry 
another pure transverse mode. Whereas the 
energy flux associated with a pure longitudinal 
wave is always parallel to the propagation 
direction, this is not true for pure transverse 
waves, unless the mode axis has twofold, 
fourfold or sixfold rotational symmetry or is 
normal to a plane of reflection symmetry [4]. 
This is not so here; therefore, the energy flux 
deviates from this pure mode axis. The angles 



Angle from axis In zy plane 

Fig. 3(a). 
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Angle fro* ♦y oxl* in ly plone 

Fig. 3(b). 


Table 3 . Pure mode direction and energy flux behaviour in the 
>”2 plane of arsenic, antimony and bismuth 


Pure mode direction Arsenic Antimony Bismuth 

Angle from +y axis in yj plane 10° 153° 163° 

Energy flux deviation from 
propagation direction 


Pure mode 

Fast shear 

-9-5° 

+29° 

+30° 

direction 

Slow shear 

-22° 

+25° 

+6° 

45° to +y 

Fast shear 

-23° 

+2” 

10° 

axis in 





yz plane 

Slow shear 

-17° 

-3° 

-8-5' 

14-5° to +y axis 

Fast shear 

-12° 



inyz plane 

Slow shear 

-27° 




Longitudinal 

-2° 




Semi-angle of the cone of 
internal conical refraction 


9' 


28-5' 


32-5' 
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Angle from axis in zy plane 

Fig. 3(c). 


of deviation for all three elements are collected 
in Table 3. AH previous ultrasonic measure- 
ments of the elastic wave velocities of the 
elements have included either or both the 
directions at ±45° to the z-axis in the yz plane 
so that a complete set of elastic constants is 
made available. The deviations of the energy 
flux from these propagation directions are also 
given in Table 3; in some cases this deviation 
is substantial. 

An interesting result of the deviation of the 
energy flux from the propagation direction is 
the phenomenon of internal conical refraction. 
Waterman [4] has discussed this in some 
detail. In the present instance, the degenerate 
pure transverse waves which can be propa- 
gated along the z-axis exhibit internal conical 
refraction with a cone semiangle given by 
tan~‘ (IC 14 I/C 44 ). This angle is much less in 
arsenic than in either bismuth or antimony 
(Table 3). The phenomenon is manifested in 
Fig. 3 as an equal and opposite deviation at 


90° of the energy flux vectors associated with 
the two transverse waves. 

Wave propagation in the xy and zx planes 
cannot be treated in this straightforward way; 
examination of equation (19) for these planes 
shows that, x and z axes excepted, there are 
three non-zero components of the energy 
flow. 

6. CONCLUSION 

The distortion of the crystal lattice of arsenic 
(rhombohedral angle a = 54° 10') and its re- 
sultant layer-like nature in comparison with 
antimony (a = 57° 14') and bismuth (a = 57° 
19') leads to marked differences in its lattice 
dynamics; mechanical and thermal properties 
characteristic of layer structures obtain for 
arsenic but not for bismuth and antimony. 
Along the trigonal axis arsenic is much the 
most compressible of the three elements; 
and the linear compressibility associated with 
the xy plane is negative in sign: application of 
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Fig. 3(d). 

Fig. 3. The deviations from propagation directions in the yz plane of 
arsenic (a) antimony (b) and bismuth (c) of the (i) particle displacement 

associated with the quasi-longitudinal wave ). (ii) energy flux 

associated with the quasi-longitudinal wave (ft, — e, ), (hi) energy 

flux associated with the quasi-transverse wave (/St., — ) and 

(iv) energy flux associated with the pure transverse wave {Pr, ~ ). 

The definition of angles is shown in (d). 


hydrostatic pressure would result in a large 
decrease in the separation between double 
layer planes, while the xy plane would actually 
enlarge. This has been discussed elsewhere [9] 
on the basis of a model of weak interlayer 
binding forces but tight binding within each 
double layer. 

For all three elements the compliance con- 
stant 5 i 3 is negative and 533 is positive, but 
their magnitudes are much larger for arsenic 
thsm for antimony and bismuth. If a simple 
compressional stress 0-33 is applied (that is 
on the xy plane in the z-direction), the resultant 
strains are en * -H 5|3(T33, €22 ” "b and 
€33 = -F^aso-ss; thus each material will con- 
tract along the z-axis and expand in the xy 
plane. For arsenic the response to this 


applied stress is greater than for antimony and 
bismuth. 

A more striking difference in the behavior 
of arsenic ensues on a simple compression 
cr,, applied along the x-axis (the y-axis 
behaviour is similar). Now the resultant 
strains are €]j “-F^ucti, €22 “ ”biST20'i j , €33 ” 
-biSj30'jj and C23 ” ^32 Stj is 

positive, each element will contract along 
the x-axis but is positive only for arsenic, 
so while arsenic contracts also along the 
y-axis, antimony and bismuth will expand; 
all three will expand along the z-axis. The 
sense of the associated shear strain given 
by the sign of €23 is opposite in arsenic 
to that in antimony and bismuth because the 
sign of 5 'i 4 differs. The large magnitude of 5i3 
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for arsenic is further manifested [15] in the 
negative sign of the linear compressibility 
Px(=Sii + Sti + Sis) along directions in the 
xy plane and in the very small thermal expan- 
sion On (=0'3 X in the xy plane as 

compared with that asj (=4-3 X 
along the z-axis. 

These differences between relative magni- 
tudes and signs of the elastic constants of 
arsenic are also reflected in the elastic propa- 
gation characteristics which differ from those 
of antimony and bismuth not only in degree 
but also in kind. 

In general in a layer-type crystal lattice, 
vibrations will be excited preferentially in the 
direction of greater linear compressibility 
on account of the lower vibrational fre- 
quencies. Velocities of elastic waves trans- 
mitted within the tightly bound layers will be 
much greater than those of waves transmitted 
along the direction of weak binding. Thus for 
arsenic wave propagation velocities are higher 
in the xy plane than in the z-direction (see 
Figs. 1 and 2). Strong interatomic binding 
forces within each double layer control the 
wave propagation within the xy plane; these 
waves have velocities which are essentially 
independent of direction. Hence the close 
similarity between the xz and yz cross sec- 
tions (Figs. 2a and 2d) for arsenic. 
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EFFECT OF HIGH PRESSURE ON CRYSTALLINE 
SOLUBILITY 'IN THE SYSTEM NaCl-KCl 
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Abstract— A study of subsolidus phase relations in the system NaCI-KCI has been made up to 20 kbar 
and 700°C using modified oppos^ anvil apparatus. It was found that the crystalline solubility in both 
end members decreased rapidly with pressure and the exsolution ‘dome' is raised from S03°C (63 mole 
% NaCI) at atmospheric pressure to above 710°C (60 mole % NaCI) at 20 kbar. At S03°C and 20 kbar 
the two equilibrium crystalline solutions contain respectively 9% NaCI and less than 1% KCl. The 
concentrated crystalline solution phases can be retained metastably by rapid and simultaneous 
quenching of temperature to dry ice or liquid nitrogen conditions and release of pressure. The experi- 
mental results are shown to be in good agreement with the subsolidus phase relations calculated by 
Fancherand Barsch. 


1. INTRODUCTION 

The objective of this study was to explore 
quantitatively the effect of high pressure 
on crystalline solubility in a simple binary 
system. It has been shown that the solubility 
of solid in liquid decreases as a function 
of increasing pressure in liquid solutions [1], 
and in the last decade occasional studies 
have reported the influence of pressure 
on various systems with crystalline solutions; 
none, however, in simple systems which 
could serve to check simple thermodynamic 
calculations. It was therefore necessary in 
such a study to select a system which exhibited 
extensive crystalline solubility in a simple 
structure type at atmospheric pressure, and 
one that would hopefully show substantial 
change within our experimental conditions. 
NaCl-KCl was found to be appropriate 
because it exhibits complete crystalline 
miscibility above 503°C[2] and almost none at 
25°C. The liquidus-solidus minimum in the 
system lies at 657°C and 50 mole % NaCI [3]. 
These relations along with the spinodal region 
are shown in Fig. 1 . 

Previous studies dealing with some aspects 
of the pressure dependence of solubility in 
binary systems include the following: 


PN3se diogrom of KCl-NaCL ot I atm. pressure 



Fig. 1 . Phase diagram of system NaCI-KCl. 

(a) Bowen and Tuttle [4] showed that the 
solvus in the system orthoclase-albite rose 
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by 6*C at 1,000 bars under hydrothermal 
conditions. 

(b) Boyd and England(5] reported the 
increase of the solubility of AljOa in MgSiOs 
at pressures up to 25 kbars. 

(c) Dachille and Roy [6] studied the 
system Mg2Ge04-Mg2Si04 by hydrothermal 
and uniaxial high pressure apparatuses and 
found that substitution of- for Mg*^ 
markedly increased the maximum silicate 
content of the spinel solid solution under 
corresponding pressure and temperature 
conditions. 

(d) Miller. Shafer, Dachille and Roy [7] 
showed both increase and decrease of 
solubility in different regions of the system 
SiOj-GeOj as a function of increasing 
pressure. 

(e) Jamieson 18] and Darnell [9] studied 
the system NaCl-KCI (in order to find CsCI 
type transition in NaCl) and the former 
reported qualitatively the presence of 
exsolution. 

(f) Yagi and Onuma[10] found a decrease 
in crystalline solubility with increasing 
pressure in the system Ca2MgSi206- 
CaTiAl206. 

(g) Goldsmith and Newton[ll] observed 
the solubility of MgCOj in calcite at various 
temperatures as a function of pressure. The 
measured solubility increase was about 
0T2 mole% MgCOa per kbar in the range of 
500-800°C. They further found that their 
results were conformable to the solubility 
of MgCOs calcite calculated on the basis 
of regular solution theory. 

2. EXPERIMENTAL 

The techniques used in this laboratory as 
developed earlier have been described in 
considerable detail by Dachille and Roy [12] 
and by Myers, Dachille and Roy [13]. 

Premixed mixtures (rf NaCl and KCl of 
A.R. quality and fine particle size (< 44 ftm) 
were pelleted into appropriate nickel rings 
having diameter to thickness ratios between 
18-20. The sample wafers were sandwiched- 


between Pt-lORh discs 0*0015 in. thick. All 
experiments above SOO^C were performed 
by placing a nitrogen jacket around the tmvil 
assembly in order to protect it from corrosion. 
The mixtures were typically held at desired 
pressure and temperature conditions for times 
ranging from 6 to 24 hr before quenching. 

2. 1 Process of quenching 

It was found that the usual quenching 
processes [12] failed to retain the high 
pressure phases. After much trial and error, 
the quenching process was modified by simul- 
taneous release of pressure and lowering of 
temperature by quickly transferring the entire 
anvil assembly into a dry ice jacket. A 
schematic representation of this quenching 
process showing the variation of temperature 
and pressure with time appears in Fig. 2. The 


Schematic representation of P-T relations during "quench" 



Fig, 2. Schematic representation of P-T relations during 
quenchiitg process. Times on the diagram indicate the 
time taken for each step during quenching. 


process appears to be crude but was shown 
to work when checked by using a crystalline 
solution prepared at atmospheric pressure 
and processed in this manner. The sample 
wafers were unaffected by atmospheric water 
or possible condensation during the quenching 
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process, as the Pt-IORH discs around the 
sample ring formed a perfect seal. Sub- 
sequently, the samples were always handled 
in appropriate dry-box conditions. 

2.2 X-ray diffraction 

Sample preparation for successful phase 
analysis by X-ray diffraction was also found 
to be critical for the system investigated. 
Grinding under ambient conditions immedi- 
ately caused changes in the metastable phases, 
especially in the presence of water vapor in 
the atmosphere. Grinding in the presence of 
mineral oil did not help. Such observations 
have also been reported in the studies of 
Jamieson [8] who used different media for 
grinding. It was found imperative to avoid 
grinding altogether to interpret successfully 
the phase equilibrium in the system NaCl- 
KCl. The quenched pellet was therefore 
treated as follows: Holes slightly bigger than 
the size of the sample pellets were drilled 
in glass slides. One side of the hole was 
blocked with bees wax formed into a small 
cup. The sample pellet with the nickel ring 
carefully placed in the cup and the latter 
brought into the plane of the glass slide by 
gently pushing against another slide and 
covered with vaseline. This insured an exact 
location of the surface in the diffractometer. 

The undisturbed sample wiifers prepared 
by the process described above were analyzed 
for phase composition on a Norelco X-ray 
diffractometer. Sometimes small chips of the 
samples were also examined by Debye- 
Scherrer film techniques. The compositions 
of the crystalline solutions were determined 
on an ARL electron probe microanalyzer. 

When X-ray diffraction showed a single 
phase (one crystalline solution, (Na, R)CI) 
the electron probe showed random distribution 
of and Na+ when two phases (two crystal- 
line solutions, i.e. NaClc.s. and KClc.,.) were 
found by X-rays and Na+ enrichment in 
separate domains were detected. X-ray d- 
spacing shifts were also used to determine 
the compositions but were found to be less 


reliable, probably due to uneven strain and 
line broadening effects. 

On the basis of the reproducibility of the 
data an estini^ate of uncertainty would be 
±5*C, ±3 mole % and ±5 per cent in pressure, 
most of which is primarily due to inefficient 
quenching. 

3. RESULTS AND DISCUSSION 
The results of the present investigation are 
shown in Fig. 3. As expected, the crystalline 
solution limits were found to decrease as a 
function of pressure and the exsolution dome 
is raised from S03°C at atmospheric pressure 
to about 710°C at 20kbars with a maximum 

Isoborlc sections across subsolldus region 

M Crystoiline solution 
c=) 2 Phases 



Fig. 3. Isobaric sections across subsolidus region of 
system NaCl-KCl. ■— one crystalline solution, o— 
two crystalline solutions. 
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of a{>pfoximatety 60mole%NaCl in each 
case. Thus the solubility of NaCl in KCl at 
SOS^C at atmospheric pressure which is 
effectively 100 per cent was reduced to about 
9 per cent at the same temperature at 20 kbar. 
A pressure-composition section at 550°C 
(Fig. 4) shows the solubility at various 
pressures. 



Fig. 4. Solidus phase relations at 5 kbar solubility 

gap,' — chemical spinodal (calculated), ■ — one crystalline 
solution, O-two crystalline solutions. 


It was noted without any exception that the 
metastable dilute crystalline solutions were 
kinetically more favorable for the survival 
of a single crystalline phase on quenching than 
the equimolar crystalline solutions at high 
pressures. This situation is no doubt related 
to the presence of the chemical spinodal 
(Fig. 5) calculated after Cook and Hilliard 
[14], At higher (equimolar) concentrations 
during the quenching process the crystalline 
solution traverses the unstable or spinodal 
region and thus frequently exsolves. How- 
ever, more dilute crystalline solutions pass 
only through the metastable region and can 


apparently survive less rigorous quenchii^. 
Electron microscopy failed to show any 
features corresponding to the modulated 
structures due to spinodal decomposition 
such as those in the system SnOj-TiO*, as 
reported by Schultz and Stubican[15]. 

Recently. Fancher and Barsch[16] have 
made lattice theoretical calculations of 



Fig, 5. P-X section at 550°C. 


the pressure dependence of the crystalline 
solubility in certain alkali halide models. 
On this principle they calculated the pressure 
dependence for the systems LiBr-Lil and 
NaBr-Nal up to lOOkbars; NaCl-KCl and 
KBr-Kl up to 20 kbars; and RbBr-RbI up to 
4 kbars. 

The pressure dependence of solubility in 
the system NaCl-KCI as calculated by 
Fancher and Barsch is compared with our 
experimental work in Fig. 6. which shows the 
pressure dependence of the temperature of 
the maxima on the solvus curves. It should be 
noted that their purely theoretical value for 
the exsolution dome at atmospheric pressure 
is approximately 100°C higher than the experi- 
mental value at the same pressure; this is 
regarded as good agreement for such theory. 
The slopes of the exp>erimental and theoreti- 





I 

CRYSTALLINE SOLUBILITY IN THE SYSTEM NaCI-KQ 1607 

Theoretical and experimental solubility llmltt work and to Dr. G. R. Barsch for critically reviewing 
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P. kbors 

Fig. 6. Comparison of theoretical and experimental 
solubility limits, experimental. — theoretical. 

cal pressure dependence lines are very 
similar indeed. This agreement between theory 
and experiment with regard to the slope is 
considerably better than one might have 
expected. Indeed, if similar agreement is 
found for other systems, it would give us 
considerable confidence in the applicability 
of Fancher and Barsch’s approach in cal- 
culating the pressure dependence of crystalline 
solubility in more complex systems. 
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Abstract— The electrical resistivity between 4-2'’ and 400°K and the Hall coefficient at 78* and 300*K 
of the b.c.c. Cr-Al solid solutions indicate that below 12% and above 27% Al these alloys are 
metallic conductors with predominantly hole carriers. The alloys between 15 and 25% Al are narrow 
gap semiconductors and the carriers are electrons. Low temperature specific heat results are consistent 
with these conclusions and they suggest that the semiconducting state results from a gap in the d band, 
which opens at intermediate Al contents and closes again at Al contents of 27 per cent or more. 

The electronic specific heat coefficient, y, of a purity of better than 99-99 %. Eighteen 
of the b.c.c. solid solutions of 3d-transition binary alloys from 0-2 to 33-3% Al were 
metals [1] has a sharp minimum at chromium, prepared by arc melting in a water-cooled 
It was concluded that two 3d- subbands copper crucible under argon atmosphere, 
overlap slightly at this point [1, 2]. A con- Each specimen was melted at least six 
siderable further decrease in y occurs in the times to improve the homogeneity. Extra 
b.c.c. Cr-Al solid solutions [3], which extend aluminum was added to the charge to 
well beyond 30% Al at elevated temperatures compensate for vaporisation during melting. 
[4,5]. Between 20 and 25% Al y decreases to Chemical analysis of siX of the alloys indi- 
a value less than half of that of copper, a cated that the aluminum losses wenc^n fact 
surprising condition for alloys consisting lower than expected, so that the actual 
largely of a transition metal. The hypothesis aluminum content of all alloys was higher 
was advanced [3, 6, 7] that the decrease in y than originally planned. Figure 1 gives the 
for Cr-Al alloys is caused by the separation lattice parameter of the alloy specimens v 
of the two originally overlapping d subbands, vs. Al content. (All compositions in this 
leaving only s states at the Fermi surface. If a paper are expressed in atomic per cents.) For 
a gap is formed in the d band at the Fermi 
surface of Cr-Al alloys, this might be recog- 
nizable in the transport properties. The 
electrical resistivity of b.c.c. Cr-Al alloys 
was, therefore, measured over a wide tempera- 
ture range. Hall coefficient measurements 
were also made at two fixed temperatures 
over the entire composition range of interest. 

The alloys were prepared from electrolytic 
chromium of approximately 99-95 % purity 

and from doubly electrolyzed aluminum F>8- •• Lattice parameter (in A) of Cr-Al b.c.c. solid 

solutions vs. Al content (in at. pet.). Data from Ref.[8]: 

▲: data from Ref.[9]: •; present investigation, analyzed 

*This work was supported by a grant from the National Al contents: A; present alloys, intended Al content: 
Science Foundation. X; Al content from lattice parameter: O. 
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the alloys not chemically analyzed, the actual 
aluminium contents were determined from the 
measured lattice parameter values. Fig. 1. The 
arc melted elongated alloy bars were annealed 
at 1 170®C for five to seven days in fused silica 
capsules, which had been evacuated and 
filled with argon at i atmosphere pressure. 
Following the homogenizing anneal, the speci- 
mens were air-cooled to room temperature. 
Quenching was avoided in order to minimize 
the formation of cracks due to thermal shock. 
Most of the alloys were quite brittle, particul- 
arly those in the 20-25% A1 composition 
range. Metallographic examination of the 
homogenized specimens indicated that all of 
them consisted of a single phase. X-ray 
diffraction patterns showed the structure to 
be b.c.c. The monotonic increase in the 
lattice parameter with the A1 content and the 
absence of any superlattice lines confirms 
the existence of the b.c.c. solid solution up to 
30-7% Al. Both the X-ray patterns (with CrKa 
radiation) and metallographic examination 
indicated that, even at the highest Al concen- 
trations used, no transformation has taken 
place in the specimens on air-cooling from 
1170°C to room temperature. After homo- 
genization at inO'C, the 33% Al alloy was 
reannealed for 2i days at 730°C and air- 
cooled. In accordance with the published 
phase diagrams [4, 5], the X-ray diffraction 
pattern of this specimen showed the MoSi 2 - 
type structure of Cr^Al, with the superlattice 
lines readily visible. 

The resistivity specimens were spark cut 
from the ingots. The length of these speci- 
mens varied between 0-25 in. and 1-5 in. The 
most brittle alloy specimens were particularly 
difficult to anneal and to shape without the 
formation of cracks; these specimens, there- 
fore, tended to be short. The resistivity 
specimens were polished to an approximately 
square cross section of iV to i in. width. The 
electrical resistivity was measured by the 
four-electrode potentiometer method between 
4*2° and approximately 4(X)°K. A liquid 
helium cryostat was used between 4-2'’ and 


300“K. Measurements between 273° and 
420°K were made with an electrically heated 
pyrostat. Both cryostat and pyrostat were 
constructed so as to minimize temperature 
gradients. In. both instruments the heating 
elements regulating the temperature were 
automatically controlled. The temperature 
was measured by means of a carbon thermo- 
meter between 4-2° and 14°K, a platinum 
resistance thermometer between 10-5° and 
3(X)°K and a nickel wire resistance thermo- 
meter from 273° to 420°K. It is estimated that 
the error in the temperature measurements did 
not exceed 0-05°K at any point in the entire 
temperature range. Resistivity measurements 
were made during both the heating and 
cooling cycles. Except for the 15-9 and 24-9% 
Al specimens, all the data points fitted to a 
single smooth curve within the limits of 
experimental accuracy, indicating the absence 
of microcracks in the specimens. Because of 
the uncertainty of the exact position of spot 
welded potential contacts, the resistance of 
each specimen was also measured near room 
temperature across two knife edge EMF 
contacts, the distance of which was accurately 
known. The resistivity values obtained with 
the spot welded electrodes were then normal- 
ized to agree with the values obtained using 
the knife edge electrodes. Because of the 
possibility of occurrence of internal blow- 
holes, and the uncertainty in the 'specimen 
dimensions, we estimate the absolute accur- 
acy of the resistivity measurements to be 
approximately ±5 per cent. For two specimens 
the heating and cooling cycle data did not 
superimpose accurately, indicating the 
presence of microcracks; here the absolute 
resistivity values may have been as much as 
30 per cent less than the measured values. 
However, the relative resistivity values at 
different temperatures for any one specimen 
are independent of the dimensional uncertain- 
ties mentioned, and the relative accuracies 
are probably better than ±1 per cent, within 
the entire temper^ure range. 

Figure 2 shows the temperature dependence 
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Fig. 2. Resistivity (in /lOhm-cm) vs. temperature (in °K) 
for Cr, and for alloys with 0-2, 1-2 and 2-5% Al. Appro- 
priate scales indicated by arrows. Data taken in increas- 
ing temperature cycles; 0 . Data from decreasing tempera- 
ture cycles; A. from resistivity anomaly; vertical 
dashed lines. 

of the resistivity of Cr and of the three alloys 
with the lowest Al contents. The resistivity 
anomaly of Cr, corresponding to the Neel 
temperature, becomes less pronounced when 
aluminum is added, but it is still discernible 
in the curves shown in Fig. 2. Figure 3 gives 
Tn as a function of Al-content, based on the 



Fig. 3. N6el temperature (in °K) vs. Al content (in at. pet.). 
Solid line, from .lef.[8], filled circles from Ref.[9], empty 
circles from Fig. 2. 


I»vsent resistivity data at the lowest Al 
contents, and on earlier neutron diffiractt<Hi.{8] 
and susceptibility data[9] for the aUoys widi 
hi^r Al contents. The minimum of Tat at 
1-2% Al, found’iQ .the present work, probably 
corresponds to tlw change from incommen* 
surate to lattice-commensurate antiferro- 
magnetism [8]. 

The resistivity of the alloys with Al contents 
not higher than 10*5 per cent is relatively low 
in the entire temperature range and it in- 
creases monotonically with the temperature. 
Such a typically metallic resistivity curve is 
shown in Fig. 4. Similar resistivity curves 
were also found for the alloys with the hipest 
Al contents, namely 30*7 and 33*3 per cent. 



Fig. 4. Resistivity (in fiOhm-cm) vs. temperature (in "K) 
for 1-2 and 23-5% Al alloys. Appropriate ordinate scales 
indicated by arrows. 


On the other hand, the alloys with 15*9 to 
28*5% Al were found to have very much 
higher resistivity values and negative tempera- 
ture coefficients of the resistivity in the entire 
temperature range studied. A resistivity curve 
typical of the latter group of alloys, is also 
shown in Fig. 4. Alloys in the borderline 
composition range show a more complicated 
variation of the resistivity with temperature. 
Fig. 5. As the Al content increases from 13 to 
13*9 per cent, the temperatures of the resistiv- 
ity minimum and maximum come closer 
together, and at low temperatures the 
resistivity increases more than at higher 
temperatures. At still higher Al contents the 
minimum and the nuoiimum of p merge and 
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Fig. 5. Resistivity (in /xOhm-cm) vs. temperature (in °K) 
for 13 and 13-9% Al alloys. Appropriate ordinate scales 
indicate by arrows. 

disappear, leaving an overall negative tem- 
perature coefficient. In the second borderline 
region, where the temperature coefficient of 
p changes back from negative to positive at 
high Al contents, the same sequence of 
changes occurs in reversed order. 

Figure 6 shows the resistivity at 4-2 and 
400°K as a function of Al content. In the low 
aluminum region (up to about 10 per cent) the 
increase of the resistivity with Al content 
may be considered as typical of the atomic 
disorder scattering in random alloys in related 
alloy systems. Figure 6 shows that at around 
10% Al this resistivity component is very 
much larger than that due to phonon scatter- 
ing. Similar conditions, typical of metallic 
alloys, also prevail in the 28-8 to 30 7 per cent 
aluminum composition range. However, in 
the intermediate compiosition, range between 



Fig. 6. Electrical resistivity at 4-2° and 4(X)°K (in fiOhm- 
cm) and Hall constant at 78° and 300°K (in 10-'*V.cm 
Atnp'’ Oe“') vs. Al content (in at. pet.}. Hall coefficients 
for Cr from Ref.[ 1 2]. 


about 15 and 25% Al the resistivity values 
are much higher than what could be ascribed 
to atomic disorder scattering. Also the nega- 
tive temperature coefficient of the resistivity 
of these alloys is very large as compared with 
the positive one, below 10 and above 28% 
Al. The 15 to 25% Al alloys may be con- 
sidered semiconductor-like. However, the 
logp vs. 1/r line for the present alloys is not 
straight, as it is for ordinary intrinsic semi- 
conductors. As an example, the 15-9% Al 
alloy data are shown in Fig. 7. The negative 
slope of the logp vs. 1/T line which defines 
the semiconductor energy gap, is very small 
at low temperatures and it increases by three 
orders of magnitude with increasing tempera- 
ture from 4-2° to 4()0“K. The highest energy 
gap values for the various alloys, measured at 
400°K. are shown in Fig. 8 as a function of Al 
content. Even the largest value found, that 
for the 23-5% Al alloy, is only 0-06 eV. The 
conditions shown in Fig. 7, as well as the very 
low energy gap values, are rather similar to 
those reported [10] for the narrow gap semi- 
conductor Bi-Sb alloys. 

The Hall coefficient was measured at 78° 
and 300°K for most of the Cr-Al alloys. 
Because of the great brittleness of these 
alloys, a specimen thickness of at least 0-4 mm 
had to be maintained. The copper wire current 
and potential leads were connected to the 
alloy specimens with indium solder. The 
measurements were made in a constant field 



Fig. 7, Electrical resistivity (in /lOhm-cm) on logarithmic 
scale vs, temperature (in °K) on reciprocal scale for 
13-9% Al alloy. 
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Fig. 8. Gap energy (in eV) at 400‘’K vs. Al content 
(in at. pet.). 

of 12-6 kOe. using a specimen current of 
500 mA. The Hall EMF was measured in all 
four configurations of current and field direc- 
tions, in order to eliminate various thermo- 
electric and magnetocaloric effects. The accur- 
acy of the measurements was limited by the 
relatively large specimen thickness, which 
made the magnitude of the Hall EMF rela- 
tively low, and by a superimposed drifting 
EMF pickup in the system. The estimated 
limits of error ranged from ±5 per cent for the 
largest Hall coefficients to about ±50 per cent 
for the smallest values. 

The results of the Hall coefficient measure- 
ments at 78 and 300°K are shown in Fig. 6. 
It is seen that, for the metallic alloys below 
12% Al and above 27% Al, the Hall co- 
efficients are positive, with relatively small 
temperature variation. On the other hand, the 
semiconductor-like alloys between 1 5 and 
25% Al have rather large negative Hall 
coefficients, which vary strongly with the 
temperature. These findings give further 
support to the interpretation of the resistiv- 
ity data in terms of a semiconductor-like 
behavior. In particular, the large, highly 
temperature-dependent negative Hall co- 
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efficients of the 20 to 25% Al alloys show 
the scarcity of current carriers (electrons) 
in this composition range. Also, the Hall 
coefficient data indicate that the metallic 
alloys with both' low and high Al contents are 
preponderantly hole conductors, as is chromi- 
um itself[12]. The fact that, with increasing 
Al content, the alloys change from hole to 
electron and back to hole conduction, suggests 
that the Fermi surface is not passing from one 
side of a gap to the other. If it did, then 
electron conduction should persist in the 
metallic composition range where the Fermi 
surface, having crossed the band gap. is 
located near the bottom of the higher energy 
band. 

Since the Cr-Al alloys are antiferromagnet- 
ic, one must consider the question whether 
or not the energy gap indicated by the trans- 
port properties may be that associated with 
the antiferromagnetism. If the antiferro- 
magnetic energy g^ where responsible for 
the narrow gap semiconductor behavior, the 
collapse of this gap at the Neel temperature 
may be expected to give rise to a return to 
normal metallic transport properties when 
that temperature is reached. Figure 9 shows 
that the temperature coefficient of the electri- 
cal resistivity of the 20-5 and 23-5% Al alloys 
remains negative at temperatures well above 
Tf/, the latter having been determined by 
neutron diffraction [8], Accordingly, the 
narrow gap semiconductor behavior is evi- 
dently not connected with the antiferro- 
magnetic energy gap. 

Available low temperature specific heat 
data for V-Cr and Cr-Fe alloys with 10% 
Al[3] and with 20% Al[7] allow the calcula- 
tion of the density of states as a function of 
energy, by using the method described by 
Hoare, Mathews and Walling[l 1]. Additional 
low temperature specific heat measurements 
were made in the present investigation with 
similar ternary alloys containing 30% Al. 
The results are shown in Table 1. The calcul- 
ated density of states curves for the 10, 20 
and 30% Al alloys in the region around Cr 
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Table 1 . Low temperature specie heat results for ternary Cr alloys with 30% A1 


Nominal 

A 

y 

Bp 

RMSD 

composition 

(10~‘ cal. mol"* deg"') 

(10"‘cal. mol"' deg *) 

(deg-K) 

(10"* cal. mol"' deg"') 

( V(J. 1 ) 0-7 AIo-S 

(Cro.8V0.2)o.7AIo.a 
(Cro,7 V OS )(F7 Alo-s 
(Cfo-j Vq.j) 0.7 Alos 

( Cr0.05Fe0.05 ) 0*7 A lo3 

(CroijFco.i lo'fAlo.s 


4- 39 

7- 16 

8- 97 

8-29 

5- 53 

7-35 

13 15 

617 

668 

747 

574 

946* 

664* 

(-879)* 

0-03853 

0-08798 

0-11032 

0-09394 

0-11060 

0-05738 

0-07910 

(Cro.7Feo.s)o-7Alo-3 

20-38 

22-82 

(-260)* 

0-31750 


♦Anomalously high and negative '0u values are due to magnetic contributions to the low temperature 
specific heat. 


Fig. 10. Electronic density of stales (in states per eV. 
atom) vs. energy (in eV. relative to the Fermi energy of 
Cr) for 10, 20 and 30% Al alloys. 

10 per cent shifts the two slightly overlapping 
d-subbands away from each other, so that at 
20% Al an energy gap of the 'magnitude 
shown in Fig. 8 may well be present between 
the two d-subbands. The electronic specific 
heat coefficient y of the Cro-sAlo-z binary alloy 
[3] would then indicate only the s-like electron 
density of states at the Fermi surface, as 
originally postulated [3, 6, 7], The minimum 
of y is between 20 and 25% Al[3]. As the 
aluminum content increases to 30 per cent, 
the two d-subbands are shifted back toward 
each other, and the overlap between them is 
re-established (Fig. 10). In this composition 
range, y increases with the Al content [3]. 
The narrow gap semiconductor like transport 
properties of the alloys with 15 to 25% Al 
would then result from the separation of the 
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Fig. 9. Resistance (in mOhms) vs. temperature (in "K) 
for 20-5 and 23-5% Al specimens. Data from decreasing 
temperature cycle A, A: from increasing temperature 
cycle O. •. Neel temperatures from Ref.[8]. Appropriate 
ordinate scales indicated by arrows. 

are shown in Fig. 10. The calculation was 
based on the assumption of a rigid band-like 
behavior for the transition metals, and of no 
filling of the d-band by the aluminum addi- 
tions. The electron-phonon enhancement 
effect for these alloys is not known, and was 
not considered in the calculation. Figure 10 
shows that increasing the Al content beyond 
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two 3d-subbands, and the formation of an 
energy gap between them. This interpretation 
also accounts for the positive Hall coefficients 
of the alloys with more than 27% Al: when the 
energy gap closes upon increasing the AI 
content above that value, conditions again 
become similar to those prevailing in chromi- 
um itself and hole conductivity predominates. 
Why the s electrons play here such a minor 
role in the conduction of electricity is not 
completely clear. 

It should be noted that the maximum of the 
resistivity, of the absolute value of the Hall 
coefficient (Fig. 6) and of the gap energy 
(Fig. 8) occurs at the same composition range 
where y is minimum. The maxima of resistiv- 
ity, Hall coefficient and gap energy were found 
to coincide also for the Bi-Sb alloys [10]. 
However, the physical conditions underlying 
the opening up and the closing of a band gap 
appear to be quite different in the two systems. 
Sb and Bi are semi-metals; in their alloys d 
electrons are not involved in the conduction 
process. 
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Abstract— Attenuation of longitudinal ultrasonic waves was measured in the frequency range from 
25 to 700 MHz in a single crystal of high purity niobium. Ratio of the attenuation coefficients in the 
superconducting and normal states, a,/a„ was measured as a function of magnetic field, H. at various 
constant temperatures. For the magnetic field near the upper critical field. H^, the result was found to 
be composed of two parts: In the immediate vicinity of the attenuation coefficient obeyed the 
relation, 1 — (a,/a„) = A(H^ — H), whereas the result at field rather below Hn was described by 
1 — (aja,i) = C(H^ — a relation of Maki's pure limit theory. The above linear dependence on 
H hardly seems to obtain a plausible explanation at present. The observed value of C varied rather 
steeply around the frequency corresponding to I . where q is the impressed wave number. The 
dip of the attenuation just above the lower critical field was also investigated. The depth of the dip 
was found to depend on the frequency as well as temperature, and the frequency dependence could not 
be accounted for by the existing proposals. 

Besides the above-mentioned results, the superconducting energy gap at 0°K without magnetic 


field was found to be smaller for higher frequencies. 

1. INTRODUCTION 

A FEW years ago, one of the present authors 
(A.l) and his colleagues [1, 2] first measured at 
various temperatures the attenuation of longi- 
tudinal sound waves in the mixed state of the 
type II superconductor using a single crystal 
of pure niobium. To measure the ultrasonic 
attenuation in type II superconductors in the 
mixed state is very interesting, because the 
measurement is expected to give useful in- 
formations on the elementary excitation in the 
mixed state where the superconducting order 
parameter varies spatially due to the penetra- 
tion of the flux lines into the superconductor. 
Niobium was chosen since it was the only 
pure metal recognized an intrinsic type II 
superconductor at that time. Since that time, 
several interesting experimental studies have 
been reported in this field, most of those have 
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concentrated in niobium [3-7]. Other measure- 
ments in vanadium [8, 9], NbsZr[10, 11], 
MoRe [7], VTa[12] were also reported. 

The attenuation coefficient in niobium in the 
mixed state begins to increase at the lower 
critical field, //n, and reaches a value cor- 
responding to the normal state at the upper 
critical field, //„. In the previous work[2], 
the variation of the attenuation in the mixed 
state was first compared using the 'effective 
energy gap' concept with the variation of the 
magnetization of the same specimen. The 
comparison was made as follows; (I) the 
'effective energy gap’ in the mixed state was 
assumed to be proportional to the root mean 
square of the order parameter. (2) The 
magnetization near Hd was assumed to be 
proportional to the square of the averaged 
order parameter[13, 14]. Consequently, the 
‘effective energy . gap’ was proportional to 
the square root of the measured magnetization. 
(3) And, by the use of the BCS formula. 
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a^a„ = 2/[l+exp(A/ir)], (1) 

the magnetization could be converted to the 
relative attenuation, a,/a„, where A is a half 
of the energy gap, and kT the thermal energy. 

It was revealed in the above-mentioned 
treatment [1, 2] that the variation of the 
attenuation coefficient cannot correctly be 
described by the ‘effective energy gap’. There 
was a discrepancy between the observed 
attenuation and the calculated result even near 
the upper critical field and near the super- 
conducting transition temperature where the 
‘effective energy gap’ approximation would 
probably be valid. Furthermore, the dis- 
crepancy was particularly larger at lower 
temperatures. 

Maki[15, 16] has proposed a couple of 
theories of the ultrasonic attenuation in type 
II superconductor in the mixed state near 
The purpose of this paper is to report an 
experimental result of the attenuation in pure 
niobium varying the sound frequency from 25 
to 700 MHz, and to compare the result with 
the Maki theory. We will also report here both 
the frequency effects on the anomalous dip of 
the attenuation just above f/(,i[3,4, 6,9] and 
the effect on the attenuation as a function of 
temperature without magnetic field which was 
needed to discuss the attenuation in the mixed 
state. 

2. THE MAKI THEORY IN THE PURE LIMIT 

The difference of the most importance 
between the former ‘effective energy gap con- 
cept’ and tl^ Maki theory in the pure limit is 
that Maki took into account the effect of the 
shielding supercurrent around the flux lines, 
assuming that the effect of the supercurrent is 
similar to that of the usual transport current. 
The density of states in the superconducting 
state accordingly varies depending on the 
electronic mean free path. 

In Maki’s result for the ultrasonic attenua- 
tion, the relative attenuation of the longitudinal 
waves in a transverse magnetic field is given 
by the following formula: 


aJa„=l-(lA(r)l/2m f ^(a/t,y) 

— ao 

X cosh-® (a/2kr)e-‘ da, (2) 

where 

<D(x,y) = 7r>'®/o-‘r exp [-jc*/(l-z®)] 

J o 


X (l-3z®)(l-z®)-‘'® 


X{[(I + 3/y®)(l-Hy®(l-z2))- 

-112 

— 3/y®] (1 — y-‘ arctany)“‘ 


-3(32*-l)/2y®}, 

(3) 

y = Qi. 

(4) 

/o = arctan y/(y — arctan y) — 3/y®, 

(5) 

e = ivpl2) iehHaiT)lcyi\ 

(6) 


and 

A® = -(2A//N (0) ) [H^ -^T(dHJdT )^ . (7) 

Here, Vp is the Fermi velocity, e the absolute 
magnitude of the electronic charge, h the 
Planck constant divided by 27r, A(r) the super- 
conducting order parameter as a function of 
the position r, N(0) the density of states in 
the normal state at the Fermi energy, and M 
the magnetization. 

As the magnetization M of the type 11 
superconductor near Ha depends linearly on 
//c 2 — //, equation (2) can be written as 

\-{a.la„) = C{Ha-Hy<\ ( 8 ) 

where the proportional factor C depends on 
y = ql, temperature and other parameters. 
It is worthwhile to note that C is inversely 
proportional to the square root of N (0). 

Figures 1 and 2 show the theoretical curves 
computed from the above formulae, in which 
values of the parameters are taken as follows: 
Hc 2 , dHaldT and M(H Ha) are the 
measured values for the present specimen, 
Vp = 3-5 X 10® cm/sec as was estimated firom 
the magnetization data of the present specimen 
[17], and A^(0) = 6-37 x 10®^ erg"* cm"® ob- 
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Fig. 1. Variation of theoretical C as a function of reduced temperature, TUc- Here, the value 1V(0) is 
taken to be 6-37 x 10“ erg“‘ cm~’ as determined from the electronic specific heat. 



Fig. 2. Variation of theoretical C as a function of T/T^. Here, ql = 0-5 and 
N{0) = 6-37 X 10“ erg-' cm’’. 


tained from the electronic specific heat experi- 
ment [18]. 

3. EXPERIMENTAL PROCEDURE 
The single crystal of niobium used in this 
experiment was the one prepared for the 


previous work and the deUuls of the specimen 
is given in Ref. [2]. 

Ultrasonic attenuation of longitudinal waves 
was measured by the pulse-echo method from 
25 to 700 MHz. A re-entrant type cavity was 
used to excite the 700 MHz ultrasonic wavel 





1620 


K. KAJIMURA and A. IKUSHIMA 


Adhesion between the quartz transducer and 
the specimen was achieved by using ‘Nonaq’ 
stopcock grease for all frequencies. The de- 
tailed description of the attenuation measure- 
ment is also given in Ref. [2]. 

4. EXPERIMENTAL RESULTS AND DISCUSSION 
(a) Attenuation as a function of temperature 

First of all, we have to mention the attenua- 
tion coefficient measured as a function of 
temperature. As is shown in Fig. 3, the 
attenuation varies depending on the sound 
frequency. Tsuda and Suzuki [5] have also 
found a similar phenomenon in niobium as an 
effect of the purity of the specimen. 


the curve, ajun vs. T, where the relation 
aja„ == 2 exp {—^IkT) holds well. The present 
result seems to be in a qualitative agreement 
with the result of Dobbs and Perz{19, 20] as 
is shown in Fig. 4. 

(b) Attenuation in the mixed state near He* 
Figure 5 is a plot of the attenuation co- 
efficient at 4-2°K for various frequencies as a 
function of the magnetic field. The result 
roughly obeys equation (8) as is shown in Fig. 
6. However, for magnetic field immediate 
vicinity of there seems to be a systematic 
deviation of data points from the straight line 
in this figure. Figure 7 is a log-log plot of 



r/ 7-c 

Fig. 3. Variation of the relative attenuation coefficient without magnetic field vs. 
reduced temperature, TITr- 


In order to show the present result more 
clearly, the magnitude of the superconducting 
energy gap at 0°K, 2A (0) , was plotted in Fig. 4 
as a function of the frequency. Observed 
variation of the relative attenuation, aja„, 
against temperature cannot correctly be 
described by equation (1) over the tempera- 
ture range from 0°K to T,, and the magnitude 
of 2A(0) therefore depends on how we deduce 
the value. In Fig. 4 is plotted 2Ai0)lkTt. 
deduced from the higher temperature part of 


1 — (a,la„) vs. Hri — H, and the plot indicates 
that the behavior of the attenuation very close 
to Hc 2 linearly varies, contradicting equation 
(8) by the Maki theory. If we crudely deduce 
the magnitude of C in equation (7) from the 
plots like those in Fig. 5, C at different tem- 
peratures varies against the sound frequency 
(See Fig. 8) [21]. A theoretical curve due to 
Maki is also shown in this figure, in which, 
however, the value of A'(O) was tentatively 
adjusted to fit the theory to the observed C’s 
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Fig. 4. Apparent value of the superconducting energy gap at 0°K as a function of sound frequency. 



Fig. 5. Variation of the relative attenuation coefficient in the mixed 
state at 4-2 UK for various frequencies. 


at lower frequencies. The value of N(0) is 
2-34 X KP erg"' cm”® at 1-50°K, for instance, 
which is about 40 per cent of the value 
estimated from the electronic specific heat [ 1 8]. 


To summarize, the result in Figs. 6 and 7 
does not seem to be explained by the Maki 
theory in three respects. The first point is the 
behavior of the attenuation coeflficient in the 
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Fig. 7. Log-log plot of 1 - (a,la„) vs. H^ — H. 


immediate vicinity of the upper critical field, 
where the attenuation coefficient is described 
by a linear relationship. This fact has really 
been found in all previous investigations [5-7] 
if we re-check them carefully, indicating that 
the present result should not be a spurious 
effect due to any experimental mistake. We 
have no plausible explanation for this result. 

The second thing to be mentioned is the 
discrepancy in the value of ^(0) between the 


specific heat data and the ultrasonic investiga- 
tion if we would obtain the parameter C in 
equation (7) excepting the immediate vicinity 
of the upper critical field. The value of N(0) 
is much smaller for the present result than for 
the specific heat data, and we cannot find any 
reason yet to reduce the value for the present 
case. This fact was already reported by 
Kagiwada et a/.[6]. Gottlieb et aL[l] for Nb, 
and Ozaki et a/.[8] for V. A similar problem 
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also exists in thermal conductivity measure- 
ments in the mixed state [22] that the values of 
N(0) deduced from these experiments via 
theory are again much smaller than that from 
the specific heat. 

The final problem is the frequency depen- 
dence of the parameter C. C shown in Fig. 8 
does not seem to obey the theoretical curve, 
but varies dispersively around 200 MHz. The 
larger value of C means the steeper drop of 
the relative attenuation coefficient below the 
upper critical field, so the result means that 
there would be a mechanism in which the 
dissipation of the energy of sound becomes 
ineffective in the superconducting state for 
sound frequency nearly equal to or exceeding 
200 MHz. 

This frequency roughly corresponds to the 
frequency where q/ == 1. Therefore, one of 
the possible mechanisms to account for this 
problem could be the one related to the elec- 
tronic one. It is considered in the BCS theory 
that the energy of sound is dissipated by the 
direct absorption and the induced emission of 
the imposed acoustic phonons by thermally 
excited quasi-particles. Besides this, there 
could be mechanisms which are related to the 


modulation of the superconducting energy gap 
by the sound waves. One of them is that pro- 
posed by Tsuda and Suzuki [S] in which the 
sound energy is dissipated as an Ohmic loss 
associated with a flow of the quasi-particles 
from the wider to the narrower energy gap 
region. Another mechanism is related to the 
recombination of the quasi-particles into the 
Cooper pairs and the re-excitation of the pairs 
to the quasi-particles. The sound energy could 
be dissipated due to the delay of the re- 
combination or the re-excitation when the gap 
is modulated. This is an important mechanism 
of the internal friction in semiconductors as 
a number of experimental and theoretical 
studies have revealed out [23-25]. However, 
the result we have already seen is that the 
attenuation in the superconducting state 
becomes ineffective when the sound frequency 
is higher. Therefore, the observed result 
contradicts the above-mentioned recombina- 
tion mechanism in which the attenuation rather 
increases when cut exceeds unity, where <a is 
the angular frequency of the impressed waves, 
and T the recombination time. Moreover, as 
De Gennes[26] has pointed out, any mechan- 
ism related to the modulation of the energy 
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gap by the sound waves would be unimportant 
in the ultrasonic attenuation. The direct per- 
turbation is Ud(r), where U is the ‘deforma- 
tion potential' and 6(r) is the local dilatation. 
On the other hand, the shift of the pair poten- 
tial is about an amount of Kbd(r), where K is 
a constant of order unity as can be estimated 
from the pressure dependence of the transition 
temperature [27], As U is of the same order 
of the Fermi energy whereas Kb is of the order 
of 10"“ eV, the shift of the pair potential is too 
small in ordinary metals to affect the direct 
perturbation. 

Another possibility would be the mechanism 
related to the fluxoid motion 128]. There 
should be a characteristic frequency of the 
motion of a fluxoid as a string, above which 
the motion cannot follow the external alterna- 
tive stress of the sound waves, the motion is 
overdamped, and the logarithmic decrement 
becomes less effective. This frequency should 
correspond to the ‘depinning frequency’ w© 
calculated by Gittleman and Rosenblum[29]*. 
The magnitude of <uo is estimated for the ex- 
ternal field of 2.5 kOe to be 20 kHz,t a value 
much lower than the above-mentioned fre- 
quency at which varies dispersively. 

Therefore, we would like to propose here 
that the present result is due to the frequency 
dependent mean free path of electrons in 
niobium, which would also be the primary 
cause of that the relative attenuation vs. tem- 
perature is affected by the sound frequency, 
and that the attenuation has a frequency 
dependent dip just above (see next sec- 
tion). The dissipation mechanism related to 
the gap modulation could be important when 
the Fermi energy of the electrons which play 


‘The present authors do not agree the physical implica- 
tion Shapira and Neuringer offered for <«„. The fluxoid is 
not thought to unpin from a potential due to obstacle.s 
for frequencies above oio. but the motion of the fluxoid for 
such frequencies is overdamped, making the logarithmic 
decrement less effective. 

tFor the estimation of <oo we used the values of de- 
pinning d.c. current density (30], 7^= 10“ .4/cm*, d.c. 
resistivity p, = 0- 1 ^tft-cnj, and upper critical field at 
0°K,//,a(0) >=4l(Oc. 



Fig. 9. Variation of the reduced depth of the anomaly in 
aja„ just above Wo, at various frequencies as a function 
of the reduced temperature. O, 700 MHz; x, 410 MHz: 

A, 230 MHz: -I-, I .<>0 MHz; •. 85 MHz; V, 25 MHz. 

the main role in the superconductivity in 
niobium is very small, say, about 10~“ ~ 10~“ 
eV. However, such an evidence has not been 
found so far. 

(c) Attenuation in the mixed state nearjti^i 

Recently, Forgan and Gough pj, Tsuda and 
Suzuki [5], Kagiwada[6], and Sinclair and 
Leibowitz[9] reported an anomalous dip of 
the attenuation just above the lower critical 
field, Hrt- Forgan and Gough proposed that 
this initial decrease is caused by the scattering 
from the flux lines of the BCS quasi-particles 
excitations, that is, the thermally excited un- 
bound particles would have a shorter mean 
free path due to their scattering by the flux 
lines. They reported, as a support to their pro- 
posal, that the decrease is linearly dependent 
on the purity of the specimen. The estimated 
scattering diameter of a flux were 4x10"^ cm 
in Nb[3], and 2-4 x 10~® cm in V [9]. 
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We have measured the effect of the sound 
frequency chi this dip. Figure 9 is the result of 
the present investigation, the reduced depth 
of the dip being dependent on the frequency. 
This cannot be simply accounted for by the^ 
above-mentioned proposal, because the result 
of which should be frequency independent 
unless the electronic mean free path is fre- 
quency-dependent. 
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Abstract— The effect of point defects, specifically anion vacancies which appear after reduction, on 
the stability of nonstoichiometric ferrites with the spinel structure has been discussed. Exceeding a 
certain critical vacancy concentration is shown to result in the dissociation of the compounds. The 
considerations developed here have been confirmed by means of experiments on magnesium ferrite of 
variable composition, which were carried out under conditions yieldng different degrees of imperfec- 
tion. Above 1600°K the ferrites are observed to dissociate into MgO and solid solutions of Fe^O^ in 
MgFe^O^ owing to supersaturation with anion vacancies. 

It is pointed out that neglect of the preexponential factor in a description of the cation distribution 
in terms of Niel’s theory leads to an erroneous dependence of inversion energy upon the degree of 
inversion. 


1. INTRODUCTION 

During the last few years the effect of point 
defects, in particular vacancies, upon phase 
transitions in the solid state has been discussed 
on many occasions. The oxides of the transi- 
tion metals, since they permit changes of 
structural vacancy concentrations over large 
ranges, appear to be suitable compounds for 
experimental and theoretical studies of this 
effect. Ferrospinels, in which nonstoichiomet- 
ric defects can be related to an excess as well 
as to a deficiency of oxygen, are of special 
interest. The role of the latter in the case of 
magnesium ferrite in which oxygen deficien- 
cies appiear during heat treatment even in an 
air atmosphere, is discussed in the present 
paper. Magnesium ferrite, which is an import- 
ant material in the radioengineering and re- 
fractory industries, is a typical spinel, in which 
the cation distribution in the crystal lattice 
sites is essentially temperature-dependent. 

A thermodynamic analysis of the hypotheti- 
cal ferrite with the exactly stoichiometric com- 
position MeJ"^ Fefix [Meflx FeJJx ]04 carried 
out by Nfeelfl] showed a temperature depen- 


dence for the degree of inversion \ of the form: 

X(l+x) _^^^/ £ \ ,,, 

(1-x)* rt)‘ 

The energy of inversion E appeared to be 
close to 3-2 kcal/mole[2] Callen, Harrison 
and Kriessman[3] have extended the cation 
distribution theory and concluded that E = 
dUldK (where U is the internal energy) can be 
dependent on A. 

Magnesium ferrite free from appreciable 
quantities of Fe^'*' ions is observed to exist at 
high temperatures only under oxygen pressure 
of some tens of atmospheres. Thus heat treat- 
ment in atmospheres having oxygen partial 
pressures lower than the equilibrium value 
results in dissociation of the ferrite. 

The preparation and operation of the de- 
vices made from magnesium ferrite, and also 
many of the experimental studies are carried 
out in conditions under which deviations from 
stoichiometry are quite significant* 

*We consider a spinel of nominal composition Me' 
MeJO, to be nonstoichiometric if the relation Me' -I- 2Me7 
0 f 
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Because of this the region of the phase dia- 
gram near MgFeg04 has been thoroughly 
examined as a function of composition, tem- 
perature and oxygen pressure. 

Blackman [4] has studied the effect of an 
excess of magnesium oxide in MgFe^O^ on the 
lattice constant, magnetic induction. Curie 
point and resistance. He interpreted the results 
obtained in terms of solid solution formation 
between MgFe^O^ and MgO with a limit at 
MgO concentration of about 8 mole%. Later 
Paladino[5, 6] and then Tret’yakov[7] in a 
study of the ternary system MgO-FeO- 
FeiOj, concluded that independent of tem- 
perature nonstoichiometric magnesium ferrite 
with the composition 0-092 MgO . MgFe204 is 
thermodynamically stable, while ‘MgFej04’ 
is a mixture of hematite and the above com- 
pound. 

These findings, however, have not been 
confirmed by other authors. In papers by 
Katsura and Kimura[8], Reiynent9], Speidel 
[10], and Whilshee and White[ll] the single- 
phase spinel field in the ternary phase diagram 
is restricted by the ferrites with compositions 
MgO . Ft^Oa and FeO . Fe^Os. 

In studies of MgFe304 a dependence of the 


ferrite therefore warrants further study, 
especially under conditions favoring dissocia- 
tion, and in particular at high temperatures. 

2. POINT DEFECTS IN NONSTOICHIOMETRIC 
M1FC1O4 

Because of the fact that ferrite dissociation 
is accompanied by loss of oxygen, the exis- 
tence of a single-phase structure, assuming 
that the electrical neutrality of the crystal is 
conserved, must be related to point defect 
formation either of interstitial cation type ori 
anion vacancy type. 

The first possibility has been discussed 
previously [5, 7], and it was suggested that an 
equilibrium nonstoichiometric ferrite of 0-092 
Mg0MgFe204 composition containing no 
Fe*"^ ions would involve excess Mg ions in 
sites which were not characteristic of the 
spinel structure; i.e. Mgj.044 (Mg,)o.o22 Fe,.8sa 
O4 with Mgj an interstitial cation. 

Sukharevsky et fl/.[15, 16] have considered 
the second possibility and proposed a model 
for a nonstoichiometric solid solution of 
ferrospinels MeFe204 with magnetite Fe304 
involving cation and anion vacancies as 
follows 




lattice parameter and magnetic moment on 
the quenching temperature up to llOO'CIfi] 
and 1400“CI12] has been observed. AllenI13], 
in the range up to 1600®C, observed kinks in 
the curves of lattice parameter and thermal 
expansion against temperature in the range of 
1100“C which he attributed to some phase 
transition connected with ordering. In an 
analysis of the diffraction line profiles. Grimes 
et fl/. [14] did not find, however, any notice- 
able ordering of Mg and Fe ions in the octa- 
hedral ferrite sublattice. 

Lack of agreement on the structure and 
solid solution composition of MgO-FeO- 
F^Oj system in the region near to magnesium 


( 2 ) 


where a is the concentration of magnetite, y 
is the deviation from stoichiometry, z and v = 
y+z are quantities proportional to anion 0 
and cation [^vacancy concentrations, respec- 
tively. This model allowed the derivation of 
relations connecting point defect concentra- 
tions with the thermodynamic parameters of 
the system, which enabled a description from 
the theoretical point of view of the experi- 
mental dependence of nonstoichiometry upon 
solution composition. 

The idea of the existence of anion structural 
vacancies is more consistent from the crystal- 
lochemical point of view [17], Firstly, the 
3;4 correlation of cation and anion sites 
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specific for spinel structures is destroyed by 
the presence of interstitials, a fact which as 
far as we know has not been observed experi- 
mentally. Secondly, since the thermal vacan- 
cies exist in cation as well as in anion ^ 
sublattices, nonstoichiometric structural 
vacancies can be analogously formed in both 
sublattices. In this case the thermal vacancies 
correspond to the extreme case of the stoi- 
chiometric solution. And finally, the displace- 
ment of a divalent cation from a site, allowed 
by spinel structure, into an interstitial one can 
only be due to disappearance of the normal 
cation site, which is possible only by collective 
removal of the oxygen atoms surrounding the 
given site. In the initial stage of reduction when' 
the number of oxygen atoms removed is not 
great, this condition is hardly possible from 
the thermodynamical point of view. 

One can obtain direct evidence of the ap- 
plicability of one or the other model by 
comparing X-ray and bulk density of non- 
stoichiometric ferrites. Unfortunately, such 
experiments on single crystals have not been 
carried out and those on polycrystals were not 
sufficiently accurate [6]. 

Thermal conductivity experiments on parti- 
ally reduced ferrites can be used to provide 
indirect evidence for the existence of anion 
vacancies. Point defects of vacancy type in 
the coordinated crystals are known to cause 
distortions that scatter phonons strongly. A 
sharp increase in thermal resistivity with an 
increase in the degree of reduction for ferrites 
of Mg, Li and Zn (8-9 times at 100'’K)[18] 
suggests that this phenomenon is connected 
with the appearance of anion vacancies. 

The dependence of extra thermal resistivity 
due to the substitution by cations of other 
valencies upon their concentrations = 
(Qat)) is characterized by a positive second 
derivative in zero (i>"(0) > 0) and by the 
presence of a kink. Above this point a sharp 
increase in the thermal resistivity was ob- 
served, followed by decomposition of the 
compounds or solid solutions. 

In Ref. [19] it was shown that such behavi- 


our of the mention^ dependence was de- 
termined by the presence of cation struc- 
tural vacancies. It is important to note the 
similarity between the dierm^ resistivity 
dependence on cation vacmey concentration 
in MgO-Me*Os (Me=Fe, Cr), and MgAl^Oa- 
AlgOs solid solutions and the content of fer- 
rous ions in the above ferrites. For example, 
this ft shown for MgAlj 04 -Al,O 8 s|:rinel solu- 
tions with cation vacancies and for MgFe 204 
with different degrees of reduction in Fig. 1. 
In our opinion this fact indicates that the prob- 
able kind of the reduction defects in ferrite is 
structural anion vacancies. 

In Ref. [16] cation vacancies were con- 
sidered as a factor determining the stability of 
the ferrospinel solid solutions. Above some 
critical value of this parameter the solution 
decomposed as the crystal lattice has the 
tendency to decrease the free energy by pre- 
cipitation of a phase which carried away the 
superstoichiometric atoms. It was proposed 
that the anion vacancies which are expected to 
appear on reduction of the ferrite causes 
instabilities in the crystal lattice as well. 

The aim of the present paper is to study the 
behaviour and properties of magnesium ferrite 
at high temperatures leading to essential 
dissociation even in an atmosphere of air. 



2 3 

C* , Ot. % 


Fig. I . Thermal resistivity vs. FeO content for MgFe ,04 
(I) and vs. cation vacancy concentration for MgAl 204 - 
AljOa solid solution( 1 1 ). 7" = 300”K. 
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3. PREPARATION OF THE SAMPLES 
Magnesium ferrite was prepared by ceramic 

techniques from fine-grained magnesium oxide 
powder (MgO content > 99-7 wt.%) and ferric 
oxide powder (FejOs = 99-7 wt.%). The syn- 
thesis was carried out by heating a mixture of 
the oxides at 1620“K for 5 hr. The material 
was ground and samples pressed in the form 
of discs of 2-3 mm thickness were subjected 
to homogenization at 1850“K for 12 hr with 
subsequent cooling at a rate 30-50°/hr. Heat 
treatment of the samples was carried out in a 
platinum-wound furnace in air in the tempera- 
ture range 600-1900°K, with subsequent 
quenching in water. The experiments were 
ceuried out on two series of samples quenched 
under various conditions. The results obtained 
on the second series of samples in the high 
temperature range seemed to be more reliable. 
Details of the heat treatment are presented in 
Table 1. 

4. EXPERIMENTAL TECHNIQUES 
Magnetic, X-ray and chemical analyses 

were the main techniques used in the studies. 
Saturation magnetic moments a were deter- 
mined with a Weiss pendulum magnetometer 
to within ±2 per cent. To define the absolute 
saturation moments the measured values were 
extrapolated to O^K in accordance with a cto ~ 
(js/z) jj, view of previous results [20] 
where the validity of this law for MgFe204 
was established. The Curie points were deter- 
mined by means of extrapolation of the vs. 
T plots to zero. The accuracy of the measure- 
ments was not more than 2-3®. The error in 
the measurements of lattice parameters was 
within limits of ±0-001 A. The FeO and free 
magnesium oxide contents were determined 
by chemical analyses. To provide a check on 
the ferrous oxide content obtained by chemi- 
cal analysis, thermogravimetric measurements 
at some points have also been carried out. 

5. RESULTS 

Increasing the quenching temperature up to 
~1500“K leads to an increase in saturation 


magnetic moment of magnesium ferrite mono- 
tonically to 2-8 /Ib (Fig. 2). Previous data from 
Ref. [6] shown in the plot were obtained be- 
tween 700 and 1400®K and are in agreement 
with our results. Further increases in tempera- 
ture do not affect the magnetic moment value. 

The temperature dependence of the Curie 
point values is also shown and displays a mini- 
mum which is close to 1500-1600°K. 

The lattice parameters of MgFe204 are 
found to change with the quenching tempera- 
ture along with the magnetic moments (Fig. 3). 
They increase in a linear fashion up to 1500°K 
and are constant above this temperature. 
Allen’s data[13] fall satisfactorily on the same 



T .‘K 

Fig. 2. Absolute saturation an and Curie temperature 
Tr. of MgFejOj sample.s vs. quenching temperature. 
1 — the 1st series, 2— the 2nd series, 3 — [6], 

plot, with the exception of the high tempera- 
ture values, which were subjected to consider- 
able error. Compared with our present results, 
the previous ones in Ref. [6] appear to be 
systematically larger by 0-()02-0-()03 A. 

As MgFe204 is considered to be a ‘Neel’ 
type of ferrite the degree of inversion can be 
calculated from the relation: 

A = 0-l(o-o-l-z), (3) 

where z is the number of Fe^+ ions in the crys- 
tal formula MgFe^l^Fe*'^04_2;2. The depend- 
ence of A on the quenching temperature is also 
plotted in Fig. 3. Because of the smallness of z 
the shape of this curve, naturally, follows the 
Co temperature dependence. 



J 


NONSTOICHIOMETRIC FERRITES WITH OXYGEN DEFICIENCIES 


1631 




Q 

0 
u. 

CXI 

.2 

1 

Ck. 

c 

C3 

c 


'3 


=c 


a 

K 




9.^ 

2? 


V t* 

U. f 


o< 

Q * 


b- 


a? 

3 

"S 

r 

e 


oo 

c 

<•* — 
c 

V 

s 

o 


V 

*E 


c/^ 




oe^^ooooeoo^ 


C: — ^ a 

'•O ^ ^ 

— — <s r4 


SgsS S S g 

ooooo o e 6 


}^pa^i9S£S8 




ir^r^vf2R«7^^r^aosp 
OOOOOO — 


ON « 

6 6 -■ 


8^83^3:88 

*T'*T''r'^r*T'*T*7‘T'‘T*77 

ocobobceobGiboeQbabababob 


wSS 

cibobob abobobobob 


o«f^»r»r^ONNOr^r^ocoor4»— 
— — QO'OOooOnOnQ — 
^>ONDNr»*^«rtt/%t<^'d>0>C>0 


r4 r^ O 
m 

sO NO nO 


NTi sO 00 » © 
O On 00 00 

v® iTk »r. »ri 


O 


rJi m up »o 


— up — fp up N 
« — <N 


rp 


m “ O . 

— — — OCOOiOiO'^'O’f^— 'O 

jitijiiiiiiT 

OOOOOOv^Ou-kO*^© 

— <Nr^Trv%NO>or^r^ooooO' 


o c o 

rn ri 
I ( I 


o o 

— — OC 00 NO 

• I I I I 


vO 00 o <N fn 


I 


sg§8 S 


— ^ »r> no 

ll u. u. u. o. uu 


V-) wp 

r* 00 ob On 

U. U. U. U. U. 


© r4r^’^NrN'©>Ol^ 00 ON 

UU U. U. U. U, Li. U, U. UU (JU U. U. 

sss ssssss:s s :g 


— rsm-^v-iSor-oDON© — 


u 

'C 

a> 

c/> 

± 

a. 

B 

eO 




•c 


^ T3 

S’C C 

” t> O 

2 S 

•o g J! 
£i5 w 
5-S - 

t-o -a 

-l-S 
^ 2 2 

!« 2 
= S3 S 

lil 

ai2 

^u. Z 
Z * •»- 



1632 


E. 1. AKSEL’ROD et al. 


On the basis of the chemical analysis the 
temperature dependence of the content of 
ferrous oxide calculated from Fc*"^ concentra- 
tion and of the content of free MgO in the 
samples exhibited the following behavior. The 
quantity of FeO slowly increases with increase 
in quenching temperature up to 1600“K and 
sharply increases for the higher temperatures. 



600 aoo 1000 1200 1400 1600 1800 2000 

T ,*K 


Fig. 3 . The degree of inversion X and lattice parameters a 
vs. quenching temperature. 1 -the 1st series. 2— the 2nd 
series, 3 — values in two-phased range calculated according 
to equation (22), 4-[6], 5-[ 1 3], 6-[6]. 

The results of the determinations of FeO 
content by chemical analysis have been com- 
pared with those of thermogravimetric experi- 
ments. If it is assumed that ferrite dissociation 
is responsible for weight changes, then the 
agreement between the results obtained by the 
two methods can be considered satisfactory 
(Fig. 4). 



SOO aoo 1000 1200 1400 600 1000 2000 


T,*K 

Fig. 4. FeO (1,2) and free magnesium oxide (3) contents 
in the samples vs. quenching temperature. 1 , 3-obtained 
from chemical analysis data. 2-obtained from gravimetric 
measurements. 


The quantity of free magnesium oxide also 
increases at high quenching temperatures 
similar to FeO, while below 1600®K free MgO 
was observed in all the samples of the second 
series to the extent of about 0-8 wt.%. 

Table 1 presents all the results obtained for 
the two series of samples. 

6. DISCUSSION 

(a) Structural characteristics between 600 
and 1500“K 

For all the properties of MgFe 404 studied, 
there exists two ranges for the regions below 
1500 and above 1600“K, respectively. First we 
shall consider the interdependence between 
structure and properties in the low tempera- 
ture range 600-15()0°K. 

One can conclude that at these temperatures 
ferrite reduction is not significant enough to 
lead to structural changes and hence all the 
observed phenomena occur within a one- 
phase region. In this case the changes in 
lattice parameters are determined by varia- 
tions in the cation distribution and the ferrous 
ion concentration. In the experiments de- 
scribed above the contributions from these 
factors are difficult to separate as they act 
simultaneously and in the same direction. To 
assess their relative effects on the lattice para- 
meters some experiments were carried out in 
which both temperature (i.e. the degree of 
inversion) and partial oxygen pressure were 
fixed. The results are presented in Table 2, 
from which it is seen that inversion affects the 
lattice parameter of magnesium ferrite more 
strongly than the degree of reduction. This 
fact permits us to define an approximately 
linear correlation between a and X (Fig. 5). 

In ferromagnetic spinel solid solutions an 
inverse dependence between the Curie tem- 
perature and the lattice parameter is usually 
observed. One possible explanation for this is 
a decrease in strength of the superexchange 
interaction resulting from an increase in the 
cation-anion distances. In the present case the 
increase in lattice parameters with quenching 
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Table 2. Effect of temperature and oxygen pressure on the 
composition and structure o/MgFe 204 


NN 

Heat treatment °K 

Po,. atm 

wt. % 

0-0. Mr 

.) 

a. A 

X 

1 

1570-5 

0-21 

1-2 

1-54 

0-388 

0-15 

2 

1570-5 

60 

0-4 

1-62 

8-389 

0-16 

3 

1170-5 

60 

0-5 

1-19 

8-382 

0-12 


Note; Quenching of the samples was carried out in a gas stream so that the 
data cited correspond to the low temperature equilibrium state. 


temperature leads to a monotonic lowering of 
the Curie points. 

The increase in X with temperature would 
presumably be accompanied by a decrease in 
the number of A B magnetic bonds. The inter- 
deptendence between a, X and is shown in 
the plot of Fig. 6 . 



Fig. 5. Variation of lattice parameters with degree of 
inversion. The deished line is from[6]. 


7. THERMODYNAMIC TREATMENT 

In accordance with the above considera- 
tions on the nature of the defects in non- 
stoichiometric MgFcjO^, a thermodynamic 
analysis was carried out using model given in 
equation ( 2 ) which involves anion vacancy 
formation in ferrite reduction. Schematically 
this process in the range of the one-phased 
region can be expressed by the reaction 

Me,*+Fe?lx[Me!l,Fe?J JO 4 - zl20 -r 
Me,*+Fe?lJMe!lxFe!|x-.Fe,*+] 04 -,« 

[a]z/2. (4) 


The degree of reduction z is related to the 
anion vacancy concentration 

^Feo • P-uart^y , 

° 8 8 ptFeo4~iC|^eo • 

(C| and Pi are respectively weight concentra- 
tion and molecular weight of the correspond- 
ing oxides). 

0 , i 


BS8 BS9 8 40 



X 

Fig. 6. Curie points vs. degree of inversion and lattice 
parameters. 

It is easy to see that equation ( 2 ) reduces to 
equation (4) when a = 0 and y = ziv = 0). The 
assumption that the transition Fe*"^ -> Fe*"^ 
takes place on the octahedral sites does not 
affect the number of the anion vacancies which 
are produced. 

Following Refs. [15-17] the free energy 
change for reduction of a single Fe^*^ ion can 
be written in the form: 


AF = z/3,+X£-rAS, 


( 6 ) 
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where includes the reduction energy, the 
free energy of an oxygen atom, the work of 
anion vacancy formation, and the elastic de- 
formation energy, which is related to the size 
difference between an oxygen ion and a 
vacany; E is the energy change on transfer- 
ring a Me*"*" from the A to the B sublattice; and 
AS is configurational entropy change. 

From the free energy minimum conditions 
diAF)ldz = d{AF)ldh = 0 the following equa- 
tions relating the degree of nonstoichiometry 
z to the thermodynamic parameters of the 
of the system are obtained 

5!!! = expf-^V (7) 

X(1 -l- X— z) / E\_. ,4,. 

(1-Xf rt) 

Equation (7) therefore predicts a linear 
dependence between ln[z^l -(-X — z)"*] and 1/ 
T if z(—10“*) in the (8 — z) term in the 
denominator is neglected. This prediction is 
seen to be correct for MgFcjO^ (Fig. 7). There 
is a relatively weak Bz temperature depen- 
dence and the value of Bz calculated from the 
slope of the line is about 4 ±0-5 kcal/mole. A 
theoretical value of Bz cannot be calculated 
because of a lack of reliable data necessary for 
the calculation. 

Equation (8) is the N6el formula (1) modi- 
fied by the deviation from stoichiometry given 
by z. If the inversion energy E is assumed 


independent of temperature (and consequently 
of X) it may be calculated from the slope of a 
plot of In A against l/T. This has been done in 
Fig. 8 and it is seen that Noel’s equation is 


T .'K 



Fig. 8. Graphical treatment of equation (8). 1-our data. 
2 -[ 6 ], 3 - 112 ]. 


satisfied reliably enough for MgFei !04 in the 
one-phase region. The value of E is 3 ±0 3 
kcal/mole in good agreement with the previous 
published value [2]. 

It has already been mentioned that the 
thermodynamical theory of cation distribution 
in ferrites Me^ Me" Fe 204 with two degrees of 
inversion for the two divalent cations Me' and 
Me" had been developed in Ref. [3]. 

In the particular case of a single ferrite. the 
equilibrium condition according to this theory 
is 


T .-K 



Fig. 7. Graf^cal treatment of equation (7). 


X( 1 -I- X) 
(I-X)^ 


= exp 


(■ 


JL^ , ,, a In e \ 
RT ax dX /’ 


(9) 


where U is internal energy, involving the 
electrostatic energy and the magnetic ex- 
change energy. Equation (9) is obtained using 
the Debye spectrum; d being the characteris- 
tic temperature.* The difference between (9) 


‘The fact that the Debye spectrum is used for the 
description of the high temperature behaviour of ferrites 
is not quite correct in general. 
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and Noel’s formula (1) is in the possible de- 
pendence of dUldk on X, and in the presence 
of the temperature-independent preexponen- 
tial factor. 

The experimental data for single and mixed 
ferrites were treated in several papers [6, 12, 
21,22] according to this theory in the follow- 
ing way. d In 6ldk was assumed to be zero, X 
was determined from structure (magnetic or 
X-ray) measurements, and then dUldk was 
calculated from equation (9). In all the papers 
mentioned dUldk was found to decrease 
linearly with increasing X, i.e. 

U{k)=Uo + Ri8ok-dtk^), ( 10 ) 

where 6^ and are constants expressed in 
°K. 

It is clear that this result disagrees with Fig. 
8 in which the data for MgFe 204 t are plotted 
from Refs. [6] and [12]. These satisfy equation 
(1) as well, although the authors interpreted 
them on the basis of equation (9) and attained 
a linear dependence of dUldk on X. This con- 
tradiction is explained by the fact that dUjdk 
cannot be calculated from equation (9) if the 
preexponential factor is neglected. 

From these general considerations it follows 
that this temperature independent preex- 
ponential factor must also be present in the 
N^el equation. Within the framework of the 
statistical theory its appearance results from 
the effect of the thermal expansion of the 
lattice on the inversion energy. This factor is 
analogous to the entropy term exp {SIR) 
which occurs in the calculations of thermal 
vacancy concentration in metals, and has a 
value of between 1 and 10[23]. 

In general we can write 

A = Xexp(-^), (11) 


tWe note practically an absolute coincidence of the 
results when the experimental data of Fig. 8 were treated 
according to (8) and by means of A = \(0-94-l- 1-06\)/ 
(1 — X ) (1 — 0-WX) relation, used in 16]. 


where K is temperature-independent factor. 
As the theory [3] involves certain assumption, 
it is difficult to say if K corresponds to exp 
(21 (d Ind/dX)). At any rate, in view of the 
small E vfdue, there is no reason to neglect 
d In eidk. 

It is evident that the calculation of inversion 
energy according to the plot of Fig. 8 is in- 
sensitive to the existence of the preexponen- 
tial factor, while the calculation of dUldk 
according to equation (9) with the assumption 
that K = 1 can result in erroneous conclusion. 
In fact, the expression 

^ = -/?rinA = £-/?rinX (12) 

oK 

shows a linear dependence on T. Since the 
relationship between T and X is close to linear 
(Fig. 3), dUldk calculated from equation (12) 
should show a linear dependence on X as well, 
while in fact the real inversion energy remains 
constant with good accuracy. The K value 
obtained from the plot of Fig. 8 is 1 -9, which is 
within the usual range of values of entropy 
factors. 

Thus the values of d Uidk, 6© and deter- 
mined in the above papers have no real physi- 
cal meaning, but instead reflect the temjTerature 
dependence of X. 

8. PHASE RELATIONS IN MgFc,0, AT 
HIGH TEMPERATURES 

The sharp changes in the properties con- 
sidered at 150()-1600°K were found to be due 
to the decomposition of the single-phase sys- 
tem. One can expect that the phase equilib- 
rium conditions are controlled to a greater 
extent by the increase in the internal energy of 
the spinel structure due to nonstoichiometric 
vacancy formation than by the temperature 
changes. This is supported by the fact that 
magnesium ferrite decomposes easily in a 
reducing atmosphere at low temperatures, but 
remains as a single phase at rather high tem- 
peratures under increased oxygen pressure. 
The anion vacancy concentration Co 
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at.% at the knee of the Crto =f{T) curve of 
Fig. 4 is presumably critical for MgFe*04 and 
any increase leads to the decomposition of the 
ferrite, and the appearance of the divalent 
cation excess as a separate MeO phase. The 
decomposition evidently occurs for various 
values of the external parameters as soon as 
the vacancy concentration exceeds this critical 
value. * 

From this point of view the reduction of 
magnesium ferrite can be formally presented 
as dissolution of the protoxidic phase of the 
type MeFe.,0 ..i|^ with a spinel structure in 
MeFe204, accompanied by the introduction of 
anion vacancies in the initial stoichiometric 
ferrite according to the equation 


Fi is the free energy of the MeO phase, F* is 
the free energy of the same phase but in a 
spinel form, q and To are enthalpy and tem- 
perature of the fictitious phase transition in 
which MeO with a rock-salt lattice transits to 
a spinel structure. 

On the other hand the thermodynamic 
analysis of equation (13) permits one to ob- 
tain, as above, the temperature dependence of 
the degree of nonstoichiometry for magnesium 
ferrite, t 

(2 - zH8 - ^ ®xp (-^)- (16) 

If we assume z = z* in equation (16) the com- 


(I -z/2) Mex*+Fe?lJMefl,Fe?:J04 + z/2 Me,*+FeftJMefl,Fe*^ JOs®-* 


To simplify the calculation it is assumed that 
the degree of inversion for the protoxidic 
phase is the same as that for MgFe204 and is 
independent of the solid solution composition. 
The critical vacancy contents z*l2 are de- 
fined by the solubility limit, and when this is 
exceeded, the ferrite is converted into a two- 
phase system. 

Using the condition of thermodynamic 
equilibrium for the solid solution of the 
stoichiometric phase with the protoxidic 
phase described by equation (13), ntunely 


F,-F(z*) 



i=zV2 


(14) 


one can obtain by analogy with Ref. [16] the 
temperature dependence of the critical 
vacancy concentration; 


. Z*(8-Z*) _ F,-F2 _ q(r-T,) 
12 3RT 3RTTo ' 


(15) 


*It is a characteristic that a rapid increase in the ther- 
mal resistivity of magnesium ferrite is observed at a FeO 
content corresponding to an anion vacancy concentration 
close to the critical one (i.e..Cno ”* 1 •6 wt.% corresponds 
toC„ “0-58 at.%). 


bined solution of equations (15) and (16) 
yields an expression for the critical vacancy 
concentration which is temperature indepen- 
dent 


frz*(8-z*)i 

3fi,/,(2_z*)(8-z*)1 

IL 12 J 

2*3/2 1 


(17) 

Though the lack of the data for'^ and To 
does not permit calculation of z*, equation 
(17) still confirms the conclusion that the 
critical concentration of anion vacancies is a 
temperature-independent parameter which de- 
termines the tendency of a reduced ferrite to 
decompose. 

The chemical analysis data reveal that the 
MeO phase is magnesium oxide and that its 
quantity increases as the quenching tempera- 
ture is raised above 16()0°K. On this basis the 
decomposition of MgFe*04 can be expressed 


tThe disagreement between equations (16) and (17) is 
related to an insignificant difference in the degree of in- 
version for ferrites given by equations ( 1 3) and (4). 



NONSTOICHIOMETRIC FERRITES WITH OXYGEN DEFICIENCIES 


1637 


in the form of the following scheme: changes of the phase state of magnesium 


MgFe204 MgFe|+,Fe.*+ 04 -„ 4 ^,* + z/20 — 

A:Mg0 + Mg,_,Fe»t,Fc,*+04(,_„4-,/8)@*/*-i/» + z/20. (18) 


The remaining spinel phase is a solid solu- 
tion of magnetite in magnesium ferrite. ( 1 — a) 
MgFe204-l-aFe304, the magnetite concen- 
tration being 


From ( 18) it follows that 

^ ~ . Cm«o 

In connection with the above statements it 
is necessary to remember that the A and a 
values shown in Fig. 3 are characteristics of an 
own single-phased magnesium ferrite up to 
IbOO^K; at higher temperatures these values 
are applicable to solid solutions of Fe304 in 
MgFe204. In this temperature range the 
degree of inversion obtained according to 
equation (3) has no specific meaning as it was 
calculated without taking into account the 
changes of phase state. 

The nonstoichiometric solid solutions 
formed as a result of the dissociation can be 
written in the following form: 


(19) 


( 20 ) 


ferrite according to a phase relations, de- 
scribed by equation (18): 

_ MMgFeiO« ~ ^ Mm»0 ~ Z/2 Mo 

(l-CMgo)(l-x/3)- 

am here is in the units of gauss . cm^/g and 
No is Avogadro number. 

Table 3 presents a and A' values calculated 
according to equations ( 1 9) to (22). The change 
in the degree of inversion A' = /(a, T) (Fig. 
3) is consistent with the decrease in the nor- 
mality of the solution as the composition 
approaches magnetite. 

The lattice parameters of the solid solutions 
in the vicinity of MgFes04 decrease rela- 
tively quickly with an increase in the magnetite 
content; on the other hand, the lattice para- 
meter at constant composition of the solution 
increases with temperature [16]. The competi- 
tion between the two factors results in values 
which are practically constant in the two- 
phase region. 

The increase in the Curie temperatures of 
samples, which were annealed above 1600®K 
is convincing evidence of the decomposition of 
magnesium ferrite and the formation of Mgi-a 


Mgv Feft^, [Mg, 1 -x/1 -X/3)— A' Fe,»2t zn-x/3)+\'-i Fe|,-i -jT/sl Ogii-x/g-zm)/! - -x/3/ 1 - x/s • (21) 


This formula is normalized in such a way for 
the number of the tetrahedral, octahedral 
and oxygen sites to be 1,2 and 4, respec- 
tively. The real degree of inversion of a solid 
solution, described by equation (21) may be 
calculated by means of the relation 

, 22 ) 

Calculating ao we took into account the 


Fe2.,.„04 solid solutions, since the Curie 
temperature of magnetite (T^ = 860°K)[24] 
is significantly higher than that of MgFet04 
at the temperature ~ 1 600“K ( = 600°K). 

The concentration dependence of Tc = 
/(a) was obtained for the samples quenched 
at 1 670°K in the range of values 0*05 « a « 1 , 
and is characterized by two linear regions 
intersecting at a =* 0-35 (Fig. 9). The Curie 
temperatures for samples MF16-MFI9 are 
presented in the same plot as a function of a 
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Table 3. Concentration and degree of inversion of 
Mgi_aFe 2 +a 04 solid solutions obtained as a result of 
high temperature reduction o/MgFeg 04 


Samples 


X, 

mole% 

mo\c% 



MF 16 

1600 

4-5 

3 0 

2-83 

0-273 

MF16-5 

1650 

5-7 

3-8 

2-83 

0-269 

MF17 

1700 

7-9 

5-4 

2'86 

0-266 

MF17-5 

1750 

9-9 

6-8 

2-87 

0-260 

MF18 

1800 

13-7 

9-5 

2-84 

0-258 

MF18-5 

1850 

190 

13-5 

301 

0-248 

MF19 

1900 

22-9 

16-5 

3 05 

0-242 


(see Table 3). The lack of coincidence with 
the Tc ^f(a) curve is attributed to the differ- 
ence in the quenching temperatures. Indeed, 
after the samples for the MUg,_aFe 2 +a 04 
system with a = 0-05: 0- 13 (close in magnetite 
content to MF17 and MF18-5) had been heat 
treated at the corresponding temperatures 
(]7(X) and 1850°K) agreement between 
values was significantly better. 

It should be noted that the calculated 
values are slightly low because the FeO 
content in the MgO phase has been neglected, 
and because of the presence of a ‘background’ 
of free magnesium oxide in the non-dissociated 
samples.* The use of the true values would 
lead to still better agreement with the data 
plotted in Fig. 9. 

9. CONCLUSIONS 

A number of ideas about the effects of 
structural defects on the occurrence of phase 
transitions in spinels have been discussed 
in this paper. In an earlier paper [16] it was 
shown that the supersaturation of spinel solid 
solutions with cation vacancies leads to their 
dissociation. Anion vacancies are considered 
to be the most probable type of defect occuring 
during reduction of fcrrospinels. Thermo- 
dynamic analysis shows that they can be 


‘The presence of free MgO in the samples annealed 
at temperatures lower than 1600°K can be due either to a 
systematic error in the chemical analysis or to ferrite 
decomposition in the course of the homogenizing anneattitg 
treatment ( 1 850°K) followed by slow cooling. 


considered in terms of a parameter charac- 
terizing the stability of the structure in 
relation to dissociation independently of 
temperature. 



10 08 06 04 02 0 

Wg FejO, 

Fig. 9. Curie points of Mg,^„Fe2+„0, solid solutions vs. 
concentration. 1— sample , annealed from 1670°K, 2- 
MF 16. .‘'-MF 19 samples, i. 4,5-samples 1 after quench- 
ing from 1700°, 1850° and 1900°K, respectively. 

These general considerations have been 
checked on a sample of reduced magnesium 
ferrite. The degree of reduction upon heating 
in an atmosphere of air up to 1 600°K increased 
monotonically within a one-phase structural 
region up to a value of anion vacancy con- 
centration corresponding to ~0-6at.%. If 
this value is exceeded (as a result of further 
heating) the ferrite decomposes into MgO 
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and solid solutions of Fe 304 in MgFej 04 , 
the concentration of FegO^ increasing with 
temperature. 

In the one-phase region the energy of 
inversion E in the N^el equation (1) is foun^ 
to remain constant within the error of the 
measurements. The experimental data are 
evidence of the existence of a preexponential 
factor /l in (1), which has a value close to 1-9. 
The treatment of the results of measurements 
yielding a temperature dependence for the 
degree of inversion X in the approximation K = 
1, as used previously [6, 12, 21, 22] is incorrect 
and leads to an erroneous conclusion concern- 
ing the dependence of £ upon X. 

Acknowledgement —The authors are indebted to 
Professors I. M. Lifshitz and Ya. E. Geguzin for their 
interest in this work, to A. Ya. Chervonenkis for prepar- 
ing the samples described in Table 2, and to S. T. Baliuk 
and L. A. Pavlova for carrying out the chemical analyses. 

REFERENCES 

1. NkELL.Compt.Rend.230. 190(1950). 

2. SMIT J. and WIJN H, P. J., Ferrites (Russian trans- 
lation; Ferriti, IL., M. str.) 186 (1962). 

3. CALLEN H. B., HARRISON S. E. and KRIESS- 
MAN C. L.Phys. Rev. 103, 85 1 (1956). 

4. BLACKMAN L. C„ Trans. Faraday Soc. 55, 391 
(1959). 

5. PALADINO A. E., J. Am. ceram. Soc. 43, 183 
(1960). 

6. MOZZI R. L. and PALADINO A. E., J. chem. 
/'/iy5.39,435(1963). 


7. TRET'YAKOV Yu. D., Termodlnamika ferrilov, 
Chimiya, L. (1967). 

8. KATSURA T. and KIMURA S., BuU. Chem. Soc. 
Japan 3», 1664(1965). 

9. REIYNEN P., Proc. 5 Intern. Symp. on Reactivity 
of Solids, p. 56^ Elsevier, Amsterdani ( 1 965). 

10. SPEIDEL H..J. Am. Ceram. Soc. 50, 243 (1967). 

11. WHILSHEE J. C. and WHITE J., Trans. Brit. 
Ceram. Soc. 66, 541 (1967). 

12. KRIESSMAN C. J. and HARRISON S. E., Phys. 
Rev. 103,857(1956). 

13. ALLEN W. C.. J. Am. Ceram. Soc. 49. 257 (1966). 

14. GRIMES N. W., HILLEARD R. J., WATERS J. 
and lERKESS J.. J. Phys. (Proc. Phys. Soc.) a, 663 
(1968). 

15. SUKHAREVSKY B. Ya., ALAPIN B. G. and 
AKSEL'ROD E. 1., Dokl. akad. nauk. SSSR 171, 
359(1966). 

16. SUKHAREVSKY B. Ya. and ALAPIN B. G., 
AKSEL’ROD E. L. J. Phys. Chem. Solids 29, 1773 
(1968). 

17. SUKHAREVSKY B. Ya.. ALAPIN B. G. and 
VISHNEVSKY 1. L, Zh. Phys. Chim. 43, 3113 
(1969). 

18. VISHNEVSKY 1. I. and SKRIPAK V. N., Fir. 
tverd. tela. 9, 3633 (1967). Izv. AN SSSR, Neorg. 
mater. 4, 1989(1968). 

19. VISHNEVSKY 1. 1. and SUKHAREVSKY B. Ya., 
Fir. tverd. tela, 6, 2168 (1964). VISHNEVSKY 1. 1, 
and SKRIPAK V. N., Fir. tverd. tela. 7, 2925 (1965), 
Izv. AN SSSR. Seriya Neorg. mater. 2, 1820(1966). 

20. AKSEL’ROD E. 1. and VISHNEVSKY 1. 1., Fir. 
Metal, i Metalloved. 25, 753, (1968). 

21. EPSTEIN D. J. and FRACKIEWICZ B., J. appl. 
FXyj. 29, 376 (1958). 

22. BARTASHEVSKY E. L., KOLOMOITZEV F. 
1. and SIVTZEV D. C., Izv. visshikh uchebnikh 
zavedenii SSSR, Fizika 1, 171 (1966). 

23. ZENER C..J. appl. Phys. 22, 372 (195 1). 

24. HAMILTON W. C.,Phys. Rev. 110, 1050(1958). 




J. Phys. Chem. Solids Pergamon Press 1971, Vol. 32, pp. 1641-1647. Printed inGieat Britain. 


CRYSTAL AND MAGNETIC STRUCTURE OF 
SILVER DIFLUORIDE- li. 

WEAK 4rf-FERROMAGNETISM OF AgF* 

P. FISCHER 

Delegation AF, Eidgenossisches Institut fiir Reaktorforschung, 5303 Wiirenlingen. Switzerland, 

G. ROULT 

Centre d’Etudes Nucleaires de Grenoble, France 
and 

D. SCHWARZENBACH 

Institut fur Kristallographie und Petrographie der Eidgenossischen Technischen Hochschule Zurich, 

Switzerland 

(Received n March 1970) 


Abstract- Long-range antiferromagnetic 4d‘'-ordcring was detected in the weak ferromagnet AgF^ 
below 163°K by neutron powder diffraction investigations. The symmetry of the magnetic structure is 
given by the orthorhombic Shubnikov group Pb'c'a. The magnitude of the ordered magnetic moments 
is about 0-7/j,* corresponding approximately to the spin quantum number S = i and quenched orbital 
angular momentum. The spin configuration consists of ferromagnetic planes parallel to ( 1 00). The main 
components of the magnetic moments are parallel to a and form an antiferromagnetic structure where 
silver atoms occupying centers of AgF^ squares with a common fluorine have opposite spin directions. 
In addition small ferromagnetic components point along c. i.e. perpendicular to the puckered AgFt 
layers formed by AgF, squares. The resultant magnetic structure is slightly canted with spins parallel 
to the pseuduhexagonal close-packed nets formed by the fluorines perpendicular to b. Presum^ly the 
dominant antiferromagnetism is caused by the 1 30°-cation-anion-cation superexchange coupling 
within the AgF, layers, whereas the spin canting is produced by the Dzialoshinski-Moriya term due to 
spin-orbit interaction. The magnetic properties of the weak ferromagnets AgF, and CuFj reflect the 
similarities of their crystal structures. 


1. INTRODUCTION 

Silver difluoride whose crystal structure 
with space group symmetry Pbca has been 
derived in the preceding paper [1] is a suitable 
compound for the investigation by neutron 
diffraction of 4cf-magnetic ordering which at 
present is only little known [2], The atomic 
magnetic moments of the divalent silver ions 
are due to the 4d® electronic state with a 
spin quantum number 5 = i . AgF 2 is the 
simplest compound known to contain silver 
in the divalent state. Gruner and Klemm[3] 
inferred already 1 937 from measurements of 
the magnetic susceptibility of AgF* a weak 
ferromagnetism with a Curie temperature of 
163°K. Charpin, Dianoux, Marquet-Ellis 


and Nguyen-Nghi[4] in 1967 verified this 
result and showed the substance to be a ferri- 
magnet with effective magnetic moments 
Mexp= (2-0±01)/Lifl S 2V5(5 + 1 )/xb, since 
5 = i Thus although the electronic state 
of Ag(ll) is given by ®D5,2[5] the observed 
magnetic moment appears to be due pre- 
dominantly to the electron spin with the orbital 
angular momentum almost quenched by 
the electric fields in the crystal, as is usual 
for 3d-compounds. The ferromagnetic com- 
ponent at saturation amounts only to about 
O-Ol/aa/Ag^'^-ion. Characteristic for the basic 
antiferromagnetism is the negative para- 
magnetic Curie-Weiss temperature = 
(-715±66)°K. 


1641 



1642 


P. FISCHER, G. ROULT and D. SCHWARZEN B ACH 


2. NEIJTR<»(1HFFRACT10NEXPE3UMENTS 
The long-range antiferromagnetic ordering 
in AgF, was investigated by neutron powder 
diffraction below the Curie temperature of 
163®K. The measurements were done at 
Grenoble and at Wiirenlingen. The sample 
was filled under a dry helium atmosphere into 
a cylindrical stainless steel container of 2 cm 
dia. and 5 cm height and sealed with a teflon 
ring. The container was then electron welded. 
Because of the small spin quantum number 
S = i, the magnetic neutron intensities are 
predictably much weaker than the nuclear 
ones. In addition, the 4<f form factor decreases 
rapidly with increasing (sin d/X)-values, as 
has been shown by neutron diffraction on 
MoF 3[2]. Only weak magnetic scattering 
effects at low scattering angles can therefore 
be expected. For the calculations, the atom 
form factor for molybdenum /mo was used [2] 
(Table 4). 

The Debye-Scherrer neutron diffraction 
pattern of AgFj, taken at 4-2®K using a wave- 
length X= 1-146 A is shown in Fig. 1. The 
most important difference diagram between 
4-2°K and room temperature, recorded with 
longer measuring times, is shown in an insert. 
The intensities at 4-2‘’K due to the nuclear 
scattering are virtually the same as at room 
temperature, i.e. the structure remained the 


same on cooling. The positional parameters 
of fluorine, an overall temperature factor B 
and the scale factor C were refined on the low 
temperature data to Xf — 0- 1808, yp — 0- 1944, 
= 0-3714, B = 0 and C = 5-62, resulting 
in a /? value of 7 per cent. The crystal struc- 
ture at low temperature is less accurately 
determined than the one at room tempera- 
ture [1], since fewer intensities were measured 
with a lower resolution. Only the tempera- 
ture factor changed notably, the positional 
parameters are approximately the same within 
the limits of accuracy. The absorption correc- 
tions were omitted since they are virtually 
constant over the scattering angle range 20 
from about 0“ to 44° of our measurements 
({fiR)i., 4 tX— 0-487). Table 1 shows the ob- 
served and calculated nuclear neutron inten- 
sities. 

The only important difference between the 
neutron diagrams at 4-2°K and room tempera- 
ture lies in the small peak at 20 = 8-2° which 
can be indexed as 01 1 in terms of the original 
chemical unit cell. The magnetic origin of this 
reflection could be proved by measuring its 
temperature dependence which is shown in 
Fig. 2 (wavelength 1-391 A, measurements 
done at Wiirenlingen). The 01 1 -intensity 
decreases with increasing temperature and 
reaches zero at 163°K, in agreement with the 



Fig. I. Debye-Scherrer neutron diffraction pattern of silver difluoride at 4-2°K. The 
insert shows a part of the difference diagram between 4-2'’K and room temperature 
containing the antiferromagnetic Of I -reflection. Reflections from the stainless steel 
container are marked by ST. 
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Table 1. Observed and calculated 
nuclear neutron intensities for 
polycrystalline silver difluoride 
at 4-2°K 


hkl 

/o±A 

Ic 

111 

14143 221 

15553 

002 

3245 164 

4177 

020 

462 117 

651 

2001 



102 

26189 238 

25313 

02lJ 



210] 

112J 

[ 17936 206 

16923 

121 

7481 153 

6303 

211 

2160 139 

1273 

022 

5671 156 

5432 

202 

3779 135 

4875 

220] 

1221 

1 30561 235 

28200 

113 

10671 180 

10317 

131 

14991 206 

14282 

0231 



222 

19102 235 

19372 

311 



R = 0 07 (defined as in ( 1 )), R IF 

= 008 


Curie temperature determined from the mag- 
netic susceptibility measurements. For com- 
parison a c^culated curve of Brillouin type is 
also shown which is based on molecular field 
theory and assumes two rnitiferromagnetically 
coupled sublattices and the spin quantum 
number S = i[6]. As ferromagnetic reflections 
are always superimposed on the nuclear re- 
flections, the 01 1 peak is consequently due to 
antiferromagnetic long-range ordering. From 
the absence of additional magnetic reflections 
the magnetic unit cell may be assumed equal 
to the chemical one. This means that the 
wave vector k is equal to 0 in the Fourier 
representation of the spin configuration [7]. 

3. SYMMETRY CONSIDERATIONS 
Since the crystal structure of the magneti- 
cally ordered silver difluoride is the same as the 
one of the paramagnetic phase and since 
cation-anion-cation interactions may be 
assumed as the main cause of the long-range 
magnetic ordering, it is reasonable to base the 
description of the magnetic structure on the 
space group Pbca or its subgroups. Using 
Bertaut’s representation analysis of magnetic 
structures [7] it ought to be possible to derive 



Fig. 2. Temperature dependence of the integrated neutron intensities 
I of the antiferromagnetic Oil- and the nuclear 1 1 1 -reflection from 
AgF„ in comparison to a molecular field theory calculation (MF), The 
4-2°K-values were taken from the Grenoble-measurements. 
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the magnetic structure of AgF* by deter- 
mining the appropriate Shubnikov group, 
since there are only real one-dimensional 
irreducible representations in the case of the 
space group Pbca and the propagation vector 
k = 0 (point group mmm [7]). Considering the 
magnetic moments as axial vectors and start- 
from the space group Pbca with the silver ions 
at the points of an orthorhombic face-centered 
lattice there are three Shubnikov groups 
which allow weak ferromagnetism and fulfill 
the condition of the magnetic unit cell being 
equal to the chemical one; Pb'c'a, Pb'ca' and 
Pbc'a'. A complete list and description of the 
Shubnikov groups was published by Koptsik 
[8]. Conventionally the mark ' denotes the 
time or spin reversal operator R which is 
associated with the corresponding crystallo- 
graphic symmetry operation. The three groups 
are formally not distinct and correspond to the 
same abstract group, since they derive from 
each other through transformations to new 
coordinate axes by cyclic permutations of the 
old axes a, b and c. They are, however, dis- 
tinct with regard to the chemical structure. 
Table 2 summarizes the symmetry relations 
between the components and M, of 

the magnetic moments at the equivalent sites. 
For example in the case of Pb'c'a, the resul- 
tant of all the A/, -components (M^) repre.sents 
the net ferromagnetism, whereas (Mj.) and 
(My) yield antiferromagnetic configurations. 

Table 2. Symmetry relations between the 
components M^, My and M^ of the magnetic 
moments at the special positions 4a of the 
Shubnikov groups derived from the space 
group Pbca. The corresponding irreducible 
representation t according to [7], Table 5, is 
indicated within brackets 


Position No. 

Ph'c'a 

(n) 

Ph'ca' 

(Ts) 

Phc'a’ 

(Tj) 

0,0,0 

1 

+ + + 

-1- 4- -1- 

-1- -t- -t- 

*, i,0 

2 

— + + 

- -1- -1- 

+ - - 

1,0, i 

3 

- - + 

-H - 

+ + — 

0, 1, 1 

4 

+ - + 

- + - 

+ - -i- 


Ferrimagnetism can be ruled out by the fact 
that the four silver positions are equivalent. 
Using these symmetry groups, the occurence 
of magnetic domains can be discussed. Ac- 
cording to Le Corre[9] two domains may 
appear in the present case, since the order of 
the grey point group mmmV describing the 
paramagnetic phase is sixteen, whereas the 
order of the subgroups m'm'm or m'mm' or 
mm'm', which can in principle be realized in 
the magnetically ordered state, is eight. As 
may be deduced from Table 2, the spins are 
parallel to four different directions. From one 
spin configuration the second domain may be 
constructed by changing the directions of all 
spins by 180°. Since the magnetic neutron 
intensities are equal for these two configura- 
tions, the present problem may consequently 
be treated as a single domain case. 

4. CALCULATED AND OBSERVED MAGNETIC 
NEUTRON INTENSITIES 

After correction for the Lorentz, scale and 
temperature factors, the magnetic neutron 
intensity /„ = |F|^ of a single magnetic domain 
is determined by the structure factor 

F == p i 

)=\ 

with the vector qj = . ej) — Cj, where 

Khici is the unit scattering vector and Cj is the 
unit vector of the magnetic moment^Mj of the 
magnetic atom y[10], p = (0-54 . 10“’^ cm). 
SeK-f ‘Sgff being the effective spin quantum 
number or ISenPB being the magnetic mom- 
ent and /the 4d-form factor. Application to the 
Shubnikov groups of Table 2 gives 

[l-(dfi/a)*](2,cos«Ax)* 

+ [l~{dklb)^] iXy cos (f,y)^ 

-h [ 1 — (dljc)^] X cos 
— 2d^[(hklab)'S.x'S.y cos d>j.cos <i>y 
+ {hllac)1fS.i cos <f>x cos 
-I- {kllbc)tyli cos <f>y cos 
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where l/[(fi//i)*+ (6/A:)®+ (c/1)®]^'* is neutron intensity /„ is zero for the Oil -reflec- 
the interplanar spacing. <^j., and <t>g are the tion, in contrast to the measurement. The 
angles of the magnetic moment of Ag at 0, 0, 0 magnetic neutron intensities for the remaining 
to the basic translations a, b and c. S is a two cases are compared with the observed 
geometric structure factor derived from the, values in Table 4‘. Since the ratio of the ferro- 
symmetry relations shown in Table 2. magnetic to the total magnetic moment of AgFg 

is apprpximately 0-01 according to the mea- 
2= 1 + sign( 2 )(—l)''''''' + sign( 3 , (—!)'•+' surements of the magnetic susceptibility [4], 

the angles <}>i for Pb'c'a and for Pbc'a' 
+ sign( 4 ,(—l )*■*■', should be about 89-5°. In addition the ferro- 

magnetic contribution to the nuclear neutron 
where sign(j, is the sign of the appropriate intensities must be very small. The observed 
component of the magnetic moment M at the intensity ratio of the magnetic reflections 01 1 
position j. The resulting magnetic neutron and 100 leads to the Shubnikov group Pft'c'a 
intensities for the Shubnikov groups of as the only adequate description of the mag- 
Table 2 are summarized in Table 3. netic structure of AgF 2 . Since the observed 

Table 3. Magnetic neutron intensities /,„ = jFp /or the Shubnikov groups derived 
from the space group Pbca . g and u denote even and odd integral numbers respec- 
tively. 


hkl 

Pb'c’a 

Pb'ca' 

Pbc'a' 

ftgg- 

uuu. 

++++*) 

16p^(cos<f),P[I-(rf//c)2] 

\6pHcos^y)^[\-idklb)^] 

16p* (cos [ 1 — (dhia)*] 

ufta, 

guu, 

+ — +*) 

16p''‘ (cos [ 1 — idhlaf] 

0 

(cos <!>.)* [ 1 - (t/Z/r)*] 

gufi. 

ugu, 

+-+-*) 

0 

I6p''‘ (cos (bzPl 1 ~ (dhja)^] 

)6p’‘{cos<l>,Hl-(.dklb)^] 

ggu. 

uug, 

++ — *) 

l6p“(cos \ ~{dklh)^] 

l6pMcos<i...)='[ !-(<///£)*] 

0 


*Characterizes the spin configuration. 


Since the intensities depend only on the square intensity of the 00 1 -reflection is zero one ob- 
of cos<f>x, cosd>„ and con magnetic struc- tains (90±8)° for the angle </>„. <bx is then 
lures corresponding to different combinations (0-5±8)°, and the antiferromagnetic compon- 
of ± Mx, ± and ± at 0, 0, 0 cannot be ents point parallel to the a-axis within the 
distinguished. The intensities of the equivalent limits of experimental accuracy, 
planes {hkl), (hkl), (hkl) and (hkl) coinciding in By comparing the observed and calculated 
the same powder reflection are equal and are magnetic intensity of the only observed mag- 
taken into account by the appropriate powder netic reflection Oil, an effective spin value 
multiplicity H. S^tt — fiJI^ = 0-37 ± 0-05 is obtained, resulting 

The Shubnikov group Pb'ca' can be ex- in an ordered magnetic moment of 2Seif = 
eluded at once since the magnetic, calculated 0'7±0'1 in units of pg. For a quenched orbi- 
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Table 4. Observed and calculated magnetic neutron intensities 
i = for polycrystalline silver diftuoride at 4-2‘’K. The 

Ad-form factor f was taken to be the same as for Mo®"'' [2]. H is the 
multiplicity factor, Sef/the effective spin quantum number 


hkl 

H 

P 


A 



001 

2 

0-587 

0-00 

0-26 

lotcos^^y 

0 

010 

2 

0-553 

0-00 

0-31 

0 

0 

100 

2 

0-481 

0-00 

0-44 

0 

16 (cos (6,)* 

Oil 

4 

0-307 

2-22 

0-56 

l6(cos<^j.)* 

16 (cos (ji,)* . 







l/c* \ 






1' 

l/t'-l-l/cV 

1011 

4 




0 

16 (cos 

1 


0-267 

0-19 

0-34 



lioj 

4 




16 (cos ■ 

0 





/ 

Vh^ \ 






i 

ila^+MPJ 


111 

8 




16 (cos<^jF. 

16 (cos . 





( 

1 '1 ^1 

1/fl' s 





\ 

l/a^+l/6'+l/cV \ 

[la‘+\lb^+\lcV 


tal angular momentum as found through mea- 
surements of the magnetic susceptibility [4J 
(25= hO)p.B is expected. Since in our cal- 
culations the magnetic form factor of Mo®'*^[2] 
was used for Ag®"^, there is an additional un- 
certainty, and thus the agreement between the 
results of this neutron diffraction investigation 
and the measurements of the magnetic sus- 
ceptibility is reasonable. As the observations 
could be explained on the basis of Shubnikov 
groups of the same order as the space group 
Pbca, lower symmetries were not considered. 

5. DESCRIPTION OF THE MAGNETIC 
STRUCTURE 

The magnetic moments due to a Ad^ elec- 
tron configuration of Ag®+ in the weak ferro- 
magnet AgF* are long-range ordered below 
163°K. The symmetry of the spin configuration 
is given by the Shubnikov group Pb'c'a. The 
Ag®+-spins of ordered magnitude 0-7 pg are all 
oriented perpendicular to the h-axis, i.e. paral- 
lel to the pseudohexagonal close-packed nets 
formed by the fluorines within the limits of 
experimental accuracy. The magnetic struc- 
ture consists of ferromagnetic planes parallel 
to (100). The weak ferromagnetism of AgF* 
is due to small components of the spins along 


c (d>t = 89-5°), i.e. perpendicular to the puck- 
ered layers formed by the AgF 4 squares. The 
main components, however, are parallel to a 



Fig. 3. Projection of the crystal and magnetic structure of 
AgFj on the (00 1 )-plane. O and # represent Ag^'^-ions at 
z = 0 and i respectively. The F‘-ions occupy the corners 
of approximate AgF 4 squares, which are shown by dashed 
lines at z = 0 and by full lines at z = i. Double lines mark 
the highest z-values of the AgFj layers. The distances and 
angles are the ones at room temperature [IJ. The anti- 
ferromagnetic components of the Ag*^-spins are shown 
by arrows. Together with the small ferromagnetic 
components along c the resultant magnetic structure is 
slightly canted. 
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in an antiferromagnetic arrangement with 
opposite signs for silver atoms occupying the 
centers of squares with a common fluorine 
comer. Thus the resultant magnetic structure, 
shown in Fig. 3, is slightly canted. Pre-^ 
sumably the 1 29-9°-cation-anion-cation 
superexchange interaction [1] within the 
chessboard-like AgF^ layers parallel to (001) 
produces the basic antiferromagnetism (JijSiSj), 
whereas the weaker Dzialoshinski-Moriya 
term (D,j(SiXSj), Aj ((g-2)/g) Jjj) due to 
spin-orbit coupling causes the spin canting. 

CuFj, having a Jahn-Teller distorted mono- 
clinic rutile structure [ 1 1] with CuFj layers 
formed by CuF^ squares which are very simi- 
lar to the AgFj layers in AgF 2 [l], shows also 
the properties of a weak ferromagnet with 
5 = i, Tc = 69°K, g = 2-3 [12]. The magnetic 
structure of CuFj may be expected to reflect 
the structural similarity with AgFj and to show 
an analogous BO- 2° Cu-F-Cu superexchange 
interaction within the CuFj layers. 
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Abstract — The heat capacity of NiHj. (j: = 0-68: 0-59: 0-50) has been measured in the temperature 
range I0-200°K and extrapolated up to 300°K. The y-coefficients of the electronic specific heat and 
Debye temperatures have been evaluated from the results for the I0-20°K region. The values of the 
standard entropy and the thermal part of the enthalpy have been calculated. The standard entropy of 
formation of nickel hydride is evaluated and compared with the previous result obtained from the 
measured free energy and enthalpy of formation. TTie results for the y-coefficients do not confirm the 
rigid band model and seem to follow a simple minimum polarity model. 


INTRODUCTION 

The PROPERTIES of non-stoichiometric nickel 
hydride were the subject of several investiga- 
tions. 

The free energy of formation was calculated 
from the equilibrium pressure of gaseous 
hydrogen above the solid hydride phase. 
This pressure, measured at 25°C, was 
3400 ±70 atm and the standard free energy 
of formation obtained from this value was 
AC7 ° = 5640 ± 20 cal/mole //z [ 1 ]. This pres- 
sure is much lower than the minimum neces- 
sary for the formation of nickel hydride from 
gaseous hydrogen and pure nickel [2], 
In some systematic investigations nickel 
hydride formation was observed at about 
8000 atm of gaseous hydrogen [3] and in 
recent experiments, on other nickel sEunpIes, 
a pressure of about 6000 atm was found 
to be sufficient [4]. Thus we have encoun- 
tered in nickel hydride a phase which is 
formed at the highest hydrogen activities 
so far reported. The enthalpy of formation, 
determined in a microcalorimeter by a 
dynamic procedure [5], was found to be 
— 2100 ± 140 cal/mole Hi. 

Nickel hydride has a metallic character, 


as indicated by the temperature dependence 
of the electrical resistance, but, compared 
with pure nickel, it has an increased residual 
resistivity and a considerably decreased 
phonon part [6, 7]. The first effect is obviously 
due to the creation of new scattering centers 
by the hydrogen particles introduced. The 
reduction of the temperature dependent 
part supports the assumption of the d-band 
filling of nickel by the hydrogen electrons. As 
the s-d scattering mechanism is mainly res- 
ponsible for the electrical resistance of pure 
nickel, any decrease in the number of rf-band 
holes must effectively cause an increase in 
the electrical conductivity [6]. 

The d-band filling concept, formulated 
previously [8] for Pd-Ag, Pd-H and Ni-Cu 
systems, seems to be confirmed in the Ni-H 
system by the continuous decay of ferro- 
magnetism, with increasing hydrogen con- 
centration [9-1 1]. An alternative explanation 
of this behavior could be the reduction of 
the exchange integral as a consequence of 
the lattice expansion (about 6 per cent) 
caused by the hydride formation [12]. 

The subject of this paper is the measure- 
ment and discussion of the heat capacity 
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of nickel hydride as a function of temperature 
and hydrogen concentration. The results for 
the low temperature region are used to cal- 
culate the electronic heat capacity coefficients 
and the Debye temperatures. The heat 
capacity values are also used to calculate the 
entropy in the available temperature range 
and the thermal part of the enthalpy. 

EXPERIMENTAL 

The sample of nickel hydride used in the 
experiments was prepared by the electro- 
chemical saturation of thin nickel layers, 
deposited electrochemically on a specially 
treated aluminium surface. The details of this 
method have been published [13]. The nickel 
hydride was pressed into tablets before being 
placed in the calorimetric vessel. The sample 
was prepared at temperatures below 200 °K 
because of the known kinetics of desorption 
[14]. Traces of volatile (water, hydrogen etc.) 
were removed by prolonged evacuation at 
a pressure of 10"* mm Hg. and then helium 
was introduced as a heat conducting medium 
before the calorimetric vessel was closed. 
The vessel contains an outer and an inner 
manganin heater, and the temperature was 
measured by a Pb resistance thermometer. A 
quasi-adiabatic procedure was applied which 
will be described in detail elsewhere. The 
relaxation time for the thermal equilibrium 
was about 10 sec in the temperature range 
below 80°K and did not exceed 20 sec at 
higher temperatures. The temperature 
differences were determined with an error 
less than 0-3 per cent, and the potentials tmd 
times were measured with an accuracy 
better than 0-05 per cent. The initial average 
atomic ratio H/Ni of the sample investigated 
was 0 - 68 , and two controlled desorptions 
from this sample resulted in average atomic 
ratios of 0-59 and 0-50. 

The heat capacity of NiHj. was determined 
up to 200°K. At higher temperatures the 
instability of nickel hydride [14] precluded 
measurements, and all values given Iwre 
are extrapo)|ded from the lower temperature 


region. Table 1 summarizes the numerical 
results for Cp, entropy and thermal contri- 
bution of the enthalpy as functions of tem- 
perature. The experimental accuracy of the 
quantities given is better than ± 1 per cent. 
For all hydride samples the heat capacities 
are higher than for pure nickel [15], and the 
difference increases with temperature and 
with the atomic ratio H/Ni. The entropy 
values were calculated from the integral 

T 

/ CpdlnT. The zero point entropy of the 
0 

NiHj. component was assumed to be zero. 
For the standard entropies (T = 298, Ih^K) 
the following values result: 

jr, = 0,68 5,® = 9,01 ± 0,03 cal/degr. mole 
NiH, 

JC 2 = 0,59 Sa® = 8,92 ± 0,03 cal/degr. mole 
NiH, 

X 3 = 0,50 S 3 ® = 8,69 ± 0,03 cal/degr. mole 
NiH, 

For the temperature range 0-1 0®K the P- 
law was applied for the extrapolation pro- 
cedure. 

The measured values of the molar heat 
capacities for the three samples of NiH^ 
investigated are given in Table 2 for the 
temperature range IO-20'’K. Each sample 
was measured two or three times, as indicated. 
Figure 1 represents these results in the 
CJT, P variable set. It can be seen that 
the numerical values in Table 2 fit the 
equation 

Cp = yT + pr. ( 1 ) 

Thus from Fig. I the electronic heat coeffi- 
cient y as well as the Debye temperatures 
(from the /3 coefficients) could be evaluated. 
The results are given in Table 3. 

DISCUSSION 

The entropy of the reaction 

Ni-)-x/2192-» NiH^ 

was calculated from the evaluated standard 
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Table 1. Thermodynamic functions o/NiH^f-CTp in call mole deg.; H® — Ho® in calf mole : 

in calf mole deg. 


»K 

c. 

NiH«.„ 

H»-H„» 

S»’ 

c ^ 

NiH().|, 

HO-Ho" 

S® 

' C, 

NiH..„ 

H«-H„» 

5« 

10 

0,0335 

0,125 

0,017 

0,0331 

0,121 

0,017 

0,0298 

0,104 

0,015 


0.118 

0,838 

0,064 

0,120 

0,840 

0,064 

0,113 

0,775 

0,059 


0,363 

3,01 

0,147 

0,371 

3,06 

0,149 

0,338 

2,85 

0,137 


0,797 

8,73 

0,311 

0,781 

8,79 

0,314 

0,734 

8,13 

0,290 

50 

1,35 

19,4 

0,543 

1,32 

19.1 

0,539 

1,27 

18,0 

0,505 

60 

1,94 

35.8 

0,845 

1.95 

35.6 

0,841 

1.88 

33,7 

0,793 

70 

2,51 

58,1 

1,18 

2,52 

58,0 

1,18 

2,44 

55,4 

1,12 

80 

3,02 

85,9 

1,56 

3,02 

85,7 

1,55 

2,88 

82,2 

1,48 

90 

3,48 

118.3 

1,94 

3,49 

118.3 

1,93 

3,34 

113,1 

1,84 

100 

3,93 

155,4 

2,33 

3,93 

155,4 

2.33 

3,79 

149,0 

2,22 

no 

4,38 

196,9 

2,72 

4.37 

196,8 

2.72 

4.24 

188,9 

2,60 

120 

4,78 

242,8 

3,12 

4,77 

242,7 

3.12 

4,63 

233,6 

2,99 

130 

5,15 

292,4 

3,52 

5,17 

292,2 

3,51 

4,97 

281,4 

3,37 

140 

5,47 

345,7 

3,92 

5,43 

345.6 

3.91 

5,26 

332,7 

3,76 

150 

5,73 

401,7 

4,30 

5.64 

400,7 

4,29 

5,50 

386,4 

4.12 

160 

5,98 

460,3 

4,68 

5,85 

458,4 

4,67 

5.74 

442,7 

4,49 

170 

6,20 

521,2 

5,05 

6,06 

517,8 

5,02 

6,00 

501,1 

4,84 

180 

6,37 

584,1 

5,41 

6,24 

579,5 

5,38 

6,17 

561,9 

5,19 

190 

6,54 

648,6 

5,75 

6,41 

642,4 

5,71 

6,32 

624,3 

5,52 

200 

6,69 

714,8 

6,10 

6,55 

707.5 

6,05 

6.46 

688,3 

5,86 

210 

6,83 

782,3 

6,42 

6,70 

773,4 

6,37 

6,62 

753,4 

6,17 

220 

6,97 

851,4 

6,75 

6,84 

841.5 

6,69 

6,76 

820,5 

6,49 

230 

7,11 

921,7 

7,06 

6,98 

910,3 

6.99 

6,90 

888,6 

6,79 

240 

7.24 

993,5 

7,37 

7,12 

981,1 

7.30 

7,03 

958,4 

7.08 

250 

7,37 

106.7 

7.66 

7,26 

1053 

7,59 

7,16 

1029,2 

7,37 

260 

7,50 

1141 

7,96 

7,39 

1126 

7,88 

7.29 

1101,6 

7,66 

270 

7,63 

1217 

8,24 

7,52 

1200 

8,15 

7.41 

1174,9 

7,93 

280 

7,76 

1294 

8,52 

7,64 

1275 

8,44 

7,54 

1249,9 

8,21 

290 

7.88 

1372 

8,79 

7.77 

1353 

8.70 

7.66 

1325,7 

8,47 

300 

8,00 

1451 

9,06 

7,89 

1432 

8.97 

7,78 

1403,1 

8,74 

entropy 

of nickel hydride. 

with 

use of the 

obtained 

from 

the measured values 

of the 


standard entropies of nickel and hydrogen of free energy and enthalpy of formation 
7-137 cal/deg., mole[15] and 31-21 cal/deg., [1,5]: 
mole [19], respectively. The results were 

as follows: A5® = — 26,0 ± 0,5 cal/deg., mole Hi. 


X A5® in cal/deg. , mole N i Hj, 

0,68 -8,72 
0,59 -7,41 
0,50 -6,24. 

For one mole hydrogen the entropy of forma- 
tion is 

A5® = — 25-4 ± 0-3 cal/deg., mole H^. 

This value can be compared with the result 


Both independent determinations are within 
the error range indicated. 

The parabolic rigid band model would 
require a continuous decrease of the elec- 
tronic heat coefficient (y) for nickel hydride 
from the value characteristic for pure (ferro- 
magnetic) nickel to the value for copper, if a 
filling up of the ^-band vacancy by the 
hydrogen electrons occurs. Assuming 
the effective number of electrons in the s- 
band of nickel to be 0,6, identical to the 
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Fig. I, 


Table 3. The electronic specific heat coeffi- 
cients and Debye temperatures for nickel and 
nickel hydride samples 


X 

y(cal/mole. deg.*) 


Refs. 

0.00 

1.744 10-* 

380 

[15-18] 

0..‘)0 

(2.22 ±0.05) l0-» 

376±4°K 


0.59 

(2.37±O.OI5) 10'* 

372 ± 1°K 

this paper 

0.68 

(2.65 ±0,04) lO-* 

388±3°K 



number of </-band holes, one would expect 
the hydride NiHo.6 to exhibit a y-coeflficient 
close to the value known for pure copper. 
This expectation is in complete disagreement 
with the experimental data (see Table 3), 
and therefore the rigid parabolic band model 


is not applicable here for the interpretation of 
the electronic heat. 

The Ni-H system discussed here should 
have electronik; properties similar to those of 
the Ni-Cu allbys. Concerning the latter, 
in recent years a considerable amount of 
experimental information has been gathered 
which is clearly in contradiction to the 
rigid band model [20]. For example, the 
change in the electronic heat coefficient 
(y) as a function of the Ni-Cu alloy com- 
position [2 1 -24] has recently been interpreted 
as being caused by a separable band of 
Ni[25]. This model, classified as one of the 
‘minimum polarity' models [25, 26], assumes 
no charge exchange between Cu and Ni 
lattice sites. Consequently the concentration 
of i/-band holes for one atom of the alloy is 
1— X (where x denotes the atomic ratio of 
Cu), instead of being zero for x 0,6, as 
assumed by the collective rigid band model. 

The simple minimum polarity model can 
be very useful for the description of the 
experimental electronic heat capacity results 
in the Ni-H system. Assuming a negligible 
contribution of hydrogen to this quantity, 
there remains in the two-phase region a 
mixture of ferro- and paramagnetic nickel. 
The concentration of both modifications 
can be calculated from the determined in- 
tensities of the roentgenographic lines 
characteristic of nickel and nickel hydride 
[27]. If both modifications of nickel behave 
independently with regard to their electronic 
structure, the effective y-coefficient will 
be given, in terms of the minimum polarity 
model, by the following relation: 

Ynih* = “Yni ferrom. + ( 1 ~ Yni param. (2) 

where a denotes the molar ratio of the ferro- 
magneUc nickel and yNip„^, are the 

y-coefficients for the paramagnetic and 
ferromagnetic nickel respectively. The second 
coefficient (YNifepron,) coincides with the 
measured value for pure nickel. As 'yNi„„a„ 
cannot be measured directly in the low tern- 
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perature region, the ratio of density of states 
for both modihcations must be known in 
order to make use of equation (2). Here 
a previous estimation of Stoner [28] can be 
applied, where = 1,5, or 

a recent calculation of Hodges et at. [29], 
where the ratio of density of states equals 
about 2,1. The experimental and calculated 
values of the y-coefficients are summarized 
in Table 4. 


Table 4. Experimental and calculated values 
for nickel hydride [e.g. (2)] in 1 0*[cal/degr* 
mole] 


X 

a 

yexp 

ycalc (Stoner) 

ycalc (Hodges) 

0,68 

0,15 

2,65 

2,60 

3.37 

0.59 

0,32 

2.37 

2,43 

3,04 

0,50 

0.49 

2,22 

2,25 

2,72 


Stoner’s results give better agreement 
with the experimental data than do those of 
Hodges et al. In both cases the y-coefficient 
increases for higher hydrogen concentrations. 
Especially this aspect is in clear contradiction 
to the rigid band model, as mentioned earlier. 
If the minimum polarity model holds in the 
entire range of hydrogen concentrations, 
the measured values of the y-coefficient 
must vary in a continuous way between the 
value of 1-744 obtained for the ferromagnetic 
phase of nickel, and the values of 1-744X 1-5 
or 1-744 X 2-1 obtained for paramagnetic 
nickel according to the estimates of Stoner 
[28] or Hodges et al.[19], respectively. 
(See Table 4). This conclusion could be 
checked experimentally by measuring the 
y-coefficients for hydrogen concentrations 
lower and higher than those reported in this 
paper, Jn fact the Ni-H system should be 
more suitable for treatment by the minimum 
polarity model than the Cu-Ni system 
because in the former is a two-phase system 
with a large composition range, whereas the 
Ni-Cu system can be treated in the low tem- 
perature region as a continuous one-phase 
system. 


The possibility of a magnetic contribution 
into the low temperature specific heat data 
given here must also be considered, since in 
the related Ni-Cu system this contribution 
was found to be significant[23, 24, 30, 31, 32, 
20], a similar situation can be expected for the 
Ni-H system. Unfortunately the available 
temperature range was insufficient to clear 
up this question. In addition, systematic 
measurements of the concentration depen- 
dence (with respect to hydrogen) of the 
y-coefficient would be required. For these 
two reasons, and also because the low tem- 
perature data satisfy equation (1) satis- 
factorily, we make no further attempt to 
answer this question here. It can be said only 
that our results do not give positive evidence 
of any magnetic contribution since the 
experimental results do not require the 
incorporation of any new terms into equation 
(D- 

Acknowledgement— yte thank Professor Mannchen 
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Abstract— The dispersion energy between two spheres A and B is calculated by expanding the field 
fluctuations in these spheres in terms of spherical harmonics. This yields an infinite Taylor series in 
the reduced radii (= radius/distance of centers). The exact dispersion energy is compttred with its 
upper and lower limits, which correspond to a maximum screening by halTspaces (Lifshitz approach) 
and to no screening at all (Hamaker approach). The two limits are split into identical frequency and 
different geometric factors and differ by less than 1 per cent at separations characteristic of adhesion. 
In a second step we calculate the dispersion energy between spheres whose surface is covered with an 
adsorbed layer. The effect of such layers on the dispersion energy depends primarily on the cross- 
sections of the spheres at twice the separation d of the interacting partner. An exact treatment of 
adsorbed layers shows that the dispersion energy is no longer factorized into a frequency and a 
geometric term and hence depends sensitively on the frequency dependence of the dielectric constants 
involved. This affects the accuracy of computed results, in particular for separations smaller than and 
equal to the thickness of the adsorbed layer; for large separations the dielectric properties of the bulk 
material are predominant. 


1. INTRODUCTION 

In spite of a keen interest in van der Waals 
attraction between macroscopic particles in 
dyeing and washing processes, in pouring and 
sliding processes and also in problems relating 
to colloid stability and biological transport, 
only a few basic experiments have been 
reported so far. The most direct method is the 
measurement of the van der Waals attraction 
between plane parallel plates using a balance. 
Measurements on quartz and borosilicate 
plates and on mica show that attraction is due 
to ordinary van der Waals forces for separa- 
tions d smaller than 100 A, while for separa- 
tions above 200 A retardation effects become 
important. Somewhat less information is 
obtained from adhesion experiments involving 
the adhesion of a sphere to a plate or the 
adhesion between two plane plates or two 
crossed cylinders. The adhesive force is 
measured by application of a centrifugal or 
electrostatic counter force in the former, and 
by application of a direct tensile force in the 
latter case. For an interpretation of such 
experiments it is important to know exactly 
the contact area, the minimum separation 


and the electrostatic component involved in 
adhesion. For interacting partners of identical 
materials and for a mimimum separation 
d = 4 A the correct order of magnitude of the 
adhesive force is obtained. 

Theoretical investigations on the van 
der Waals attraction between macroscopic 
particles have been reported by Hamaker[l] 
who derived the dispersion energy between 
two spheres from the sum over that between 
any two molecules without regard to screen- 
ing, and by Lifshitz [2] who calculated the 
dispersion energy between two plane parallel 
half spaces using Maxwell equations modified 
by adding a term accounting for the spontane- 
ous field fluctuations in dielectric media. The 
dispersion formula proposed by Lifshitz was 
derived again by Dzyaloshinskii, Lifshitz 
and Pitaevskii[3], who used quantum field 
methods, and by Renne and Nijboer[4] who 
summed all the interactions between a single 
molecule and a half space consisting of the 
same kind of molecules. A review on numeri- 
cal computations on the van der Waals attrac- 
tion constant from the dielectric constants of 
the interacting media was given by Krupp[5]. 
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In an earlier paper I [6] we derived a general 
dispersion formula for interactions between 
macroscopic bodies, which represents the 
non-retarded dispersion energy by an integral 
over the screened held fluctuations of the 
bodies under investigation. Here, we apply 
this model to the dispersion energy between 
two spheres A and B, in which case the field 
fluctuations can be expanded in terms of 
spherical harmonics. We obtain a Taylor 
series with respect to the reduced radii 
RJz, Rtiz (Ri, Ri = radii of the spheres, z = 
distance of their centers), which converges 
similar to a hypergeometric series. Using 
suitable approximations for the inherent 
dielectric quotients we find upper and lower 
limits, which can be summed explicitly. The 
correct value of the dispersion energy is 
close to the upper limit for small separations 
and close to the lower limit for large separa- 
tions of the spheres. The upper limit for the 
dispersion energy between a half space and 
a sphere coincides with the Lifshitz formula 
{2] for the dispersion energy between a half 
space and a cylinder if the cross-section of the 
cylinder equals the cross-section of the sphere 
in twice its separation d= z—Ri — Rz from 
the half space. This suggests that adsorbed 
layers on the surface of spheres become 


particularly important if their thickness 
exceeds the separation d. This is con- 
firmed by explicit investigations on the effect 
of adsorbed layers on the dispersion energy 
between two spheres in Section 4. We com- 
pute the dependence of the dispersion energy 
on the layer thickness and on the separation 
and propose an approximate formula for small 
separations d. 

2. DISPERSION FORMULA 
According to (1.14), the dispersion energy 
between two macroscopic bodies A and B is 
given by 

AE^« =-A [ dev { 2 2 
+ i S S aJfr^ajrj^a,nraiTfr+---} (D 

where is the screened field of a dipole 
I in A at position j outside A, and TJf’' is the 
screened field of a diple j in B at position i 
outside B. In the case of two spheres A and 
B (Fig. 1 ) it is convenient to expand the direct 
fields Ttj and and the reaction fields 
ITitta^Tkj, Xr,,a,r,( in terms of spherical 
harmonics tp) = P„'‘(cos i?) exp 



Fig. t . Reaction field .5^. 
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with respect to the centers 0 and lofA oadB. 
With p, and ai being the density and the 
poiarizability of the molecules in sphere A , we 
find the hrst-order polarization held produced 
by the direct field Jy to be , 

keA 


Then, using the adihtion themvmfor Legendre 
functions we find the characteristic inte^'al 
needed for odculating the general reaction 
field ... to be 

K, ' 


m -1 ^ 

Thus, for the screened field we obtain 

00 

rfr = -ViVj 2 

r,” 


X 


m=\ 

1 


, , 47r m — l 


y.w- (3) 


Compared with expression (1.19) for the 
screening by a half space A we find a less 
intensive screening of the contributions with 
small m, that is a less intensive screening of 
the long-wave spherical harmonics. 

Accordingly, for the screened field of a 
dipole j inside a dielectric sphere B with 
center ^ at an arbitrary position r* outside B 
we obtain (Fig. 1) 


, In /?**"+* (m + n)! 

(6) 

Equation ( 6 ) is proved on the basis of some 
standard generating and orthogonality theor- 
ems for Legendre functions. Hence, the 
macroscopic reaction field of 0 on ^4 is 

5.k = V,V, S i 

M m,n— 1 

xK„'‘(d.,V»,)r„-'*(0k,<p») (7) 

where 


^mn 


l+ypiffi 


|r*-z|’'+‘z’"+’'+* 


( 8 ) 


7'}r = -VjV, ^ 

• n-1 


1 


1 +-^Pa«2 


n-1 

2 n-l-l 


X 


kj-z|" 

|r*-z|"+‘ 




(4) 


In order to calculate the macroscopic reaction 
field Siic of B on A according to (1.15) we 
transform the polar angles in (3), (4) 

into polar coordinates r, 0, <f> and |r — z|, B, <p 
with axis z. 

From Fig. 1 we have 


cos I>o = 

cos 9j cos Bk + sin sin cos {tpj — fPk) 
cos Bik = 

cos cos dj + sin sin cos {<f>i — <P}) 


(5) 


hm {m + n)\ 

(ni + |p|)!(/i-blp|)! 


(9) 


and 


, , ^ 47rp|«</i 

(2n+l) + (42r/3)p,a,(n-l) 


nc(-l- (n-l- 1 ) ’ * 


( 10 ) 


The reaction field Sj* of B on v4 is represented 
by its multipole expansion with respect to the 
center z of B. The coefficients a** of this 
expansion are proportional to the dielectric 
quotients 171 (n), which can be written as 
shown by the second equation of ( 10 ), where 
the law of Clausius-Mosotti is assumed to 
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hold between the polarizabilities ai.ot and 
the dielectric constants Ci, e, of spheres A and 
B. This dielectric quotient is characteristic 
of the 2"-po]e contribution to the polarization 
field of a dielectric sphere in an external 
electrostatic held. 

By using (6) and the equivalent integral 
relation for A repeatedly, the reaction field 
caused by p reflections between A and B 
results to be 

S • • • S-k 


M m.n-l 

( 11 ) 

where 


" /#? \*»c+l /» \J/+I 



( 12 ) 


The v-th order contribution to the dispersion 
energy AE^b according to (1) equals the trace 
of the j^-th order reaction field (11). Since 
these reaction fields have no divergence 
within A, both with respect to r, and to r*. 
we transform their traces according to 
Tr[V,Vfc<p(r,, r*) = iA<<p(r„ r,) for arbi- 
trary potentials v’(>‘<, r^^) in A and find 



1 

p 


^ 1 


17i(/«i)(y) •• •’ll ('«.-) (y) 


2m|,+l 


X 2 

II, .....B,-! 




2ny+l 


'(13) 


where 



AE^b is a symmetric Taylor series with 
respect to the reduced radii RJz, /^z/z. The 
convergence of this series is guaranteed by 
the fact that the modulus of the dielectric 
quotients 171(^1), i){(n) is generally smaller 
than one. The sum over /i in (14) extends over 
all non-vanishing products. For v = I we can 
sum (1 4) explicitly. Hence, 


ft “ /R 

m.n*l 


3. UPPER AND LOWER LIMITS 

The coefficients C(m, n) of the Taylor 
series (1 3) are generally composed of bi- 
nomial coefficients, so that they contain an 
equal number of integer factors in the numera- 
tor and in the denominator. Except for the 
dielectric quotients T)j(m),T)2(n) we may 
understand (1 3) as a generalized.hypergeo- 
metric series. This suggests a method per- 
mitting the explicit summation of (1 3) by 
approximating i7((/t) by 


2n C) — 1 
2n -1- 1 €( ■+■ 1 


Viin) 


ct-l 

€i+y 


(16) 


According to (16) both the upper and the 
lower limit is more exact for large than for 
small values of n so that the accuracy of the 
corresponding limits for AE^b increases with 
the number of terms needed for convergence 
of (13), i.e. with decreasing separation of the 
spheres. For the dispersion energy arising 
from the first reflection of the field between 


X C(in,n) 
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A and B iv= 1) we obtain the upper limit 

+ ! ] ! !_+l}' 


( 17 ) 


and the lower limit 


lAC I ^ / 1 

\^E^b\^ 2,r[ 2 [z^-iRt + RiV 

, 1 \ ,1 z^-iRt + R^V ] 

^z^-{R,-R,)^)^4 z* - (R, - R^rl 


(18) 


where 


CD 


= fdo, (19) 

i °“e,(/a.) + l€*(ia») + r 


In the case of small separations, d= z~R\ — 
Rn < z, we are left with 




hSt RiRz 
S^d(Ri + Rt) 


( 20 ) 


in both limits. The dispersion energy becomes 
inversely proportional to the separation. In 
the case of large separations, z > Ri, Ri, both 
limits become proportional to the volumes of 
the spheres and to the inverse sixth power of 
the separation. 

The lower limit (18) is essentially the result 
obtained by Hamaker[I] who disregarded the 
screening of the fluctuation fields. We find 
the Hamaker interaction constant to equal 
hwllTT, as Krupp[5] concluded from analogies 
among the attraction between two half-spaces 
and between half-space and sphere. 

While the lower limit (18) is obtained with- 
out any screening, the upper limit (17) corres- 
ponds to maximum screening by half spaces. 
Using the upper limit in (16) we are able to 
sum analytically all orders v of the dispersion 


t<«l 


energy (1 3) and find 

i) 

-I- n [z» - /?!*-/?,* -2/?, cos — 
M-1 L t' 


X()a-i)]”}. 


( 21 ) 


The proof of (21) is given in the Appendix. 
The denominators in (21) are positive due to 
d= z— R\ — Ri > 0, the smallest one being 
that arising for fi = p in the first product. 
Therefore, another upper limit for can 
be obtained by putting z = -l -/?2 in all other 

denominators in (21); this yields 


® V»1 


1 / e,-l€ 2 -i y 

v® V€, + le,-Hl/ 


^d{R,+R,y 


( 22 ) 


The effect of the reaction fields v > 1 on the 
upper limit (22) equals that obtained for the 
dispersion energy between two half spaces in 
I. The upper limit (22) differs from the Lifshitz 
formula (1.20) only in the geometrical term, 
i.e. the dispersion energy between a half- 
space and a cylinder with the surface area 

^ = (23) 

is an upper limit for the dispersion energy 
between two spheres with radii Ri,Rt. This 
result is consistent with our statement made 
in Section 2 suggesting that the screening of 
long-wave spherical harinmiics by sf^eres is 
less intensive than that by half-spaces. 

In Fig. 2 we plotted the dispersion eneigy 
according to (15), together with its 
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Fig. 2. Dispersion energy vs. separation. 


upper and lower limits (17), (18) in first order 
of reflection = 1 . We assumed Rt = and 
€j(iw) = € 2 (/t«j) = 2 for w smaller than an 
appropriate cut-olf frequency too- The unit for 
the separation d is the relative unit d/Ri- 
The unit for the dispersion energy is 

arbitrary and, in this numerical example, 
depends primarily on the extension of the 
w-region, in which €,(/a)) = e 2 (/w) = 2 is 
assumed. Figure 2 shows a close agreement 
of the dispersion energy and its upper and 
lower limits for small separations d, so that 
the modified Lifshitz formula (22) can be 
used. This region of separations is character- 
istic of adhesion measurements, that is to say 
of the adhesion of spheres with a diameter of 
a few 1 0“'* cm at separations of a few 1 0“* cm 
from a plate. In Fig. 2 the values of the exact 
dispersion energy have been computed 
by summing the first 120 terms in m and n in 
(15) exactly and approximating the remaining 
terms according to (16). 

The dependence of AEab on the parameters 
e,, €2 and /?,, /?* is exhibited in Fig. 3. Figure 
3(a) shows the relative deviations of A^b and 


aE,,-aEH 



Fig. 3. Relative position of AE^*, 

(a) depending on e,, C:’, (b) depending on Ri. R}. 


of its upper limit AE^, from the lower limit 
AE„ for several values of c,, € 2 - For e, close 
to one we find the lower limit (16) to equal the 
correct value of i 7 ((«), whereas for €< close to 
infinity the upper limit (16) yields the correct 
result. We learn from Fig. 3a that this state- 
ment is true also for the dispersion energy 
AEab and that the relation 


AE,g - -i- 
w 



€, -I- 1 Cj -I- 1 



which can be derived when considering first- 
order correction terms for (16), should be a 
sufficient approximation for all practical 
purposes. 

The dependence of the relative deviation of 
AEab and AEl from AE„ on the radii Ri, R 2 is 
shown in Fig. 3(b). An increase of E, with E* 
and d fixed increases the number of terms 
needed for convergence of the Ej series and 
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decreases the number of terms needed for 
convergence of the R 2 series in (IS). The 
resulting shift of AEab relative to A£l and 
A£h is negative for «, = c* and small separa- 
tions, the influence of the Rt series thdn 
predominates over that of the Ri series, and 
positive for e, = 62 and large separations 
d > R 2 , when only the first terms of the 
Ri series are needed. A shift of AEab relative 
to AEl and AEh in second order of A/?i is 
found if Ri and Ri are changed according to 
A/?i//?i* + A/? 2 /£ 2 * = 0. This stresses the 
validity of ( 22 ) and enables us to bring the 
curves of Fig. 3(b) to an approximate coinci- 
dence by means of the symmetrized abscissa 
variable id(l//?, + l/^j). A slight decrease 
of AEab with increasing (A/?i)* is still en- 
countered. The contributions to AEab from 
higher-order reflections i' > 1 , reach at best i 
of the first-order contributions so that for these 
terms it is sufficient to use the upper limit ( 22 ). 


4. ADSORBED LAYERS 

Equation (23' permits a simple geometrical 
interpretation: The dispersion energy between 
a half space and a sphere with radius R equals 
that between a half space and a cylinder with 
surface area lirdR, if the different effective- 
ness of screening in the two systems is 
ignored. IndR equals the area of a section of 
the sphere at twice its separation d from the 
half-space (Fig. 4), which is the position of the 
first layer of image charges in the system half 
space plus cylinder. This coincidence suggests 
that the dispersion energy between a half 
space and an inhomogeneous sphere is 
determined primarily by the composition of 
the sphere in its cross-section at distance 2d 
from the half space. The dispersion energy 
between a half space and a sphere which is 
covered with an adsorbed layer should be 
determined by the dielectric properties of the 
adsorbate for separations d smaller than the 
layer thickness, but by those of the bulk 
material for separations larger than the layer 
thickness (Fig. 4). 



Fig. 4. Half space + sphere covered with an adsorbate. 


The method of calculating the dispersion 
energy from reaction fields also allows an 
exact treatment of the dispersion energy 
between spheres whose surface is covered 
with an adsorbate. While in Section 2 we 
calculated the reaction field Sik of sphere B on 
sphere A by means of the microscopic 
approach, we now adopt for simplicity the 
macroscopic, purely electrostatic approach. 

We start with the screened field of a 
dipole i inside A at an exterior position j, 
which we represent in terms of spherical 
harmonics <pj). We expand the 

reaction potential of a sphere B of dielectric 
constant € 2 , which is covered with an adsorb- 
ate layer of dielectric constant £2 between 
radii R'^ and Ri (Fig. 5), 

— in spherical harmonics jr^— ^j) in 
the exterior |rj — z| > Ri, 

— in spherical harmonics |rj — zl“^"+“y„'‘(9j, <pj) 
in the interior |r^ — z| < ^j’^nd 

— in both kinds of spherical harmonics in the 
adsorbate region < |rj — z| < Ri. 

By requiring continuity of the potential and 
of the normal component of the electric 
displacement across the surfaces |rj — z| = 
R'i, Ri we find the reaction potential of B to 
the exterior perturbation to 

be 



^m+n+l |j.j _ j|»+l 


( 25 ) 
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with 


77, ‘"'(rt) = 


n{€i-ei) 
ne;-f (w+l)€a 



+ ni€,-^) (n+l)e.' + «e, 

\RiJ /te<+(n + l)e;we4' + (n+l)e« 

«€,+ (n+ 1)6<' rt€,'+(n+l)ej 


1=1,2. In deriving (26) we assumed for 
generality that the dielectric constant of the 
medium between spheres A and B is 63. 

If in according to (3) we substitute the 
reaction potential (25) for ys^), 

we again obtain (7) for the reaction held 


it depends on the number of terms m,n 
needed for convergence of (15) whether the 
bulk material or the adsorbed layer make the 
main contribution to the dispersion energy 
Since this number of terms is roughly 
determined by Rild, we hnd the dispersion 



Fig. 5. Spheres covered with adsorbates. 


5«, but with T}i(n) replaced by ri^^in) in 
(8). Thus, the effect of an adsorbed layer 
on the dispersion energy AE^g is accounted 
for completely by the substitution of the 
more elaborate expressions Tj,“‘'(n), for the 
dielectric quotients 'j}j(«), i = 1,2. The limits of 
tji“''(m) for Rl = Rt and RI = 0 are 
= n(e,-€3)/(ne,+ (n + l)c3) and = 

n(€j — €3)/(ne; + {n+ 1)63), respectively. The 
effect of several adsorbed layers or the effect 
of an arbitrarily r-dependent dielectric con- 
stant on the two spheres can likewise be 
included in our investigations by a further 
extension of the dielectric quotients T]{{n). 

If the thickness Ri — R[ of an adsorbed 
layer is small compared with the corre- 
sponding radius Ri, we find t}{(«) to yield an 
exponential transition from ^(ej — ea )/(«€< 
+ (n+l)e 3 ) for small values of n to n(rf^ € 3 )/ 
(«£,' -h (n~h 1) € 3 ) for large values of n. Thus, 


energy to be determined by the adsorbed 
layer if (/?,'//?()*'''* < 1 and by the bulk 
material if (Rf'/E,)'**"' 1. 

The effect of adsorbed layers on the 
dispersion energy between spheres pre- 
dominates over that of the bulk material for 
separations d smaller than the layer thickness, 
and inversely for large d. 

This result is in agreement with our pre- 
liminary suggestion indicating that the 
dispersion energy between a half-space and 
an inhomogeneous sphere is determined 
primarily by the composition of the sphere 
in its cross section at distance 2d from the 
half-space. 

Figures 6 and 7 show the effect of an 
adsorbed layer of varying thickness /?i — 
on the surface of sphere A. We plotted the 
dispersion energy A£^a(arf) of a sphere 
covered with an adsorbate relative to that of a 
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sphere having a clean sur£ace and identical 
radius vs. the separation d. The parameter of 
the different curves is the ratio between the 
inner radius /?( and the outer radius Ri. In 
Fig. 6 the dielectric constant 6|(ib)) of the 
adsorbed layer is assumed larger than that of 
the bulk material, ci(ia») = 10, €i(ia») = 2, 





Fig. 6. Effect of adsorbed layers — 10, €, = 2, — 2. 


whereas Fig. 7 depicts the inverse case. From 
both figures it is obvious that the adsorbed 
layer is solely effective if the separation d is 
smaller than the layer thickness. For separa- 
tions d larger than the thickness of the ad- 
sorbed layer the value of AE^b corresponding 
to Tj,(l)7},(l) is approached. The weight of 
adsorbed layers in these leading dielectric 
quotients is generally larger than their rela- 
tive volume in the spheres. 

In the region of small separations, i e. where 
the number of terms n needed for convergence 
of (15) is so large that in most terms (/?///?<)" 
is small compared with one, we can expand 
according to 


ms 




+ \rJ 


(2n-Hl)cf'e, /»(««-€{). 
[«£,' -I- (n-lr 1)€,]* ne,+ («+ 1)«|‘ 


(27) 


By substituting (27) the dispersion enet^y (IS) 
splits up into separate contributions of the 
adsorbed layer and of the bulk material. If 
only sphere A is covered with an adsorbate, 
the first-order term of the upper limit (22) 
reads 



RiRz 

d{Rr + Rt) 


+ •» 

0) 


R'lRz 


(d+R,-R;)(Ri+R,)J 


(28) 


where 


10 



& 

ej + es«* + e3 


(29) 


(o" 


gi-ci 

0 ci+c; (e; +€,)*€* -*- €3' 


(30) 


The first term in (28) is the dispersion energy 
between spheres with radii Ri, /?, and dielec- 
tric constants el(i<o), It yields the 

limit of AE^siod) on the left-hand side of 
Figs. 6 and 7. The second term in (28) is the 
dispersion energy between spheres with 
radii R[, E, and dielectric constants 
et(iw), if sphere A is embedded in a medium 
with dielectric constant E{(ib>) and sphere B is 
embedded in a medium with dielectric con- 
stant E 3 (ici>). The adsorbate does not only act 
as a spacer, but causes an additional screening 
of the reaction field. 


5. CONCLUSIONS 

In the numerical computations reported in 
this paper we assumed that there is essentisdly 
one region &> where e(ito) ^ 1 , i.e. we did not 
explicitly evaluate the cu-integrals in (13) and 
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AEm 



(15). A justification for this procedure is the 
fact that the dependence of the upper and the 
lower limit (17) and (18) on the dielectric 
properties of the materials involved is fully 
contained in the frequency factor S. A more 
detailed knowledge of €j(/w) affects both 
limits in an identical manner so that the exact 
dispersion energy remains caught in the 
narrow region enclosed by these limits (Fig. 
2). The relative width of this region is smaller 
than l(r* for separations djR < 10“® (Fig. 3), 
which are characteristic of adhesion measure- 
ments. 

A more critical question is that forc,'(/ti>) of 
adsorbed layers. In our investigations the 
dielectric constant is essentially a substitute 
for the local polarizability, i.e. for thin films 
€f(i<t)) does not generally equal that of bulk 
material of the same substance, but varies 
with varying distance from the surface. As 
we have no exact knowledge of the local 
dielectric constant or of the effective thickness 
of adsorbed layers, we have to put up with 
the fact that AEab mtiy be incorrect by a 
factor of the order of one (Figs. 6, 7). This 
applies even more to the dependence of 


AEab on the separation d, i.e. to the dispersion 
force. In the presence of adsorbed layers we 
no longer find factorized, approximately 
equal upper and lower limits for AEab- 
Instead, screening depends sensitively on the 
separation d. 

Though the general dispersion formula (1) 
is derived on the basis of the Drude model of 
dispersion, there is some evidence suggesting 
that those results, which are obtained after 
substitution of dielectric constants for polariz- 
abilities, are valid also for metals. A first 
argument in favor of this assumption is the 
agreement of the results obtained for half 
spaces with those previously derived by 
Lifshitz[2]. A general formalism, which 
instead of using the Drude model is based 
on the quantum mechanical electron functions 
of two bodies A and B and describes the 
dispersion energy AEab by their macroscopic 
reaction fields, will be reported in a subse- 
quent paper [7]. 
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APPENDIX 

The infinite Taylor series 


GAxi. . 


• *v)= '2, 

*. Smt-fl 

. . 





fm, + m,\ 


I 

. . . / 


can be evaluated by using the relation 


(Al) 


\m„ + n } ^ Vm, — — 


(A2) 
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where the sum over X extends over all non-vanishing 
binomial coefficients. Substituting (A2) into (Al) we 
obtain geometric series in jcj and x,, which we can sum 
explicitly to give 

G,(x, = y,-,) (AB) 



where 


where 



Vl-x/ 


(A4) 


yx = jcx otherwise. 

The recurrence formula (A3) enables us to calculate 
C„(x,, . . . , JCx) by complete induction if we use the 
initial value 


.... X|.) “ 


1 X, 

Xi 1 X, 

X, 1 Xj 




-l-x. 


X,/— I 1 


(A7) 


In performing the complete induction (A3), (A4) each of 
the two terms of (A6) results from the other. 

In order to prove (21) we need G„(x, x^) for v 

even, x, = Xj = . . . = x,_, = /J,/z, x, “ X4 = . . . = x, = 

Rih. The zeros of D/(x, x„) for this periodic case 

are found on the basis of Floquet's theorem. Hence, 


Cjixj.Xj) = — I 


1 


2 \1 — (x, -(-X,)' 


■ + 


l-(x, -Xj)’)' 


-2— — cos— {/i-i±i)]. 
z z V i 


(A5) 


The general result is 


(A8) 
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Abstract— The optical absorption spectrum of tri valent thulium in the orthoferrite is reported as a 
function of temperature, magnetic field, and photon polarization. Transitions are shown to be electric 
dipole. Singlet states of the ground multiplet are found at 0, 17-3,39,and70cm~'; their representation 
labels, characteristic of the low symmetry site of the thulium ion, are /<', A' , A", and A" respec- 
tively. The form of the single-ion Hamiltonian matrices describing the applied and molecular field 
perturbations on these crystal field states is derived and is used to account for Zeeman splittings. The 
size of molecular field interactions is estimated from the breakdown of selection rules. Single-ion 
contributions to the temperature-dependent magnetization and anisotropy are derived on the basis 
of the optical data and are shown to be compatible with experiment. 


1. INTRODUCTION 

In recent years there have been several 
studies of sharp line optical spectra in various 
rare earth orthofenitestl], including ErFeOj 
[2,3], HoFe03[4], and DyFe03[5]. These 
spectra have been interpreted as single-ion 
rare earth absorptions. The rare earth energy 
levels, and their ^-factors and molecular held 
splittings, have been deduced from the data. 

In this paper, the spectrum of another one 
of these compounds, TmFe03, is reported [6], 
However, the interpretation of this spectrum 
is ,not as straightforward as in the previously 
studied cases for the following reason. Two 
of these previous cases, ErFeOs and DyFe03, 
have trivalent rare earth ions with an odd 
number of electrons, and in the low symmetry 
Cik site of the ions, the energy level structure 
is characterized by a series of isolated 
Kramers doublets, each with its own g-factors 
and molecular held splittings. Trivalent hol- 
mium, by contrast, is an even-electron ion, 
which in a low symmetry site might be ex- 
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Durham. North Carolina, Contract DAHC04-69-C- 
0026, and by the Advanced Research Projects Agency 
through the Center for Materials Research, Stanford 
University, Contract SD-87. 

tPresent Address: fiHarendon Laboratory, Parks Road, 
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pected to have a series of isolated singlet 
states, but which actually has a nearly acci- 
dentally degenerate doublet in the ground 
state [4]. The g-factors and molecular held 
splittings of this doublet have also been re- 
ported [4, 6]. The presence of such doublets 
in the energy level structure of all these ions 
provides a simple hamework for interpreting 
their spectra and magnetic properties and 
obviates the necessity of considering higher 
order interactions, at least to a hrst ap- 
proximation. 

Thulium, however, is an even-electron ion 
with a series of isolated singlet states, as will 
be shown. It is not possible to assign g-factors 
or to measure molecular held splittings in 
the spectrum in any simple way. In spite of 
its different energy level structure, TmFeOs 
shows many of the interesting magnetic pro- 
perties that appear in the other rare earth 
orthoferrites. At high temperatures the iron 
sublattices show a canted magnetic structure 
which is known as the r4(Fz) magnetic 
conhguration and which has a small net 
moment in the z direction [7, 8]. Between 
94 and STK, the moment of TmFeOs orients 
from the z to the x-axis[9], and below Sl^lC, 
the iron moments are in the so-called ri(Fx) 
conhguration. There is no ordering of the rare 
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earth moments down to at least 1.6°K[]0]. 
A plot of the magnetization of TmFeOs, 
compiled from several sources [11,12], is 
given in Fig. 1 . 

The unusual optical spectrum and interes- 
ting magnetic properties of TmFeOs pose 
two important questions. Is it possible to 
obtain information about the magnetic inter- 
actions in TmFeOs from the thulium spec- 
trum? If so, can this information be related 
to the macroscopic magnetic properties of 
TmFeOs? In this paper, an affirmative reso- 
lution is given to both questions. The magnetic 
effects in a system of isolated singlet states 
can be accounted for by second order inter- 
actions, which have not been considered in 
the rare earth orthoferrite spectra previously. 
The form of these interactions is presented in 
terms of a Hamiltonian matrix for the rare 
earth ions. It will be shown that an analysis 
of the selection rules leads to a method for 
estimating the size of molecular held interac- 
tions. Furthermore, macroscopic magnetic 
properties of TmFeOs can be derived on the 


basis of the same single-ion theory and will 
be shown to be compatible with experimental 
results. 

This paper is organized as follows: The ex- 
perimental results on the optical spectrum of 
TmFeOs are presented in Secticm 2. In 
Section 3, the theoretical framework for the 
single-ion model is developed. The spectrum 
of TmFeOs is analyzed by means of the theory 
in Section 4. The results are related to the 
magnetic properties in Section 5. Section 6 
summarizes the conclusions. 

2. EXPERIMENTAL DETAILS 

Single crystals of TmFeOs were grown at 
the Center for Materials Research, Stanford 
University, by R. Feigelson and H. Swarts, 
by a slow cooling of a mixture of the thulium 
and iron oxides in a flux of PbO, PbFj, and 
BsOs. Semiquantitative spectroscopic anal- 
ysis by American Spectrographic Labora- 
tories indicated 01 per cent lead and platinum 
as the largest impurities. The crystals have 
orthorhombic symmetry, with axes labeled 
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Fig. 1. Spontaneous magnetization M of TmFeOj in the x- 
direction as a fiihction of temperature, from the data of Belov 
et al.lll] and also of Cape and MalozemofTl 1 2] on two different 
samples, one grown at Stanford and one at the North American 
Rockwell Science Center. The single-ion theory is fit to the 
Stanford magnetization data with the formula M =* (0-05 — 
0-038pi —0-04^2 ) Mji/furmota unit, where p, and p, are population 
factors of the lowest two states. 
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X, y, and z[l], and grew with (001) and (1 10) 
faces. They were prepared as platelets along 
these fieu;es and were polished down to 
~ 100 /i. thickness for the optical experiments. 

The absorption spectra were taken in two 
polarizations on each face: £||a: or £||y for 
the (OOl)-platelets, and £||z or Elz (that is, 
£||[110]) for the (1 10)-platelets. A Bausch 
and Lomb dual grating spectrometer was used, 
and absorptions were detected on photo- 
graphic plates. Line positions were determined 
relative to an iron arc spectrum, and the 
accuracy was limited to 0-5 cm~* primarily 
because of the line widths, the least of which 
were 3 cm~‘ at half height. 

Spectra were taken from 1-5 up to 100“K. 
Above 77°K, the lines broadened significantly, 
and it was not possible to observe any line 
position or intensity shifts in the region of 
reorientation. Thus, most of the data was 
taken in the range from 1-5 to 77°K, where 
TmFeOa is in the r 2 (F^) magnetic confi- 
guration. 

The thulium ion has only three groups of 
transitions which can be observed in the 
orthoferrite in the visible or near i.r. region 
of the spectrum — those originating in the 
and ending in the ^Fg, and ’F 4 multi- 
plets. Other transition groups are either 
masked by the iron absorption edge or lie 
farther in the i.r. Densitometer traces of the 
three visible absorption groups at various 
temperatures and in different polarizations 
are shown in Figs. 2-4. It must be noted that 
sensitivities and noise levels in these spectra 
are not necessarily comparable. Line positions 
are given in wavenumbers. The notation used 
to identify the major lines of the spectra will 
be explained in Section 4. More complete 
experimental results are available in the 
author’s thesis [13]. 

3. SINGLE-ION THEORY 
{a) Approximations of the single-ion model 

The rare earth oijhoferrites RFeOs have 
the space group symmetry [Ij. There 


are four different iron sites and four different 
rare earth sites per unit cell. The rare earths 
enter the orthoferrite lattice as trivalent kms. 
Trivalent thulium has an even number of 
electrons, and ' all the subsequent treatment 
will be limited to even-electron ions, although 
a similar treatment can also be given for the 
odd-electron case [13]. 

As is well-known, a single trivalent rare 
earth ion may be treated as a system of n 
electrons, where n is the number of electrons 
in the 4/ shell [14]. The various possible 
electronic configurations— 4/", 4/""’5d, and 
so on— are broken up by electrostatic and 
spin-orbit coupling into a series of levels 
characterized by the total angular momentum 
quantum number 7. As is also well-known, the 
effect of the crystal environment can be 
treated to a good approximation as a crystal 
field, which lifts the free ion degeneracy and 
splits each 7-multiplet into a group of crystal 
field states[14]. In the low symmetry site 
of the rare earth ions in the orthoferrites, 
group theory predicts that, barring accidental 
degeneracies, all degeneracy will be lifted, 
resulting in 27-1-1 crystal field states in the 
even-electron case. These states can be 
characterized by the representation labels 
A' and A" of the site group [15]. The electric 
and magnetic dipole selection rules for trans- 
itions between such states are shown in 
Table 1. 

The rare earth crystal field states are in 
turn influenced by magnetic perturbations, 
the largest of which are due to the magnetic 
iron lattices. At the low temperatures in which 
sharp line spectra have been observed in the 
rare earth orthoferrites, the iron lattices are 
almost completely ordered [7]. This net iron 
magnetisation gives rise to what is commonly 
known as a ‘molecular field’ at the rare earth 
site, that is, a hypothetical magnetic field 
whose components are functions of the 
averaged magnetization of the iron lattices. 
In addition, the spin waves associated with 
these iron moments can affect the Unewidths 
of rare earth absorptions, but such effects 
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Fig. 2. Densitometer traces of the absorption lines of Tm- 

FeOs. Line positions are given in wavenumbers, and prominent elec- 
tronic transitions are identified as described in Section 4. 


will be ignored in this study, which is limited to optical exciton-magnon absorption in which 
to the analysis of line positions and int egra ted there is simultaneous excitation of a rare earth 
intensities. The spin waves can also give rise exciton and an iron spin wave; such an ab- 
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Fig. 3. Densitometer traces of the — ’fs absorption lines of 

TmFeOj. 


Table 1. Selection rules for electric and magnetic dipole 
transitions in the group Cn,. The mirror plane is perpen- 
dicular to the z-direction. Eljx and £)|>' specify the polariza- 
tion of light propagating in the z-direction, £||z and Elz of 
light propagating in the (1 10)-direction 


T ransitions 

A' toA' otA"IoA'' 

A' toA"orA"toA' 

Electric dipole allowed 

EXz, EiU, £||y 

Ellz 

Magnetic dipole allowed 

EJ.Z 

EHz, E|lx, Elly 


sorption would appear as a sideband of a rare 
earth single-ion absorption [1 6]. However, it 
is possible to show that the integrated in- 
tensity of such absorptions should be several 
orders of magnitude weaker than the intensity 


of electric dipole single-ion absorptions, 
which in this case are not parity-forbit^n at 
the rare earth site[17]. 

In addition to iron— rare earth interactions, there are 
also rare earth— rare earth interactions which can affect 
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Fig. 4. Densitometer traces of the absorption lines of TmFeOj. 

There are other broad higher energy lines to the right of the lines shown here. 


the rare earth single-ion energy levels. As in the iron case, 
surrounding rare earth ions can give rise to a molecular 
field at the rare earth ion under consideration. Such effects 
have been measured by Schuchert et <i/.[4], who observed 
a temperature dependent shift of over 2 cm~' in the ex- 
change splitting of the holmium ground doublet; they 
attributed this shift to the rare earth molecular field. How- 
ever, the net rare earth magnetization in TmFeOj is 
known to be several orders of magnitude smaller than 
in HoFeOg, and therefore such effects should be neg- 
ligible in this case. 

Rare earth-rare earth interactions can also give rise 
to so-called Davydov splittings[18], because there are 
four different rare earth sites per unit cell. For instance, 
it is possible to show that every single-ion A' -* A’ trans- 
ition gives rise to two different k = 0 exciton tiaiuitions 
which should appear in different polarizations. The 


thulium spectra show no such splittings, indicating that 
in this case an excitonic description is not necessary. 
This result may not carry over to other rare earth ortho- 
ferrites. however, because the two-ion exchange integrals 
which cause Davydov splitting have the same form as 
the exchange integrals causing molecular fields; the case 
of HoFeOj shows that these integrals can be as large 
as 2 cm~*. 

(b) Hamiltonian matrices 

It is the purpose of this section to analyze 
in greater detail the magnetic perturbations 
which affect the exact crystal field states of 
the rare earth ions in the single-ion model. 
It is impossible to calculate these perturba- 
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tions directly without the crystal-fidd state 
wavefunctions, which are themselves pro- 
hibitively difficult to calculate in a site of low 
symmetry. Instead, a group theoretical i^)- 
proach will be used to an^yze the pertur- 
bations, and in this way the minimum number 
of parameters needed to describe the pertur- 
bations will be identified. 

The zeroth order Hamiltonian may be taken 
to be the single-ion crystal field Hamiltonian, 
and therefore, on a basis of exact crystal 
field states, the zeroth order Hamiltonian 
matrix will have only on-diagonal entries, each 
of which represents the energy of a crystal 
field state. 

The magnetic perturbations can be des- 
cribed in terms of the total angular momentum 
operator J, because by and large the rare 
earth energy level structure consists of well- 
separated J-multiplets, each with 2J -1- 1 
different crystal held levels. In this case, the 
perturbation due to an applied magnetic 
field H may be written 

(3.1) 

where /i — —gjit-aJ is the moment operator. 
Hb is the Bohr magneton (taken to be positive), 
and gj is the Lande g-factor. 

The perturbation of the iron lattices on 
the rare earths may be derived by means of 
the' approximation given in the previous sec- 
tion, namely, that the dominant effect of the 
iron lattices depends only on the averaged 
components of iron magnetization. In this 
case, the most general term in has the 
form 

(3.2) 

where represents an irreducible poly- 

nomial of nth order in the averaged com- 
ponents of the iron magnetization at iron site 
/, where J” represents an irreducible tensor 
operator of mth order in the total angular 
momentum operator at rare earth site j, and 
where is some coupling constant. The 

factor Si' ■ may be considered as a coeffi- 


cient of the Jj” operator, and such a term may 
be viewed as part of an expansion of the mag- 
netic energy of the tare eiuth ion in teims of 
irreducible tensor operators. 

The linear telbfs in this expansion cmres- 
pond to the usual mtdecular field approxi- 
mation. These terms can be written 

gjfiaH" <3.3) 

where is the molecular field. The directions 
for the molecular fields in the various mag- 
netic configurations of the orthoferrites may 
be found by group theory[l]. In the r 4 (F() 
configuration, the molecular fields point in 
the z-direction at all four rare earth sites. 
In FtfFj.) they point in the xy-plane: for sites 
1 and 2 they lie at some angle f^m the x-axis, 
and for sites 3 and 4 they lie symmetrically 
disposed on the other side of the x-axis. 

To what extent can group theory simplify 
the matrix elements of the two perturbations 
(3.1) and (3.3), which represent the applied 
and molecular field perturbations respective- 
ly? First of all, time reversal symmetry 
requires that all on-diagonal matrix elements 
of these perturbations must vanish, because 
the exact crystal field states are singlet states 
which are always non-magnetic. Furthermore, 
time reversal symmetry requires that off- 
diagonal matrix elements be pure imaginary, 
provided that the basis states are chosen to 
be real [19]. 

The effects of site symmetry on the pertur- 
bation matrix elements can be found with 
reference to the site group character table and 
the group theoretical matrix element theorem 
[15]. There are two possibilities depending 
on the representation labels A ' and A” of the 
two wavefunctions |c) and \d) of each off- 
diagonal matrix element [6]: If the two 
representation labels are the same (both are 
A' or both are /4"), 

(c\pi.x\d) = ic\(jLy\d) =0, (cli*t|</) # 0. (3.4) 
If the two representation labels are opposite 
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(one is A ' and the other is A"), 

(c|/i,|d) and (c|/i„|</) # 0, (el/i,*|d) = 0. (3.5) 

Finally the synunetry of the unit ceil relates 
the matrix elements of the different sites to 
each other. In the approximation that the 
rare earth ions are uncoupled from each other, 
there is a freedom in the phase of the wave- 
functions at each site. By using these phase 
freedoms and the transformation properties 
of the axial vector ft from site to site, it is 
possible to show that the Hamiltonian mat- 
rices of sites 1 and 2 are identical, as are those 
of sites 3 and 4. Furthermore, the relationship 
between the two different matrices can be 
described very compactly by introducing a 
± in front of the matrix elements of /li„, where 
the upper sign applies to sites 1 and 2, and 
the lower to 3 and 4. An explicit demonstra- 
tion of these facts is given in the author’s 
thesis[13]. 

By taking all these facts into account, it 
is now possible to write out a Hamiltonian 
matrix which accounts for the zeroth order 
crystal field interactions and also for perturba- 
tions due to applied and molecular fields. Let 
|//f') and \jA") be crystal field states trans- 
forming as A' and A" respectively, with ener- 
gies Ei and Ej. where i and j stand for all 


other quantum numbers. Let juu be the matrix 
element of a component of the moment opera- 
tor between the /th and jth states. Let Ao be 
a molecular field matrix element between the 
/th and jth states; it represents a product of 
matrix elements /Ay and molecular fields H". 
Then the Hamiltonian matrices for four 
typical states M'), \2A'), \3A"), and \4A") in 
the two magnetic configurations FjCF,) and 
F 4 (Fi) are as given in Table 2. 

So far. the higher order perturbation terms of the type 
(3.2) have been ignored in the derivation of the Hamil- 
tonian matrices. To account for these terms, It is neces- 
sary to distinguish between those which are of odd or 
of even order. Terms of even order inJ" give rise to mag- 
netostriction. which can be shown to have a negligibly 
small effect on the thulium energy levels [13]. Therefore, 
the only important terms are those of odd order in the 
irreducible tensor operators J/". These operators are 
odd under time reversal and therefore all the time reversal 
results which applied to the linear terms apply to these 
terms also. Furthermore, all these operators can be 
classified according to the representation labels A' and A" 
of the site group. Thus, they all transform either as /a, or 
as jUf or Mi/ in this group. Once again, all the results 
which applied to the linear terms because of site sym- 
metry carry over to these higher order terms. Therefore 
the parameters which describe the higher order terms 
can be absorbed directly into the same parameters 
which describe the molecular field terms. This means 
that the matrices derived heretofore actually take account 
of terms of arbitrarily high order. The only change intro- 
duced by this generalization is that the Au can no longer 
be interpreted as a product of Mu, the matrix element of 
the moment operator, and H", a simple molecular field. 
Instead A,, must be interpreted as a matrix element of a 


Table 2, Hamiltonian matrices for even-electron rare earth ions in the 
orthoferrites: in the LzlF^.) and the r 4 (Fj) magnetic configurations. The 
matrices are given for an arbitrary group of four crystal field states of which 
two transform as A' and two as A". E is the energy of a crystal field state, 
p. a matrix element of the magnetic dipole operator, H the applied magnetic 
field, and A a matrix element of the molecular field energy operator 


|1A') 

|2A’) 

13A") 

|4A") 
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generalized molecular field H"; because of the higher 
order terms, the magnitude of the various components of 
H" now depends on the particular crystal field states 
( andy between which the matrix element is evaluated. 

The fact that all the zero-field perturbation matrix 
elements can be described by a generalized moleoular 
field is characteristic of the low symmetry of the rare 
earth site group in the orthoferrites. In the group Cm, 
fii, fly, and fi, exhaust all the different kinds of trans- 
formations, that is, all the different representation labels. 
By contrast, in larger groups, like C,/,. there are more 
representation labels and hence it is necessary in these 
cases to consider matrix elements which arise solely from 
higher order interactions and which can in no sense be 
attributed to a generalized molecular field. 

The matrices in Table 2 provide the frame- 
work for interpreting the optical spectra and 
magnetic properties of TmFeOa, as shown in 
the subsequent sections. Similar matrices 
can be derived for other magnetic configura- 
tions, and for the odd-electron case as well 
[13]. 

4. INTERPRETATION OF THE OPTICAL 
SPECTRUM 

Data on the optical spectrum of TmFeOs 
has been presented in Figs. 2-4. A mjuority 
of the lines in the spectrum can be identified 
as single-ion transitions from the states of 
the ground multiple!, labeled I, II, III, and 
so on, to the states of an excited multiplet, 
labeled a, b, c, and so on, in order of in- 
creasing energy. 

(a) Selection rules 

The spectra of Fig. 2, representing transi- 
tions from the to the multiplet, give 
the simplest example of how such identifica- 
tions can be made. The spectra at 2-2°K show 
five different lines, appearing in vtuious polar- 
izations. It is apparent that these five lines 
represent transitions from the ground state 
to the five electronic levels of the ^Fj multi- 
plet, and so these transitions may be labeled 
la, Ib, and so on. 

The fact that almost every line of Fig. 2 
appears primarily in one polarization and not 
the other indicates that the selection rules of 
Table 1 are valid to a gd5d approximation and 
hence that the energy levels may be desig- 


nated by representation labels A' or A". The 
data suggests that three of the states of the 
^Fj multiplet belong to one representation and 
two to the other. Furthermore, comparison 
with data taken, in the £]|Ar and polariza- 
tions shows that the same lines which appear 
in £±z also appear in these polarizations. 
This fact proves that according to the selec- 
tion rules of Table 1, the transitions are elec- 
tric rather than magnetic dipole. 

At higher temperatures, the data shows new 
lines which can readily be identified as trans- 
itions originating on excited states of the 
ground multiplet. For example, three lines 
appear in the 30‘’K spectra which can be 
identified as 11a, 11b, and lid, because they 
lie ~ 17-5 cm'’ from the respective 1-lines. 
The fact that lie and 1 le are not observable is 
presumably due to a small transition probabil- 
ity and cannot be considered as significant in 
terms of the group theory. All the ll-lines 
appear in the same polarization as the corres- 
ponding 1 -lines, which shows that level 11 must 
have the same representation label as level 1. 
In the same 30°K spectra of Fig. 2, two other 
lines appear which are both spaced 39 cm"’ 
from a 1-line, and at ITK another two appear 
at roughly 70 cm"’ from a 1-line. The data of 
this multiplet alone is not extensive enough to 
confirm these lines as originating from levels 
III and IV, but comparison with the other 
multiplets shows similar spacings. Further- 
more, the III- and IV-lines always appear in 
the opposite polarizations from the corre- 
ponding 1- and ll-lines; this shows that levels 
III and IV must have the opposite representa- 
tion labels from I and II. 

In sum, application of the selection rule 
principles of Table 1 has lead to an identifica- 
tion of all the lines of the ^F* group in terms 
of a series of ground multiplet levels and a 
series of ®Fj levels. These identifications are 
summarized in Table 3. A similar treatment 
can be given to the and multiplets. 
(In these cases the analysis is complicated 
by the presence of satellite lines such as the 
series of lines on the low energy tail of the 
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Table 3. Energy levels of trivalent thulium in 
TmFeOs as determined by optical spectroscopy 


Group 

Energy 
(± 1 cm~' 
except 
where noted) 

Identifi- 

cation 

Representation 

label 


0 

I 

A’ 


17-5 

11 

A' 


39 

III 

A" 


70±3 

IV 

A" 


107 ±3 

V 

7 


134 + 3 

VI 

A' 


163 + 3 

Vll 

7 

‘F, 

12527 

a 

A' 


12567-5 

b 

A" 


12605'5 + 3 

c 

A' 


12646 

d 

A' 


12667 

e 

A" 


12729 

f 

A" 


12807 

g 

A' 


12862 + 2 

h 

A" 


12886-5 + 2 

i 

A' 

^F, 

14407 + 2 

a 

A' 


14409 + 2 

b 

A" 


14492 + 2 

c 

A" 


14511-5 

d 

A' 


14537 

e 

A" 


14543-5 

f 

A' 


14574 

g 

A" 


14959 

a 

A' 


15019 

b 

A” 


15111+2 

c 

A" 


15180 

d 

A' 


15259 + 2 

e 

A’ 


14409 cin~‘ lines in the El|z spectrum of Fig. 3. 
Most of these satellites can be attributed to 
defects in the way recently suggested by Faul- 
haber and Hufner[20]. Only a few, such as 
the 12593 cm"' line of Fig. 4 appear to fit 
neither the satellite nor the electronic cate- 
gory). 

It is not possible to determine the absolute 
representation labels of the energy levels 
simply from the selection rules because there 
are always two levels in a transition, and only 
their relative representation labels govern 
the selection rules. However, the absolute 
labels can be derived from the decompojytion 
of Dj, the yth order representation of the full 


rotation group, into C,*: 

^F^ = 3A’ + 2A'' 

^F3 = 3A' + AA" (4.1) 

^F^ = 5A' + AA''. 

In the actual data, the following numbers of 
different types of electric dipole transitions 
from the ground level are observed: 

A’ to A' A'toA" 
or or 

A" to A" A" to A' 

"F* 3 2 

®F3 3 4 (4.2) 

»F, 5 4. 
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Comparison of (4.1) and (4.2) for each of the 
three multiplets shows that the ground level 
must he A'. The complete list of all known 
energy levels and their absolute representa- 
tion labels is given in Table 3 . ' 

All the above results rely on an application 
of the selection rules of Table 1. However, 
in the r 2 (Fx) magnetic configuration, mole- 
cular fields can mix states of opposite re- 
presentations (see Table 2) and can therefore 
lift these selection rules. Since most of the 
thulium absorptions obey the selection rules, 
the molecular field interactions must be smaU, 
and their size can be estimated from first 
order perturbation theory. 

For example, the 15019 cm”* line Ib of the 
2 - 2 °K spectra of the multiplet, as shown in 
Fig. 2, appears to ‘leak through’ from the 
£l|z polarization into the forbidden E±z 
polarization. One possible cause of this ‘leak- 
through’ is molecular field mixing of level I 
with other levels. Level III is the nearest 
level with the opposite representation label, 
and Illb is one of the strongest high-tempera- 
ture lines; so admixture of 111 into I is likely 
to give the largest forbidden transition in- 
tensity for lb. If Ai 3 is the molecular field 
matrix element which connects these levels, 
and if D is the crystal field separation be- 
tween the levels, then by first order perturba- 
tion theory and the Fermi Golden Rule, the 
transition probability in the forbidden polar- 
ization must be proportional to (A 13 /D)*. In 
the 30°K spectrum of Fig. 2, the Illb line has 
roughly ten times the intensity of the Ib line, 
and its true intensity is reduced at 30‘’K by 
roughly i because of the population factor. 
Therefore 

(A, 3 /D)** < 1/60, A , 3 ^ 5 cm-'. (4.3) 

This estimate should only be considered as an 
upper limit on A 13 because of the possible 
other contributions to lifting of the selection 
rule, such as molecular..field mixing in the 
excited state multiplet or polarizer misalign- 
ment. It is difficult to identify these other 


]«7« 

contributions because of the strongly polar- 
ization-dependent background absorptmn, 
which prevents an accurate measurement of 
die ‘leakthrqugh’ intensities in tiie £||z 
polarization. 

Similar analyses can be carried out on other 
lines of the TmFeOs spectrum, and they all 
give upper limits on the A’s of order 5 cm~‘. 
These results may be compared to those ob- 
tained in ErFeOs, where ^ the A’s were of 
order 3 cm”* or less [3]. In the case of a 
Kramers ion like erbium, Molecular field 
matrix elements can be measured directly 
from Kramers doublet splittings. In thulium, 
the molecular field matrix elements cause 
only second order line shifts, which are 
usually too small to measure, and hence, they 
must be deduced instead from the selection 
rules and line intensities. 

(b) Zeeman effect 

The Zeeman effect provides a confirmation 
of the representation label assignments made 
in the polarization study. An examination of 
the matrices of Table 2 shows that applied 
fields in the z-direction induce splittings be- 
tween levels with the same representation 
labels, and applied fields in the xy-plane induce 
splittings between levels with opposite re- 
presentation labels. 

For example, the Zeeman splittings be- 
tween the two lowest levels, I and II, are 
shown in Figs. S and 6 . The fact that splittings 
occur for fields in the z-direction but not in the 
xy-plane implies that the two levels have the 
same representation labels; this agrees with 
the polarization results summarized in Table 
3. These splittings have been previously des- 
cribed in terms of a spin Hamiltonian for- 
malism [ 6 ]. They may be analyzed in more 
detail with reference to the matrix for r 2 (Ff) 
in Table 2. If a field is applied in the xy-plane, 
it is clear that any Zeeman effect must arise 
from interactions of levels I and II with levels 
III and IV. These interactions tend to cancel 
each other out as may be seen from second 
order perturbation theory, and this explains 
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Fig. 5. Zeeman splitting A£ of the thulium ground doublet in 
TmFeOj at ~ I0°K. fora field H in the z-direction. 
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Fig. 6. Zeeman splitting ''AE of the thulium ground doublet in 
TmFeOs at ~ 10°K, fora field H inthe [1 101-direction. 
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why the Zeeman splitting in the jcy-plane is 
so small. 

However, for fields in the z-direction, the 
levels 1 and II are not coupled to III and IV 
by any Zeeman matrix elements, and thdre* 
fore couplings to all higher lying states may 
be ignored to a good approximation. The 2x2 
submatrix of states I and II may be solved to 
give the Zeeman splitting. 

^E{H) = \/d^+ (4.4) 

where D is the zero field splitting of 17-5 cm“'. 
Magnetostatic effects must be accounted for 
in fitting equation (4.4) to the data of Fig. 5 
[13], with the result that p,,i 2 = (4-05±:0-25) 

t^B- 

Another example of the Zeeman effect is the behavior 
of the la-lb-IIa-Ilb lines of the multiplet for a field 
in the [I IO]-direction, as shown in Fig. 7. The complicated 
splitting pattern can be attributed to Zeeman interactions 
between two levels, a and b, of the excited “Fj multiplet. 
which have opposite representation labels, and which are 
nearly accidentally degenerate, with a zero field splitting 
O of ~ 2 cm”'. It is easily seen from the matrix for r,(Fj.) 
in Table 2 that for such a case, the Zeeman splitting is 
given by 

^E(.H) = VD* + (2^Mx ^ 2m.//. + 2A ) *. (4.5) 

Such a splitting is more complex than the splitting obser- 
ved for levels 1 and II because the two starting lines fan 
out into four when the field is applied in the [1 IO]-direc- 
tion. It is found that = (3-25 ±0-5 )/xh and = (l-75± 
0-5)p.fl, or vica versa. It is possible to determine which 
of these solutions is correct by measuring the Zeeman 
effect for fields along the x- or y-directions. Such experi- 
ments have been done for a similar doublet in holmium by 
Schuchert et a/.[4] and have been interpreted in terms of 
equation (4.5) by Malozemoff and White[6]. 

Another example of the Zeeman effect occurs in the 
le-If group of the ’F, multiplet, for a field in the [1 10)- 
direction, as shown in Fig. 8. Just as in the previous case, 
a splitting of the type (4.5) must be assumed, which leads 
to values of (2-5 ±0’5)/ae and (0'5 ±0-5)^* for /Xj. and (Xy. 
At the same time, the mixing induced by the magnetic 
field causes the absorptions to become allowed in their 
respective forbidden polarizations. Their intensity is 
proportional to the admixture coefficient (/XjF/,±/x,W,)/ 
D, and hence it is possible to estimate fiy (or fx,, which- 
ever is larger) from the increase of forbidden intensity 
with field. The result is (l-8±0-3)/u«, which is in reason- 
able agreement with the previous- value (2 5±0-5)fXB- 
considering the rough measures of line positions and 
intensities which were available using the photographic 
method. 


I«8I 

H(kOe) lait, FCeirT’) 



t- 


Fig. 7. Zeeman effect of the la-Ila-lb-IIb group of the 
thulium — ’Fj absorption lines in TmFeOa, for a 
field H in the [1 10]-direction. Line positions are given in 
wavenumbers. 


Not all the intensity effects in the Zeeman spectra 
can be explained so neatly. For example, there is a prob- 
lem in the spectra of Fig. 7, where the Zeeman mixing of 
the states a and b might be expected to lift the selection 
rules in the £±z polarization. Nevertheless the great 
majority of Zeeman effects in the TmFeOa spectrum are 
in agreement with the theory. 

5. MAGNETIC PROPEKTIES OF TmFeO, 

It is the purpose of this section to show 
how the measured magnetic properties of 
TmFeOs can be related to the single-ion 
theory of Section 3 and the optical results of 
Section 4. 

There are two contributions to the mag- 
netic properties of TmFeOs-that of the iron 
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Fig. 8. Zeeman effect of le-If-lg in the thulium — ab- 
sorption lines in TmFeO,, for a field H in the [1 10]-direction. 
Line positions are given in wavenumbers. 


sublattices and that of the rare earths. In LuFeOs show a net magnetization of order 
general, of course, the iron and rare earth lat- 0*05 /tis/formula unit, which is essentially 
tices must be considered as a coupled system temperature independent below ~ 100°K. 
[21], but because the rare earth magnetization This magnetization may be expected to be of 
is so small, its back reaction on the iron mag- the same size in both the r 4 (F 2 ) and the 
netization may be assumed to be small also. r 2 (Fx) configurations, as shown by the 
In this approximation, the iron contributions case of SmFeOs; SmFeOs reorients at a high 
to the magnetic properties of TthFeOg can temperature, where the samarium ions are 
be found from studies of YFeOs or LuFeOa, essentially unpolarized, but shows no discon- 
which have non-magnetic rare earth ions, and tinuity in the magnitude of the moment below 
in which the irons alone determine all the and above the reorientation [7]. YFeOs and 
magnetic properties. For example, YFeOs LuFeOs also have susceptibilities of order 
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5 X 10~'' piB/Oe/formuIa unit, and magnetic 
anisotropies favoring r 4 (F,) over r 2 (F*) by 
roughly 0- 1 cm"* per formu^ unit[l , 22]. 

The magnetization of the rare earth lattices 
may be deduced from the data of Fig. 1 by 
subtracting out the iron contribution. At high 
temperatures, the rare earth magnetization 
adds to the iron magnetization [8], but 
at low temperatures it evidently subtracts, 
decreasing from essentially zero at 70°K to 

0-04 nalfoTtmila. unit at 10°K, according to 

the data of Cape and Malozemoff. The iron 
susceptibility is negligible compared to the 
measured low temperature susceptibility of 
(2-2 ± 0-2) X 10"® jUa/Oe/formula unit[12], 
which is therefore due almost entirely to 
the rare earths. Furthermore, the reorientation 
transition at 86°K can be accounted for by 
a rare earth magnetic anisotropy which favors 
Fa (Fa.) over r 4 (Fa) and is temperature de- 
pendent, increasing to 0-1 cm"‘/formula unit 
and overwhelming the constant iron aniso- 
tropy as the temperature is lowered below 
86“K. 

These effects may be interpreted in terms 
of the single-ion theory in the following way. 
With every thulium energy level i may be 
associated a moment m^ and a susceptibility 
Xj. Then, for example, the net moment and 
susceptibility of a single-ion in the x-direction 
are: 

= ( 5 - 1 ) 

f 

Xxx ~ X XxxiPi (5.2) 

where pt is the Boltzmann population factor, 
which may be calculated from the known 
energy levels of thulium in Table 3. Above 
20°K there are too many terms in the expres- 
sion (5.1) to get a meaningful fit to the data. 
But below 20'’K the two lowest states are over 
95 per cent occupied, and therefore only the 
first two terms give significant contributions. 
Fig. 1 shows a fit of equation (5. 1) to the data 
of Cape and Malozemoff, with the result 
that mxi = (-0-038 ±0-01) and m„ = (-0-04 
±0-01) /ae/formula unit. Likewise, the mea- 


sured low temperature susceptibility gives 
Xxxi = (2-2±0-2) X 10~®/aB/Oe/fonnulaunit. 

The magnetization data of Belov et a/.[ll] 
does not ^ee with the data of and 
Malozemoff and' shows an almost linear in- 
crease in the magnetization at low tempera- 
tures down to 4-2“K. However, the sin^e-ion 
Oieory implies that because of the 17-5 cm"‘ 
splitting between the ground and excited 
states, only the ground state is populated 
below ~ 10°K, and so the magnetization must 
be essentially independent of temperature in 
this region. Cape and Malozemoff have mea- 
sured such a magnetization in several samples, 
grown independently in two different labora- 
tories, and they have concluded that their 
data, rather than that of Belov et al., is the 
best indication of the bulk magnetization of 
good quality TmFe 03 [ 12 ]. 

The values of m^, and obtained 
above, may be compared to the predictions 
of the single-ion theory. For example, the 
magnetization of a level is the gradient of the 
energy of that level with respect to the ap- 
plied field, and it may be calculated by second 
order perturbation theory directly from the 
matrices of Table 2. Thus, 

/Wj,! = 2 ^j.i3Ais/39 • • • (5.3) 

fnxz — "b 2 aIx*4^»4/52-5 4- . . .(5.4) 

Each nixi arises from the molecular field 
interactions of the /th level with all the other 
crystal field levels, and therefore the sum for 
each nixi contains many terms. This sum does 
not converge rapidly because the energy 
denominators do not increase rapidly, as 
can be seen from Table 3. Furthermore, the 
various terms of (5.3) and (5.4) can be either 
positive or negative (corresponding to ferro- 
or antiferromagnetic coupling with the iron 
magnetization), as may be seen by considering 
the numerators: 

+ Pxut^vuH " . (5 .5) 
The sign of such an expression can depend on 
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I ml J for one of two reasons. Either the sign 
of the components of //" can vary from term 
to term because of Ae higher order exchange 
couplings described in Section 3, or the rela- 
tive signs of /Xfu and can vary from term 
to term. As a result it is extremely difficult 
to predict the size or the sign of the It has 

not been possible to measure explicitly any 
of the A’s or /a’s which appear in (5.3) or (5.4), 
but the A’s are known to be less than 5 cm~‘ 
and other /^-parameters which have been de- 
duced in Section 4 are of order 0 to 4/1^/ 
formula unit. Therefore the m^t are likely to 
be of the order of 0- 1 /ta but could range from 
1 fig down to very small values, depending 
on the particular A’s and /I's and on the degree 
of cancellation. 

Although this analysis does not provide a 
very quantitative prediction of and nij^ 
for comparison with the experimental results, 
it does show that, in the single-ion model, the 
thulium magnetization is governed not by any 
one doublet but by the interactions of a 
number of widely spaced levels. This condi- 
tion may explain why rare earth magnetiza- 
tions of the various orthoferrites with even- 
electron ions are in some cases parallel, in 
others antiparallel, to the iron moments, and 
why these magnetizations can vary so much 
in size. 

The susceptibility of the ground level can 
be derived in a similar way; 

Xxxi = 2filJ39 + IfilJlO +... (5.6) 

In this case, all the terms are positive; so there 
is no cancellation, and Xxxi can be predicted 
to be of order 10~® /ifl/Oe/formula unit, in 
agreement with experiment. 

A temperature dependent anisotropy can 
also be derived from the single-ion model: 
Each energy level / shifts by some amount 
Ki on passing from the to the 

configuration, and this shift, multiplied by the 
population factor, gives a contribution to the 
rare earth anisotropy K favoring one confi- 
guration over the other: 


K='2Kj>t. (5.7) 

I 

(It is assumed that the energy shifts are small 
enough that Pt is not appreciably changed 
between the two configurations). Kt may be 
calculated directly from second order per- 
turbation theory. For example, 

A, = Ay39 + Ay70- Ayi7-5-h . . . (5.8) 

Once again there are many terms and it has 
not been possible to identify enough para- 
meters to achieve a quantitative test of the 
theory. Nevertheless, if the A’s are of order 
of a few wavenumbers, the parameters K( can 
be as large as 0-5 cm~’. Such terms, reduced 
by their population factors, are large enough 
to overwhelm the iron anisotropy and to 
account for the reorientation transition at 
86°K. Direct measurements of the tempera- 
ture dependent anisotropy, of the kind taken 
by Belov et al. on SmFe 03 [ 22 ], would be 
helpful in pinning down the parameters of 
this part of the theory more quantitatively. 

6. CONCLUSION 

This study has made three main contribu- 
tions. It has developed a single-ion theory for 
the even-electron rare earth ions in the ortho- 
ferrites. It has reported the optical zero-field 
and Zeeman spectra of TmFeOa and has 
shown that most aspects of the spectra can 
be understood from the theory, finally, it 
has suggested an interpretation of the mag- 
netic properties of TmFeOs, based on the 
single-ion theory; unfortunately, because of 
the large number of undetermined parameters, 
this part of the theory cannot be verified 
conclusively. 

These contributions are important in the 
context of other work on the orthoferrites 
because they are all based on the existence 
of molecular field couplings between well- 
separated crystal field states. The importance 
of such couplings was recognized in a pre- 
vious study of ErFe 03 [ 3 ]. This study of 
TmFeOs is the first case of the orthoferrite 
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series in which such couplings have been 
analyzed explicitly. The theoretical frame- 
work of this analysis is directly applicable to 
other even-electron rare earth ions in the 
orthoferrites. 
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TECHNICAL NOTES 


Magnetic susceptibility and lattice distortion id 
an antiferromagnet, AuMn 


. 35gUx) 

xii~ T{s+i)+zseBy(x) 


( 5 ) 


(Received 6 November 1 970; in revised form 
22 December 1970) 

Above the N eel temperature and near the 50at. 
% composition AuMn has a CsCl cubic struc- 
ture. On cooling this distorts to a tetragonal 
structure with da < 1 [1]. This distortion can 
be well explained if it is assumed that the 
magnetic exchange energy varies linearly with 
(1— c/a). A simple molecular field analysis, 
modified by the distortion dependent ex- 
change, has been shown to predict the 
experimentally observed sub-lattice magnetis- 
ation, lattice distortion and specific heat 
within a few per cent [3]. 

It is now shown that the same model pre- 
dicts a variation of magnetic susceptibility 
with temperature which agrees closely with 
experiment. 

The molecular field theory of antiferro- 
magnetism gives the reduced sub-lattice 
magnetisation, R, in terms of the Brillouin 
function for spin S as [2]; 

R = B^x) 

iSRTs 
^ (5-t-i)r 

where T^r is the N6el temperature. 

If the nearest neighbour interaction is 
antiferromagnetic, (a), and the next nearest 
ferromagnetic, (y), then; 


( 1 ) 

( 2 ) 


Xx = 


C 

Tt, + 9 


( 6 ) 


where C = (4/ij*5(5-l- 1)/3A:) per m^netic 
atom. Finbow et a/. [3] and Rodbell and Bean 
[4] have shown that if the lattice is distorted, 
because of a distortion dependent exchange 
energy then equation (1) is unchanged but 
equation (2) becomes; 


ISRTs 
^ (S+l)r 


(i+a:/?*) 


iSRT„ 
(S -1-1)7 


(7) 


where K had to be between 0-25 and 0-33 to 
correctly predict the sub-lattice magnetisation, 
distortion and specific heat of AuMn [3]. 

The magnetic spins in ordered AuMn are 
arranged in ferromagnetic sheets of alterna- 
ting sign parallel to the (001) plane of the 
tetragonal cell [5,6]. It is assumed that the 
magnetic spins in the alloy are essentially 
localised [7] and that exchange coupling 
probably takes place via conduction elec- 
trons. The dominant antiferromagnetic inter- 
action, (a) is supposed to take place along 
(111) directions via the gold atom. The lattice 
distortion is then associated with minimisation 
of the Mn-Mn exchange energies which are 
assumed to be positive, (antiparailel spins), 
along the [001] direction and negative 
(parallel spins) along [100] and [010] direc- 
tions. Thus equation (3) becomes; 


kT^^a-y 


(3) kT'^=a-y{l-2pR^) + 2y{l+pR^) (8) 


kd = a + y. (4) where a, jS and y are constants. The first term 

represents the main (111) antiferromagnetic 
The parameter $ is involved in formulas interaction, the second the [001] axis anti- 
for parallel and perpendicular susceptibilities; parallel interaction, minimised with respect 
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to the distortion, and the third the [100] and 
[010] axes parallel interaction minimised with 
respect to distortion for a given value of R. 
The distortion term 2/8/?* along the c axis 
is twice that along the a axes since (no — c) is 
twice (a — Oo) where Uo is the cubic lattice 
parameter in the absence of exchange. 

Thus equation (4) becomes: 

ke = a-y{\- 2]3/?*) - 2>'( 1 + y3/?*) 

— a — hy independent of R (9) 

and equation (8) 

A7’Ar = a + -y(l+4/3/?*) 

= (a + -y)(H-A:/?2) 

= kTs{ \ + KR^) as in equation (7) 

where /tTjy = a + y and K = 4^yl(a + y). Thus 
equations (5) and (6) can be used to express 
the susceptibility if kTs is replaced by kT'^: 

2k x(l+dlTs)B's(x) 

Xn Bs{x){\-\-KBs\x)} + {.xelTs)B'six) 

X.L {\ + 9lT,) 

{\ + 9lTs)+KBs\xr 

These reduce to (5) and (6) in the absence of 
lattice distortion when A = 0. Above the 
Neel temperature, where R = 0, x = C(T+ 
ff)~’ as in the undistorted case. In contrast 
with the undistorted molecular field model Xi 
is not a constant below the Neel temperature 
but falls slightly. In Fig. 1 xii/x,v and Xi/x.v are 
plotted for elTjv = 0-5 with /C = 0 and 
K = 0-25. 

Measurements of the susceptibility of poly- 
crystalline AuMn have been made by 
Giansoldati[8], Meyer[9], and Smith.[10]. 
Alloys containing 50at.% Au or more are 
found to have values of 6lTy ~ 0-67 and the 
experimental results for the reduced suscept- 
ibility x/X-v are compared (Fig. 2) with 
theoretical curves for 9lTy = 0-674’-and 


K = 0, 0-30 and 0-35. The experimental 
results lie remarkably close to these theoret- 
ical curves and the choice of K is close to 
the value of i required to explain the specific 
heat results [3]. 



Fig. 1 . The reduced susceptibilities x«Ixk xJxn below 

the N6eJ temperature for BJT^' = 0 5, with K = 0 (dotted 
lines). andAT = 0 25 (solid lines). 

The absolute values of x.v have been 
observed as 1-87X I0"*emu/g (// = 1600 oe) 
[8], 1-94X10-5 emu/g (// = 65000e) [8], 
1-73X 10~® emu/g [9], 1-67 emu/g [10]. These 
values compare with a molecular field value 
for 5 = 2 and OlTy = 0-674, of r-42 X lO'* 
emu/g. A lower value of OlTy would give 
agreement with experiment at Ty without 
significantly altering the shape of the curves 
below Ty. The value of 6lTy = 0-674 was, 
however, chosen to fit a linear extrapolation 
of observed values of 1/x against temperature 
from T = IT y and experimental values were 
normalised to fit the theory at Ty. 

Thus although absolute agreement with 
experiment is not found the model does give 
a good account of the change in susceptibility 
through and below the Neel temperature. 
The success of a molecular field model in 
this situation implies that the susceptibility 
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Fig. 2. The polycrystalline reduced susceptibility for dlT^ = 0-674, = 0, AT = 0-30, 

K = 0-35. Solid lines are theoretical. Experimental points are for 50 at. % Au" (circles), 
51 at.% Au* (triangles), 5M at. % Au'" (crosses). 


change below the Neel temperature is domin- 
ated by sub-lattice magnetisation dependent 
terms. 
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Semiconducting properties and doping of 
Sc2S3 and Sc2Se3 

(Received li December 1970) 

Semiconductors with energy gaps in the 
range 2-3 eV are of interest for applications 
in electronic devices, in particular in visible 
electroluminescent diodes. In this work the 
optical and electrical properties of Sc2S:)[l] 
and Sc2Se;,[2] were investigated, since their 
colors indicate they have bandgap values in 
this range. Standard techniques were used to 
prepare ScgSg, namely by reaction of CSj 
with SC2O3 at about nOO°C, and Sc2Se3, 
namely by reaction of selenium with scandium 
metal. Single crystals of both compounds 
were grown by chemical transport reaction 
with /2 in quartz ampules at an average tem- 
perature of about 950 ''C, as previously 
described [ 1 , 2 ]. Doped crystals were grown 
by adding impurities to the transport ampule. 
Particularly large crystals of Sc2Se3 with well- 
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developed <110) facets are shown in Fig. 1. 
Polycrystalline layers of Sc^Sj about 5 ft. 
thick were also grown on <1102) a-Al^Oj, 
using a vapor deposition apparatus similar to 
that of Tie<jen and Amick[3], but with a 
single furnace temperature of 900°C. In this 
apparatus, scandium metal was transported 
by HCI in Hj carrier gas as a volatile scand- 
ium chloride, which reacted with HjS diluted 
in Hjj to give ScjSs- 

Optical absorption measurements were 
made using a Cary Model No. 14 Spectro- 
photometer on platelet specimens 15-200 /a 
thick prepared from chemically transported 
crystals. The optical absorption coefficient 
ct was calculated as a = ( 1 //) In (IJIr), where 
t is the thickness in cm, and /o and It are the 
initial and transmitted intensities, respectively. 
The dependence of a upon wavelength X 
is shown in Fig. 2 both for ScjSa and for 



Fig. 2. The dependence of absorption coefficient (a) upon 
wavelength ( \) for SCjSa and ScjSea. 


Sc2Se3. The linear relation between a* and 
hv in Fig. 3, where hv is the photon energy, 
indicates that SCjSg and SCjScg have direct 
energy gaps[4] of 2-78 and 2-31 eV, respec- 
tively. Since the energy gaps of these com- 
pounds and their solid solution alloys-'wouid 


be exp>ected to cover the spectral region from 
green through blue, investigation of doping of 
SC2S3 was undertaken. 



Fig. 3. The dependence of a* upon photon energy (hv) 
for ScjSca and ScjS,. indicating direct energy gaps with 
values of 2-31 and 2'78 eV, respectively. 


Earlier work had established the feasibility 
of doping bulk samples of SC2S3 «-type[l], 
and of controlling the conductivity by anneal- 
ing in sulfur vapor. A-type layers of SC2S3 
on a-Al203 were also readily grown by vapor 
deposition in this work. The few samples 
grown were heavily doped, typically with 
n— 1 -6 X 10*' cm“® and ^ = 38 cm*/volt-sec 
as determined by Hall measurements, using 
an a.c. null method which eliminates thermo- 
electric effects. However, no detailed investi- 
gation of rt-type doping was made. Rather, 
effort was concentrated on doping SC2S3 with 
the impurities Mg and Zn, or P, As, and Sb, 
which would be expected to induce p-type 
conductivity by substitution for Sc or S, 
respectively. However, none of the doped 
samples exhibited p-type conductivity, 
although emission spectrographic analysis 
indicated incorporation of the desired im- 
purities in concentrations between 100 and 
1 000 ppm. Contrary to expectation, these 
impurities gave highly conducting n-type 





Fig. 1 . Chemically transported crystals of ScjSe.i, showing < 1 1 0) facets intersecting at an angle of 70°. 
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material. Thus, p-type doping of 80283 does 
not appear readily possible. 

The difficulty of achieving both p- and n- 
type doping in high band-gap semiconductors, 
particularly in the 1 1- VI compounds, is we^ 
known. MandellS] has attributed this difficulty 
to the effect of vacancies which can form as 
the crystal grows, and compensate doping 
impurities, if the ratio of bandgap energy to 
energy of vacancy formation approaches or 
exceeds 1. However, calculations in the 
manner of Mandel[5] indicate that the value 
of this ratio for ScjSj is 0-62, compared to 
that of GaP (0-61) and that of CdTe (0-63), 
both of which can be doped n- and p-type. 
Thus, self-compensation does not appear to 
be the cause of the difficulty in doping SC2S3 
p-type. A more reasonable hypothesis which 
explains both the inability to achieve p-type 
doping and the fact that the expected p-type 
impurities give n-type doping instead, follows 
from the crystal structure of SCjS.) shown in 
Fig. 4. The orthorhombic unit cell of 80283 
[I] is closely related to that of the NaCl 
structure, by an ordering of 8c voids into 
adjacent pairs for local neutralization of 
charge. Each pair of adjacent Sc voids in 
effect constitutes a large interstitial position, 
in which the placement of Mg and Zn. or P, 
As, and Sb is more energetically favorable 
than their substitution for Sc or 8, respectively. 

Although n- and p-type doping was not 
achieved in SC2S3, these results provide an 
insight into the doping behavior of semi- 
conductors. In particular, the role of crystal 
structure should be considered, in addition 
to the thermodynamic considerations dis- 
cussed above. 
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On the magnetization dependence of the 
magnetocrystalline anisotropy of iron 

(Received 1 3 October 1 970 ; in revised form 9 December 
1970 ) 

Magnetic anisotropy measurements for 
cubic crystals are usually expressed in terms 
of anisotropy constants Ki, .... of an 
expansion in the direction cosines Of of the 
magnetization with respect to the cubic axes 

EA = KtS + K^+ ( 1 ) 

with s = + 02^ and p = 

a,-‘ a/. For a discussion of the magnetiza- 

tion dependence, the direction cosines in (1) 
should rather be regrouped in terms of spheri- 
cal harmonics •3'i”'{a)[l] 

where ({4 = /C, -h (l/ll)/t2- An advantage 
of this description is that for ferromagnets 
with localized spins, there are theoretical 
expressions for the magnetization dependence 
of the individual ki coefficients for both single 
and two-ion anisotropy. Thus for single-ion 
terms, for the classical case of infinite spin, 
k,{T) = K,(0)/,+i,2(i?"'(m))[2]. /, + 1,2 denotes 
the ratio of modified spherical Bessel func- 



1692 


TECHNICAL NOTES 


tions of the first kind of order l+i and 
is the inverse Langevin function and 
m — M(T)IM{0) is the reduced magnetiza- 
tion. At low temperatures the Bessel function 
representation reduces to ki(T) = ki( 0 ) 
giving the well-known m’® dependence 
for K4. For two-ion terms an /(/-I- l)/2-power 
law also holds, but only at very low tempera- 
tures f 3]. For an excellent review on the 
magnetization dependence of single- and two- 
ion terms the reader is referred to Callen and 
Callen[3]. 

Earlier experimental measurements of Kt 
for iron were interpreted by Akulov [4] and 
Zener[l] to be in agreement with a lOth 
power. Later measurements by Graham [5] 
yielded a 4th power below room temperature, 
and this value is increased with temperature 
to 7-7 at 575°K[6]. It is the purpose of this 
note to analyize critically the magnetization 
dependence of the first anisotropy constant 
of iron using recent results of Klein and 
Kneller (KK)[7] and Gengnagel and 
Hofmann (GH)t8]. The results are com- 
pared with the above mentioned single- and 
two-ion theories, with results obtained for 
localized spins by Green function techniques 
[9, 10], as well as with a recent band theory 
calculation [1 1]. 

The exponent n to which the reduced 
magnetization m must be raised in order to 
yield the experimentally observed Ki(T)l 
Ki(0) is calculated and depicted against m 
in Fig. 1 . In this analysis the following aspects 
which are improvements on previous analyses 
are considered: (1) Previous comparisons 
were always made using values of Ki instead 
of K,. Since GH evaluated K,, K 2 and K 3 
for iron, K 4 could be compared with the re- 
duced magnetization m. It must be stressed, 
however, that the difference in the value of n 
obtained if rather than Ki is used, is always 
less than one per cent. Consequently there is 
little purpose in using K4 instead of Ku Since 
Ki was given at fewer temperature points 
than Ki by GH, all values of n reported 
here are based on the further approximation 


k 4 =^ Kf (2) Previous measurements extended 
only down to 77‘'K, thus yielding some un- 
certainty in the value of Ki at 0°K. The 
measurements of GH were performed down 
to 20'’K and yield a better extrapolated value, 
viz. Aj (0) = 521 X 10* erg/cm®. (3) Below 
123“K where m differs by an extremely 
small amount from unity, magnetization data 
of Argyle et al.[l2] in which changes of less 
than 1 ppm could be detected were used. 
Between 123 and 563°K' magnetization data 
given by Graham [6] with a relative accuracy 
of 0-3 per cent were used. At higher tempera- 
tures the magnetization data of Potter [13] 
were employed. (4) The anisotropy measure- 
ments of KK. extend up to 92 TK and that of 
GH up to 951“K which are higher than 
any previous measurements of this accuracy. 
K 4 (T)IKi( 0 ) takes a value of 0-0148 at95rK, 
thus giving the possibility of testing the power 
law over a range where the anisotropy 
changes by a factor of nearly seventy. 

Error bars are put on a few representative 
points and are calculated on the basis of the 
maximum change in n which could result 
from errors in both anisotropy and magnetiza- 
tion values. These are probably an over- 
estimate, because absolute errors as given 
by KK, and errors associated with torque 
values before a Fourier analysis is performed 
in the case of GH, were used. The relative 
accuracy should be better than these values. 

The field dependence of the magnetization 
is not known for the range of magnetization 
values used in Fig. 1 and consequently 
magnetization values at finite fields were 
employed in the calculation, viz. 6670 Oe 
(Argyle et al.), up to ISOOOOe (Graham) 
and zero field (Potter). At the higher tem- 
peratures the anisotropy should increase 
considerably due to the para-process increase 
in magnetization. Magnetization-vs.-fieid 
values given by Potter [13] at 989'’K were 
used for a linear extrapolation of the high- 
field magnetization-vs.-inverse field curve to 
infinite field. A magnetization difference of 
4-2 per cent between zero and infinite field 
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REDUCED MAGNETIZATION m 

Fig. I. Experimental values of the exponent n are depicted as 
a function of the reduced magnetization m. K, values from the 
following authors were used: 0 Gcngnagel and Hofmann (extra- 
polated to zero field); O Gcngnagel and Hofmann (extrapolated 
to infinite held); □ Klein and Kneller (extrapolated to zero held); 
X Graham (finite held). Open and closed symbols (circles, 
diamonds, squares) correspond respectively to magnetization 
data of Potter or Graham. The magnetization data of Argyle 
et at. was used for the open circle with a dot in the centre. Tfle 
theoretical curves (1-6) are discussed in the text. 


is obtained. This difference will be smaller 
at the highest temperature where anisotropy 
rneasurements are reported (951°K), probably 
between 2-3 per cent. Using 4-2 per cent as 
an upper limit, however; gives n = 9 - 13 as 
denoted by a -I- in Fig. 1 and compared to a 
value of 8-3» found when using the zero field 
magnetization value. It is clear from the shift 
of this point as indicated by an arrow, that the 
difference between GH’s values at infinite 
field and KK’s values at zero field may be 
accounted for by an appropriate correction 
for the corres]ponding difference in magnetiza- 
tion. 

The theories with which the results are to 
be compared were derived for constant volume 
and thus following Brenner[14] and Carr[15] 
one must correct for the effect of volume ex- 


pansion on anisotropy and for the change in 
magnetization due to volume expansion [16]. 
The anisotropy constant K[ at a finite tem- 
perature T, but corresponding to constant 
volume, viz. that at 0 °K is given by 

The thermal expansion coefficient i.s denoted 
by /B and V is the volume. From torque 
curves under pressure, {VIKi){dKitdV) 
takes values of 7-8 and 13-5 at room tempera- 
ture and 77°K respectively [17], /J" / 8 dr was 
evaluated using Nix and Me Nair’s Griineisen 
parameters for iron [18] and Debye internal 
energy and specific heat functions as tabulated 
by Gopal[19]. Values of 90xl0~* and 
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2000 X 10“® at 77 and 293“K respectively are 
obtained. {yiKi){dKildV) may also be 
obtained indirectly from the volume change of 
the cubic crystal due to the anisotropic 
magnetostriction as is manifested in the 
magnetostriction constant h^. From dilato- 
metric measurements which were made only 
at room temperature. Becker and Doring[20] 
deduced that {VIKiMdKJdV) =9-A. On 
the other hand, from strain-gauge measure- 
ments of /13 by Williams and Pavlovic[21] 
and Lourens and Viljoen[22], one finds 
negative values for this entity. Gersdorf[23] 
pointed out that Lourens and Viljoen did not 
correct for the large effect of the angle 
between magnetization and field. It is also 
doubtful whether the least-squares-fit analysis 
of the rotation measurements by Williams 
and Pavlovic permits the evaluation of h, 
which takes a value more than an order of 
magnitude smaller than the other constants 
which are simultaneously evaluated. One is 
compelled to take the view that unless more 
convincing measurements of /13 are made, the 
results of Becker and Doring and of Kawai 
and Sawaoka are to be accepted. 

The correction for that part of the mag- 
netization change which is due to the effect 
of thermal expansion was also employed. 
The change of magnetization with pressure 
at room temperature and liquid helium 
temperature are of the same order [24] and 
thus the correction at 293 and 77°K is taken 
to be directly proportional to the thermal 
volume strain w. Using the room tempera- 
ture value (l/o-)(8a-/aa>) = 0-45 [16], a decrease 
of respectively 0-28 and 0-012 per cent in the 
value of m to be used at room temperature 
and 77°K is found. The new values of n ob- 
tained after the preceding corrections have 
been employed are given in Table 1. A value 
of K[ (0) = 521 X lO® erg/cm'’ for the calcula- 
tion of the corrected quantities has been used, 
i.e. the zero temperature value of is un- 
changed by the correction. The validity of this 
assumption was verified by extrapolating the 
corrected values to0°K. 


At low temperatures the difference in n 
obtained from zero and infinite field aniso- 
tropy values is appreciable. Since magnetiza- 
tion values at finite fields are used, values of 
n between these two limits are expected. It is 
interesting that KK, using the Holstein- 
Primakoff prediction for the paraprocess 
magnetization, found a value of « = 22 for 
the field dependence of Ki. Assuming AT, to 
be a single valued function of m{T,H) it 
appears that the too large field dependence 
of Ki may be due to a lack of technical 
saturation and not exclusively to the para- 
process. Such a view is supported by the lack 
of technical saturation found by Foner et al. 
[25] in this field region. Thus the infinite field 
results in Table 1 are probably an under- 
estimate for n and the zero field data may be 
a nearer representation. Consequently, if the 
large uncertainty in n is considered, a 10th 
power may just fall within the error spread. 

For comparison with the experimental 
results, the predictions of various theoretical 
models are given in Fig. 1 in terms of the 
exponent n of an assumed power law Ki(T) = 
and are indexed with the following 
numbers: (1) The single-ion /H/2-law (for 
infinite spin); (2) Wolfs [26] single-ion results 
for spin 5 = §; (3) Van Vleck’s[27] modified 
pseudoquadrupolar calculation for the two- 
ion case; the Green function calculation (4) 
by Haubenreisser and Jager[9] and (5) by 
Brodkorb. Haubenreisser and Jager[10]; 
(6) Mori’s[ll] band theory calculation. For 
calculating (4) and (5) the spin per iron atom 
was taken as 5=1. For (6). reduced mag- 
netization values given by Graham and by 
Potter were used. 

Agreement with especially the band theory 
calculation, but also with the localized spin 
theories is rather poor. Especially at low 
temperatures more accurate measurements of 
Ki{T,H) and m{T,H) and their pressure 
dependences are required before any definite 
conclusions can be made. In the high tempera- 
ture region the results, although not coinciding 
with the /„, 2-curve, follows its tendency to a 
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Table 1. 





293“K 


77‘’K 


Fa/f, 

A, aF ^ 

GHK," 

GHK,» 

KK 

.1 * 

GHK,” 

A. Corrected for 

Kawaiand 





anisotropy change 
only 

Sawaoka 

7-2 

90 

9-5 

7-8 


Becker and 
Ooring 

7-6 

9-4 

100 


B. Corrected for 

Kawai and 





anisotropy and 

Sawaoka 

6-3 

7-9 

8-4 

7-4 

magnetization change 

Becker and 
Doring 

6-7 

8-3 

8-8 


C. Uncorrected 
values 


4-8 

6-6 

71 

60 


A|* and Af indicate extrapolation to infinite and zero field respectively. 


larger extent than that of any of the other 
existing theoretical predictions. This is 
surprising, because the 3d electrons of iron 
are generally considered itinerant and 
consequently a localized spin model is not 
expected to apply. Also, it is usually assumed 
that 5 = 1 for iron and in the single-ion case 
the term in the Hamiltonian yielding the main 
contribution to the anisotropy vanishes 
for 5 < 2 [26], Keffer[2] proposed that the 
anisotropy of iron may originate from the two- 
ion mechanism with the spins of neighbouring 
atoms highly correlated up to about 0-9 T^. A 
1 0th power is then obtained up to this 
temperature. According to Callen and Callen 
[3], however, the spin correlations will 
probably be destroyed by thermal spin waves 
at quite low temperatures. The recent cal- 
culation by Hausmann[28] establishes the 
validity of the 10th power law within the 
frame of spin wave theory and without 
requiring any assumptions on the degree of 
localization of the magnetic electrons. Spin 
wave theory is expected to break down at 
higher temperatures. Thus it will be of interest 
to investigate the dependence of Kx{T) on 
m^T) for m < 0-6, if possible for values of Kx 
a further 2-3 orders of magnitude smaller. 


In this region the paraprocess will give an 
appreciable contribution to the magnetiza- 
tion. thus also giving the possibility to 
investigate whether AT, is a single valued 
function ofm{T,H). 
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Hall resistivity and electron scattering in 
monocrystals of Cu containing Zn, Mn, Ni or 
Fe 

(Received 1 December 1970) 

In a RECENT paper in this Journal [1] we.de- 
scribed the effect of phonon scattering upon 


the Hall resistivity {pn) measured in mono- 
crystals of pure Cu and Cu doped with Zn. We 
showed that with the primary current and the 
magnetic field (H) along known crystallo- 
graphic directions, it was possible to obtain 
from our results qualitative information about 
the 'relative effects of phonon scattering upon 
the electronic lifetime in bands of the different 
types of cyclotron orbits (viz. electron-like, 
hole-like and open) which contribute to Ph for 
a given orientation of H. By means of an 
extension of that work to a study of the iso- 
thermal field dependence of ph in monocrystals 
containing different impurities, we had hoped 
to observe the effect of these different solutes 
(particularly the compansqn between transi- 
tion and non- transition examples) upon the 
electronic motion in the various bands of 
cyclotron orbits contributing to pn- Our 
general reasoning was that since these bands 
traverse regions of the Fermi surface contain- 
ing states having different predominant sym- 
metries the symmetry of the scattering ion will 
manifest itself differently among the bands of 
orbits, and this should be evident from a com- 
parison of the field dependences of pn 
observed through the high-field/low-field 
transition. Conceptually the experiment is 
thus equivalent (neglecting consideration of 
quantum phase coherence) to the measure- 
ment of the field dependence of the de Haas- 
van Alphen (dHvA) effect [2], except that in 
our case we inevitably measure the effect 
summed over a large number of contributing 
orbits while the dHvA experiment relates to a 
single extremal orbit. 

The results of our experiments do not con- 
firm these expectations. We have studied the 
field dependence of ph at 4-2°K in monocrys- 
tals of Cu containing Zn, Mn, Ni or Fe, and 
we find no great distinction between the dif- 
ferent cases in the intermediate-field condition. 
However, we think it is worth reporting briefly 
these findings, partly because of their intrinsic 
interest (the low-field results lead to an esti- 
mate of the anisotropic relaxation time assoc- 
iated with the solute ion) and partly to stibw 
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the r&ther disappointing outcome of such an 
experiment. 

The field dependence of pn measured in the 
range 0-15-1 kG at 4-2°K for four samples 
prepared as described previously [1] is shown 
in Fig. 1. The primary current direction is 
along [110] in each case, and the solute con- 
centration is given in atomic ppm. The absc- 
issa is the product of H, the field along the 
indicated crystallographic direction, and p(0) 
the electrical resistivity measured in zero 


field at 4-2®K. The product is therefore pro- 
portional to COT, where co is the cyclotron 
frequency corresponding to H and r is an 
average lifetime appropriate to the electrical 
resistivity. 

The results show that as expected in the 
low-field condition ph is isotropic and a 
linear function of HIpiO). The gradient of 
this function is, of course, proportional to 
the low-field value of the Hall coefficient R, 
and the corresponding values obtained for 



Fig. I . Field dependence of the Hall resistivity measured in doped 
monocrystals of Cu at 4'2°K and in fields up to IS- 17 kG. H is the 
held along the direction indicated and p(0) is the electrical resistivity 
at 4-2°K in zero field. RRR = and the concentration is 

quoted in atomic ppm. 
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the CuZn, CuMn, CuNi and CuFe systems 
are respectively —5-28, — 5-06, —4-97 and 
— 5-02 (X 10“” m*/A sec is implied throughout). 
We estimate the uncertainty in these values 
to be less than ±0-08, including that incurred 
in establishing the gradient of the function. 

In the cases of CuZn, CuMn and CuFe 
there appear to be no previous comparable 
results from other sources (some have been 
obtained in this laboratory from measurements 
upon polycrystalline samples of CuMn and 
CuFe [3]). Dugdale and Firth [4] obtained a 
value of —6 0 for R in CuNi; this is signi- 
ficantly different from our result, and we can 
presently offer no explanation for this. 
Substituting our results directly into the two- 
band model of Dugdale and Firth [4] gives 
the following values for thIt^ (in the usual 
terminology) for the CuZn. CuMn. CuNi and 
CuFe systems respectively: 1 00, 0-90, 0-87 
and 0-87. In each case the estimated uncer- 
tainty from the error in R is ±0 04. but as an 
overall estimate this is probably unrealistic 
since it does not include any error intrinsic 
to the application of Dugdale and Firth’s 
model. The values of t«/t^ are in qualitative 
agreement with those obtained from dHvA 
amplitudes [4] as far as they can be tested, and 
it is generally accepted that the smaller values 
observed for the transition metal solutes re- 
flect [4] the reduction in ta produced by their 
additional d-type scattering. 

It might be expected that the influence of 
such d-scattering would become even more 
obvious in results for monocrystals as the 
transition to the intermediate field condition 
is made. For example, those orbits which 
traverse regions near ( 101 ) which have a high 
d-symmetry content [2] will be more effec- 
tively scattered by a transition metal impurity 
than by a non-magnetic solute such as Zn. 
Consequently as H (and hence w) is increased, 
such orbits should persist in the low-field 
condition to larger values of Hlp(0) when a 
transition impurity is present than otherwise 
and a comparison of the field dependences of 
pH obtained for samples with and without 


transition metal solutes should show such 
differences for those orientations of H which 
support a significant number of orbits crossing 
the (101) regions. 

Such an orientation has H along (100)[1], 
and yet the results (Fig. 1) show no clear dis- 
tinction between samples containing transi- 
tion or non-transition solutes. In fact for any 
orientation we have studied the onset of the 
intermediate-field condition (i.e. where aniso- 
tropy in ph is first evident) occurs for all 
samples in the narrow range Hlp{0) =0-2 — 
0-6 X 10“ kGIpflcm. and the precision of the 
results is not sufficient to discern any evident 
distinction between the samples. Note that 
for a given sample the onset of the interme- 
diate-field condition apparently occurs first 
for orientations having H along [100] and 
[110], This presumably reflects the contribu- 
tion from members of the bands of four- 
cornered rosette and dog's bone orbits; as we 
observed in the case of phonon scattering[l], 
it is relatively easy to render these types of 
orbit to the high-field condition compared 
with those characteristic of the other orienta- 
tions we have studied. 

There seems to be no unique explanation 
for the failure of this experiment, although it is 
undoubtedly related to the sensitivity of the 
Hall effect to <f-scattering. At least two fea- 
tures presumably adversely affect this sensi- 
tivity compared with that of the dHvA effect 
[2], First, the fact that pn inevitably measures 
scattering summed over a large number of 
different types of contributing orbit will tend 
to obscure a specific contribution such as d- 
scattering. Second, there is the consideration 
of quantum phase coherence; if a small-angle 
process simply scatters the representative 
point to another on the same cyclotron orbit, 
the contribution of this ‘high-field’ orbit to the 
Hall effect is not affected, but phase coherence 
is lost and the dHvA amplitude is directly 
reduced. 
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£etf. = £+^P(l -p) = E+^Py, (2) 
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If and (t>c Ipe respectively the repulsive and 
the coulomb parts of the total potential energy 
function (f> [2], or y may be given as 


/3=l-y = 


{d<t,nldR)R = r, 
{dti>cldR)R = To' 


(3) 


Here tq is the equilibrium interionic distance. 
For Y = 0 (|8 = 1 ) there is maximum overlap 
and for Y = 1 ()8 = 0) there is no overlap 
between the ions. 

According to Mott and Gumey[l] the high 
frequency dielectric constant, is given by 
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Temperature variation of dielectric constants 
in rock-salt crystal* 

(Received 6 November 1970) 

Mott and Gijrney[l] have discussed a pro- 
cedure for evaluating E^n in which the con- 
tribution arising from the polarization due to 
the overlap of the neighbouring ions is also 
included. If P be the polarization of the 
medium when placed in a dielectric field 
of intensity E. the effective field responsible 
for polarising the molecule is given by 


N(a, + g,) - (87r/3)A'^a.a,(l - y) 

1 —(4nl'i)N{a, + a^) + {\6iPl9)N^aja.>{l —y) 

(4) 

in which N is the number of ion pairs per unit 
volume and a, and a.> are the polarizabilities 
of the two ions. 

Again following Mott and Gurney [1] it can 
be shown that the low frequency dielectric 
constant. €„. is 

(€(1—1) ^ (e^-1) 

3 -I- (€„ — 1 )y 3 -t- (€, — 1 )y 


£,„. = £ + ^P. 


( 1 ) 


(47r/3)6 

l-(4Tr/3Kl-Y)8 


(5) 


In many crystals there is considerable over- 
lap between the negative and the adjacent 
positive ions. This causes a reduction in that 
part of the effective field which is due to the 
polarization of the medium. This necessitates 
writing equation ( 1 ) in the form 


’•.Supported by the University Grants Commission, 
India. 


in which 6 = NeVp where 

The equation (5) reduces to equation (25) 
of Mott and Gurney [ 1 ] for y = 1 • The relation 
(6) thus correlates €0 and €„« with the force 
constant of the crystal [3]. The parameter p 
becomes independent of the form of (ftfi and 
so the dielectric constants if the potential 
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Table 1. Variation of Co andeo, with temperature of rock-salt crystal 


T^C 

r„ 

(I0“* cm) 

K 

(Compressi- 

bility) 

(io->v 

barye) 

y 

8 

o 

11 

«0 
y = 1 

y (variable) 

y = 0 

CgO 

y = 1 y (vr.iaule) 

80 

2 '828 

4-20 

0-734 

0-082 

3-27 

6-24 

4-86 

1-76 

2-30 

2-13 

180 

2-841 

4-41 

0-744 

0-084 

3-38 

6-54 

5-10 

1-76 

2-27 

2-12 

280 

2-854 

4-76 

0-753 

0-088 

3-49 

6-85 

5-28 

1-75 

2-25 

2-10 

380 

2 868 

5-24 

0-758 

0 094 

3 68 

7-44 

5-73 

1-74 

2-22 

2-09 

480 

2-883 

5-70 

0-764 

0-099 

3-85 

7-95 

6-09 

1-73 

2-20 

2-07 

580 

2-901 

6-14 

0-772 

0-103 

3-98 

8-32 

6-36 

1-72 

2-17 

2-05 

680 

2-919 

6-46 

0-781 

0-105 

3-98 

8-34 

6-46 

I-7I 

2-14 

2-03 


parameters are evaluated by using the Bom- 
Mayer temperature dependent equilibrium 
conditions [2]. This gives an added advantage 
in discussing the significance of our results. 
Using the same data of different temperatures, 
as has been used in our earlier works [5], the 
variation of co and have been studied in case 
of rock-salt crystal by using the a, and aj 
values as reported by Bom and Huang(4]. the 
results are given in Table 1 . 

From the table it is observed that de- 
creases with temperature while Co increases. 
This is what other workers [6] have observed 
in case of KBr and Nal crystals. For NaCl 
crystal no such experimental data exist. 
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f-sum ride calculation of the light hole 
effective mass in InP 

(Received 26 October 1 970) 

For A MODEL of a semiconductor in which 
only the lowest conduction band state |c> and 
the highest valence band state (vj are con- 
sidered and for which the effective mass 
tensor is diagonal, it can be shown [1] that the 
/-sum rule [2] may be written as 

lm*/(m-m*)] = (m/2lMl^)Eo. (I) 

In equation (I), m* is the carrier effective 
mass in the band considered, m is the free 
electron mass, and £& = (E^ — where Ec 
and E„ are the energies of the conduction and 
valence bands, respectively, at the Brillouin 
zone point considered. The quantity M ^ 
<u|7rlc), where ir is the operator defined[2] by 
(w. k) = m//', where H' is the perturbation 
used in (k . p) theory. 

Equation (1) shows that a plot of [m*! 
{m — m*)] as a function of the energy gap Ea 
should be a strai^t line passing through the 
origin, i.e., the point {[m*/(m — m*)] = 0, 
Ea = 0}. This relation has been found[3] to 
hold, as shown in Fig. 1, for experimental 
values of Eq and .m* for light holes inlnSb 



TECHNICAL NOTES 


J701 


and InAs, and also for electrons [3, 4] in 
InSb, InAs, and InP. 

This result has been used to calculate a 
value of the jnatrix element \M\, which was 
then used to calculate m* for light holes dn 
InP. From the slope of the ‘line in Fig. I, a 
value of \M\ = 8-22 x 10~’^ (gram)*'* — (eV)*'* 
was determined for light holes in InSb and 
InAs at ~ 20°K. Using the experimentally 
determined value [5] of Ea= l-42eV for J.nP 
at ~ 0°K, and the value of |M| determined 
above, a value of m* — 0-089m was calculated 
for light holes in InP. 

To the author’s knowledge, no expdnmental 
value of m* for light holes in InP appears in 
the literature. An earlier direct (k . p) calcula- 
tlon[6] gave m* = 0-086m. Itlshould be pointed 
out that the present calculation makes only the 
assumption that thc^vdliid of {Af { is the same 
for light holes in InP as in InSb and InAs. This 
has been found to be true for electrons in these 
semiconductors. In addition, their band struc- 
tures are the same. This calculation also makes 
use of the matrix element of it, determined 
directly from experimental data, rather than a 
momentum matri^ element. For thes^ reasons, 
this calculated value of m* is believesd based 
on reasonable underlying assumptions. It 
will be of interest to compare it with an experi- 
mentally determined value. 



Fig. 1. The quantity [m*l(,m — m*)], where m* is the light 
hole effective mass, and m is the free electron mass, as a 
function of the energy gap for InSb and InAs. The 
temperature shown is that at viiiich the experimental data 
were taken. 
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Etude par effet Mossbauer de structure hyper- 
fine nucleaire de *’*Sn dans a-FegOg. 

{Received April 1970; in revised form% September 1970) 

1l est connu que dans la structure antiferro- 
magnetique de I’hcmatitc, a-Fe 203 , a la 
temperature — IS’C a lieu une transformation 
appellee souvent transition de Morin. L’appli- 
cation de la methode de diffraction de neutrons 
a permis de montrer[l] que cette transfor- 
mation est due au changement de I’orientation 
des moments magnetiques des ions Fe®'^: aux 
temperatures superieures a celle de la transi- 
tion de Morin, Ty, les dipoles magnetiques des 
ions Fe®+ s’arrangent dans les plans (111) 
perpendiculaires a la diagonale spatiale de la 
maille elementaire rhomboedrique de a-FcjOj; 
aux temp6ratures infSrieures a Ty les mo- 
ments magnetiques s’alignent le long de cette 
diagonale. Les resultats foumis par diffraction 
de neutrons ont 6te confirm^s plus tard par 
effet Mossbauer sur les noyaux ®^Fe[2,3]. 

Dans ce travail nous presentons les resul- 


* Visiting Research Associate, 1969-1970; present and 
permanent address, RCA Laboratories, Princeton, N. J. 
08540, U.S.A. 
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tats obtenus par effet Mossbauer sur les 
noyaux de ^'*Sn introduits dans ie r^seau 
cristallin de I’hematite. Afin d’atteindre ia 
repartition homogene I’impurete de Sn^+ 
(0-52 pour cent, enrichie 88 pour cent en 
“®Sn) a ete introduite au cours de processus 
de precipitation de I’oxyde hydrate du Fe®^. 
Le precipit6 obtenu etait chauff^ pendant 3hh 
T = 750°C et puis soumis a I'analyse par 
diffraction de rayons X qui nous a montre la 
formation de a-FcjOa avec ia dimension des 
cristallites == 550 A. Les spectres Mossbauer 
ont ete enregistres sur un spectrometre 
electrodynamique a acceleration constante. 
La source utilisee etait Ba'^^^SnOa dont la 
raie d’emission possedait presque la largeur 
naturelle. 

Les spectres Mossbauer obtenus mettent en 
evidence les structures hyperfines des etats 
fondamental et excite de '‘*Sn sous i’effet du 
champ hyperfin H(0) transferred, 5] par les 
ions Fe®^ voisins dont les moments magneti- 
ques sont orientes par interaction d’echange 
aux temperatures considerees. En utilisant la 
valeur conne de ^r«nd('‘®Sn) = - I 041 m.n.. 
nous avons calcule a partir des spectres Moss- 


bauer H(0) pour deux temperatures des 
mesures: H(0)m‘c = (123 ±4); = 

(132±4)KOe. La faible difference entre les 
valeurs de H(0) dans cette region de T est 
due h la haute temperature de N6el pour 
a-FcjOa (Tn = 688“C). 

La figure montre que le refroidissement de 
rechantillon change notablement les positions 
respectives des raies du spectre hyperfin. 
Dans un cristal ^ symetrie axiale en presence 
simultanee des interactions dipolaire magneti- 
que et quadrupolaire electrique > 

e^qQ) I’energie E„ des sous-niveaux nucleaires 
peut etre determinee dans le cas / = i par la 
relation suivante: 

( 1 , 

oil /Lt et 0 sont respectivement les moments 
magnetique et quadrupolaire d’un noyau dont 
le spin = /; m nombre quantique magnetique 
et 9 Tangle entre la direction de H(0) et Taxe 




V. mtn/sec 

Fig. 1. Spectres Mossbauer de ""Sn dans a-Fe^Oa pour deux 
temperatures des mesures: (a) T = 20°C; (b) T = — 196°C. 
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principal du gradient de champ 61ectrique 
{GCE) q. 

Nous avons mentionne plus haut que dans 
la region des temperatures 20 ^ — 1%°C la 
structure magnetique de a-Fe^Os subit une 
transition de Morin. A I’aide de I’elfet Moss- 
bauer sur ®^Fe nous avons v6rifid I’existence 
de cette transformation dans I'absorbant de 
a-FeaOa contenant I’impurete d’etain. Puisque 
le champ magnetique transferr^ sur les noyaux 
“*Sn resulte des interactions d’echange entre 
les ions Fe®'^, il serait nature! de penser que le 
changement de structure hyperfine de *'*Sn 
observe sur la figure n’est que I’expression 
indirecte de la reorientation des moments des 
ions Fe®^. 

Si Ton admet que dans le cas de I’impurete 
Sn*^ I’interaction quadrupolaire possede une 
symetrie approximativement axiale (le para- 
metre d’asymetrie tj ^ 0), la formule (1) 
permet de determiner Tangle d par compar- 
aison de la valeur e'^qQ avec celle {e^qQY = 
<’‘<7C[(3cos® 0— I )/2] deduite du spectre 
Mbssbauer a structure hyperfine. Sans avoir 
fait, en raison de la temperature trop elevee. 
des mesures dans le domaine paramagnetique 
nous avons admis pour e^qQ la valeur egale a 
10 mm/sec que nous avons obtenue pour 
Timpurete de "''Sn''+ introduite dans le reseau 
a-AljOs possedanl la meme structure que 
a-Fe 203 . 

Le calcul nous a donne les valeurs suivantes 
de 6 pour deux temperatures des mesures; 

0 = (31 ±8)°pour 7 > Tm ', 

0 = (55±8rpourr < Tt,. 


La difference entre les valeurs trouv6es pour 6 
de part et d’autre ds est certainement 
coiT616e a la rborientation des moments 
magn^tiques des ions Fe®*^. Cependant, si Tion 
Sn®"^ est bien substitue a un ion Fe®'^ et si Taxe 
du GCE est bien Taxe (1 1 1), on attendrait par 
raison de symdtrie = 0 pour T < T^, m€me 
si le tenseur reliant le champ hyperfin trans- 
ferre a Taimantation des ions Fe®+ n’6tait pas 
isotrope. Or le resultat trouve ci dessus est en 
contradiction avec une telle prevision. II est 
possible qu’une alteration structurale locale 
(eifet de compensation de charge?) pertube la 
symetrie du GCE dont Taxe principal pourrait 
ainsi ne pas coYncider avec la direction (111). 

Une etude plus complete avec une ap- 
plication de la spectroscopic Mossbauer 
d’emission est en cours. 
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V. C. NELSON and R. J. FRIAUF; Diffusion of vacancies and vacancy pairs 
in NaCl. J. Phys. Chem. Solids 31. 825 (1970). 

The authors regret that equation (34) and the third line of the second paragr^h 
of the abstract should read: 

D*(Na)= 118exp(-210MT) 

and would like to thank Dr. N. L. Peterson for calling the error to their attention. 
The printer regrets that equation (35) should read: 

D;/Na) = 1 130 exp (- 2-35/fcr) 
and that the third equation below Fig. 2 on p. 828 should read: 

limF(<l)') = !>//,= 5-6. 
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DRIFT VELOCITY OF pLECTRONS AND HOLES 
AND ASSOCIATED ANISOTROPIC EI^FECTS IN 

SILICON* 


C. CANALI, G. OTTAVIANI and A. ALBERIGl QUARANTA 

Istituto di Fisica, University di Modena, Via Vivaldi 70, Modena, Italy 


{Received \0 August 1970:i#i revised form 23 November 1970) 

Abstract-The drift velocity of electrons and holes in high purity silicon has been measured, with the 
time of flight technique, as a function of electric fleid (0-1-50 KV/cm) at several temperatures between 
77 and 300°K. By applying the electric fleid parallel to the < 1 1 1 ) and < 100) crystallographic directions, 
an evident longitudinal anisotropy effect has been found for the drift velocity of electrons and abo, 
for the first time, for the drift velocity of holes. At high values of the electric field a saturation drift 
has been found for the electrons at the temperatures considered in these experiments. On the contrary, 
no saturation has been attained for holes, even at the highest applied electric fields. The ohmic mobility 
has been measured between 77 and 300°iC for electrons and between 160 and 3(X)°IC for holes. When 
a comparison is possible, our results are in good agreement with other experimental results found in 
the literature. A qualitative theoretical interpretation of the effects observed is given. 


1. INTRODUCTION 

Silicon is the most studied and widely em- 
ployed semiconductor. The problem of the 
charge tr£uisport in low and high fields has 
been studied since the early 50’s [ I -25]. 

However the drift velocity of the charge 
carriers under non ohmic conditions as a func- 
tion of the electric field, the crystal axis orien- 
tation, and the temperature is little known in 
the 300-77“K range (almost no data exist for 
holes) and practically unknown at tempera- 
tures below 77°K. In most of the previous 
papers [5 , 9- 1 8] the values of the charge 
carrier mobility were obtained by indirect 
measurements (microwaves absorption, con- 
ductivity, space charge limited current) based 
on incompletely verified assumptions and on 
inexactly known parameters. Therefore we 
have made a very accurate series of measure- 
ments by a technique which, because of its 
absolute nature (the drift velocity is obtained 
by simply dividing the distance travelled by 
the lime employed), should ensure the validity 
of the results obtained within the experimental 


*Partialty supported by Consiglio Nazionale delle 
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errors. A first series of results is presented 
here, covering the 300-77‘’K temperature 
range for fields of 0-1-50 KV/cm and for two 
crystallographic directions; in a later paper we 
hope to present data for the temperature range 
below ITK. 

Our most interesting new results are (a) the 
finding of a clear anisotropy effect in the hot 
hole drift along the < 1 1 1 ) and ( 1 00) crystallo- 
graphic directions, and (b) the determination 
of the electron saturation drift at different 
temperatures. 

After a short description of the experi- 
mental technique, the results obtained are re- 
ported and discussed, and when possible, 
compared with those given in the literature. 

2. THE TIME OF FLIGHT TECHNIQUE 

Although for many years it was not con- 
sidered a classical technique by solid state 
physicists, the time of flight technique has 
turned out to be one of the most effective in 
studying carrier transport properties (drift 
velocity, trapping, etc.) of semiconductors. In 
order to clarify our experimental results, the 
principles of the time of flight technique and 
some of its features are briefly described. 
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The time of flight technique [19-25] is 
based on the analysis of the current signal in- 
duced by the transport of charge carriers in a 
region of uniform electric field that extends 
across a sample of known width W. 

If the charge carriers are created by an 
ionizing radiation with a range R which is 
shorter than the sample width IV (Fig. 1), the 
carriers of one type are collected after having 
travelled a negligible fraction of W, while the 
carriers of the other type have to drift across 
the whole sample with a velocity va and are 
collected at the opposite electrode after a time 
Tji = Wha- In this case the shape of the cur- 
rent signal induced at the ends of the space 
charge region is determined only by the 
motion of the carriers which drift across the 
entire width IF [20, 26], and it is given by 

i(t)=^u(l-T^) ( 1 ) 

where N is the number of carriers (electrons 
or holes) created by the radiation, q is the 
electron charge, and 

T forO « r « 

Oforr > J/jandt < 0. 

The time duration of this signal is equal to 
the transit time Tn and it depends upon the 


time necessary for only one kind of charge 
carriers to travel the distance W, Thus, the 
time of flight technique permits the investiga- 
tion, separately, of the transport coefficients 
of both types of carriers in the same sample. 

To measure the drift velocity of electrons 
and holes in silicon we used surface barrier 
devices obtained by evaporating a thin gold 
layer (< 10® A) on to the high resistivity 
silicon wafer. The back contact was a thin 
evaportated aluminum layer (< 10® A). 

In our measurements the diodes are in- 
versely biased with a voltage larger than 
the so-called total depletion voltage Vg, de- 
fined as the voltage necessary for the space 
charge region to occupy the whole thickness 
of the sample. The values of Vj were large 
enough to ensure a practically constant elec- 
tric field in the samples. 

In the first case shown in Fig. I an ionizing 
radiation produces a cloud of electron-hole 
pairs near the gold contact; the current signal 
is then due only to the electron flight. On the 
contrary, if the pairs of charge carriers are 
created on the opposite side of the space 
charge region (Al contact), the current signal 
is due only to the hole motion. 

This experimental method has the following 
advantages over the techniques generally used 
to investigate transport properties in semi- 
conductors: it provides a direct measurement 



Fig. I. Schematic view of the^nizing radiation impinging on a surface barrier 
diode near the Au-Si contact or the Al-Si contact. Also shown is the electric 
field profile inside the space charge region Va > F,. 
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of the drift velocity of the carriers as a func- 
tion of electric field; it permits investigation 
of the motion of both electrons and holes in 
the same sample; it is based entirely on a bulk 
phenomenon and therefore avoids the (diffi- 
culties associated with the more traditional 
techniques, related to surface effects, contact 
injection, and equivalent circuit of the device; 
it can be used for drift velocity measurements 
with high applied electric fields without 
heating effects, since the current flowing 
through the device is always very low because 
of the inverse bias of the junction and the 
dissipated power is always within a few mW; 
it is applicable only to samples with very low 
concentrations of ionized impurities and 
therefore is the most suitable method for 
measuring drift velocities as functions of elec- 
tric field at very low temperatures or in semi- 
insulating materials; it is not affected by multi- 
plication or secondary ionization phenomena; 
under suitable experimental conditions it is 
not affected by the presence of space charge 
distribution [27, 28], which could vary the 
field profile inside the sample; under certain 
conditions, discussed below, it can be used 
for drift velocity measurements also in the 
presence of trapping [29]. 


3. DISCUSSION OF THE TECHNIQUE 
(a) Electric field 

The interpretation of the experimental data 
is based on the assumption that the electric 
field is constant inside the region W. In 
general this is not true in a surface barrier 
diode, where the electric field is a linear func- 
tion of X in the space charge region (see Fig. 
1). In this case the VdlE) relation must be 
obtained from calculation of the time of flight 
To= S'^dxIv^Eix). This calculation can be 
performed by an iterative method. We have 
avoided this complication by using samples 
with very high resistivity. In fact the choice of 
a sample material with a very low impurity 
concentration diminishes the slope of the 
electric field inside the space charge region. 


Moreover, the choice of a thin junctkm de- 
creases the effect of electric field variations 
inside the junction. The error in die transit 
time measurements due to assumption oi a 
constant electric field rather than use of its 
real value is given by: 


T,-Tn 

Tk 



'^2£o 

1-i^' 

‘ 2£o 


1 


where Tj, and To are the transit times respec- 
tively with a constant and a linearly varying 
electric field*, £o 's the average value of the 
electric field, and £, is the difference between 
the values of the electric field at the junction 
(Au) and at the ohmic contact (Al) (£, = 2 
VJW). 

In all cases considered in our experiment 
the error (Tr — Toj/T,, was less than 2 per 
cent. 

(b) Space charge effects 

In order to perform drift velocity measure- 
ments, particularly in the low field region, the 
number of carriers created by the ionizing 
radiation must be large enough to produce a 
measurable current signal (cf. equation (1)), 
but not so large as to perturb the electric 
field inside the device. Such a perturbation 
would cause an increase in the charge (x>llec- 
tion time and therefore a fictitious decrease in 
the mobility. This effect [27, 28] decreases 
at lower temperatures, higher electric fields, 
and lower carrier concentrations. 

The absence of such a perturbation under 
our experimental conditions has been both 
determined theoretically, by solving the 
charge transport equations in the space charge 
region, and confirmed experimentally, by 
varying the density of the e-h pairs without 
any appreciable effect on the shape and dura- 
tion of the current signal. 


*A quantitative treatment of this problem has been 
published [20, 21]. 
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(c) Equivalent circuit effect 

The effect of the equivalent circuit of the 
device can be easily evaluated under our 
operation conditions by taking into account 
that the diode behaves as a pure capacity C 
[20]. The current signal displayed by a samp- 
ling oscilloscope with an input impedance 
Ro = 50 fl therefore has a risetime approxi- 
mately equal to 2-2 RqC. We have chosen the 
effective areas of the diodes, p 2 irticularly in 
the thinnest samples, in such a way that this 
risetime does not introduce an error greater 
than 2 per cent in the measured duration of 
the current signal. This duration depends only 
upon the drift velocity of the carriers and is 
practically unaffected by their diffusion [30]. 

(d) Trapping 

The determination of the transit time by 
means of the analysis of the current signal 
induced by the charge carriers at contacts of 
the sample can be affected by trapping phen- 
omena. A phenomenological theory of this 
effect [29] shows that practically the true value 
of the transit time T"/, is obtained by measuring 
if T It = T^, where is the mean free drift 
time of the carriers. 

In the worst case in our measurements 


Tjt 5 \ 0~* sec, and the value of t"*" is 
= — rr — = 10~® sec 

a-NrVQt 

where or(< 10“‘®cm"*)[31] is the capture 
cross section of the traps, Nr(<10“cm"®) 
is the trapping center concentration, and 
t>th(“ lO^cm/sec) is the thermal velocity of 
the charge carriers. 

4. EXPERIMENTAL APPARATUS 
Figure 2 is a block diagram of the experi- 
mental apparatus. The ionizing radiation 
consists of bursts of 40keV electrons. The 
duration of the bursts is =70 ps and their 
repetition rate may be varied. The number of 
electrons in each burst can be as high as 1 0^. 
They are produced by an electron gun [3 2], 
and their range in silicon is about 7 ^m. This 
electron accelerator permits control of the 
number and the density of the pairs created 
in the sample. Furthermore, it provides a 
reference time signal related to the arrival of 
the electron burst on the sample. This signal 
allows application of pulsed rather than con- 
tinuous bias voltages to the samples so that 
higher fields may be applied and heating 


SYNCHfiOHlZiHG PULSE f 
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effects, especially at high fields, may be 
avoided. 

The surface barrier diodes are enclosed in 
a vacuum chamber and can be cooled dowp to 
ITK. 

The current signal produced by each burst 
is sent directly by means of a 50 ohm coaxial 
cable to a sampling oscilloscope. The geometry 
and the setup of the sample minimize para- 
sitic capacities and inductances; therefore, 
the total risetime of the electronic apparatus 
is less than 100 ps. The current signal re- 
corded by the sampling oscilloscope is sent 
from the analogic output of the oscilloscope to 
an XY plotter. When the signal/noise ratio 
is too low a Signal Averaging Computer 
(Nuclear Data mod. ND 801) is put between 
the output and the plotter. 

A typical example of a signal recorded by 
the plotter is shown in Fig. 3. The transit time 
Tr of the carriers is determined by measuring 
the full width half maximum of the current 
signal. A careful examination of the equivalent 
circuit of the junction (see below) confirmed 
that, under the bias conditions > V^) 
employed in the experiment, the measured 
values of the transit time depend only upon 
the drift velocity of the carriers. 

The diodes are made of high purity, high 



Fig. 3. Typical waveform of the current signal due to 
electron transport at 300°K. The width of the diode is 
500 p,m, and the applied voltage is 1250 F. The drift 
velocity obtained from this signal is 9-23 x 10* cm/sec. 
Horizontal Sensitivity 1 ns./division. 


resistivity (30-200 KCl-cm at room tempera- 
ture) n-type silicon mcmocrystal wafers cut 
perpendicularly to the (111) and (1(X)) 
crystallographic directions. 

All cryst^s tke characterized by high car- 
rier lifetimes (> 3000 fis) and a low concen- 
tration of dislocations: EPD < 15000 cm~*. 

The thicknesses of the detectors are be- 
tween 100 and 600 /zm and have been mea- 
sured with a precision of the order of 1 per 
cent. Their effective areas are between 4 
and 1 5 mm*. 

All the devices can be cooled down to 77°K, 
and bias voltages much higher than the total 
depletion voltage can be applied. 

5. EXPERIMENTAL RESULTS 

We have measured the drift velocity of 
charge carriers (electrons and holes) in high 
purity silicon, varying the electric field be- 
tween 0-1 and 50 KV/cm and the temperature 
between 77 and 300“K. 

The measurements were made on 24 sam- 
ples, 1 3 oriented in the < 1 1 1 ) crystallographic 
direction and 11 in the (100) direction. The 
final data are the result of the analysis of 
about lO* graphs. 

Most of the samples were prepared in our 
laboratory with high purity, high resistivity 
n-type silicon supplied by Wacker Chemi- 
tronic, but a few samples were made with 
silicon produced by Holder Topsoe and by 
Hoboken. Some pairs of samples oriented 
along the (111) and (100) directions were 
obtained from the same ingots. 

With the technique used it was possible to 
measure the drift velocity of both electrons 
and holes in the same sample. By means of 
the pulsed electron accelerator we could vary 
the density of the e-h pairs to avoid space 
charge limited current effects. Finally, the 
repetition rate of the bias signal in the diode 
was varied in order to avoid heating effects at 
high electric fields. 

In order to cover the largest possible range 
of electric fields while maintaining the experi- 
mental conditions discussed above, we made 
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measurements on samples with different 
resistivities, thicknesses, and useful surfaces. 
Tte experimental results obtained with diff- 
erent samples were always in excellent 
agreement. 

Figure 4 shows a typical set of electron 
drift velocity data along a OH) crystallo- 
graphic direction at 300°K, obtained with 13 
different samples not separately identified in 
the figure. The spread of the experimental data 
was not more than 5 per cent. 

For clarity, only the best fits of the experi- 
mental data are shown in the following 
figures. 

(a) Electrons 

Figure 5 shows the results obtained for the 
drift velocity of the electrons as a function 
of the electric field, applied parallel to the 
(111) crystallographic direction, at several 
temperatures. 

Figures 6a, b and c show the longitudinal 
anisotropy of the electron drift when the elec- 
tric field is applied along a (111) or a ( 100) 
direction. 

As seen from Figs. 5 and 6, Va has been 


measured from the ohmic region up to the 
saturation value’*'. The results obtained for 
d)e ohmic mobilities (the same for all crystal- 
logr^hic directions) for several temperatures 
are shown in Table 1, along with data avail- 
able in the literature. 

Figure 5 shows, as already known[39], 
that the electron mobility is no longer ohmic 
for electric fields higher than a certain critical 
value. It also shows that when the lattice 
temperature is decreased, the carriers are 
‘heated up' above the lattice thermal energy 
at lower applied electric fields because of the 
higher mobility of the carriers and the lower 
efficiencies of the scattering mechanisms. 

The longitudinal anisotropy of the carrier 
drift velocity along the (111) and (100) 
directions can be qualitatively understood by 
taking into account the band structure of 
silicon and the scattering mechanisms which 
mix different valleys: when the electric field 
E is applied parallel to a ( 1 1 1 ) direction, all 


*Saturation drift velocity is that value of which does 
not change, within the experimental errors, in a large 
interval of electric fields (for instance between 14 and 
28 KV/cm at 77“K) at a given temperature. 
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Fig. 4. A typical set of experimental results obtained on 1 3 different samples. 
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Table 1 . Our values of electron ohmic mobility at various temperatures com- 
pared with the results of others. (Reference numbers in brackets) 


T 

°K 

Our results 



M(cm*V"‘sec“') 




1500 




300 

1450 

1200±100[33] 

1450(7) 

1350 ±100(37] 1450(34] 

1318(38] 

245 

2400 

2350(36] 



1888(38] 

200 

3250 

3850(34] 

4000(35] 

2600(9] 

2740(38] 

160 

5200 

6000(36] 



4230(38] 

130 

7500 

7600(36] 

6500(9] 


6490(38] 

110 

10000 

10600(36] 



9175(38] 

77 

20000 

20000(35, 16] 

27000(34] 

11000(9] 

22000(38] 


the six ( 1 00) valleys are oriented alike with 
respect to E. They all exhibit the same be- 
haviour and therefore give the same contri- 
bution to the transport properties of the 
sample. On the contrary, when E is applied 
parallel to the 000) direction, the two valleys 
(100) and (100) have their longitudinal 
axes parallel to the electric held, so that they 
have states populated predominantly along 
these axes, characterized by a larger effective 
mass (0-9 mo, where mo is the free electron 
mass), but the remaining four valleys, whose 
longitudinal axes are oriented perpendicultu'ly 
to the field, are characterized by electrons 
having a lower effective mass (0-2 mo). 
Lighter electrons are more easily accelerated 
and thus heated up by the field. Unless the 
electron concentration is so high that the 
electron-electron collisions tend to equalize 
all mean energies of the valleys, the lighter 
electrons should attain a higher mean energy 
than the heavier ones. Accordingly the four 
perpendicular valleys are ceilled ‘hot’ and the 
two longitudinal valleys ‘cold’. In this case 
the two parallel valleys (cold) exhibit a lower 
mobility, and the four perpendicular valleys 
(hot) a higher mobility. 

However, since the presence of intervalley 
scattering enhances the number of electrons 
in the cold valleys more than in the hot ones, 
the overall effect is a final lower drift velocity 
when the applied electric field is parallel to 
the (100) direction than when it is parallel 
to the (111). 


The anisotropic effect is temperature depen- 
dent (Figs. 6) because of the population shift 
from hotter to colder valleys [39]. With in- 
creasing lattice temperature this shift is en- 
hanced, and consequently the anisotropy is 
less. On the other hand, when the applied 
electric field is so high that electrons in colder 
valleys are also energetic enough to emit inter- 
valley phonons, the two processes— from cold 
to hot and from hot to cold -are nearly equal- 
ized, and the drift velocities in the two direc- 
tions (111) and (100) tend to reach the same 
value and exhibit a saturation velocity. This 
saturation value (as seen in Figs. 6) is the 
same for both the (111) and (100) crystallo- 
graphic directions at all temperatures, except 
at 300‘’K, where at the highest applied electric 
field a small anisotropy effect is still present. 
The drift velocity saturation may be under- 
stood by taking into account the non para- 
bolicity of the conduction band [40] and the 
possible electron-phonon interactions which 
are forbidden at low fields [4 1 , 42]. 

In Table 2 our experimental data on the 
saturation drift velocity are compared with 
the results of others*. The discrepancies can 
be justified by the following considerations; 
Our measurement is an absolute one, in 
contrast to that obtained with the method used 
by Rodriguez and Nicolet[43]. 


* Preliminary measurements of the saturation drift 
have been made on two samples in the temperature range 
between A-2 and 77°K[44]. 
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Table 2. Limiting values of the electron drift velocity at various 
temperatures. Other values obtained at 300®K are: 9 10®cin/sec, 
Zulliger et al.[22J; lO^cm/sec, Norris and Gibbons[2\]\ 9-2 10* 
cm/ sec, Sigmon and Gibbons[2i]; 9 10* cm/sec, Ryder[S] 


Drift velocity x 10* cm/sec 


T 

*K 

Our 

results 

Duh 
and Moll 
[15] 

Rodriguez 
and Nicolet 
[43] 

Costato 
and Reggiani 
[41.42] 

Boichenko 
and Vasetskii 
[9] 

300 

96 

10-5 

9-5 

10 


245 

10- 1 


10- 16 (250“K) 

10-9 


200 

10-8 

11-34 

10-73 

11-9 


160 

11-3 


11-6(150°K) 

12-8 


130 

11-7 



13-5 


110 

12 


12-45 (II5“K) 

13-8 


77 

12-7 

13 

13-1 

14-2 

12-5 


The current signal is due to one type of 
carriers only, namely electrons, and no as- 
sumptions need be made on the ratio vjv,. of 
the hole and electron drift velocities and its 
dependence on the temperature; whereas 
Duh and Moll [15] had to assume that this 
ratio was constant and equal to 0-8. 

Finally, with our experimental technique 


no contact injection can affect the measure- 
ments. 

(b) Holes 

Figure 7 shows the results obtained for the 
drift velocity of the holes as a function of the 
electric held, applied parallel to a (100) 
crystallographic direction, at several tempera- 



Fig. 7. Hole drift velocity as a function of the eieetric field parallel to the < 100) direction at several 

temperatures. 
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tures. At the highest applied electric fields 
(up to 50 KV/cm) the drift velocity does not 
reach a limiting value, at any temperature 
used. Furthermore, for temperatures below 
160°K the smallest applied electric fields were 
not low enough to give the ohmic value of the 
mobility. 

In Figs. 8a, 8b, and 8c the drift velocity 
data for the holes are shown as functions of 
the electric field applied parallel to the (111) 
and (1(X)) directions. To our knowledge, our 


results [45] give the first clear experimental 
evidence of an anisotropy effect of holes in 
silicon in wide ranges of electric fields and 
temperatures. 

A qualitative' physical interinetation of our 
data[39] may be given on the basis of the lK)t 
carriers population effect of the multiple 
warped valence band of silicon, which ex- 
hibits a pronounced anisotropy for the upper 
heavy hole band. Our experimental results 
support this picture, exhibiting a higher drift 




7 


Fig. 8(b) 
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Fig. 8(c) 

Figs. 8(a), (b) and (c). Hole drift velocities as functions of the electric field applied 
parallel to the ( 1 1 1 > and ( 100) directions, at several temperatures. 


velocity in the direction of lower effective 
mass <100) and vice versa (111), in agree- 
ment with the anisotropy of the heavy hole 
band. 

In spite of the difficulty of describing the 
hole drift velocity quantitatively (due to the 
complex band structure), two important diff- 
erences between the transport properties of 
electrons and of holes must be emphasized, 
both of which contribute to the lower drift 
velocity of holes than of electrons for a given 
electric field: (i) Holes have greater effective 
masses and therefore are less accelerated by 
the applied field, (ii) The scattering mechan- 
isms responsible for hole drift seem to be 
more efficient than in the case of electrons 
[46,47], 


(c) Comparison of data 

Figure 9 shows a comparison of our ex- 
perimental resuhs for the drift velocity of 
electrons (77 and 3()0“K> and holes (3()0°K) 
with the results others have obtained by the 
time of flight technique and by conductivity 
measurements. Such comparisons are some- 
times difficult, since some authors, because-of 
their expe^jlppntal technique, report only 


quantities proportional to the drift velocity 
[9-11,14,15]. 

The comparison of the electron along 
the (111) direction at 300°K shows good 
agreement between our results and those in 
the literature. 

At 77°K the anisotropy effect found by us 
is only in qualitative agreement with that re- 
ported by Asche et a/. [17]. The lack of quan- 
titative agreement is due to the low value of 
the low field mobility measured by them. 

Data for the hole drift velocity are 3t 300°K 
with the electric field parallel to the (111) 
crystallographic direction. 

At electric fields between 40 and 1 10 KV/ 
cm Rodriguez et a/. [14] found a saturation 
drift velocity equal to 7-5 x 10® cm/s ±5 per 
cent, in disagreement with the results ob- 
tained by Seidel and Sharfetter[10], which 
show that a saturation drift velocity between 
0-96 and 1-06X 10^ cm/s may be obtained 
with electric fields higher than 2 x 10® V/cm. 

Our results show that for electric fields as 
high as 50 KV/cm no appreciable saturation 
is obtained for the hole drift velocity. 

Recently, Asche et a/. [48] found ail aniso- 
tropy effect for the holes at 77°K only in low 
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Fig. 9. Comparison between our experimental results on electron and hole drift velocities and the 

results available in the literature. Electrons 7 = SOO^K £||(111>, Rodriguez and Nicolet[43]. 

(upper curve Norris and Gibbons(21), (lower curve) Sigmon and Gibbons[23], 

Boichenko and Vasetskii[91. — Prior [1 1]. Electrons 7 = J0rgensen et o/.ilb] £|| < 111), 

Asche et al:{ 1 7] £ ||< 1 1 1 ). — Asche et a/. [ 1 7] £ || ( 100) . 

Holes 7' = 300°K ElKllI). Seidel and Scharfetter[IO]. Norris and Oibbon.st2I]. 

Sigmon and Gibbons (23). 


resistivity materials, but according to their 
results this effect seems to disappear com- 
pletely in purer samples. 

6. CONCLUSIONS 

Electron and hole drift velocities have been 
measured in high purity silicon at several 
temperatures between 77 and 300°K and for 
electric fields between 10^ and 5 x lO"* V/cm. 

The time of flight technique provides a 
direct determination of the drift velocity of 
the carriers by means of space and time 
measurements. Furthermore, with this tech- 
nique the drift velocity of both electrons and 
holes is measured in the same samples. 

By using this technique the errors on the 
measurements have been minimized, as con- 
firmed by the small spread 5 per cent) of 
the results obtained in several samples. 

The samples were prepared in such a way 


that the electric field could be applied parallel 
to both the (111) and (100) crystallographic 
directions. The results obtained showed a 
clear anisotropy of the electron drift velocity 
and also, for the first time, of the hole drift 
velocity. 

Furthermore, the electron ohmic mobility 
(Table 1) and the electron saturation drift 
velocity (Table 2) have been measured for 
temperatures between 77 and 300°K. These 
measurements, performed in high purity 
samples, are the first made with this tech- 
nique. 

Where possible, our results have been com- 
pared with results published by others, and 
the agreement is generally satisfactory. 

The anisotropy effect for the drift velocity 
of both electrons and holes has been quali- 
tatively interpreted by taking into account the 
forms of the conduction band and of the 
valence band of silicon. 
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Abstract— Several aspects of the effect of indium impurities on the de Haas- van Alphen effect in lead 
were investigated. Studies were made of the nature of several orbits in the third zone Fermi surface 
of pure lead and the effects of alloying on these orbits. Rigid band theory is able to account for changes 
in cross-sectional area for one of the orbits. Some data on the scattering temperature obtained from 
amplitude studies are also reported. 


1. INTRODUCTION 

There are several interesting phenomena 
which occur in the de Haas-van Alphen 
(dHvA) effect in a pure metal when impurity 
atoms are introduced. First, the conduction 
electron scattering rate increases so that the 
amplitude of the oscillations decreases. 
Secondly, the energy levels shift in the alloy 
and the density of conduction electrons 
changes, so that the shape and size of the 
Fermi surface changes. This implies that the 
dHvA frequency F changes on alloying since 

F=hcAol27re, (1) 

where Ao is an extremal area normal to the 
magnetic field [1]. The decrease of the dHvA 
amplitude on alloying limits measurements 
typically to solute concentrations of less than 
about one atomic per cent. Even at these low 
concentrations, however, it is possible to 
study the rate at which various impurities 
scatter conduction electrons on given orbits 
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United States Air Force OflSce of Scientific Research. 
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in a particular metal, and to compare changes 
in Fermi surface areas with the simplest 
theoretical model of alloying, the rigid band 
model (RBM). 

Theoretical work on the dHvA effect in 
alloys has attempted to treat both the geome- 
trical Fermi surface changes and the scatter- 
ing aspects. Heine was the first to consider 
changes in dHvA frequencies on alloying [2]. 
His work was based on the RBM proposed by 
Friedel[3] and was sufficiently general to 
handle geometrical effects for a general Fermi 
surface model. Later, Brailsford[4] considered 
area changes and also extended the early work 
of Dingle [5] on the scattering time t. How- 
ever, the scattering problem was considered 
only from the viewpoint of free electrons being 
scattered by a simple screened Coulomb 
potential. These concepts have been tested 
experimentally in a number of dilute alloys 
[ 6 - 12 ]. 

The purpose of the present investigation 
was to study the above-mentioned aspects of 
the dHvA effect in dilute Pb(In) alloys. This 
system was chosen because previous investi- 
gations by Gold [13] and Anderson and Gold 
[14] (AG) have produced a rather weQ 
defined Fermi surface for pure lead. Also, 


indium has a wide range of solid solubility 
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in lead and the equilibrium distribution coeffi- 
cient is ~0-%[15] so that homogeneity prob- 
lems are minimized. 

Figure 1 shows the pipe model constructed 
by Gold for the third zone Fermi surface. 
Attention has been directed in this work to 
the orbits around the arms along the <110) 
directions. In particular, the work of AG sug- 



Fig. I . Gold's pipe model of the third zone Fenni surface 
oflead(Ref.[14]). 

gested that the single extremum of the pipe 
model actually consisted of a minimum plus a 
non-central orbit very much like an inflection 
point, as shown in Fig. 2. This figure resulted 
from the parameterized Fermi surface model 
constructed by AG and produced a convinc- 
ing explanation for the presence of beats with 
about 42-5 oscillations per beat in the y 
oscillations when the field B is parallel to 
[1 10], In the present work we have shown that 
the frequency of the non-central orbit of the 
AG model is actually dominant in amplitude 
over that of the central orbit and have 
measured the areas of each. 

In the alloys, we have measured changes in 
area of the dominant frequency and have 
compared these with RBM. The orbits in 
question are actually rather large (F ~ 18 
MG), so that the corresponding changes in 
area tended to be rather small with the im- 
purity concentrations that we were able to 
use. Tlius, only a semiquantitative test of the 


RBM was possible. However, the sign of the 
frequency change is certainly in agreement 
with simple electron concentration ideas, 
which was not the case in some early measure- 
ments of Pb(Bi) alloys made by Gold [13]. 

Scattering temperature measurements as a 
function of alloying were attempted but, 
except for the most dilute alloy, were ham- 
pered by the introduction of a third frequency 
into the y oscillation beat pattern. A detailed 
model of the nature of the non-central orbits 
in the alloys was constructed to explain this 
effect. 

In the following section a brief account is 
given of experimental procedures. Section 3 
contains the experimental results and a 
comparison of these with theory. The conclud- 
ing remarks are found in Section 4. 

2. EXPERIMENTAL TECHNIQUES 

The de Haas- van Alphen experiments were 
performed at the Francis Bitter National 
Magnet Laboratory using 150kG water- 
cooled solenoids. These solenoids were 
periodically recalibrated, using a coil and 
integrator, to an accuracy of 0-2 per cent. The 
coil and integrator were calibrated by nuclear 
magnetic resonance techniques [16]. In order 
to improve the field stability of the solenoids, 
a superconducting shield, acting as a low pass 
filter, was situated around the sample. This 
device has been described in detail elsewhere 
[17]. 

Low frequency field modulation techniques 
were used throughout this work [18, 19]. 
Several articles have been devoted to recent 
developments in these methods and there- 
fore they will not be described here [20-22]. 

The alloys were prepared by melting the 
requisite amounts of material in graphite- 
coated, pyrex tubing evacuated to 20 mic- 
rons*. Use of precision bore tubing and a 
graphite coating facilitated easy removal of 
the grown crystals. A point, sufficiently sharp 


"Starting material of ‘69’ purity was obtained from 
Cominco, Spokane, Washington. 
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Fig, 2. Cross-sectional area along the third rone arm in lead accord- 
ing to the parameterized model of Anderson and Gold (Ref. [14]). 
The point, C/, corresponds to the midpoint of the arm. 


to initiate single crystal growth by the Bridg- 
man technique, was pulled on one end of the 
12 mm. tubing. The alloy components were 
mixed by agitating the molten metal for 
10 min and then allowing it to cool slowly. A 
furnace moving with a speed of 3 cm/hr in 
conjunction with a high vacuum system, were 
used to grow single crystals having indium 
concentrations of 0-13, 0-27, 0-43 and 0-62 
per cent.* These concentrations were deter- 
mined using standard gravimetric techniques. 

In order to check for gross inhomogeneities, 
one crystal was sampled at several points 
along its length. Except for the last portion to 
solidify, the variation in indium concentration 
was found to be within the accuracy of the 
analytical technique (~ 0-02at.%). 


*The solute concentrations here, and in the remainder 
of the p^>er, are in atomic per cent. 


Two of the crystals were subjected to 
spectrographic analysis to check for con- 
tamination with ferromagnetic impurities. In 
both cases, iron was found to be present only 
to the extent of 1 p.p.m. 

The single crystals were oriented with an 
accuracy of 0-5° using standard Laue back- 
reflection techniques. Samples were then 
spark trepanned to shape using a Metals 
Research spark cutter. Typically they were 
cylindrical, having a diameter of 2'S mm, and a 
length of 5 mm. 

3. RESULTS AND DISCUKION 
(a) Third zone arm orbits in pure lead 
As mentioned in the Introduction, the y 
oscillation beats of —42 oscillations/beat were 
perplexing until the parameterized fit of AG 
produced the curve of Fig. 2. The presence of 
the beats limited somewhat the accuracy of 
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the determination of the central cross-sec- 
tional area by AG. In a beat pattern the 
fi^uency of the carrier will be that of the 
oscillatory term with dominant amplitude [23]. 
Therefore, unless the sign of the frequency 
difference can be determined, it is not known 
whether to assign the carrier frequency, 
measured over an integral number of beats, to 
the smaller or larger orbit. In cases, where the 
number of cycles per beat is small, it is pos- 
sible to determine the sign of the frequency 
difference from a comparison of the peak 
spacing (in B~^) at a minimum to that at a beat 
maximum. This method still works in principle 
for a large number of cycles per beat, but in 
that case the accuracy required is prohibitive. 
AG apparently avoided this problem by as- 
suming the component terms to have equal 
amplitudes in which case the measured 
carrier frequency is the average of the two 
components. 

In the present work we have been able to 
infer from the alloy data that the amplitude 
dominant frequency in pure lead, for our field 
range of 20-150 k(3, is that of the non-central 
orbit. Presentation of the evidence for this 
conclusion will be deferred until the next 
section. For the present, we will use this 
information to deduce the cross-sectional 
areas of the central (C) and noncentral {NC) 
orbits expressed in units of 

= 01 031 ±0 0005 
/fA,c = 0-1055 ± 0 0005. 

As mentioned before these values are free of 
any ambiguity due to the presence of beats. 
It should be emphasized that deduction of 
these values depends upon our acceptance 
of the AG model (Fig. 2) and upon our obser- 
vation of a simple two-frequency beat pattern 
in pure lead. 

(b) Extremal area changes on alloying 
The problem of predicting the shape of the 
Fermi surface in a concentrated or even dilute 
solid solution alloy is an extremely difficult 


one. Aside from the facts that the Fermi sur- 
face is smeared out and k is no longer a good 
quantum number, the problem is one of self- 
consistently determining the charge deposited 
in the vicinity of each solvent and solute atom 
and solving the Schroedinger equation for the 
true potential seen, in some statistical sense, 
by a conduction electron in the alloy. Recent 
work of Stem[24, 25] and Sovent26], for 
example, has been directed to this problem 
but most of their results are either qualitative 
in nature or refer to a simple, soluble band 
model in one or more dimensions. Thus out- 
side of a recent virtual crystal approximation 
calculation [27] for a brass, which was later 
criticized by Stem [28], there appear to have 
been no determinations of the energy dis- 
persion relations for a real alloy. 

Under these circumstances one is left with 
the predictions based on the RBM. In the case 
of dilute alloys Heine [2] showed that the 
fractional change in dHvA frequency is given 
by 


SF 

F 


m. 


2fi,FNiE,) 


X. 


( 2 ) 


In this equation F is the frequency for the 
pure metal, 8F the change in frequency for an 
X atomic fraction solute concentration, Z the 
valence difference between the solute (3 for 
In) and solvent (4 for Pb), ^ig the Bohf magne- 
ton, the cyclotron mass in units of the free 
electron mass, and N{Ef ) the density of states 
at the Fermi level. 

The lower portion of Fig. 3 shows the 
results of measurement of the third zone y 
frequency orbit for 1 10). The open circles 
represent measurement of the carrier fre- 
quency. Except in the case of the 013at. % 
alloy, the frequency variation appears to be 
small but regular. In seeking an explanation 
for this apparent discontinuity at 0- 13 per cent, 
we must consider the possibility that the ampli- 
tude dominant orbit changes as a function of 
alloy concentration. The data point for the 
0-13 at.% alloy lies approximately 2-4 per 
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Fig. 3. dHvA frequency as a function of indium concen- 
tration. The solid line in the upper plot is the RBM 
prediction. 


cent below the value expected on the basis of 
the other points (dotted line). Since the beat 
frequency is 2 2 per cent of the carrier fre- 
quency in this alloy (and all the others), this 
strongly suggests that the frequencies have 
interchanged in amplitude. In Fig. 3, there- 
fore, the carrier frequency plus the beat 
frequency is plotted (open square). This point 
and the four referring to pure lead and the 
more concentrated alloys now describe the 
frequency variation of the same orbit— the one 
which is larger and therefore non-central 
(Fig. 2). This conclusion was used in part (a) 
of this section in the discussion of pure lead. 

For comparison with alloy theory the data 
is re-plotted in a different form in the upper 
portion of Fig. 3. Here, the quantity 8f /F for 
the non-central orbit is shown as a function of 
indium concentration. The heavy line was 
drawn with the aid of equation (2) and several 
assumptions to be explained in what follows. 
ntc and N(Ef) values were experimentally 
determined values from cyclotron mass meas- 
urements and electronic specific heat measure- 
ments. The mass value used was m^ = 0-55 at 


<110) [29]. This value of Mina and Khaikin 
agreed with that of Phillips and Qold[30] 
(0-56 ±0*01) and our result (0*53 ±0*03) 
at <110). llie hiasses for all the alloys 
at <110) also feU within the range ofO-53± 
0*03. NiEp) was determined to be 17*6 
states atom"’ Ry"’ from the experimentally 
measured value of electronic specific heat 
coefficient, -y^B-OSmJ mole~‘ deg“*[31]. 
Now me and N(Ef), as measured experi- 
mentally, are known to be enhanced by many- 
body effects, especially electron-phonon 
interactions [32, 33]. Thus, the use of empiri- 
cal values for me and N{Ef) in equation (2) is 
justified only if the single-particle values of 
each of these quantities are enhanced equally. 
The work of AG appears to bear this out since 
the measured masses are ~ 2-2 ± 0-2 times the 
band structure values. The other assumption 
used in applying equation (2) to the data was 
that the difference between the masses for the 
two orbits is so small as to have no significant 
influence on the conclusions to be drawn from 
Fig. 3. That is, a difference of masses of, for 
example, 5 per cent would affect the slope of 
the RBM line by the same amount and the 
accuracy of the SFIF data is not sufficient to 
resolve this in any case. Now the cyclotron 
masses were evaluated at <1 10) by measuring 
the temperature dependence of the amplitude 
at the beat maxima. This assumes that the 
mass is the same for both orbits. Since the 
resulting plots were linear to within several 
per cent, this assumption appears to be justi- 
fied to an accuracy of approximately 5 per 
cent. 

There has been no mention in the above of 
possible corrections to the RBM due to lattice 
parameter changes on alloying. It is easily 
shown, using the measured lattice parameter 
changes [34] and the treatment of Shepherd 
and Gordon [9], that one can neglect these 
corrections to an accuracy of approximately 
S per cent in a 1 at.% alloy. It is concluded 
therefore that, within the accuracy of the data, 
the RBM is able to explain the results reason- 
ably well for B|| < 1 10) . 
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(c) Introduction of a new frequency on alloy- 
ing 

The exact nature of the non-central orbit 
was found to be a sensitive function of alloy- 
ing. Results on the most dilute alloy. Fig. 4, 
indicate that the amplitude ratio of the com- 
ponent frequencies is closer to unity than in 
pure lead. This is apparent from the fact that 
the minima in the beat pattern are much 
narrower in the alloy. Moreover, the ampli- 
tude at the beat waists is not decreasing with 


B||<110)) for the 0-62 per cent In sample, 
which is typical of the three more concentrs^ 
alloys. The amplitude at the beat waist goes 
through a maximum at high field, where we see 
the occurrence of a ‘long beat’ («62 cycles 
between points A and A'), and then begins to 
decrease. It will now be shown that this 
behavior can be accounted for by the presence 
of three frequencies. 

For simplicity, we consider the addition of 
three terms having equal, field-independent. 



MAGNETIC FIELD IN KILOGAUSS 

Fig. 4. dHvA effect in Pb + 0- 13 per cent In showing beat pattern characteristics of nearly equal 

amplitude components. 


increasing field as we observe in pure lead, 
but instead appears to be scaling with field in 
a manner similar to the beat maxima. This im- 
plies that the scattering temperature-mass 
products for the two orbits are nearly equal 
in this alloy. By measuring the amplitude at 
the beat maxima and making the usual plot, 
the scattering temperature may be determined 
from Fig. 5. The resulting value is Tp = 2-95 ± 
0-2°K. 

In the more concentrated alloys the 
observed beat pattern has a form which is 
qualitatively different from that found in pure 
lead and the 0>13 per cent In alloy. Figure 
b(a) shows a recorder tracing (still with 


amplitudes and frequencies w, o> — Aw,, 
o> — Aa> 2 . The signal S is then given by 

S — coswjf-bcos (a»— A(i>i)jc 

-f-cos (w — Awa)^:. (3) 

In this expression, the independent variable x 
is proportional to B~' and the three terms arc 
taken to be in phase at jt = 0. The second and 
third terms may be expanded and combined 
with the first term giving, after some manipula- 
tion, 

5 ~ [3-1-2 cos A<uiJ( -I- 2 cos AlujJC 
-f 2cos (Aw, — Aa)j)jt3''* sin 
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Fig. 5. Amplitude plot for determining the scattering 
temperature in Pb + 013 per cent In. Each point corre- 
sponds to a beat maximum. T = B|(<110). 


where 


[ sin Acuijc + sin Arngj: 

1 + cos Atu,jc + cos A<«> 2 JcJ ' 


(4) 


The carrier frequency is amplitude modulated 
by a rather complicated but slowly varying 
envelope function. The phase i// is also a 
slowly varying function. 

If the experimental trace can indeed be 
explained by the presence of three frequencies, 
apparently two of the frequencies are con- 
siderably closer in value than either is from 
the third. To quantify this, we define; 


— i(Ao>i -l- Aa>2) 


fig = i(Aa), -t-A<i>2) (5) 


and take fli/Hg > 1. In terms of these new 
variables, (4) may be written: 

S ~ [5-1-4 cos fti X cos CI 2 X — 4 sin* flgJc]’'* 

X sin (6) 


with 


^ = tan-‘ r^«nili£Cosf^] 
,ill + 2 cos ftijr cos fVJ 


( 7 ) 


In Fig. 6(b) is shown a plot of the envelope 
function for = 40. It is found that the 
essential features of the trace in Fig. 6(a) are 
reproduced. The ‘long beat’ feature is sqiparent 
between points B and B' and is due to the 
change in sign of cos S^x in the above envelope 
function. 

In seeking an explanation for the appearance 
of a third frequency, we were led by previous 
experimental results and a theoretical predic- 
tion to consider several mechanisms. These 
included: (1) the presence of microstructure in 
the crystals with indium concentrations 
greater than 0-13 at.%; and (2) a beating 
introduced by localized levels predicted by 
Ermolaev and Kaganov [35]. To these we 
add (3), a geometrical effect peculiar to the 
nature of the non-central third zone orbits. 

With regard to [1], Condon[36] claimed 
that a new frequency was introduced in Be 
by ~0-5° of microstructure. Similar effects 
were seen in Be and Be(Cu) alloys be Gold- 
stein et al. [12] in samples with -^1° micro- 
structure. On the other hand, Gold [13] claims 
a rod-like ‘bundle’ structure (~i° misorienta- 
tion) in lead cannot explain the beats in the y 
oscillations at (110) because the carrier fre- 
quency is stationary with respect to angle 
there. In the present case, it is difficult to see 
how the amount of microstructure would 
depend so critically on indium concentration 
such that the third frequency would be absent 
in the 0-13 per cent alloy and present in the 
others. It also should be pointed out that the 
beat frequency produced by the non-central 
orbit is also stationary with respect to angle. 
This mechanism is therefore thought to be 
unlikely in producing the observed behavior. 

Ermolaev and Kaganov [35] have shown 
how beats may appear as a result of the crea- 
tion of quasi-local levels by impurities. Their 
conclusions apply to the perturbation of an 





Fig. 6. (a) Experimental curve at 1-2°K for Pb+0-62 per cent In showing a 'Jong beat’ between 80 and llSkG. 
(b) Computer simulated beat envelope for three component frequencies. The characteristic ‘long beat’ is apparent 

at high field. 
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ictron piece of Fermi surface by the addition 
donor impurities or a hole piece by acceptor 
lurities. In the case of the third zone Fermi 
■face in Pb(In) alloys, we have acceptor 
lurities and an electron surface. The theory 
srefore does not apply and it appears that 
simple modification can be made to make it 
jre general. 

t now remains to consider the third of the 
tssibilities suggested above. The appearance 
a third frequency seems to be consistent 
ith the description of the non-central orbit 
pure lead as essentially an inflection point, 
hen indium is added to lead, the third 
>ne Fermi surface tends to shrink according 
simple electron concentration ideas. It is 
jothesized that the cyclotron masses (most 
which are non-extremal) along the arm do 
. have the same value, resulting in a non- 
liform decrease in area. This is shown 
hematically in Fig. 7 which illustrates how 
maximum and minimum area could develop 
place of an inflection point. Curves A 



DISTANCE ALONG ZONE LINE (^) 

L 7. Schematic illustration of the area along the 
rd zone arm for decreasing electron concentration 
(4 through E). 
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through E correspond to decreasing elet^nm 
concentration with curve B representiiig the 
situation in pure lead. 

Tlie simplest assumption for the mass values 
at points 1 an^ 2 in Fig. 7, which wiD produce 
the indicated behavior is (me)z > (meh- Since 
the cyclotron mass is sinqily a measure of the 
rate of change of area with enmgy, the cross- 
section at point 2 will therefore decrease 
faster than that at point 1 . In this interpretation 
the absence of a three-frequency beat pattern 
in the 0*13 per cent alloy is assumed to indi- 
cate that the minimum has not yet deepened 
enough for a maximum and a minimum to be 
separately resolved. 

It should be added that the discussion of 
Section 2(b) is not contradicted by this 
explanation. The two frequencies at points 
1 and 2 in Fig. 7 are so close together in 
frequency (flj/tu =>= 0-05 per cent) that any 
amplitude switching between them as a func- 
tion of alloy concentration is beyond the 
accuracy of our measurements (04 per cent). 

(d) Effect of impurities on scattering rate 

The scattering or Dingle temperature 7/>, 
which appears in the amplitude of the dHvA 
effect[S], is a measure of the total scattering 
rate for electrons on a given cyclotron orbit. 
To is related to a relaxation time by [4] 


T — ^ 

" 2irkBT' 


( 8 ) 


Brailsford has shown how t is related to a 
resistivity relaxation time Tp defined by 


Tp = 


m 

Ne^p' 


(9) 


where m is the free electron mass, N the con- 
duction electron density, and p the resistivity. 
Brailsford assumed scattering of free elec- 
trons by a screened Coulomb potential and 
obtained [4] 


^ = <I»(l-l-q*W) (10) 
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where 

q~^ is the screening length, and kp is the Fermi 
wavevector. Free electron values for q and kp 
appropriate to Pb give r/xp = 0-58. 

As mentioned in Section 3(c), the introduc- 
tion of the third frequency for concentrations 
above 0- 13 per cent In made To measurements 
in the more concentrated alloys impossible. 
Thus, comparison with the theory is possible 
only for the 0- 13 per cent alloy. 

Now the values obtained for To in pure 
lead (1-62°K and 1-73‘’K) are considerably 
larger than those obtained by Phillips and 
Gold [30]. Their work showed that unless 
special precautions are taken with respect to 
sample perfection, the measured values of 
To in pure lead are due to broadening of the 
Landau levels caused by dislocations and not 
to impurity scattering. The lowest value of Td 
obtained by Phillips and Gold for the y oscil- 
lations at Ol0> is 0-3 TK indicating that the 
mechanism they suggest is probably the 
explanation of the higher values measured 
here. In the 0- 13 percent alloy To was 2-95°K. 
If we assume that Mathiessen's rule is 
approximately obeyed (as it should be for two 
elastic scattering mechanisms) and that the 
scattering rate due to dislocations in the alloy 
is roughly the same as in pure Pb, we may ob- 
tain an experimental ratio (r/xp), due to 
impurity scattering, to compare with the 
theoretical value. In determining Xp an en- 
hanced electron mass (2-2 m) is used[33] 
and a tabulated value of the resistivity (22 
micro-ohm-cm) is employed in conjunction 
with the measured residual resistance ratio 
(RRR » p(295 K)/p(4-2 K)). Since these 
alloys are superconducting at 4*2°K, the RRR 
for each alloy was determined be extrapolat- 
ing the transverse magnetoresistance to zero 
field. The resulting RRR for the 013 per cent 
alloy was 200. 

To obtain the experimental quantity to 


compare with equation (10), we define TpS® 
hllvkaTfi so that the effect of the dislocation 
scattering may be eliminated approximately 
by putting 

= Ib 

TpLp 70(0-13) -ro(O-O)’ 

where 7p(013) = 2-95“K and rz,(0-0) = 1-67 
°K. This gives (x/xp)imp = 1-7. TTiis value is 
quite obviously very much larger than the 
theoretically predicted one. It is not clear 
whether this large discrepancy, which is in 
the same sense as for Be alloys [12] and AI 
alloys [9], is a result of a failure of the theory 
or of band structure effects on the effective Tp. 


4. SUMMARY AND CONCLUSIONS 

Several aspects of the effect of indium 
impurities on the de Haas-van Alphen effect 
in lead have been investigated. Attention was 
focused on the third zone electron arm orbits 
with B||(110). It was shown from the dilute 
alloy data that the dominant frequency of the 
beat pattern in pure lead is that of the non- 
central orbit. Values for the extremal cross- 
sectional areas of the central and non-central 
areas were obtained. These values are free 
of any ambiguity due to the presence of beats 
in the oscillations. 

The changes on alloying of the -extremal 
area of the non-central orbit were compared 
with the rigid band model. The area decreased 
on alloying as expected because the arms are 
electron pieces of Fermi surface and adding 
indium to lead decreases the electron con- 
centration. Because of the limited accuracy 
of the data, it is possible to conclude only 
that deviations from rigid band behavior are 
less than about twenty-five per cent in Pb(In) 
alloys. It is perhaps not surprising that devia- 
tions from the RBM are not large in this 
alloy system. This follows since the perturba- 
tion theory treatment of Friedel, upon which 
the RBM result (equation (2)) is based, would 
be expected to be valid in the Pb(In) alloy 
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system. This statement, in turn, is based upon 
tte validity of pseudopotentials and free- 
electron-like pseudowavefunctions in Pb[141 
and upon the conclusion of Stem [25], who 
states that perturbation theory should (be 
correct in ^loys for which the valence 
difference is a small fraction of the valence 
of either the solvent (4 for Pb) or solute 
(3 for In). 

In alloys with greater than 0-13 at. % 
indium a third dHvA frequency was observed 
in the beat pattern. Several possible origins 
for this effect were considered but the most 
likely of these is that the apparent inflection 
point in the third zone changes into a resolv- 
able maxima and a minima on alloying. This 
suggestion could be checked in two ways. One 
is that the cyclotron masses could be evaluated 
from a parameterized pseudopotential fit in the 
vicinity of the orbits in question. Secondly, 
increasing the electron concentration, in an 
alloy like Pb(Bi), would not only fail to pro- 
duce a third frequency, but might also com- 
pletely eliminate the extremum at the inflec- 
tion point. Preliminary results [37] in a Pb 
(0-5 per cent Bi) alloy showed in fact that one 
of the two beating y frequencies had essen- 
tially disappeared although it was possible to 
follow the y oscillations only over about 200 
cycles. 

Finally, an attempt was made to investigate 
the influence of indium impurities on the 
scattering rate appearing in the dHvA ampli- 
tude. It was impossible to study concentra- 
tions higher than 0-13 at.% indium because of 
the third frequency appearing in the beat 
pattern. The limited data gave a r/xp which 
was considerably higher than the free elec- 
tron predictions, as is the case in other alloys 
of A1 and Be. However this phenomenon 
should be studied carefully as a function of 
solute concentration, preferably in crystals 
of low dislocation content. Therefore it would 
be well to attempt such measurements in a 
system like Pb(Bi) where, as discussed above, 
the introduction of the third frequency is not 
likely. 
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CHARACTER DISORDER AT TRANSITION FROM 
CRYSTAL TO VITREOUS PHASE IN 
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Abstract— The optical constants n, k,e',^ and electron energy losses (— Imc~') are calculated in order 
to characterise the structure of energy bands at transition from crystal to vitreous phase in the diamond- 
type (ZnSnP], CdGeAs,) and chalcogenide (AsjSj, AstSe*) semiconductors. The change of the 
valence band and conductivity band structure at transition from crystal to vitreous phase in CdGeAsi 
is shown. 

The correspondance of the crystal structure to the character of disorder in the diamond-type and 
chalcogenide semiconductors is considered. 

The significant changes of electron and phonon spectra observed at transition from crystal to 
vitreous phase in CdGeAsj in comparison with AstSs and AsiSe^ are caused by a greater disorder in 
vitreous CdGeAs,. 


INTRODUCTION 

The INVESTIGATION of electron and phonon 
states in the diamond-type (ZnSnPj, CdGeAsj) 
and chalcogenide (AS2S3, AsjSes) compounds 
has been carried out to study the character 
of disorder at transition from crystal phase to 
vitreous phase in semiconductors. 

First studies were carried out with the 
ZnSnPj compound, which was obtained by 
manufacturers both in the chalcopyrite and 
sphalerite structures [1]. Zn and Sn atoms are 
distributed in order in the cation sublattice 
(a = 5-651 ±0'001 A; C/a = 2-00, tetrahonal 
lattice), while the crystals with sphalerite 
structure (a = 5-651 ±0-001 A, cubic lattice) 
are characterised by statistical distribution of 
these atoms and thus the sphalerite structure 
could be considered as a partly disordered 
one. 

The absorption edge, photoluminiscence, 
electron [2-3] and phonon [4] reflection 
spectra of ZnSnP2 with the chalcopyrite and 
sphalerite structure were measured. The 
measurements has shown that the band struc- 
ture of ZnSnPj did not change essentially at 
transition from chalcopyrite to sphalerite. In 


the Reststrahlen region longitudinal and trans- 
verse optical lattice vibrations are present 
both in the sphalerite and chalcopyrite 
structure. 

Thus, at transition from chalcopyrite to 
sphalerite in ZnSnP2 the nearest and far order 
are present; and some broadening of the 
spectral structure in this case is, probably, due 
to a statistical disorder of atoms in the cation 
sublattice. 

At the next step we studied a greater dis- 
order considering transition from crystal to 
vitreous phase in the semiconducting 
CdGeAs2 compound [5]. The electron [6] 
and vibrational [7] reflection spectra of 
CdGeAsj in the crystal and vitreous phases 
were measured. 

The vitreous CdGeAsj was obtained on the 
basis of the crystalline tetrahedral phase and 
had the same coordinate number equal four, 
i.e. the vitreous CdGeAst was similar to the 
amorphous Ge and Si. However, Ge and Si 
are obtained only as the amorphous layers, 
the structural inhomogenity of the layers leads 
to ambiguous interpretation of the data. The 
morphology of the vitreous CdGeAsc is 
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analogous to that of the chalcogenide glasses, 
since CdGeAs* is obtained in the form of bulk 
smnples. 

In present work the optical constants n, k, 
c'.e" and electron energy losses (— 
have been calculated by means of the 
Kramers-Kronig relations in order to charac- 
terise the changes of the band structure at 
transition from crystal to vitreous phase. All 
the calculations were carried out with the 
BES M-4 computer. The results of the calcula- 
tions are shown in Fig. 1 , 3 8. 

The change of the valence band and con- 
ductivity band structure at transition from 
crystal to vitreous phase is shown. The coires- 
pondance of the crystal structure to the 
character of disorder in the diamond type and 
chalcogenide semiconductors is considered. 

1. CHANGE OF THE VALENCE BAND AND 
CONDUCTIVITY BAND STRUCTURE AT 

TRANSITION FROM CRYSTAL TO VITREOUS 

PHASE IN DIAMOND-TYPE SEMICONDUCTORS 

In 1964 Hilsum has shown [8] the invari- 
ableness of the valence band structure in 


different semiconducting compounds. The 
disagreement of the energy values of the A's 
and Ls valence band maxima in different semi- 
conducting compounds does not exceed the 
value of 10 per cent. 

Somewhat earlier Gubanov proposed the 
theory of amorphous conductors [9]. It follows 
from this theory that at transition from crystal 
phase (characterised by the regular coordina- 
tion of atoms) to disordered systems (charac- 
terised by the negligible change of the nearest 
order) no signiheant change of the band struc- 
ture takes place. 

Investigating optical properties of amor- 
phous Ge, TauC also came to conclusion that 
the valence band of amorphous Ge is similar 
to that of the crystal [10], 

However, the recent studies show that at 
crystal-glass transition in the diamond-type 
semiconductors a considerable change of the 
valence band and conductivity band structure 
takes place. 

At transition from crystal to vitreous phase 
in the CdGeAsj compound a complete dis- 



Fig. I. The dispersion of the imaginary part (t") of the dielectric 
susceptibility and the energy losses function (-Ime''). The solid 
line represents CdGeAsj in the crystal phase, the dashed line 
represents CdGeAsj in the vitreous phase. 



Fig. 2. The reflection spectrum of CdOeAs, in the crystal (solid line) and vitreous 
(dashed line) phases at T =* 1()0°K. 
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appearance of the structure in R =f{hv)[fi\ 
and e" =/( hv) (Fig. 1 ) occurs. The structure 
observed in the crystal phase of CdGeAs 2 
characterise the region of direct interbgnd 
transitions at the F, N, P and T points of the 
Brillouin zone. It can be seen that the area 
under the ^'=f{hv) curve for vitreous 
CdGeAsj is greater than that for the crystal. 
This is, probably, due to the fact that the 
density of glass is greater than the crystal 
density and consequently the number of 
oscillators per unit volume in the case of a glass 
is greater than in the case of a crystal (Fig. 2). 

The measurements of the reflection spectra 
of vitreous and crystal CdGeAsj in the photon 
energy range from I to 5 eV were taken at T = 
100°K in order to decrease the temperature 
influence on the spectral structure. However, 
no change of the spectrum in the case of 
vitreous phase was observed, which was, 
probably, caused by the blurring of the valence 
band and conductivity band structure. In the 
case of the crystal phase of CdGeAsj the 
additional structure of the reflection spectrum 
was observed at T = 100°K in com- 
parison with our measurements at the room 
temperature [ 6 ], 

Donovan and Spicer[ll] investigated the 
change of the density of states in amorphous 
Ge in comparison with crystal Ge by means of 
photoemission. Their data unambiguously 
show that the valence band density of states 
maxima are shifted to the larger energy values 
and the corresponding peaks considerably 
broaden in the case of amorphous Ge with 
respect to the crystal. 

Investigating the reflection spectra of AS 2 S 3 
and As 2 Se 3 in the crystal and vitreous phases 
the number of authors (Belle, Kolomiets and 
Pavlov [ 12 ]) came to a conclusion that the 
energy structure of these compounds at 
transition from crystal to vitreous phase did 
not undergo any significant change. 

Our calculations of the optical constants 
(Figs. 3-6) show that at transition from crystal 
to vitreous phase the e" function is charac- 
terised by the same singularities. Some inte- 




Fig. 4. The dispersion of the real (e') and imaginary (<*) 
parts of the dielectric susceptibility and the energy losses 
function (— lme~’). The solid line represents AsiS^ in the 
crystal phase, the dashed line represents AsiSj in the 
vitreous phase. 

gral decrease of the e" function and a broaden- 
ing of the most intensive peak in the case of the 
vitreous phase is caused by a decrease of the 
chalcogenide glass density and also by some 
structural disorder of vitreous phase. 

If electrons in the chalcogenide glasses 
are described by the Bloch envelopes, than 
conception of the Brillouin zone for these 
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Fig. 5. The dispersion of the retd (n) and imaginary (k) 
parts of the refraction. The solid line represents the crystal 
phase of As^Se,, the dashed line represents the vitreous 
phaseof AsjSca. 



Fig. 6. Tite dispersion of the real («') and imaginary (e") 
parts of the dielectric susceptibility and the energy losses 
function (— Ime"'). The solid line represents AsjSe, in the 
crystal phase, the dashed line represents AsjSej in the 
vitreous phase. 

glasses might be introduced. According to the 
electron reflection spectra the Brillouin zone 
of the chalcogenide glasses is a polyhedron as 
is the case for the crystal. Some blurring of the 
mflection spectra of the AsjSg and AsjSej 
glasses in comparison with crystal As2S2 and 


AsiSes is due to an uncertainty in the wave 
vector K ~ K + AK. 

On the other hand die lack of the structure 
in the region of direct interband transitions of 
vitreous Ge and CdGeAs* points to the change 
of the Brillouin zone. Thus, transition from 
crystal to vitreous phase in the diamond-type 
semiconductors is accompanied, evidently, 
by the change of the Brillouin zone from poly- 
hedron to sphere. In other words an uncer- 
tainty of the electron wave vector becomes so 
great that conception of the Brillouin zone is 
no more applicable to the glasses obtained on 
the basis of the crystalline tetrahedral phase. 

At transition from chalcopyrite to sphalerite 
(i.e. at transition to a partly disordered struc- 
ture) in the diamond-type semiconducting 
ZnSnPj compound the band structure does 
not change significantly and the c" function 
is characterised (Fig. 7 - 8 ) by the same 
singularities. 

We also analysed the valence band struc- 
ture changes at crystal-glass transition by 
means of the electron energy losses function 
(—Ime"'). The maximum of this function lies 
in the frequency region of plasmic oscillations 
of valence electrons. Since this frequency 
region ‘reflects’ only valence band processes 
the particular form of the electron losses func- 
tion enables one to draw a conclusion about 
the changes of the valence band structure at 
crystal-glass transition. 

In the case of crystal CdGeAs2 the fre- 
quency region of plasmic oscillations lies at 
about 8 eV and the electron losses function is 
characterised by the sharp structure Fig. 1 . In 
the case of the vitreous phase this structure 
is considerably blurred which brings one to a 
conclusion about the significant change of the 
valence band structure of vitreous CdGeAs2 
in comparison with the starting crystal phase. 

In AS2S3 and As2Se3 the (— Imc"') function 
is characterised by the similar structure both 
in the crystal and vitreous phases Fig. 4 , 6. 
Hence at transition from crystal to vitreous 
phase the valence band in the investigated 
chalcogenide semiconductors change quite 
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insignificantly, and the change is due to some 
uncertainty of the wave vector K ~ K + 4 JC. 

In ZnSnP2 (Fig. 8) at transition from chalco- 
pyrite to sphalerite the — Ime~' function does 
not change considerably. 

Spicer and Danoven[ 13 ] calculated the 
effective number of electrons per atom ritff = 4 , 
for amorphous Ge. It was shown in earlier 
works by Philipp and Ehrenreich[] 4 ] that for 
crystal Ge rieff > 5 , which, in authors view, is 
caused by the contribution from transitions 
in the </-bands. The change of rieff at crystal- 
glass transition in Ge also implies the change 
of the valence band structure of amorphous 
Ge. 

2. CORRESPONDANCE OF THE CRYSTAL 
STRUCTURE TO THE CHARACTER OF DISORDER 

IN THE DIAMOND-TYPE AND CHALCOGENIDE 
SEMICONDUCTORS 

The investigation of the vibrational spectra 
in the diamond-type [ 7 ] and chalcogenide[ 15 ] 
semiconductors has shown that the transition 
from crystal to vitreous phase is accompanied 
by essential changes only in the case of 
CdGeAsj (i.e. the longwave-length optical 
lattice vibrations are present only in the 
crystal phase of CdGeAsj). 

In the reflection spectra of vitreous AsjSj 
and AsjSeg (in distinction to vitreous 
CdGeAs2) the intensive peakes are observed 
at \ = 33 fi and K = 47 ft respectively. These 
peakes are also observed in absorption of the 
AS2S3 and AsjSes glasses. 

In addition the measurements of absorption 
in the AS2S3 and As2Se3 crystals show that the 
absorption bands of the chalcogenide glasses 
and the starting crystal phase are comparable 
in intensity and lie in the same frequency 
region. 

Consequently optical vibrations of crystal 
AS2S3 and As2Se3 are also present in the 
vitreous phase of these compounds. We 
suppose the existence of directed oscillations 
of the valent bonds in AS2S3 and As2Se3 both 
in the crystal and vitreous phases. These 
oscillations cause the observed infrared peaks. 



Fig. 7. The dispersion of the real (n) and imaginary (k) 
parts of the refraction in ZnSnPt. The solid line represents 
ZnSnPt with the chalcopyrite structure, the dashed line 
represents ZnSnP, with the sphalerite structure. 

The results of the present experiments 
corroborate the structural conceits. According 
to these conceits the chalcogenide crystals 
A52S3[16] and As 2 Se 3 [ 17 ] have the layer struc- 
ture. The As-S or As-Se bond is dominating 
within the layer. These are the ionic-covalent 
bonds whereas the interlayer bond is of the 
Van-der Vaals type. At transition to the 
vitreous phase of the chalcogenide compounds 
the interlayer Van-der Vaals bond breaks 
while the ionic-covalent As-S or As-Se bond 
is dominating within the layer. 

This is confirmed by the measurements of 
infrared spectra of both crystal and vitreous 
phases, the peak observed in the same fre- 
quency region for the crystal and vitreous 
phases is due to the directed oscillations of 
valent bonds. 

The distortion of the far order in the chalco- 
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Fig. 8. The dispersion of the real («') and imaginary («") 
parts of the dielectric susceptibility and the energy losses 
function (— The solid and dashed lines represent 
ZnSnPj with the chalcopyrite and sphalerite structure 
respectively. 

genide glasses is caused mainly by the changes 
of valent angles. 

In the diamond-type semiconductors at 
transition to the vitreous phase the coordina- 
tion number is conserved whereas the dis- 
tortion of the far order is caused by the 
changes of the valent angles and interatomic 
distances, which leads to essential changes of 
the observed spectra. 
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CALCULATIONS OF POINT DEFECT c6nCENTRATIONS 
AND NON STOICHIOMETRY IN GaAs 
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Abstract— A study of point defects and nonstoichiometry in GaAs is presented. Standard methods 
of chemical thermodynamics are used to derive expressions for the equilibrium concentrations, as 
a function of temperature and arsenic pressure, of the following defects; arsenic monovacancies, 
gallium mono vacancies, gallium divacancies and appropriately charged versions of these three. This 
choice of defects is made on the strength of the evi^nce of the published experimental results relating 
directly to point defects in GaAs. 

Values for the required equilibrium constants are obtained by a combination of a priori estimates 
and matching with this experimental data at certain points. Consistent agreement with the experi- 
mental data is obtained, indicating for example that defect concentrations in the region 10*'-10" cm~’ 
in melt grown material are not unreasonable. The set of equilibrium constants on which the calcula- 
tions are based must, however, be regarded as provisional until more extensive data is available for 
comparison. Using these equilibrium constants the minimum practical deviation from stoichiometry 
and the width of the existence region of solid GaAs are calculated as a function of temperature. 


1. INTRODUCTION 

There is experimental evidence for the exist- 
ence of considerable concentrations of native 
point defects in GaAs. Using lattice para- 
meter measurements Potts and Pearson [1] 
observed concentrations of the order of 
10>®cm”^, which they identified as arsenic 
monovacancies. By means of measurements 
of damping by internal friction Chakraverty 
and Dreyfus [2] observed similar concentra- 
tions of defects, which they tentatively 
identified as gallium divacancies. Blanc, 
Bube and Weisberg[3] also observed con- 
centrations of at least 10‘*cm“*, although 
they were unable to identify the actual type 
of defect involved. In EPR measurements 
Goldstein and Almeleh[4] observed con- 
centrations greater than 10‘*cm~® of some 
resonance centre which they deduced to be 
some combination of point defects. Using 
lattice parameter and density measurements 
Straumanis and Kim [5] observed deviations 
from stoichiometry of the order of one part 
in 10*, corresponding to a defect concentra- 
tion of at least 2 x 10‘* cm~*. 


The question as to what extent such native 
point defects may influence the electronic 
behaviour of GaAs is not yet fully resolved. 
The direct effects of point defects are con- 
sidered in Ref. [3] and in recent papers by 
Otsuka[6] et al. and Munoz [7] et al. in which 
the conversion of n-type GaAs to p-type is 
partly ascribed to such defects. There are 
also several other cases where the defects 
influence the electronic behaviour in a less 
direct manner through the formation of com- 
plexes with various impurities, for example 
Refs. [8-10]. In Section 4 we make com- 
parisons between theoretical calculations 
and some of the experimental results men- 
tioned above, particularly those from Refs. , 
[1,2] and [7]. 

In this paper standard methods of chemical 
thermodynamics are used to derive expres- 
sions for the equilibrium concentrations of 
the various defects considered; for a compre- 
hensive discussion of these methods see, for 
example Refs. [11,12] or [13]. The notation 
to be used is based on that used in the above 
references (see in particular Ref. [11], 
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Chapter 13) and corresponds to- the so-called 
absolute system. Using the experimental 
results from Refs. [1] and [2] as a guide we 
consider here only the following types of 
point defect: arsenic monovacancies 
gallium monovacancies gallium di- 

vacancies (fca) 2 *' appropriately charged 
versions of these three. Interstitial types of 
defect are not therefore included in the 
present analysis, the justification being the 
fact that introducing interstitials makes the 
theoretical results unnecessarily complicated, 
since the main features of the most concrete 
experimental results (Refs. [1] and [2]) can 
best be interpreted in terms of vacancies as 
the dominant species. One cannot at this 
stage, however, definitely rule out the 
possibility of a significant concentration of 
interstitials, and this should be borne in mind 
as further experimental evidence becomes 
available. 

The method of analysis used for obtaining 
the defect concentrations, as described in 
Section 2, is formally quite straightforward. 
The feature which usually discourages the 
application of the method is the presence of 
a large number of unknown parameters, such 
as the energies and entropies of formation 
of the various defects, which are required for 
the calculation of the equilibrium constants. 
In the present case for GaAs we have obtained 
approximate a priori estimates for all except 
three of the required parameters. Reasonable 
values for the remaining three (one energy 
and two pre-exponential factors) are obtained 
by matching with some of the experimental 
data from Refs. [1,2] and [7], Thus a reason- 
able and believable set of values for the 
equilibrium constants is obtained which 
provides satisfactory agreement with the 
experimental results. There is little doubt, 
however, that one will have to make some 
mortifications to these values as further data 
for testing them becomes available. Once 
one has values for the equilibrium constants, 
of course, the equilibrium concentrations of 
the corresponding defects can be calculated 


for any desired values of temperature and 
pressure. In Section 5 we use this set of 
equilibrium constants to calculate the mini- 
mum practical deviation from stoichiometry 
and the shape of the GaAs existence region, 
both as a function of temperature. 

2. ANALYSIS 

The method of analysis may be outlined as follows; 

We write down a reaction equation for the formation 
of each type of defect in the solid and for the formation 
of electrons and holes. There is afurther reaction equation 
representing the transfer of atoms between the gas and 
solid phases. For each of these reactions there is a mass 
action condition which applies at equilibrium. In the 
present work we assume that the concentrations are 
sufficiently dilute for ideal conditions to apply, so that 
the mass action relations can be written in terms of 
concentrations and Boltzmann statistics used for the 
electrons. To these mass action conditions we add the 
condition of electroneutrality, and the resulting set of 
equations can be solved for the defect concentrations 
in terms of the partial pressure of one of the species in 
the gas phase (the pressure of As, is used here). Suitable 
approximate solutions to these equations can easily be 
obtained if the neutrality condition is approximated by 
its two dominant members; this procedure, known as 
Brouwer's approximation [1 4], is frequently used in this 
type of problem. Further details and justification of the 
method of analysis used here can be found in Refs. 
(11], [12] or [13] as already mentioned. Section 13.4 of 
Ref. [1 1] is particularly relevant. 

Taking into account the defects indicated in Section 1 
above, we have the following reaction equations: 


0 ^ e' + h : El 

(I) 


(2) 


(3) 


(4) 

yx.-y^.+e’iE, 

(5) 

(Fu.)*- {y„„y, + h\Ei^ 

(6) 

lAs,(g) ^ Asi.-!- KS.; 

(7) 


Reactions (1-6) occur in the solid phase. Reaction (7) 
represents transfer of As atoms between the solid and gas 
phases. The superscripts x, ', indicate neutral negative 
and positive species respectively. Thus e' represents an 
electron, h a hole, FSj a neutral gallium vacancy, (Fclj" 
a neutral gallium divacancy, and so on. The energies 
and enthalpies of reaction are indicated on the right- 
handside. "nie symbol H indicating enthalpy is used for 
reactions where a significant volume change may be 
involved. 
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The maas action relations ccnresponding to the above 


reactions are as follows: 

np - Ki (8) 

= '(9) 

( 10 ) 

[yL]pi[v^]= K, ( 11 ) 

[^'X.]«/[^’i] = X. (12) 

[(l'Ga)i]p/[(»'G.).*]=ir.. (13) 

[AsX,][KS.]//>J(* = (14) 


Square brackets are used to indicate concentrations 
except in the case of electrons and holes where the 
usual symbols n and p are used. [AsJ^,] represents the 
concentration of As atoms on As sites and will be taken 
as unity. The partial pressure of As: in the gas phase is 
denoted by P*,,. Note that we need only specify the 
partial pressure of one of the constituents of the gas 
phase— the pressures of the others (As^, Ga, etc) are 
then determined by the condition of chemical equili- 
brium. The equilibrium constants appearing on the right- 
hand-side of equations (8-14) have the general form 

Ar = exp (5M)exp (-HIkT) 

= X«exp (-HIkT), 

where S and H are the entropy and enthalpy changes of 
the reaction. fC’, referred to as the pre-exponential 
factor, is usually a relatively weak function of temperature. 

The electroneutrality condition is 

+ (15) 

Equations (8-15) represent 8 equations for the 8 un- 
knowns It. p, [(^..Is*], [KXJ and 

[(1'g«) 2]. Thus we can solve for these 8 unknowns in 
terms of Pa» and the temperature. It is convenient to 
express the solutions in terms of the quantity 

R = Pi'iAw (16) 

Depending on which are the dominant members in 
equation (IS), there are six possible neutrality conditions: 

/i = p; [yi,] = [v^]-. [(k'G.)n = [^'x.]; 

{y(in\—P'> [(kc«) 2 ]=P- The solutions of equations 
(8-15) for each of these neutrality ranges are easily 
obtained and are shown in Table I. Note that the solu- 
tions involve only simple powers of R, and hence when 
plotted against P on a log scale are given by straight 
lines in each neutrality range. As shown in Section 4, not 
all the possible neutrality ranges shown in Table I are 
applicable for the present study on GaAs. 

3. VALUES FOR THE EQUOLEBRIUM CONSTANTS 

We consider first the equilibrium constants 


for the reactions involving fcamation OS 
electrons or holes, i.e. Ku Ka, Kt, and Km. As 
shown in Ref. [11], p. 253, using the band 
model for the ’kepniconductor, the equilibrium 
constant Ki is given approximately by 

*:, = 4[2ir(m?mn‘'*Ar/h®]Hxp (-EflkT), 

(17) 

where mt and mjf are the effective masses 
for electrons and holes, and Ef is the band g!q> 
energy. For the effective masses we used 
the published [15] values me/m = 0'07 and 
mjf/m = 0-5, where m is the electron mass. 
The experimental results [16] for Ef may be 
represented approximately over the range 
T > 500°K by the expression 

£,* = 1 -62 - 5-45 X lO-T eV. (18) 

Using these quantities in equation (17) we 
obtain 

1-65 X exp (-l-62eV/Ar). 

We recognise that equation (17) is based on 
a simple model, and a more exact numerical 
calculation using a two band correction 
has been given by Hall and Racette[]7]. We 
take some account of the calculations in Ref. 
[1 7] by adjusting the value of the pre-exponen- 
tial factor so as to agree with their results at 
1000 K. This causes an increase by a factor of 
6 in the pre-exponential factor csdculated 
above, which now becomes l-0xl0“*®r®. 
The final value for Ki is given in Table 2. 

As shown in Ref. [11], p. 254, the equili- 
brium constant Kg is given approximately by 

Kg = (27rm;fkr/h*)*'*exp (-EJkT) (19) 

where Eg is the ionization energy of the 
vacancy. To obtain m estimate for Eg we 
use the hydrogenic model: 

£«= 13‘6(m^/m)6*eV, (20) 

where c is the static dielectric constant. 
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Usii^ the pubtished[l8] value €= 12-5, we 
obtain fin = 0-044 eV. The resulting value 
for Ka from equation ( 1 9) is 

Ka-39x io-*7»'» exp (- 0-044 c\lkT ) 

Equation (19) involves similar assumptions 
to those in equation (17), and to be consistent 
with the modification to bring the value of 
the pre-exponential factor in Ki into line with 
the calculations in Ref. [17] we make a 
corresponding correction to the value of 
Ka. The numerical value of the correction 
is V^= 2-45, and the resulting value for Ka 
is shown in Table 2. 

The expression for Kt, is the same as that 
for Ka, with m* replacing throughout. 
This yields an energy fi* = 0-006 eV, and the 
resulting value for K^ h shown in Table 2 
(the same numerical factor 2-45 is included). 

For estimating Kia we assume that the 
process of removing a hole (i.e. adding an 
electron) from a gallium divacancy is the 
same as the corresponding process for a 
gallium monovacancy. This should be justified 
as long as the hydrogenic model is valid, that 
is when the orbit of the hole is large and the 
binding energy is primarily determined by the 
dielectric constant. Thus we choose fijo = Ka, 
as shown in Table 2. 

We now turn to the slightly more difficult 
problem of estimating the equilibrium con- 
stants for the reactions which involve creation 
of vacancies and divacancies, i.e. K, and fip. 
K, has the form 

fi. = fi/exp i-HJkT) 


where H, is the enthalpy ctf formation tS a 
gallium and an arsenic vacancy (i.e. aSchottky 
defect). No direct estimate, either theoretical 
or experimental, is avail^le ftn* JH, in GaAs, 
so we shall obtain mi estimate by comparison 
with another material. Probably the most suit- 
able material to compare with is Ge. Ge lies 
between Ga and As in the periodic table, and 
is isoelectronic with GaAs. The values 
2-leV[19] and l-9eV[20] have been cal- 
culated for the formation energy of a vacancy 
in Ge. We shall therefore assume that the 
energy of formation of is the same as that 
for FXg and equal to 2-0 eV, giving H, = 4-0 
eV. We note that from their lattice parameter 
measurements Potts and Pearson [1] deduced 
the value 2-0 eV for the formation energy of 
while this value agrees with the above 
estimate and allows agreement with their 
results to be obtained, we shall see in Section 
4 that their method for arriving at this value 
from their experimental results was probably 
over-simplified. For the pre-exponential fac- 
tor we see from Table 13.3 in Ref. [11] 
that typical values for the pre-exponential 
factors for Schottky defects lie in the range 
1-10®. In fact we obtain a value K°— 1-15 X 
10“ in Section 4 by matching with some of 
the experimental results from Ref. [1]. The 
resulting value for K, is shown in Table 2. 

To calculate Kp we need a value for the pair- 
ing energy Hp between two neutral gallium 
vacancies. Once again we have to estimate 
this indirectly by comparison with other 
systems. As discussed in Chapter 9 of Ref. 
[II] the vacancy pair is likely to be stabilised 
by the formation of a bond between the neigh- 


Table 2. Provisional values for the equilibrium constants 
occuring in equations (8-14). 


Ki 

1 0 X 10-'* T* exp (- 1 -88 x WIT ) 

(mole fraction)* 

K. 

lI5xlO“exp(-4-64xiO«/r) 

(mole fraction)* 

Kp 

60exp(136xl0*/T) 

(mole fraction)-' 

Ka 

9-6X lO-'T’^cxp {-510IT) 

(mole fraction) 

Kt 

4-9 X 10-' T*" exp (-70/T) 

(mole fraction) 

f^ta 

9-6 X 10-* T>'*exp (-510/r) 

(mole fraction) 


3-8x10-“ exp (-6650/r) 

(mole fraction)* (atmos)^ 
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bouring atoms— that is abond between neigh- 3*80 x 10"* and = 0‘57 eV. It is perh^s 
bouring As atoms in the present case. The reassuring that the value obtained for K!i»v> ‘s 
diatomic bond energy for a pair of As atoms similar to the value 2*5 x 10“* obtained [11] 
should therefore give an upper limit to the for the corresponding quantity (/iCS,i,) in 
binding eneigy of the divacancy. In Table 3 studies on PbS. We also note that the value 

Table 3. Comparison between the published[l\] 
values of the diatomic bond energy for some 
Group IV elements, and the values calculated by 
Hasiguti[21]for the vacancy pairing energy in the 
corresponding solids 


Material 

Diatomic bond 
energy />(eV) 

Pair formation 
energy Hp(eV) 


C (diamond) 

6-26 

1-67 

0-267 

Si 

3-31 

0-93 

0-284 

Ge 

2-83 

0-84 

0-296 


a comparison is shown between published [21] 
values of the diatomic bond energy for some 
Group IV elements, and calculated [22] values 
of the vacancy pairing energy in the corres- 
ponding solids. While the values of the pairing 
energy vary by a factor of 2, the ratio of the 
pairing energy to the bond energy is fairly 
constant. We assume that this constant ratio 
applies approximately also for GaAs, and in 
particular we use the value 0-296, as found 
for Ge, The diatomic bond energy for As* is 
3-90 eV [23], and hence we obtain H„ = 
—0-296 X 3-90 = — 1-15 eV. The pre-exponen- 
tial factor Kfi involves the entropy change 
in the pairing reaction, and this entropy can 
be separated into a configurational part and 
a vibrational part. We assume vibrational 
frequencies are unchanged, so that the 
entropy change is given by the configurational 
part, i.e. the In of number of configurations 
for the pair. This leads to = 6[1 1], and 
the resulting value for Kp is given in Table 2. 

To calculate we need values for //a*!® 
and At this stage it is preferable to 

obtain these quantities by matching with the 
experimental results rather than attempt an 
a priori estimate. By matching with the results 
from Refs. [1,2] and [7] we obtain = 


of //as.!) is of the order of one, -tenth of the 
sublimation energy for GaAs (6-59 eV [23]), 
again sinular to the situation found for PbS [11]. 

4. THEORETICAL RESULTS AND COMPARISON 
WITH EXPERIMENT 

In this section we compare calculations 
based on the expressions in Table 1 with 
experimental results from Refs. [1,2] and [7]. 
First of ail we consider the relevant details 
of these experimental results. 

4.1 Details of the experimental 'results in 
Refs, [h 2] and [7] 

In the experiments in Ref. [1] GaAs 
samples were placed in an evacuated am- 
poule and annealed at various temperatures 
in the range 1273-1 473 K. The change in 
lattice parameter Aa was then measured. In 
the absence of further information we assume, 
as suggested in Ref. [1], that Aala is a direct 
measure of the defect concentration. The 
actual experimental values for Aala taken 
from Ref. [1] are shown in Fig. 1; each point 
is the mean of several measurements and the 
lines indicate the standard deviation. 

From the point of view of msUcing compari- 
son with this data it is important to know the 
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arsenic jpressure in the ampoule. Potts wd general starting conditions can be hancfied 
Pearson state that this would be the equili- by a similar treatment. We do not know the 
brium vapour pressure, implying the vapour precise starting conditicm of the material in 
pressure along die binary liqiudus. This Ref. [1]. On heating the ampoule As atoms 
assumption about the vapour ptessure would tend to evapor^ from the soUd, increasing 



0-6 0-7 0-8 0-9 

lO* / T IK*') 


Fig. 1. Comparison between experimental measurements for 
the relative lattice parameter change from Ref. [1], and theoretical 
values for 2 Fai f^m equation (27), using values from Table 2. 

only be justified if there was some liquid Ga the As pressure in the ampoule and forming 
present in the ampoule, and this may not have As vacancies in the solid. From the analysis 
been the case. Indeed we show below that such as that in Section 2 however we know 
it probably was not the case over much of that [Fx,] is a function of at thermal 
the temperature range. To illustrate the equilibrium: 
behaviour which can occur consider the 

following situation: A sample of GaAs is [Fa,] =fiP/at)- (24) 

placed in a sealed evacuated ampoule. In 

the present case we assume that material But since the arsenic pressure in the ampoule 
to be initially stoichiometric, althou^ more is due to atoms which have left the solid 
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forming vacancies, the arsenic pressure must 
be directly proportional to the number of 
vacancies; 

/’a.. = C7’[Ka,], (25) 

where the constant C is a function of the 
size of the ampoule (an expression for C is 
derived in Appendix 1). This type of relation- 
ship between the pressure in an ampoule and 
the vacancy concentration was also noted by 
Gasson et a/.[29] in studies on InAs. We are 
assuming that the dominant gas species is 
Asa, as seems reasonable for the tempera- 
tures and pressures under consideration [23]. 
From equations (24) and (25) we can solve 
for the pressure in the ampoule and the 
corresponding value of [Fas] at any tempera- 
ture (as in Section 4.3). The above argument 
only holds as long as we remain within the 
existence region of GaAs. This is illustrated 


in Fig. 2. The situation described so far 
corresponds to the composition changing 
along the path A -* B. If the ampoule is 
large, and the constant C therefore small, 
then Pam would rise only slightly and net 
evaporation of As atoms could continue 
until the composition moved all the way 
across to B' on the solidus line— the pressure 
would then be fixed by the phase rule. In 
cases of a ‘small’ ampoule where the com- 
position moves only over to the intermediate 
point B, the pressure in the ampoule is higher 
than the corresponding pressure along the 
bindary liquidus This can be seen 

from the fact that [ Fa*] is lower at B than at 
B', and hence the corresponding value of 
Pasj at P inust be higher. These ideas are put 
in a quantitative form in Section 4.3. 

The experiments in Ref. [2] were carried 
out on GaAs crystals melt grown under an 
arsenic pressure of 1 atmosphere (the corres- 



Fig. 2. Hypothetical phase diagram for GaAs. The width of the 
GaAs phase is exaggerated for clarity. 
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ponding Asj pressure being 0*328 atmos[23]). 
During the internal friction measurements 
the samples were heated to temperatures in 
the range 293-673 K. From their results 
Chakraverty and Dreyfus deduced a deflect 
concentration of at least 8 x 10“® (mole 
fraction), the simplest defect consistent with 
their results being a gallium divacancy. It 
is clear that close to the melting point (15 1 1 K) 
the vacancies will be very mobile, and the 
final (room temperature) defect concentra- 
tion in a melt grown material will correspond 
to a temperature somewhat below the melting 
point, i.e. the temperature at which the 
defects are ‘frozen in’ as far as interchange 
with the gas phase is concerned. For the 
present numerical calculations we take this 
temperature as 1473 K, about 40 K below the 
melting point. Thus we tentatively conclude 
from Ref. [2] that GaAs at a temperature 
1473 K and Pam = 0’328 atmos contains 
[(l^Ga) 2 ]cD ^ 8x 10~* mole fraction, or 
alternatively [Fcalco ^ Fbx 10“* mole 
fraction. (The subscript CD denotes Chakra- 
verty and Dreyfus). The latter possibility 
arises because it is reasonable to assume (as 
we shall do here) that the defects exist as 
monovacancies near the melting point, but 
combine to form mostly divacancies around 
room temperature — this is consistent with 
the value of Kp used here. For numerical 
comparisons we need a specific value and 
choose [FGa3cD= 2x 10~'‘ mole fraction, 
slightly above the experimental minimum. 
We note that the experimental technique 
used in this case would not have detected 
single vacancies (either Vq^ or Ka,). 

In the experiments in Ref. [7] GaAs 
samples were annealed under various arsenic 
pressures for a given length of time at a 
temperature of 1123K. With this annealing 
the samples become more p-type, and a plot 
of the change in carrier concentration as a 
function of pressure shows a very sharp 
minimum at a pressure Paw * 6*6 x I0“® 
atmos. (The corresponding pressure of Asg 
above GaAs would be 9*3 X 10“* atmos). 


We shall not attempt a full interpretation 
the results obtained in R^. {7], bat sin^y 
assume that this distinctive rainimom is 
associated with the point of minimum devia- 
tion from stoichiometry in the crystal. As we 
discuss below the pressure at which this 
minimum deviation from stoichiometry occurs 
can be expressed in terms of the equilibrium 
constants already introduced. 

4.2 Values of K,°. and Haw by match- 
ing with experiment 

The selection of values for A,®, and 
by comparison between theory and 
experiment has been done by a straight- 
forward trial and error procedure, and rather 
than follow through all the steps we just 
discuss the solutions obtained for the final 
chosen values. These solutions, based on the 
expressions in Table 1, are shown in Fig. 3, 
plotted against log,oP. The solution for each 
individual defect in each neutrality range is 
simply a straight line, but we also show two 
curves representing the quantities 2 Ka, = 
[Vis] + and 2 Kc,a = + [VU] 

+ 2[(KGa)2’‘] +2[(KGa)2]. It is these quan- 
tities which we compare with the values from 
Refs. [ 1 ] and [2] , which are indicated on Fig. 3 
as [FaJpp and [KcaJco- (The subscript PP 
denotes Potts and Pearson). Note that in 
Fig. 3 only the neutrality ranges 1, 3, 5 and 
6 occur (see T able 1 ). 

In calculating the values in Fig. 3 we have 
had to specify a value for A,®= 1*15 x !()*, 
but not for Aa 8,» and Hj^^^ because these 
latter quantities affect only the value of R. 
In choosing the value for Kf we had to 
satisfy the following conditions: (1) that 
suitable concentrations 2 Vas and 2 ko. occur 
to agree with the values [FA,]ppand [kcaJcn. 
(2) that the required values 2Kaj and 2FGa 
occur at points separated on the R scale by 
a distance corresponding to the pressure 
difference between the two experiments. If 
we assume, as will be confirmed below, that 
at 1473 K the pressure in the ampoule is 
given by the pressure along the binary liquidus 
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^*Ait(^9)* for the PP case we have 
f’AS. = 10“*'*^ atmos (see Fig. 4). Using the 
definition of i? in equation (16) and the 
pressure Pam ~ 0’328 atmos in the CD case 
the distance between the PP and CD points 
on the log,o R scale must therefore be i ( 1 -37 — 
0*48) = 0-45 as in Fig. 3. 


To obtain a value of at another tonpera- 
ture we turn to the experimental results 
Munoz et a/.[7], obtained at 1123K. As 
stated above we assume that the sharp mini- 
mum in these values for the c^nge in carrier 
concentration which occurred at Pai« = 
9-3 X 10“^ atmos corresponds to the point of 
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Fig. 3. Defect concentrations at temperature 1473 K as a function of parameter R. The solutions are given 
by the expressions in Table I, using the equilibrium constant values from Table 2. The quantities 
and XKo, are shown, together with the experimental values [Fa,]pp and [FoalcD- 


We now require to find values for and 
This can be done by finding values for 
Raub at two different temperatures. The value 
at one temperature (1473 K) follows immedi- 
ately from the results discussed in the previous 
paragraph. For the PP case we have, from 
Fig. 3,R= lO"®"®^, and hence 

K) = RIP'Jll, = 10-« ®7(10-> '*^)>« 

= (mole fiactiony'(atmos)''®. 


minimum deviation from stoichiometry, Sa,i„. 
At this 5min point the equilibrium constants 
and the pressure are related as follows 

(6min) = K.KtIKaKX,,,. (26) 

Using the values for K„ Ka and Kt from Table 
2 and the value of Pa*, stated above we 
obtain from equation (26), #(Aiir(1123) = 
10~*oo (mole fraction)® (atmos)*'*. Given 
values of at these two different tempera- 
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Fig. 4. The lower two curves show the equilibrium vapouf pressure 
along the binary liquidus Pm,{eq) and the pressure in the ampoule 
(corresponding to conditions in Ref. (!]) as calculated in Section 
4. The upper lines show the minimum attainable deviation from 
stoichiometry and the corresponding pressure, using values from 

Table 2. 


tures we can solve for the required values 
/fA..r = 3•80xl0-^ //A,.r = 0-57eV. Since 
we have already ensured the correct separa- 
tion on the R scale the above value of 
(1473) also leads to the required /’as, = 
0-328 atmos for the CD case. 

4.3 2 V/^, and pressure in ampoule as function 
of temperature 

In arriving at the values for K,°, and 
KXitv and ^/as«> we have not made use of all 
the data from Ref. [1], in particular the 
temperature dependence of the defect con- 
centration as shown in Fig. 1. It is a useful 
further test of the values selected and the 


model used to see whether the theory gives 
the correct temperature dependence. In this 
case we must consider carefully the calcula- 
tion of the pressure in the ampoule for, as 
will be seen, Pi^(eq) cannot be used over the 
whole temperature range. The required 
analysis was outlined in Section 4.1. Using 
expressions from Table 1, equation (24) may 
be written 

XKas = [KJ.1 + [Fk.] = 

+ ( 27 ) 

Substituting equation (25) into equation (27) 
we obtain the following equation for /’a*. 
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(the pressure in the ampoule) 

+ (K,IKj^„)]=^0. (28) 

The procedure is to solve this equation 
numerically for P^s, using C= 1-5x10“* 
(from Appendix 1) and the /^-values from 
Table 2. If the resulting value of P^si is 
higher than PAszieq) at that temperature 
then we use this higher value of P^si in 
equation (27) to calculate XV If the value 
of Pasi from equation (28) is less than PAaJieq) 
then we use P^sti^Q) equation (27). The 
values of X obtained are shown in Fig. 1 , 
and it is seen that they follow the experi- 
mental results quite closely; the leveling off 
at high temperatures is directly related to the 
behaviour of PAs,{eq) at these temperatures 
(see Fig. 4). Note that in Fig. 3 we have 
effectively fitted the results at 1473 K, and 
better overall agreement could possibly 
be obtained by fitting at another point. It 
seems unrealistic at this stage, however, to 
seek closer agreement than that shown in 
Fig. 1. The form of the theoretical curve in 
Fig. 1 results from procedures using equations 
(27) and (28) and there is no obvious simple 
way of deducing the value of the formation 
energy of an As vacancy from the slope of 
this curve as was attempted in Ref. [1]. 

The values of Pa,, corresponding to these 
values of XV as are shown in Fig. 4. It is 
seen that the pressure in the ampoule exceeds 
PaaMq) for T < 14(X) and at 1250 K the 
pressure in the ampoule is about an order of 
magnitude higher than. PA*,(eq). The actual 
numerical results here are dependent on our 
assumption (Appendix 1) about the ampoule 
and sample sizes in the Potts and Pearson 
experiments, but the qualitative conclusions 
are not. 

4.4 Sensitivity of results to variation in equilibrium 
constants 

. The sensitivity of the results to variations in values of 
all the equifibrium constants is complicated, especially 


as changes in these values cause changes in the neutrality 
ranges which need to be considered. We just consider 
therefore some simple examples of variations in the 
values of the two most important equilibrium constants, 
K, and Ki, with reference to the situation shown in Fig. 3. 

First consider a factor of 10 decrease in Kt. In Range 3, 
Il^A.] “ and [I'aa] “ (see Table 1) and hence 
the [F\,] = [Ko,] line moves up a distance 0-5 (on the log 
scale). % Vat now coincides with [FcJcd at a point much 
further to the left, and in fact to the left of the point 
where IVa, and [FaiIpp coincide. This implies that the 
As pressure to give [FoJcd is less than that for [FaJpp, 
which is inconsistent with the experimental situation. 

A factor of 10 increase in A, tends to decrease [Fx,] 
and [Fcal. and in fact Range 3 is replaced by Range 2 
(n = p), somewhat wider than the previous Range 3. The 
curves for 1 K*. and 1 Fo, are shifted downwards, and 
while one can still find values corresponding to [FaJpp 
and |FgJcd> these now occur at points separated by a 
distance of about I -0 on the R scale, corresponding to too 
great a pressure difference between the two experiments 
(the correct separation is 0-45, as shown above). 

We next consider a factor of 10 decrease in K,. The 
situation here is similar to that for a corresponding 
increase in Af,. Range 3 is replaced by Range 2, and the 
points for matching with [Ka.Ipp and [I^gJcd^c separated 
by a distance of about 2-0 on the R scale, which is again 
too large. 

A factor of 10 increase in K, has an effect similar to 
the corresponding decrease in K,. Here again the point 
where SFo, coincides with [f'o.lcD occurs to the left 
(and therefore at a lower As pressure) of that where 
IF*, coincides with [KaJpi.. which is not consistent 
with the experiments. 


5. NONSTOICHIOMETRY AND EXISTENCE 
REGION FOR GaAs 

With the set of equilibrium constants ob- 
tained above (shown in Table 2) we can easily 
calculate the equilibrium defect concentra- 
tions and related properties for any required 
values of the temperature and pressure (e.g. 
the Asz pressure). For example we can cal- 
culate the deviation from stoichiometry 5 
(i.e. the difference in the numbers of the two 
types of atoms present in the solid) and in 
particular the minimum value As dis- 
cussed in Section 13.4 of Ref. [11] there is a 
minimum value of 8 that one can hope to 
achieve in practice, and this minimum value 
and the pressure at which it occurs is a func- 
tion of the equilibrium constants (in the 
present case = PAui^in) = K,Ktl 
Ka/C^,„). Values of 6min and the correspond- 
■ns Fa,, calculated from the equilibrium 
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constants in Table 2 are shown in Fig. 4 as a 
function of temperature. The point corres- 
ponding to at 1473 K is given by the nud- 
point of Range 3 in Fig. 3. , 

Using the published values of the arsenic 
vapour pressure above GaAs (along the 
binary liquidus) we can calculate the width 
of the existence region [24] (phase extent) 
of solid GaAs as a function of temperature. 
To do this we proceed as follows: At each 
temperature below the melting point there are 
two values of the vapour pressure Fa,,(«^) 
corresponding to the arsenic rich and gallium 
rich sides of the solid GaAs phase. From 
results such as those shown in Fig. 3 we can 
calculate the quantity 8 = S — S Vq^ 

corresponding to each of these pressures. 
Plotting these results as a function of tempera- 
ture gives the shape of the solid phase as 
shown in Fig. 5. The kink on the right-hand- 
side (arsenic rich) is a genuine result and 
occurs as the point (i.e. the value of R) at 
which we are calculating 8 passes from one 
neutrality regime to another (from Range 3 
to Range 5), 



Fig. S. Calculated existence re^on for GaAs, using 
vacancy concentrations based on equilibrium constants 
in Table 2 and vapour pressures horn Ref. (23], 


«. mscissiaN 

By a combination of a priori estimates md 
matching with experimental results, a set ctf 
equilibrium constants has been derived (Table 
2) for the reactions involved in the formation 
of various neutral and charged vacmtcies in 
GaAs. It is encouraging that consistent agree- 
ment with the experimental results has been 
achieved but, in view of the many uncertainties 
both in the theoretical estimMes and the inter- 
pretation of the experiments, the set of equili- 
brium constants obtained must be regarded as 
provisional until further comparison with 
experiment is possible. We must also bear in 
mind the possible occurrence of significant 
concentrations of interstitials, and other 
types of native point defects, which have not 
been included in the present study. The shape 
of the calculated existence region for GaAs 
shown in Fig. 5 should obviously be regarded 
as somewhat tentative until further experi- 
mental evidence is available, but one can 
conclude that the congruently melting solid 
is definitely Ga rich. 

As shown in Section 4 the arsenic pressure 
in the ampoule during annealing of the GaAs 
sample, can depend on the relative sizes of 
the ampoule and sample and can be much 
greater than the equilibrium vapour pressure 
along the binary liquidus. This fact should be 
considered when undertaking or interpreting 
annealing experiments of this kind. 

Finally there is the important question as 
to the form in which these point defects exist 
at room temperature. In silicon, for example, 
there is strong evidence from EPR studies [2S] 
that the vacancy is highly mobile even at room 
temperature, so that in silicon one expecte 
only very low concentrations of vacancies at 
room temperature. For III-V compounds 
such as GaAs there is no evidence that the 
vacancies are highly mobile, mid even if they 
are this in itself would not eliminate the basic 
nonstoichiometry which is grown into the 
material at high temperatures. It seems likely, 
however, that some changes in the defect 
structure do occur between high temperature 
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equifibrium (as considered in this p^>er) and 
the room temperature state. In view of the 
coulomb attraction between and a 
likely defect to occur is the vacancy pair 
(FoaF/^J [from diffusion studies there is some 
evidence for (FcaFp) in GaP[26] and for 
(I^inl'sb) in InSb[27]]. It follows from the 
relevant mass action relation that the con- 
centration of (Kr.al^As)’' is independent of 
pressure, and hence would appear as a hori- 
zontal line in a plot such as Fig. 3 , the actual 
level of the line being determined by the value 
of the equilibrium constant for the pairing 
reaction. 


Acknowledgements —The writers are grateful to Drs. W. 
Bardsley, J. B. MuUin and E. W. Williams of RRE, Dr. 
J. W. Allen of the University of St. Andrews, and Dr. 
A. F. W. Willoughby and C. M. H. Driscoll of the 
University of Southampton for several useful discussions 
and suggestions in connection with this work. This paper 
is contributed by permission of the Director of R.R.E. 
Copyright Controller H.M.S.O. 


REFERENCES 

1. POTTS H. R. and PEARSON G. L.,y. appt. Phys. 
37, 2098(1966). 

2. CHAKRA VERTY B. K. and DREYFUS R. W., 
J. appl. Phys. 37, 63 1 ( 1 966). 

3. BLANC J., BUBE R. H. and WEISBERG L. R., 
J. Phys. Chem. Solids 25, 225 (1964), 

4. GOLDSTEIN B. and ALMELEH N., Appl. Phys. 
Left. 2, 130(1963). 

5. STRAUMANIS M. E. and KIM C. D., Acta 
crystallogr. 19, 256 ( 1 965). 

6. OTSUKA H., ISHIDA K. and NISHIZAWA J.. 
Japan. J. appl. Phys. 8, 632 ( 1 969). 

7. MUNOZ E., SNYDER W. L. and MOLL J. L., 
Appl. Phys. Lett. 16, 262 ( 1 970). 

8. FULLER C. S. and WOLFSTIRN K. B., Appl. 
Phys.Utt. 2,45(1963). 

9. W1 LLl AMS E. W., Phys. Rev. 168, 922 ( 1 968) 

10. HWANG C. J.,y. appl. Phys. 40, 4584 (1969). 

11. KROGER F. A., Chemistry of Imperfect Crystals, 
North Holland (1964). 

12. KROGER F. A. and VINK H. J., in; Solid State 
Physics, 3, 307 Academic Press, New York (1956). 

13. VAN GOOL W., Principles of Defect Chemistry of 
Crystalline Solids, Academic Press, , New York 
(1966). 

14. BROUWER G., Philips Res. Rep. 9, 366 ( 1 954). 

15. HILSUM C. and ROSE-INNES A. C., Semi- 
conducting lU-V Compounds, p. 62, Petgamon 
Press (1961). 

16. PANISH M. B. and CASEY H. C., Jr.. J. appl. 
PAy*. 48. 163(1969). 


17. HALL R. N. and RACETTE J. H.. J. appl. Phys. 
35.379(1964). 

18. HAMBLETON K. G., HILSUM C. and HOLE- 
MAN B. R.,Proc.Pkys.Soc. 77, 1 147 (1961). 

19. SWALIN R. A.,J. Phys. Chem. Stdids 18, 290(1961). 

20. BENNEMANN K. H., Phys. Rev. 137A, 1497 
(1965). 

21. Handbook of Chemistry and Physics, 47th ed., the 
Chemical Rubber Co. ( 1 966). 

22. HASIGUTI R. R., in; Lattice Defects in Semi- 
conductors (Edited by R. R. Hasiguti), p. 135, 
University of Tokyo Press (1968). 

23. ARTHUR J. R., J. Phys. Chem. SoUds 28, 2257 
(1967). 

24. ALBERS W. and HAAS C.. Philips Tech. Rev. 30, 
82(1969). 

25. WATKINS G. D., in: Radiation Effects in Semi- 
conductors, Proceedings of the Santa Fe Conference 
1967, (Edited by L. Vook), p. 67, Plenum Press 
(1968). 

26. YOUNG A. B. Y. and PEARSON G. L., J. Phys. 
Chem. SoUds 31, 5 1 7 ( 1 970). 

27. KENDALL D. L. and HUGGINS R. A.,J. appl. 
Phys. 40. 2750(1969). 

28. POTTS H. R., Stanford Electronics Laboratories 
Technical Report No. 5 106-2, July 1964. 

29. GASSON D. B.. JENNINGS I. C., PARROTT 
J. E. and PENN A. W., Proceedings of the Inter- 
national Conference on Semiconductor Physics, 
Exeter 1 962, p. 68 1 , Institute of Physics and Physical 
Society. London (1962). 


APPENDIX 1 

Relation between ampoule pressure and number of 
vacancies formed 

For simplicity we assume that the material placed in the 
evacuated ampoule is initially exactly stoichiometric. The 
expression derived below should however be valid as 
long as As vacancies are the dominant species, and the 
concentration of these after annealing is considerably 
greater than the initial value. In cases where these re- 
strictions do not apply, the same type of analysis can^ be 
carried out with sli^t modifications. 

Let the volume of the sample be v and volume of the 
ampoule be rv. At a stage in the annealing when the 
vacancy concentration is [Pai] (mole fraction), the 
number of molecules of Asi in the gas is, since for each 
As vacancy formed we have an As atom in the gas phase, 

n = vnolVs,]l2 (Al) 

where n„ = number of molecules cm“’ in GaAs (= 2-2 x 
l(P*). Assuming a perfect gas the pressure is therefore. 

= nkTJrv = t;n„[ Pa. jAr/2rr. (A2) 

Inserting numerical constants in equation (A2) 

PA-»l-5[PA.]T/r. (A3) 

where [Pa.] is in mole firaction units. 
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We now need to estimate a value for the iiuantity r Hence 
(ratio of ampoule volume to sample volume) correspond- 
ing to the Potts and Pearson experiment From Ref. [28] r a 0-6/(2 X 10~' x 1 x 0-25) a lO^. 

we have the following data: volume of ampoule 0*5 -0-7 

cm’; thickness of sample a 2 x KT’ cm; length of saimle Inserting this valuh in equation (A3) we tRrtain 

a) 1 cm. No information is given concerning the width of 

the sample, and we assume a reasonable value 0-25 cm. = 1-5 x 10“’TtKAi3. (A4) 
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ANALYSIS OF HEAT TREATMENT AND FORMATION 
OF GALLIUM-VACANCY-TELLURIUM COMPLEXES 

IN GaAs 

R. M. LOGAN 

Royal Radar Establishment, Malvern, Worcestershire, England 
{Received 26 October 1970) 

Abstract— Recent experimental data published by Hwang provide information on the equilibrium 
concentration of Vc.Te^ complexes formed on annealing samples of Te-doped GaAs at various 
temperatures in a sealed evacuated ampoule. A quantitative analysis of these results is presented 
here; the reaction equations for the formation of the relevant defects and the complex are set up, and 
an expression for the ^uilibrium number of VG.Te'A. complexes found by usi^ tte mass action rela- 
tions. For the equilibrium constants governing the formation of the defects in the solid we use the 
values recently obtained by Logan and Hurle. 

The vapour pressure of the constituents (e.g. the As, pressure) which builds up in the ampoule 
during the heat treatment is not in general a function of temperature alone; it depends also on the size 
of the ampoule, and the defect concentrations in the starting material. A method for calculating this 
pressure is included in the analysis. The expression derived for the concentration of Va,Te^ com- 
plexes agrees quite well with the data of Hwang, both in its dependence on the initial electron con- 
centration and, using a reasonable value for the binding energy of the complex, in its temperature 
dependence. 


1. INTRODUCTION 

In recent papers Hwang [1,2] has shown 
that efficient hole traps are formed in Te- 
doped GaAs during annealing, and has identi- 
fied these traps as Ga-vacancy-Te-donor com- 
plexes (VoaTcx,). In these experiments 
Hwang showed that the number of traps 
formedtis directly proportional to the decrease 
(An) in the electron concentration (i.e. 
active donor concentration); this enabled 
him to identify the traps as centres involving 
Te. He used other evidence to show that they 
were V«aTeXs complexes. Results from 
Ref. [2] for the decrease in electron concen- 
tration An as a function of annealing time at 
various temperatures are shown in Fig. I. 
It is seen that the equilibrium value of An 
(and hence the concentration of VoaTeXs) is 
reached more quickly at higher temperatures, 
as one would expect for a process involving 
diffusion. On the other hand, the final equili- 
brium value is seen to be lower at the higher 
temperatures. 

In this paper we present a quantitative 



Fig. I. Results from Fig. 4 of Hwang[2], showing de- 
crease in electron concentration An as function of 
annealing time at various temperatures. As discussed in 
text. An corresponds to [VJ^Tc^,]. 

analysis of some of Hwang’s results in the 
l^ht of recent calculations [3] of point defect 
concentrations in GaAs. In these cadculations 
[3] methods of equilibrium thermodynamics 
were used to calculate the concentrations of 
various defects (As vacancies, Ga vacancies 
and Ga divacancies) as a function cf tempera- 
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ture and pressure in terms of the relevant 
equilibrium constants. By a combination of a 
priori estimates and matching with the 
experimental data relating to point defects 
in GaAs reasonable values for the equilibrium 
constants were obtained (see Table 1). 

At a given temperature the Vu.TeXs con- 
centration depends through a mass action 
relation on the concentration of gallium 
vacancies (Voa). which in turn depends on the 
vapour pressure (e.g. the Asj pressure). As 
discussed below, however, the vapour 
pressure of the constituents on heat treat- 


equations to be considered are as follows: 


0 5=^ e' -1- h' ; 

(1) 

0^ vg,-bVJL;//. 

(2) 


(3) 


(4) 

iASalg) AsL + Vgal Wa8.» 

(5) 

Vt'iaTeXs ^ Te'^g-I- Vga; E^. 

(6) 


Table 1. Values for the equilibrium constants occurring in equations 

(7-1 l),/rom Ref. [3] 


K, 

lOx |0-'“T“ 

exp (-1-88X 10‘/r) 

(mole fraction)’ 

K. 

115X 10'' 

exp (-4-64X WIT) 

(mole fraction)’ 

K„ 

9-6 X lO-T” 

exp (-510/T) 

(mole fraction) 

K, 

4-9 X io-»r“ 

exp (-70/T) 

(mole fraction) 

Km.. 

3-8X IO-< 

exp (-6650/7') 

(mole fraction)’(atmos)''’ 


ment in a sealed ampoule is not in general a 
function of temperature alone, but depends 
also on the size of the ampoule and sample, 
together with the defect concentrations in the 
starting material. A method for calculating 
the actual pressure in the ampoule is outlined, 
and an approximate calculation given for the 
present case of GaAs. Using the values of 
the equilibrium constants from Ref. [3] to 
derive the vacancy concentrations and a 
reasonable value for the binding energy of 
the VcaTeXs complex, a temperature depen- 
dence for its concentration consistent with that 
found by Hwang is obtained. 

2. FORMAL ANALYSIS FOR 
ANNEALING IN SEALED AMPOULE 
We first set up a system of equations which 
describes the processes involved in the anneal- 
ing of the sample of Te-doped GaAs in a 
sealed ampoule. The notation corresponds 
to that used in Ref. [3] and is based on that 
used by Kro8er[4]; the superscripts and ' 
denote neutral, positive and negative struc- 
ture elements respectively. The basic reaction 


Reactions (1-5) are the same as the basic 
reactions considered in Ref. [3], although in 
the present case we have simplified the situa- 
tion slightly by leaving out of consideration 
the gallium divacancy (Voa) 2 - Reaction (6) 
represents the dissociation of the complex 
to which we have assigned a binding energy 

Corresponding to each of the above reac- 
tions we can write an equilibrium ' mass 
action relation. We assume the concentrations 
of defects are sufficiently low that we can 
write the mass action conditions in terms of 
concentrations as follows; 


np = Ki 

(7) 

[VSa][Vy = K, 

(8) 

[yaJpIlVSJ = Aa 

(9) 

[VaJ«/[VXJ = K, 

(10) 

[Vga]/PJ(* = 

(11) 

[TekJ[ViJ/[VgaTckJ = ATe 

(12) 
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where the equilibrium constants have the 
usual form K = exp (—E/kT). In writing 
equation (1 1) we have assumed [As^ = 1 . 

The condition of electroneutrality in 'the 
crystal is 

tTe:,J + [VxJ + p = [V^J + n. (13) 

It is consistent with the conditions of Hwang’s 
experiments to approximate this neutrality 
condition by 

[TeXj = n. (14) 

We can also write an equation expressing the 
fact that the number of Te atoms in the 
sample is constant; 

[Te;,J + [V;,«Te;,,] = B. (15) 

where B is a constant (for a given sample). 

To solve the above equations for the con- 
centrations, in particular [VJ.aTeAs]. we need 
to specify the pressure Pasj- As discussed in 
Ref. [3], however, the pressure in the ampoule 
is not in general given by the vapour pressure 
along the binary liquidus (which would be a 
function of temperature alone), but may 
depend on the size of the ampoule and the 
initial and final defect concentrations. In the 
present calculation we make the following two 
simplifying assumptions: (1) the final defect 
concentrations (after annealing) are much 
greater than those in the original sample; (2) 
the principal effect of the heat treatment is to 
create As vacancies in the material. These 
assumptions are physically reasonable in the 
present case. A more general analysis without 
these assumptions is rather intractable, and 
the extra complication is probably not 
justified at this stage. The arsenic pressure 
which builds up in the ampoule is due to 
arsenic atoms which have left the solid and, 
given the above two assumptions and assum- 
ing the vapour may be treated as a perfect 
gas, we can relate the arsenic pressure to the 
vacancy concentrations as follows 


np 

PA.. = cr([vx.]-b[vx.3), (f6) 

where C is a constant. For the temperature 
and pressure cohditions we shall be consider- 
ing Asi is the dominant species in die gas 
phase, rather than, say, As 4 [S]. 

An expression for C in terms of the size of 
ampoule and sample is derived in Appendix 
1 of Ref. [3]: 

C=l-5/r, (17) 

where r is the ratio ampoule volume/sample 
volume (for r > 1). In the case of Hwang’s 
experiments the volume of the samples was 
8-65 X 10~® cm* approximately and the 
volume of the ampoule 2- 13 cm* approxi- 
mately [6). Hence r = 2-5 x 10* and from equa- 
tion (17), C s 6X 10-*. 

Equations (7-12), (14), (15) and (16) 
represent a self-consistent set of 9 equations 
in the 9 unknowns n, p, [VgJ, [VJJ, [VoJ, 
[VaJ, [Te ], [V^jaTcAs] and Pas.- In order to 
make comparisons with Hwang’s data it is 
convenient to solve for [VobTcaJ in terms of 
the various constants and the temperature. 
The set of equations under consideration 
is nonlinear, but by a straightforward syste- 
matic reduction of variables we arrive at the 
following expression (for convenience we 
have put [V^JcaJ = x) 

x{B-x )-*'* { 1 [( B - x)//C|>]}-''* (Cr )-■'* 

= (18) 

From equation ( 1 8) we can therefore calculate 
[VoaTexJ as a function of temperature for 
given values of B and C if we know expres- 
sions for the various equilibrium constants 
involved. In the next section we compare the 
results given by equation (18) with the actual 
experimental results of Hwang[l, 2]. 

3. COMPARISON WITH EXPERIMENTAL RESULTS 
In Ref. [3] we obtained sqiproximate expres- 
sions for the various equilibrium constants 
appearing in equation (18) (except Kc) and 
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these are reproduced in Table 1. The main 
temperature dependence of the equilibrium 
constants occurs in the exponential terms, 
and it is convenient to rearrange equation ( 1 8) 
so that these exponential terms are the only 
J-dependent terms on the r.h.s: 

41 - 1 + [(fl -xVA-J}-*'® (10®/D*'=' 

= D exp ((-£„- iEft - Was.v - W. + Et 

+ Ec)lkT], (19) 

where £> is a temperature independent con- 
stant involving B, C and parts of the pre- 
exponential factors from the K's. If we plot 
the log of the l.h.s. of equation (19) against 
I IT we should therefore obtain a straight 
line with slope corresponding to the energy 
factor on the r.h.s. On the r.h.s. all the 
energies except Eg. are known (from Table 1 ). 

We now consider the quantities required 
for the evaluation of the l.h.s of equation (19). 
The quantity B, the total Te concentration 
in the samples, is given by the initial electron 
concentration, which according to Ref. [2] 
lies in the range 3 — 3-35 x 10'®cm“®; we use 
here an intermediate value 317x 10'®cm~®. 
The quantity C has already been discussed 
in Section 2, its value being 6x 10“®. From 
his experiments Hwang identified the traps 
formed as VcaTeXs and hence it follows that 
the number of traps formed is not only pro- 
portional to the decrease in the electron 
concentration An (as stated in Ref. [2]), 
but is in fact equal to An. Thus the quantity 
X “ [VoaTexJ corresponds simply to the 
asymptotic (equilibrium) value of An given 
by the annealing curves in Fig. 4 of Ref. [21. 
The range of annealing temperatures covered 
by these results is from 600 to 1000°C 
(sample C2-768). The points thus obtained 
from the l.h.s of equation (19) are shown 
plotted against l/T in Fig. 2. There is a fair 
amount of scatter on the points, which js not 
suiiTrising considering the inaccuracies in- 
volved in leading the asymptotic values of 


An from the annealing curves. A best straight 
drawn through the points gives a slope cor- 
responding to an activation energy of 0*17 
e V. From equation ( 1 9) we therefore have 

-Ea- iEt - -iH. + Ei+Ec^ 017 eV. 

( 20 ) 

Using the values from Table 1 in equation 
(20) we obtain Ec — 0*31 eV. As discussed in 
Section 4 this is a highly reasonable value for 
the binding energy of the complex. 



lO®/ T (k’’) 


Fig. 2. Left-hand-side of equation (19) against 1/7*. withx 
taken to be the asymptotic (equilibrium) values of An, as 
obtained from Fig. I. The slope of the straight line 
drawn through the points gives an energy 0-17 eV. 

There is another aspect of equation (18) 
which of interest in connection with the 
results from Refs. [1] and [2], that is the 
dependence of x(equal to the change in the 
electron concentration on annealing) on B 
(the initial electron concentration). Calculat- 
ing values for K,, from the expression in 
Table 1 we find that {B—x)IKb < 1 for the 
values of B and x under consideration. It is 
also evident from Hwang's results that 
X < B. From equation ( 1 8) we then obtain 

[V^iaTexJ = fi*'»/(T), (21) 

where f{T) is a function of T involving the 
equilibrium constants. The only data with 
which we can compare equation (21) is given 
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in Fig. 1 (b) of Ref. tl3. which pves the 
decrease in electron concentration An, after 
annealing at 800*’C for ih, as a function of 
the initial electron concentration; for sucl^ an 
annealing time the values given are not strictly 
equilibrium values and we have no means of 
extrapolating these results to obtain equili- 
brium values. The curve drawn through the 
experimental points by Hwang is reproduced 
on a log-log scale in Fig. 3, and it is seen that 
for values of the initial electron concentration 
less than about 3 x 10'^ the data lie approxi- 
mately on a straight line of slope 5/3, in agree- 
ment with equation (2 1 ). 



Initial alactron coneantratlon, cm*’ 

Fig. 3. Decrease in electron concentration against initial 
electron concentration. We have reproduced on log-log 
scale the curve drawn through the experimental points 
by Hwang in Fig. 1(b) of Ref. (!]. For electron concentra- 
tions less than about 3 x 10'* cm~* the data lies approxi- 
mately on a straight line of slope 5/3, in agreement with 
equation (2 1 ). 

4 . DISCUSSION AND CONCLUSIONS 
There are two general conclusions to be 
drawn from this work: (a) knowledge of the 
vahies for the basic equilibrium constants 
governing the formation of the relevant 


defects in a material (such as the provisional 
results for GaAs from Ref. [3]) is very 
helpful in interpreting data on the formatioa 
of defect-int^qrity complexes; conversely, 
information on the concentrations of such 
complexes may help one to obtain values 
for the equilibrium constants in a material; 
(b) annealing experiments of the type con- 
sidered in this paper should be interpreted 
with care. As we have seen, the results 
obtained at a given temperature may depend 
(through the constant C) on the size of the 
ampoule used, and the vapour pressures 
developed in the ampoule may be much 
higher than the equilibrium vapour pressures 
(along the binary liquidus). For example, in 
the present study the Asa pressures given by 
equation (16) are about a factor of ten greater 
than these equilibrium values. 

In Section 3 we have compared two aspects 
of equation (18) with the experimental 
results of Hwang for the number of V'oaTeAs 
complexes formed on annealing. We have 
first of all shown that if we use a value 0-31 
eV for the binding energy of the complex 
then equation (18) gives a temperature 
dependence which agrees fairly well with 
that found experimentally. Although there is 
apparently no independent value available 
for the binding energy of this complex (or, in 
fact, any other impurity-vacancy complex in 
a III-V compound) this value seems to be 
reasonable; a simple Coulomb interaction 
between Voa and TeXs would give a binding 
energy E' = e*/cr = 0-5 eV (taking e == 12-5 
and r = 2-4 A). The actual value Eg = 0-31 eV 
deduced in this paper must be regarded as 
tentative until further evidence is available, 
because apart from the several assumptions 
made in arriving at equation (18), the values 
of the energies used in equation (20) (as 
given in Table 1) are themselves only approxi- 
mate. 

We have also shown that die dependence of 
fVcaTexJ on the initial doping level B as pre- 
dicted by equation (18) agrees very well with 
the experimental data of Hwang for B < 
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3 X 10” cm“*. The fact that agreement breaks 
down for B values greater than this may be 
due to the fact that the results used for the 
comparison in this case were obtained after 
a fixed annealing time and hence are not 
necessarily equilibrium values. Another 
possible cause of the discrepancy at these 
high electron concentrations is the fact that 
we have used Boltzmann statistics rather 
than Fermi-Dirac statistics to describe the 
electrons and holes in deriving equation ( 1 8). 
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Abstract — McMurry and co-workers have demonstrated that a valence force potential energy function 
like that used in molecules is useful for calculating crystal vibrations in diamond. In the work re- 
ported here, the valence force potential is tested by application to silicon. Least-squares fit of the six 
vlaence force constants used for diamond yields agreement with experiment comparable to that ob- 
tained from a nine-parameter shell model by Dolling. A fit with three more valence force constants 
yields agreement not quite so good as that obtained from an eleven-parameter shell model by Dolling. 
Parts of our calculated transverse acoustic branches fall systematically outside the experimental error 
bars. The valence force potential used in this work contains only two types of valence coordinates 
(bond stretch and angle bend); nevertheless, this valence force potential seems to contain much of the 
physics of the phonon dispersion relations of silicon. 


1. INTRODUCTION 

Some time ago, an excellent fit to the ob- 
served dispersion relations for diamond was 
obtained by use of a valence force potential 
energy function [1]. The six valence force 
constants used in this fit were obtained by 
rather minor adjustment of force constants 
which fit the vibrational frequencies of a 
large number of normal paraffin molecules [2]. 
A comparable fit to the dispersion relations 
for diamond by use of the shell model required 
ten constants [3]. The shell model accounts for 
the observed value of the high frequency di- 
electric constant, €{»), while the valence 
model is silent about this parameter. 

Because development of the valence force 
model for crystals may have important con- 
sequences for theory of solids as well as for 
practical application such as neutron modera- 
tor theory, it is worthwhile to test the model 
further by application to other crystals. Appli- 
cation to several crystals (including BeO[4]) 
is in varying stages of completion at this 


*A preliminary report of this work was given in Solbrig 
A. W., Jr., Bull. Am. phys. Soc. 15, 102 (1970). 

tWork performed under the auspices of the U.S. 
Atomic Energy Commission. 

HE* Deceased, October 1 7 ( 1 970). 


location. Much of this effort has been devoted 
to fitting the dispersion relations for silicon 
because this crystal has the diamond structure 
and because rather accurate and complete 
data for dispersion relations along three (Erec- 
tions have been published. In contrast to the 
diamond case, where all force constants are 
closely related to those used in calculating 
the vibrations of organic molecules, data on 
silicon compounds provide an estimate of only 
the Si-Si bond stretch constant. It is of inter- 
est to note that the primary valence bond 
stretch constant Fr for diamond is somewhat 
less than the corresponding force constant 
for normal paraffin molecules [1]. This result 
is not unexpected, for the C-C bond length 
in diamond is slightly greater than in normal 
paraffin molecules. In the molecules Si^H^ and 
SijOe, the bond stretch constant is 1-780 
±0-035 millidynes/A[5] and the Si-Si bond 
length is 2- 32 ±0-03 A [6]. For crystalline 
silicon, we used a nearest neighbor distance 
ro= V5ao/4 = 2-35156A[7]. Since the Si-Si 
bond length is somewhat larger in crystal- 
line silicon than in SigHo and S^D^, the 
bond stretch constant in crystalline silicon 
might be expected to be less than the corres- 
ponding constant for the molecules. 
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After an earlier version of the present paper 
was completed, the publication of Singh and 
Dayal[12] came to our attention. Because 
their publication treats the same subject as 
the present paper, we make some comparisons 
at the close of the following section. 

2. SIX-CONSTANT FIT 

The results for silicon with six force con- 
stants involve only those force constants used 
for diamond. These results are presented in 
Table 1 and Fig. l(a,b, c). In Table 1, the 
Initial Set of force constants represents a poor 


force constants was rather good, and the itera- 
tive procedure for imiH'Oving force constants 
converged well after two iterations. Because 
the initial set for silicon was not so good, an 
additional interatlon was needed to obtain 
the Third Iteration Set listed in Table 1. A 
partial fourth iteration revealed that the proce- 
dure had converged for practical purposes. 
As expected, the bond stretch constant 
Fr for crystalline silicon is less than the 
corresponding force constant for SijHe and 
SijDg. The primary angle bend constant 
f * is close to Fr/50 in the Third Iteration Set 


Table I. Valence force constants for silicon[a] 


Third 






Third 

Nine 

Force 




Neighbor 

Initial 

iteration 

constant 

constant 




order [b] 

set 

set 

set 

Fr 

(Ar)*; Ar = change in nearest 

-4— 

1 

0-65471 

1-4850 

1-47543 


neighbor distance 



' 



F* 

ro*(A<)))’', A<)i = change in angle 

1,2 

0-06054 

0-02944 

0 02984 

frr 

ArAr‘: rand r‘ have atom in 

common 

/\ 

1.2 

0-02320 

0-02697 

0-02305 

fr* 

r»A<^Ar: r is along a leg of 4> 


/^ 

1,2 

0-04737 

0-03997 

0-04050 

f** 

ro*A(f>A<!)’; <)> and <(>' have common 

1.2 

-0-00135 

-0-00358 

0-00306 

f** 

leg and apex 

To’ A<)i A<|) ' ; all legs coplanar 



1.2,5 

0-01513 

0-02922 

0-03564 

m 

r^'A^Adi'; legs 1 . 2, 3 coplanari 
leg 4 out of plane 



1,2. 5, 6. 3 



0-00423 

m 

ro*A<<)A0' t plane of legs 1 , 2 1 I 



1.2, 3, 4 

— 

— 

0-00717 


plane of legs 3, 4 J 


iNTz 





rs. 

ro‘A^A0'; planeof legs 1, 2l 



1.2,3 

— 

— 

-0-00401 

plane of legs 3,4 








fa) All units are millidynes/A. Five decimal places are often used for internal check purposes, but all the places 
are not physically significant. 

[b] The first-order neighbor is the nearest neighbor, second-order is next nearest, etc. 


guess obtained by multiplying the Final Value 
force constants for diamond [1] by a constant 
factor. The constant factor was obtained by a 
simple method mentioned in Ref. [11], 
Appendix A. (Later we discovered a much 
better method, discussed below, for estimating 
some of the force constants for diamond struc- 
tures.) The numerical methods and target 
points used to improve this Initial Set of 
force constants were almost identical to those 
used for diamond [1]. 

In the case of diamond, the initial set of 


for silicon. In diamond and in organic mole- 
cules, Ft, is approximately FJ 1 0. 

The calculated six-constant curves for sili- 
con fail to fit several of the observed points 
within experimental error[8. 9]. The most ob- 
vious failures are (a) the longitudinal sound 
speed along A, (b) the longitudinal acoustic 
branch along A near the zone boundary, and 
(c) the acoustic / branch along 2 near the 
hump. This fit by the valence force model 
(short-range forces only, siif adjustable force 
constants) is comparable to that achieved by 




Energy (eV) Energy (eV) 
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Fig. 1(b). 



Fig. 1(c). Dispersion relations for silicon. Experi- 
mental results are from Dolling [ 8 ] and McSkiminI93. 
The single experimental point on the £4 branch is from 
Palcvsky el fl/.[10J. Calculations employ the six-force 
constants listed in Table 1 under Third Iteration Set’. 

Dolling [8] with his shell model I la (includes 
Coulomb forces, nine adjustable parameters). 
Clearly our six-constant fit is not so satisfac- 
tory as that achieved by Dolling [8] with his 
shell model lie (includes Coulomb forces, 
eleven adjustable parameters). 

Singh and Dayal[12] have published fits to 
the silicon data by use of valence potentials.* 
They give no quantitative information about 
the accuracy of their fits to sound speeds. 
(Figs. 1 and 2 of Ref. [12] are not adequate to 
yield this information quantitatively, although 


*There is a mistake in Ref. (17] of Singh and Dayal, 
■which is given as J. K. Boyter el al., USAEC Report No. 
IN-128. This should in fact read IN-1280. In addition. 
Ref. [23] is incomplete; the progress report referred to is 
USAEC Report No. lN-1218 (1968). Preliminary 
accounts of our results with a six-constant lit are pre- 
sented in the latter, while results with a nine-constant 
fit arc described in USAEC Report No. IN-1317 
(January 1970). 
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it is evident qualitatively from Fig. 1 of Ref. 
[12] that the fit to sound speeds with three 
force constants is poor.) Since the fit to experi- 
mental sound speeds is crucial for silicon, it is 
not possible to appraise the six-constant fit of 
Ref. [12] without better information about the 
calculated sound speeds. In order to obtain 
some of this information, we inserted the 
Final Set of six force constants from Table 2 
of Ref. [12] and the lattice parameter of 


fairly simple force constants of the type often 
used in fitting molecular vibrations. Five of 
these force constants involve no neighbors 
beyond the second, but the sixth force con- 
stant introduces a fifth neighbor. Force con- 
stants involving third and fourth neighbors are 
not used in the six-constant set. In order to 
improve the fit to the dispersion relations for 
silicon, it seemed worthwhile to introduce 
a few more types of valence force constants, 


Table 2. Valence force constants for diamond structure[a] 


fA! 

ArA'-, 

all legs coplanar 


fA 

ArAr'-, 

leg 3 out of plane 

2 

yX3) 

ArAr ' : 

legs 1 and 4 coplanar 


/xn 

J rA 

r,ArAd>; 

all legs coplanar 

1 

ft2) 

J 

r„ArA<t>\ 

r and have apex only 
in common 

fS. 

r^ArA4>\ 

leg 3 out of plane 


fJi 


all legs coplanar 

2 

fit) 

J 

r„‘A4>A<f>' ■, 

(j) and <()' have apex atom 
only in common 


FIS) 

r,AA(fiA<b'\ 

leg 3 out of plane 


/Id) 

J 

r,AA<bA<i>'\ 

legs 1 and 4 coplanar 

2 

/tS) 

J 

ro‘A(t>A<t>'\ 

legs 2. 3, 4 coplanar, leg 

1 out of plane 

, 4 


(ARV-. 

AK = change in second 
neighbor distance 


Fr 

(roArV-. 

At = change in dihedral 
angle, all legs coplanar 


pru 

(r„AT')«; 

At' ~ change in dihedral 
angle, one leg out of plane 



[a] These force constants are all zero in the sets listed in Table 1. See 
T able 3 and accompanying text for further discussion. 

[b] WILSON E. B., JR., DECIUS J. C. and CROSS P. C., Molecular 
Vibrations, pp. 60-61. McGraw-Hill, New York (1955). 


Ref. [ 12] into our equations (9) and ( 1 0) below. 
The results show that the calculated squares 
of some six-constant sound speeds in Ref. 
[12] are 1-7 per cent high along A) 
and 7-2 per cent low along X). Both of 
our corresponding calculated values are 3-2 
per cent high. 

3. IMPROVED FIT 

1 . General 

The treatment above involves only six 


especially those involving third and fourth 
neighbors. In Table 1 (last three rows), Table 
2 and Table 3 there are listed some charac- 
teristics of 17 other force constants which 
might be used in the diamond structure. 

The tabulated force constants contain three 
sets of redundant force constants: (a) F*,/**, 
(b)fn,,fl^; and (c) Fr, F^,f„Jr*. Fk. We 
believe that there are no other redundant 
sets in the tabulated constants. A set of redun- 
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Table 3. Neighbor order [a] in valence force constants for 
diamond structure 


Force constant 

Neighbor order 

Force constant 

Neighbor order 


1.2,5 ' 

FSlb] 

K2 ' 


1.2,3 

fZ 

1,2,3 


1.2,3 

rz 

1,2.3 

FA' 

F4![b] 

1,2,5 

1.2 

rz 

^[b] 

1,2,3, 5 

2 

Prl’ 

1.2,3 

Fr 

1,2,5 

fXi) 

J ^ 

1, 2.5.8 

F” 

1.2.3 


[a] The first-order neighbor is the nearest neighbor, second-order 
neighbor is next nearest, etc. 

[b] These constants belong to sets of redundant constants. See 
accompanying text for further discussion. 


dant force constants has the following proper- 
ty; Any dispersion relation (wave vectors 
alPng a symmetry direction or not) calculated 
by use of a set of redundant constants 
can be reproduced by fixing one of the con- 
stants at zero and suitably adjusting the 
remaining constants of the set. For example, 
any dispersion relation (wave vectors along a 
symmetry direction or not) calculated with 
/!•* =/'r*i number) and/r« =/r*, (a number) 
can be reproduced by fixing = 0 and 
/r*=/r«i-/r*r Bccausc of this property, 
there is no further use or mention of/^,/^^’, 
or Fk in this report. 

For the fitting with only six valence force 
constants, the 13 ‘target’ points of Ref. [1] 
seemed adequate. For fitting with more than 
six force constants, the following 12 additional 
target points were employed: 5 points along 
direction A (LA and TA at qlqmex = 0'4 and 
all 3 points at qlqm&x= l)i 6 points along 
direction A (lA and TA at qlq^mx — and 
all 4 points at qlqmax — 1)» and one point along 
direction X (the acoustic / point at qlqmax 
= 3/4). At the time the additional target 
points were inserted, the target for the Raman 
optical intercept from neutron data was re- 
placed by a slightly shifted but much more 
accurate value from optical data[13]. 

To date our fitting of silicon has made use of 
selected subsets of the following 18 valence 
force constants; The 9 constants of Table 1 


plus’the 9 constants f^\ fi?\ A*’. ffi\ 
and from Tables 2 and 3. 
(We have not yet tried the dihedral angle 
force constants and F/"-) The procedure 
of searching for a fit was roughly as follows:* 
(a) Examine all 12 possible sets of 7 force 
constants constructed by adjoining one addi- 
tional force constant to the initial 6 force con- 
stants. (b) Examine all 66 possible sets of 8 
force constants constructed by adjoining 2 
additional force constants to the initial 6 
force constants, (c) Examine all 220 possible 
sets of 9 force constants constructed by adjoin- 
ing 3 additional force constants to the initial 
6 force constants. 

In the course of this work, we became 
aware of certain simple relations which (if 
known sooner) would have led to a much 
better initial set. Consider a crystal such as 
silicon with the diamond structure, atomic 
mass m, and interatomic spacing r, = V3 alZ 
In terms of the 9 force constants of Table 1 
only, some of these relations are as follows 
[15]: 

=3|^(Fr + 8F*-?A-8V^^ 

+ 16/;»-3?C-3?r;;) (1) 


*We are indebted to Dr. T. G. Worlton for pro- 
gramming a modification (unpublished) of Adjuster [14] 
to simplify some of the work of this search. 
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( 2 ) 


6>* (^1 ) = + 5F« - 2Vy,« - 



(3) 

CU^(X3)=^F^ 

(4) 

w“(L,,) =^(F, + ^F,,-2/„-5Vy,* 


— _i:5 f(4) _4A7) 1 

'0/04, 2 ‘W> 

(5) 

0>HL,)=^Fr 

m 

(6) 


co^LaO = Fr + 8F„ +/^ - 2\^/.* 

+ 8/:^-16/i^) (7) 

coHLs)=-(F^-f,^ + Zr:i) ( 8 ) 
m 

Cn + 2C,a = ^(F, + 6/^) (9) 


c„ - C>a = |(F, - + 2/;, - 4fJ> 


+ 4/<« + 4/'^). (10) 


Relations giving a frequency squared as a 
linear combination of valence force con- 
stants exist at many points in wave vector 
space. More precisely, such relations exist 
wherever in the reduction of the dynamical 
matrix an irreducible representation occurs 
just once (regardless of the dimensionality 
of the irreducible representation). If an 
iireducible representation occurs n times, then 
a similar relation exists for Wj*. In any 


further fitting for silicon, we hope to take more 
explicit advantage of various simple relations 
resembling (1-10). 

2. RESULTS AND MSCUSSION 

A best fit to data by a valence force field is 
depicted in Fig. 2(a, b, c). This fit is based on 
the ‘Nine Constant Set’ listed in Table 1. The 
fit to the sound speeds squared in Fig. 2(a, b) 
is fairly good. These sound speeds squared 
were used as targets in the fitting procedure. 
The calculated sound speeds squared along 
direction X are (in units of 10'“ cm^sec~‘')Ui* 
= 0-837, t>“, = 0-339 and n^ = 0-215 com- 
pared to the experimental vailues [9] of 0-834 
±0-008, 0-341 ±0-003, and 0-2 18 ± 0-002. The 
major remaining discrepancies are on the 
transverse acoustic branches along A and A. 
These discrepancies are small, but they are 
systematic and probably significant. The fit 
is not quite so good as that obtained by 
Dolling[8] with his shell model 11c (includes 
Coulomb forces, eleven adjustable para- 
meters). In both of the fits for silicon re- 
ported here a>(L,) > a)(I,,) as indicated in 
Figs. 1(a) and 2(a), while for diamond a)(L,) 
< to(Lr)l3, 16]. 

It may be that there exists a set of nine or 
fewer valence force constants which yields a 
completely satisfactory fit to the dispersion 
relations for silicon, but we have not yet found 
such a set. A valence field containing nine (or 
possibly fewer than nine) force constants 
does yield an almost satisfactory fit. All of 
the valence force constants tried so far for 
silicon make use of only two types of valence 
coordinates; bond stretch and angle bend. It 
should be worthwhile to try other types of 
valence coordinates, especially the two di- 
hedral angle valence coordinates involving 
third and fifth neighbors (Tables 2 and 3 and 
Ref. [17]). Perhaps inclusion of these co- 
ordinates will allow a satisfactory fit to the 
silicon dispersion relations by only eight or 
nine valence force constants. 

The valence force field seems to contain 
much of the physics of the phonon disper- 



Enerjy (eV) Energy (iV) 
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Fig. 2(a). 



Fig. 2(b). 



Fig. 2(c). Dispersion relations for silicon. Calculations 
employ the force constants listed in Table I under Xine 
Constant Set’. The numbers close to some of the experi- 
mental points are values of Kcalculated energy— experi- 
mental energy)/(experimental error)|, where experimen- 
tal results are given [8] in the form 'experiment^ energy 
± experimental error'. This number is not given if its 
value is less than unity. 

sion relation of silicon. Small effects not 
included in the valence held may involve 
electrostatic interactions or other mechan- 
isms [18]. An unsuccessful attempt was made 
to improve the six-constant fit by inclusion 
of a one-parameter electrostatic interaction 
based on the 'simple bond charge’ model of 
Martin [19]. The results indicate that there 
may be too much duplication, or similarity, 
between the contribution to the potential 
energy from the valence forces and the con- 
tribution from the simple bond charge. In the 
spirit of the valence force approximation, we 
have set up a model which includes (in 
addition to the shortrange valence field) 
electronic polarizability and other electro- 
static effects [20]. This model contains some 
intuitively appealing and perhaps novel fea- 
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tures. It is directly applicable to crystals such 
as BcO or GaAs in which long-range electro- 
static effects are an essential part of a model 
which reproduces the observed dispersion 
relations. For silicon, the electrostatic 
effects are probably ‘intermediate’ in range. 
In the future, we hope to apply the model to 
silicon and to see if the six-constant valence 
field plus two or three constants for electro- 
static effects will yield a satisfactory fit. 
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Abstract— The lattice dynamics and the anharmonic properties of the hexagonal metals magnesium, 
zinc and beryllium have been worked out utilising the approach of Keating. In Magnesium, the 
dispersion curves are fitted using ten second order parameters and the six second order elastic con- 
stants are evaluated. The ten third order elastic constants are calculated using three third order 
parameters. The experimental measurements on the pressure derivatives of the second order elastic 
constants in magnesium are in good agreement with the calculated values. The dispersion relations 
and the second order elastic constants in zinc are fitted using twelve second order parameters. The 
third order elastic constants of zinc evaluated with the use of three anharmonic parameters are in good 
agaeement with experiment. The dispersion curves and the second order elastic constants of beryllium 
are obtained using twelve second order parameters. The three third order parameters are obtained 
from the measured pressure derivatives of three of the second order elastic constants and the third 
order elastic constants of this metal are computed. The anisotropic thermal expansion of these metals 
on the present model will be discussed in Section 2 of this paper. 


1. INTRODUCTION 

In recent years the thermal expansion data 
of a number of hexagonal metals have become 
available. These data down to liquid helium 
temperature have been reviewed by Munn[l]. 
There has so far been no attempt to calculate 
theoretically the temperature variation of the 
therjmal expansion of these metals. The third 
order elastic constants of Zinc have recently 
been determined by Schwartz and Elbaum[21 
and the pressure derivatives of the second 
order elastic constants of magnesium [3] and 
beryllium [4] are available in the literature. 

The dispersion relations in magnesium have 
been studied experimentally by Iyengar el at. 
[5] who have used a 1 1 parameter tensor force 
model to fit their dispersion data. Squires [6] 
has extended these measurements to more 
directions of wave propogation in the Brillouin 
zone. The dispersion relations in beryllium 
were studied by neutron scattering by 
Schmunk et a/.[7], and in zinc by Borgonovi 
etal.m. 

DeWames et a/.[9] used a modified axially 


symmetric force model with thirteen force 
constants in beryllium and seventeen force 
constants in zinc to explain the dispersion 
relations in these metals with success. Since 
then several attempts have been made to 
explain the dispersion curves in these metals 
from a model pseudopotential. The earlier 
attempts were not successful. But more 
recently some model pseudopotentials have 
been constructed which explain the dispersion 
relations in beryllium[10] and magnesium[l I] 
quite well. 

In this paper we employ Keating's [12] 
method of writing the potential energy in 
terms of the powers of the changes in the 
scalar products of interatomic vectors. 
Keating's approach is essentially the same as 
the coupling parameter approach, but it has 
the advantage that the potential energy expan- 
sion is automatically invariant towards a rigid 
rotation or translation of the lattice. In the 
coupling parameter approach these conditions 
have to be applied separately. Srinivasan[13] 
has shown that, in a simple lattice like ger- 
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manium with second and third order coupling 
parameters extending up to second neighbours, 
the rotational and translational invariance 
conditions lead to fifteen relations among the 
second and third order parameters. In the 
hexagonal metals with forces extending up to 
fifth neighbours the inclusion of the anhar- 
monic terms in the coupling parameter ap- 
proach will lead to an unmanageable number 
of parameters and a large number of inter- 
connecting relations. Keating’s method of 
writing the potential makes the problem of 
computing the anharmonic properties of these 
materials tractable. 

In Section 1 of this paper, Keating’s ap- 
proach is used to derive expressions for the 
elements of the dynamical matrix and the 
second and third order elastic constants of 
these metals. It is shown that a fit to the dis- 
persion curves and the second order elastic 
constants of these metals nearly as good as 
that with the modified axially symmetric 
model of DeWames et al.[9] is obtained with 
the present method with a smaller number of 
parameters. It is also shown that with a choice 
of three anharmonic parameters the pressure 
derivatives of the second order elastic con- 
stants of these metals can be satisfactorily 
accounted for. In zinc, in which individual 
third order elastic constant data are available 
a comparison is made with the theoretically 
calculated values. Section 2 of this paper will 
discuss in detail the behaviour of anisotropic 
thermal expansion of these metals. 


2. POTENTIAL ENERGY EXPRESSION USING 
KEATING’S APPROACH 

The basic vectors of the lattice are 



a* = D(0, 1,0) 

a3 = D(0, 0,p) 


referred to a rectangular cartesian system of 


axes*. Here D is the nearest neighbour dis- 
tance in the basal plane (i.e. D = o is the length 
of the edge of the hexagonal section perpen- 
dicular to the unique axis) and p is the axial 
ratio da. There are two nonequivalent atoms 
in the unit cell at r( 1 ) = D(0, 0, 0) and r (2) = 
D(1/2VT, 1/2, p/2). The atom 1 in the basis 
cell has three sets of neighbours of the same 
type and three other sets of neighbours of the 
nonequivalent type 2. Appendix 1 lists the 
position coordinates of these neighbours and 
the symbols used to designate them. The 
wave vectors of the lattice waves are given by 

q = 277 (q,bi -I- qabj -I- qjbg ) 

where the vectors b, are reciprocal to the 
vectors a^. qi lie between — 0-5 and -I- 0-5. 

The potential energy of interaction is written 
up to the sixth neighbours. Two and three 
body interactions are taken into account. Since 
anharmonic properties are to, be calculated 
second and third powers of the changes in the 
scalar products of interatomic vectors have to 
be included. Third order parameters are 
assumed to be non-zero only for two body 
interactions. This implies that only the central 
part of the interaction is important for ani 
harmonic properties, an assumption already 
used by Cowley et a/.[14, 15] in the treatment 
of alkali halides, germanium and silicon. .No 
third order terms are included in the three 
body interactions. 

The various contributions to the potential 
energy are listed below. 

(a) Two body potential between nearest neigh- 
bours in the basal plane: These neighbours are 
designated by the letter I. 


*Conventionally a, is chosen as the Y axis: but her^at 
is chosen a.s the Y axis. In conventional notation (0110) 
direction is normal to one of the sides of the hex^on; in 
the present notation (g„ 0. 0) is this direction. (1 120) is a 
direction joining the centre to one of the comers of the 
hexagon. In the present notation this corresponds to 
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L M-J /*! 

\ll fl / \tl lA. U 


Here L refers to the cell index, /x to the particle 

index, and equilibrium 

vector distance between the particle fi in cell 
L and its nearest neighbour / in a plane parallel 

to the basal plane. refers to the 

ft / 

vector distance when the particles are dis- 
placed. a and C the second and third order 
parameters. The two body potential involving 
the six sets of neighbours are written in a 
fashion similar to the above using the tables 
in Appendix 1. Table 1 lists the second and 
third order parameters for the six different 
two body interactions. 

In all the three metals investigated the third 
order .parameters are retained only up to the 


third neighbours. For further neighbours ^e 
third ordo* parameters are set equal to zero. 

(b) Three body potentials between nearest 
neighbours of the same type in the basal plane 



Here I',!" are the two nearest neighbour atoms 
on either side of the neighbour 7. j8 is the 
second order parameter. 

We can similarly write the various three 
body potentials with the help of the tables in 
Appendix 1. Table 2 below lists the triplet of 
atoms involved in the various interactions and 
the corresponding second order parameters 
involved. The symbols for the various sets of 
neighbours are given in Appendix 1 . 

For magnesium and beryllium the atoms 



are the farthest of all the neighbours of the 


Table 1. Second and third order parameters for the six different 
two body interactions in hexagonal metals 


Second order Third order 


No. 

Neighbour involved 

parameter 

parameter 

1 

Nearest neighbour of the same type in 
basal plane (Symbol /) 

a 


2 

Second neighbour of the same type in 
the basal plane (Symbol N) 

P 

V (= 0) 

3 

Third neighbour of the same type along 
the unique axis (Symbol K} 

T 

x(=0) 

4 

Nearest neighbour rtf' the second type 
out of the basal plane (Symbol 7) 

>1 

f. 

5 

Second nearest neighbour of the second 
type out of the basal plane (Symbol M) 

Vi 


6 

Third neighbour of the second type out 
of the basal plane (Symbol P) 

•>'s(=0) 
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Table 2. Three body interactions in hexagonal 
metals 


Second order 

No. Triplet of atoms involved parameter 


1 

0 

r:') 

f:") 

/9 

2 

0 


r:) 


3 

0 



K 

4 

0 



k ' 

5 

(t) 


(...) 

«1 

6 

fi) 

rr-) 

(..«;) 

(= 0) 

7 

Q 

(...) 

(...) 

*3(=0) 

8 

(0 

rr') 

rn 

fi. 

9 

(9 

rn 

(...) 

6, 

10 

fi) 

(...) 

(....) 

63(=0) 


IS 


atom For these metals, setting all the 

force parameters involving the atoms is 
equivalent to restricting the interactions up to 
the fifth neighbours. In zinc the atom i 

the fifth neighbour of atom However the 
inclusion of the parameters involving the inter- 
actions with the atoms does not bring 

about a marked improvement in the fit to the 
dispersion relations. So even in zinc these 
interactions are set equal to zero to reduce the 
number of adjustable parameters. The para- 
meter also does not have a sensible effect 
on the dispersion relatkms. So this was also 


taken to be zero. In the present model there- 
fore there are twelve second order parameters 
involved in the calculation of the dispersion 
relations and the second order elastic con- 
stants, and three third order parameters in- 
volved in the calculation of the third order 
elastic constants and anisotropic thermal ex- 
pansion. The connection between the present 
second order parameters and the tensor force 
constants in the notation of Iyengar et a/.[5] is 
discussed in Appendix 2. 


3. EXPRESSIONS FOR THE ELEMENTS OF THE 
DYNAMICAL MATRIX OF A HOMOGENEOUSLY 
DEFORMED CRYSTAL 

Srinivasan and Ramji Rao[16} have shown 
in the case of an ideally close packed hex- 
agonal lattice that, for the calculation of the 
anisotropic thermal expansion of uniaxial 
crystals, it is enough to consider (i) a uniform 
longitudinal strain e" parallel to the unique axis 
and (ii) a uniform areal strain e' perpendicular 
to the unique axis. The advantage of these 
strains is that there is no internal displacement 
of the two sublattices. For a calculation of the 
Gruneisen parameters, it is necessary to know 
the elements of the dynamical matrix to the 
first power of these strain parameters. To 
obtain these elements we consider a uniformly 
strained state with the strains c' and e" and 
calculate the energy <I>' by substituting for 




in the expressions for the two and three body 
potentials. The atoms are now given infinites- 
mal displacements from the above homogene- 
ously deformed positions R'^ so that 



The potential energy corresponding to this 
confi^ration is d>". (O"— <!>') is expanded up 
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to the second power in the displacements , , /L\ 

substituting plane wave solutions for «{1 j. 

«<( ) with coefficients involving the strains • * r ^ • • . ■ 

\M/ The elements of the dynamical matnx are 

and e" up to the first power. The dynamical given below: 
matrix is then obtained in the usual way by ' > 


q 

11 

_xx_ 


^ |[ (4yi + 2e, + Ibyj) +a( 12 - 6 ci - 6 C 4 ) + 3j8(5 - 2c, - c* - 2 C 4 ) 

+ /S' (45 - 12c 5 - 1 2c* - 21 c,) + (6/< + 18 k' + 6, + 46j) ( 1 - cs) + 6p(6 - c* - c* - 4c^) 

+ ^ (3 - 2c, + c* - 2 C 4 ) ] + €' [( 87 , + 327 * + e, +1 f ,£>* + y f 

+ a(24— lOc, — IOC 4 — 4 C 2 ) + 5£>^(12— 6 c, — 6 C 4 ) +/3(21 — 8 c, — Scj — 8 C 4 ) 

+ /S' (63 - I8C5 - 18c* - 27C7) + (6k + 18k' + 6, + 462) ( 1 - C3) + 18p(4 - c* - C8-2C7) 

(4c, + 4c4 + C3)] + eV [(67, + 6y3 + 2f,Z)* + 8f,£>*) + (8rH-66, + 66,)(l-C3) 

+ €, (6 + 2ci + 2 c2 + 2c4)]| 


q 

11 

jy. 



+ 2 c, + 1672 ) + a ( 1 2 — 2 c, — 8c2 — 2C4) + /3 ( 15 — 4 c, — 7 c2 — 4C4) 


+ /S' (45 - ISc* - 18c« - 9c,) + (6k + 18 k' + 6, + 462) ( 1 - c.,) + 18p(2 -c* - c*) 

+ €t ( 1 - C2) ] + c' [ (871 + 3272 4- €, + f2^>*) + a(24 - 6c, - 12c* - 6C4) 

{/?* ( 1 2 - 2c, - 8 c2 - 2c4 ) + /3 ( 2 1 - 6c, - 9 c2 - 6C4 ) + / 3 ' ( 63 - 24 c 5 - 24c* -15c,) 


+ (6k + 1 8k' + 8, + 4S*) ( 1 - C3 ) + p (72 - 30c* - 30c8 - 1 2c,) (2c, + 2c4 + 5c*) J 

+ P*«"[ (Oyj + by* + 2^,0“ + 8^2D^) + (»T + 66, + 662) ( 1 - C3) + c, (6+ 2c, + 2c* + 2C4)] 


q 

11 


(by, + 12c, + 672 + 66, + 662) +k(I 2 — 4c, — 4c2 — 4C4) +k'( 12— 4cs— 4c6 — 4C7) 

+ 8t( 1 -C3)+|(6, + 62)(1 -C3)-c,(3-c,-C2-C4)] + c'j^(47, + 1672 + 2p*D=*f, 

+ 8p*^*Z)* ) + a ( 1 2 - 4c, - 4 c2 - 4 c4 ) + /3 (6 - 2c, - 2c* - 2 c4 ) + /S' ( 1 8 - 6c* - be* - 6c, ) 

+ 6p (6 - 2c* - 2ce - 2c,) (6 + 2c. + 2c* + 2C4)] + p*e" [ ( 18y, + 126. + 126* + l»y* 

+ 12e, + 3p*^,Z>* + 3p=*^2£>*) + k(24 - 8c, - Sc* - 8C4) + k' (24 - 8c* - Sc* - 8c,) 

+ (24 t+ 156, + 1562)(1 — c*) + e,(12 + 4c, + 4c* + 4c4)]| 
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q 

11 


q 

11 

xz 


q 

11 


= + + 3k'( 55 — ie)] [»c(j,— ^4 + 2*2 ) +3#c'(j6 "■■*«)] 

+ 6''[k(5, — S 4 + 2 S 2 ) +3k'(S 5 — Ss)3| 

|[»<(Sl + 'S 4 ) + k ' (55 + 56 — 247 )] [/c(5, + 54 ) + k' ( 55 + 56 — 257 )] 

+ €"[k(Si + 54 ) + k'( 5 b + 5 s- 257)]| 


-VTd^ 

M 


|j^^2a + /3 + yj(c, — C4) + (6p + 3 / 3 ')(c 5 — Cg) j + e'j^^2a + ^ + y+2CZ>‘^ 


X (c,-C4) + (6p + 3/3')(c5 





q 

R 

q 

/■ 

The 

12 

are complex, their real and imaginary parts are written as 

12 

and 


JJ - 


JJ. 



q 

12 

O'J 


R 


q 

12 

XX 


q 

12 

yy. 


R 


q 

12 

Lz^J 


= ~ Cg ^ I (cg + Cio + 4 c,, ) + ^ (2cg + 2 c, 0 - c,i ) + ^ (c,2 + Ci3 + 4 c,4 ) j 

+ €'^y,{2cg + 2cio + 4c,i) + ^^^ ( 2 c» + 2 c,o + 8 ci,) — 2 c,c,i +'yj( 8 c )2 + 8 c, 3 + 16 c, 4 ) 
+ y (c ,2 + c ,3 + 4c, 4)] +p"e" [r. (2cg + 2c.„ + 2c„ ) + ^ (cg + c.g + 4c., ) 

+ 4 €, (c» + Cio + Cii) + 2^2 {Cw + C,3 + C,4) +^f2Z>*(c,2 + c, 8 + j| 

= - Cg ^ |[ 2 y, (Cg + c,o)+ 2 €,c„ + 8^2 (c,2 + c, 3) ]+e' ( 10 c»+ 10 c,o + 4 c,,) 

+^iiD^icg+Cio) — y (4 c9 + 4 c,o — 2 c,,) +^ ( 40 c ,2 + 40 c ,3 + I6C14) 

+ y 6^* (ci2 + c,3 ) j + p*e" [y, (2c* + 2c,o + 2c, , ) + f ,D* (c* + c,o) 

+ 4 €, (c* + c,o + c„ ) + 2y2 (ci2 + c,3 + c, 4) + 4^2^ (ci2 + C13) ] I 

= - Cg ^ |p* [ ( 2 y, + 2 S, + 4 c, ) (cj + c,o + c„ ) + ( 2 y 2 + 2S2 ) (ci2 + + c,4) ] 
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xrri 


q 

12 

yz. 


R 


q 

12 

LJCZJ 


■•■■J [ — 4€, + (c# + Cio + C| 1 ) + ( l&Ys + (Ci* + Ci8 + C, 4 ) ] 

+ F^€" [ (fry, + 48, + 12e, + (c» + c,o + c„ ) + (fry* + 46, + /)»&£)*) (c„ + c„ + Cu) )} 

U 

/ , 

= Js |j^^2-y, + 8, — y^(i9 — j,o) — (4y* + 262)(s,* — j,,) j 

+ «'|^('yi+^“^+ ^3 ^ ^ (•Sb — «,o) — ^2^2 + 82 + y ( J12 — 5,3) j 

+ e" [(2y, + 6, (s, - 5,0) - (4y2 + 282 + (5,* - s,,)]} 

~ ^ I [ 1 + — ^] ( ■^8 + •Sio — 2j „ ) + (4^2 + 28* ) (j , 2 + ^ 13 — 2s, 4 ) j 

+ e' j^('yi + y — j + 1 ^ iD“) ( J» + Jio — 2 j, 1 ) + ( 2 'y 2 + 82 + y ^ 20 *) ( 5,2 4- — 25,4 ) j 
+ c"[(2y, + 8, - | + (s„ + ^, 0 - 2i„) + (4^* + 28, 4 2p^^,D^) ( 5.2 4 5,3 - 2j,4)]| 


R 


"q 

D’ 1 

12 

-JO’- 



4 


q 

12 

XX 


-D^ 

M 


(872 4 y (c,2 - c,3 )] +p^e" [f,/P (c,o - c,) + 4^2£>^ (c., - r,3) ] J 

fs [271 ( 5 » 4 Sio 4 4 sii ) + 2 ei ( 2 s »4 2 s,o s,,) 873(5,2 4 5,3 4 45,4) ] 

4 e' 1^27,(59 + 5,0 + 25,,) 4 ^^^ (59 45 ,„ 445 i,) -26,5,1-872(5,245,3425,4) 

- ¥ (5,2 4 5,3 4 45,4 )j - hp ^ e " [27, ( 5 g 4 5,0 4 5 ,,)+ (5, + 5,0 + 45 ,,) 

+ 46 , ( 5 b + 5,0 + 5 „ ) — 272 (5,2 + 5,3 + 5,4) — jizD^iSjz + 5,3 + 45,4) ]j 


[27,(59 + 5,0) + 26 , 5 ,, —872(5,2 + 5,3)] +y [7,(1059+ 105 io + 4 s„) + 



-D^ 

1 

fS 

1 

= M 


+ 2 f,D* (59 + 5 ,«) - 2 e, (259 4 25 , 0 - 5 „) - 87, ( 55,2 4 55,3 4 25,4) - 32i2D^ (5,2 4 5 ,*)] 

4 p*e"[( 27 , 44 €,)( 5 g 4 5,0 4 5,1)4 ^,£)*(59 4 5,0) 272(5,, + 5,3 4 5,4) 4 f 2 ^( 5,2 4 5 i 3 )]| 
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= Cg |p*[ (2y, + 2fii + 4 €i ) (Sg + Sio + in ) — (2'y8 + 26j ) (si* + + 514 )] 

+ y [ (47 i — 4c, + ) (sg + Sio + ) — ( 16y* + 8p*f*D* ) («« + J,s + 5 , 4 ) ] 

+p*€"[(6y, + 46, + 12€i+p*f,D®)(j8+j,o + J„) — (6y2 + 462+p*f2D®)(ji2 + 5,3 + j,4)]| 


q 

12 

M 


-piy 

M 




q 

12 

Ljczj 


+ €'[(>1 +1 -^+||,Z)®) (Cg - c,g) + {ly, + 62 + J (c,2 - c,2)] 

+ e" [(2y, +p®^,D® + 6, - y] (c* - c,g) + (dyg + 2S2 + 2p»f2i>* (c,* “ ‘^«) ]} 

= {[(2^1 + «> ~|) 2c„) - (4^2 + 262) (c,2 + C.3- 2 c,4)] 

+ e' ^ ~ ^ I f (cg + c,o — 2c„ ) — ^2^2 + 8* + y ) ( c,2 + c,3 — 20,4) j 

+ e" 1^^271 + 6, - ^ + p®f li^ j ( C9 + c,o — 2c„ ) — (472 + 262 + ) (ci2 + c,3 — 2c,4 ) j | 

:^C8|[(27 i -2€,)(sg- j,o)+872(-Si*-'yj3)] +e' j^^2€, -2y, 

X (jg - Jio) + (872 + 7 (•*12 - •*13) j + [^,£>® (sg - 5 ,o) + (5,2 - .Sra ) ] I . 

In the above expressions the c, and 5, have the following significance: 


q 

12 

LxyJ 


-D® 1 
M 


c, = Cos 2rrg, 

C4 = Cos 27r(qi — qt) 
Cl = Cos 27r(2^, — 92 ) 
c,o= Cosf7r(2<?2 — qi) 
c,3 = Cosiir(qi + 92) 

Si = Sin 27rqi 
J4 = Sin27r(q', — (72) 

^7 = Sin 27r (2qt — ^2) 


C 2 = Cos 2 iTq 2 
C5 = Cos27r(9, + 92) 
Cg = Cos irqs 
c„ = Cosf7r(2<?,-<72) 
Ci4 = Cos|ir((72-2g,) 
St = Sin 22 r ^2 
Ss = SinZirf^i + qrj) 

Sg = Sin nqg 


C 3 = Cos 27rq3 
Cg = Cos 27r(2^2~qi) 
Cg = Cos^Trf^i + ^g) 
c,2 = Cosl7r(gi-2«2) 

S 3 = Sin 2 ' 7 rq 3 

Sg = Sm27ri2qt — qi) 

Sg^Sininiqi + qt) 
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i,o = Siniir(2^,-9,) Sii“ Siniir(2fl,-ft) *ii “Sm4iT<ft-2ft) 

Sii = Sin4w(fli + flj) 5 i 4 = Sm47r(9,-2«,). 


The expressions for the frequencies at thq 
symmetry points F (0,0,0), y4(0,0,0*5) and 
J(/(0*5,0,0) for the unstrained lattice are col- 
lected in Appendix 3. 


Cm “ [»r+|yj-*-|ya + 68.-l-68,-l-3ei] 

D* 

^ a 


4 . EXPRESSIONS FOR THE SECOND AND THIRD 
CHtDER ELASTIC CONSTANTS 

ITiese expressions were derived by the 
method of homogeneous deformation. In a 
homogeneous deformation 




+ Wdi>)-Wdn).i4.l) 


C44 = ^ p* [y 1 + ♦y* -b 6#t + 1 8 k' 

+ 6,-»-46a-(-^j. (4.3) 

Va is the volun^ of the unit cell (va = 
V3/2p/)»),and 

A = (4y, - 4e , - 32y,)/ (4y, + 26, + ) . 

(4.4) 


The €ij are the deformation parameters related A relates the internal displacement to the 
to the Lagrangian strains r)(j by the formula macroscopic strain. 


and W(i/) is the internal displacement of the +A 

vth sublattice, relative to the lattice of atoms 

(1) (i.e. ^♦'((l) =0). Following the procedure ^ 1 

outlined by Srinivasan[17], expressions were 

obtained for the second and third order elastic ^ ^ , 

constants and these are given below. c*** = — M {+“-(- 32^*j —A (f ,/2 — 16f*) 

c„ j^9(a + /3 + 9/3' +9p) +yi + €i + Iby* +A* {(^■*'1^*)^^ (yi-«i+4yj)| 

-j^/l(4y,-4*,-32y*)] 

c„ = ^ 1^30 - 3/3 - IW + 27p CsM = ^P* [I U +1 f*] 

+ 1 (yi -«1 + l^yj) +-^A (4y, -4€, - 32y2) j c„2 = ^ [(| ^*) 

c„ = ^ [3a +6^ + 54/3' + lip +A {(-^f 1 +f f*) 

+ |(yi -I-2€,-1‘ 1672 )-]^ ^ (4yi -4ei -32y*)j '*■ 3 ^ (yi~«i + 4y2)| 


r [yi - Cl + 4 ^ 2 ] ) + + 1 f 2 )] 
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+^*{(| + |f*) + ^(^ + e, + ^)}] 

{(t + 1 

^ [(I f (1 ~ I ^0] 

C344 = ^P^(^^l + 2|2). (4.5) 

The expressions for the second and third 
order elastic constants were also verified by 
the long wave method using the procedure 
outlined by Srinivasan[17]. 

5. m TO THE DISPERSION RELATIONS 
(a) Magnesium 

The second order elastic constants C 44 and 
nine limiting frequencies at the points F, A 
and M of the Brillouin Zone were used to 
evaluate ten out of the twelve parameters in 
the present model. The constants /3' and 62 
were set equal to zero as their inclusion did 
not improve the fit to the dispersion curves 
markedly. Table 3 gives the values of the 
parameters in the present model. Using the 
relations in Appendix 2 the corresponding 
tensor force constants in the notation of 
Iyengar et a/.[5] are obtained. These are also 
given in Table 3. The values of the second 
order elastic constants calculated from the 
parameters of the model are also compared 
with the measured values of Slutsky and 
Garland [18]. Figure l compares the disper- 
sion curves along (0110) and (0001) directions 
calculated on this model with the measure- 



Fig. 1(a). Theoretical dispersion curves for magnesium 
along (0001) direction. S Experimental values of Iyengar 
et al. 



Fig. l(b)^ Theoretical dispersion curves for magnesium 
along (0110) direction. £ Experimental values of Iyengar 
el al. 


ments of Iyengar et fl/.[5]. The calculated 
dispersion curves are in fairly good agreement 
along both the directions. The maximum dis- 
crepancy occurs for the limiting TO frequency 
at the zone boundary point A and is about 10 
per cent. This fit is good enough for a fairly 
reliable calculation of thermal expansion. 

Iyengar et a/.[5] have obtained a closer fit 
to the dispersion curves by using a fourteen 
parameter tensorforce moddl. 
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T able 3. Values of the parameters of the proposed model for magnesium 


Model parameter Tensor force constant S.O.E. Constants in 10’‘ dyn/cm* 


Parameter 

valiieln 

10" dyn/cm* 

force 

const. 

value in 

10^ dyn/cm 

^*0 

Calcd. 

valdh 

Exptl. 

298°K 

Value 

one 


0-561 

a* 

4-764 

Cn 

6-00 

5-943 

6-340 

il^Mp 

0-009 


2-312 


2-36 

2-560 

2-594 

(D*Iv,)t 

0-054 

8* 

0 


1-53 

2-140 

2-170 


0-638 

y* 

-0-154 


6-39 

6-164 

6-645 

(D*lva)y% 

-0-008 

X* 

1-878 

Cm 

1-66 

1-642 

1-842 


-0-008 

m" 

-0-996 

Cbs 

1-82 

1-691 

1-875 

iD*IVa)et 

+ 0-026 

p* 

5 891 





(D*Iv„)k 

-0-013 

a* 

2-530 





(D*Iv,)k‘ 

0-010 

e 

-0-095 





{D*IVa)6, 

-0-089 

V* 

0-048 







X* 

-0-067 







r 

-0-095 








0-029 







</)■' 

0-190 







A* 

0-122 







B* 

0-211 







C* 

0-366 







D* 

0-237 






The corresponding tensor force constants and the second order elastic constants are also 
given. D = 3-202 AU:p= 1-623. 


(b) Zinc 

The twelve parameters in this model were 
chosen to give a reasonably good fit to the 
second order elastic constants and the limiting 
frequencies at the zone centre and zone boun- 
daries. The second order elastic constants of 
zinc were determined between 4-2 and 670°K 


by Alers and Neighbours [19] and between 4-2 
and 77'6“K by Garland and Dalven[20]. The 
dispersion relations have been measured by 
Borgonovi et o/.[8]. 

Table 4 gives the values of the twelve para- 
meters used in this model and the values of the 
corresponding tensor force constants. 


Table 4. Values of the parameters for the present model 

in zinc 

£) = 2-66AU p= 1-857 

Parameter values Tensor force constants in 1 0’ dyn/cm 


Value in Force Force 

Parameter 10" dyn/cm* const. Value const. Value 


(D*Ma 

1-643 

o* 

10-211 

V* 

0-810 

(DVv„)p 

-0-046 

p* 

5-903 

X* 

1-463 


-0-735 

8* 

0 

{* 

2-611 

iDVva)y, 

0-359 

y* 

-3-275 

e* 

0-757 

mva)y^ 

0-142 

k* 

0-134 

r 

-1-649 

(D*Mp 

-0-318 

u" 

-1-403 

A* 

0-398 


0-077 

V* 

4-912 

B* 

-0-167 


-0-624 

<r* 

3-733 

c* 

-0-785 

(D'Mk 

-0-267 

(* 

1-619 

D» 

0-974 

{D*IVaW 

0-033 






1-222 






0-035 
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Table S gives die calculated values of the 
second order elastic constants. For compari- 
son the values calculated on the modified 
axially S 3 munetric model of DeWames et al. 
[9] with seventeen parameters are given. The 
measured values of Alers and Neighbours [19] 
at 4*2'’K and room temperature are also given. 

The elastic constants in the present model 
show a closer agreement with the experimental 
vrdues than the calculated values of DeWames 
et al. 

Figure 2 shows the dispersion curves cal- 
culated on the present model. The experi- 
mental points are the measurements of 
Borgonovi et al.[8]._ The dispersion curves 
along (0001) and (0110) directions give almost 
as good a fit to the experimental points for 
most of the branches as the modified axially 
synunetric model with seventeen adjustable 
parameters. For the TOZ and TOY branches 



Fig. 2(a). Theoretical dispersion curves for Zinc along 
(0001) direction. Z Experimental values of Borgonovi 
etal. 


Table S. Second order elastic constants of 
zinc in 10” dyn/cm* 


Cy 

Present DeWames ei of. Experimental [19] 
model Gated. 4-2'K 295‘K 

^11 

16-43 

15-39 

17-909 

16-368 

^11 

3 66 

3-62 

3-75 

3-64 


5-35 

3-85 

5-54 

5-30 

C'sj 

6-44 

6-78 

6-88 

6-347 

^44 

3-34 

3-15 

4-596 

3-879 

Cjg 

6-39 

5-88 

7-080 

6-364 


along the (0110) directions, the agreement is 
poorer than with the model of DeWames et al. 
The maximum discrepancy is of the order of 
10 per cent. Considering the much smaller 
number of parameters used in the present 
model and the much better fit to the elastic 
constants obtained on this model, the present 



Fig^ 2(b). Theoretical dispersion curves for Zinc along 
(0110) direction. Z Experimental values xjf Borgonovi 
etal. 



ANHARMONIC PROP^TIES OF THE HEXAOONAL METALS 


modd can be used advantageously to calcu- 
late the thermal expansion of this metal. 

(c) Beryllium 

Table 6 gives die values of the twelve 
second order parameters of the present model 
which gives a reasonably good fit to the second 
order dastic constants and the dispersion 
curves in this metal. The corresponding 
tensor force constants in the notation of 
Iyengar et a/.[S] are also collected in the table. 

The second order elastic constants of 
Beryllium have been measured by Smith and 
Arbogast[21]. Table 7 compares the calculated 
second order elastic constants with the mea- 
sured values. The second order elastic con- 
stants calculated on the thirteen parameter 
modified axially symmetric model of DeWames 
et al.[9\ are also included in the table for 
comparison. 


mi 

DeWames et aL nuxld gives a bdter fit to 
the elastic constants. Figine 3 shows the 
dispersion curves ctf Beryllium calculated on 
the present model. The e}q>erimeatal pdnts 
are those of SChprunk et a/.[7]. The fit to the 
dispersion curves along the (0001) direction is 
better than that of DeWames et at. Along the 
(01 10) direction, the LO branch is high^ than 
the measured values by 6 per cent and the 
TOZ branch is higher by about 3 per cent. 
DeWames et al. obtained a better fit for these 
branches. For the remaining branches the 
present model gives as good a fit as the modi- 
fied axially symmetric model of DeWames 
et al. 

Thus we find that the present model based 
on Keating’s method of writing the interaction 
terms gives a reasonably good fit for the second 
order elastic constants and the dispersion 
relations in these metals with a smaller num- 


Table 6. Values of the second order parameters in 
Beryllium 


Model parameters Tensorforce constants in 10* dyn/cm. 


Parameter 

Value in 

10" dyn/cm* 

Force 

const. 

Value 

Force 

const. 

Value 

(£>•/«.) a 

0-771 

a* 

4-490 

V* 

-1-006 

(D*lv.)p 

0-062 

P* 

3-456 

x* 

0-719 

(D*lv.)r 

3-129 

6* 

0 

{• 

0-176 

(D*lv,)y, 

1-940 

r* 

-2-578 

9* 

1-452 

{D*ha)yt 

0-243 


6-823 

r 

7-548 

{D^Mp 

-0-220 


0-804 

A* 

1-787 

(D*lv.W 

0-130 


18-910 

B* 

2-047 

(D‘/«'.)e. 

2-716 

<T* 

-3-333 

C* 

2-942 

(D*IVu)k 

0-510 

f* 

2-011 

D* 

3-128 

(D*lvM 

0-205 





(.D*IVa)6, 

-4-893 






-0-230 






Table 7. Second order elastic constants of beryllium in 
10” dynes/cm* 


Co 

Present model 

DeWames et a/.[9] 

Experiment [21] 

C\\ 

28-5 

29-55 

29-9 

c„ 

2-8 

3 16 

2-76 ±0-08 


0-5 

1-74 

1-1 ±0-5 

Cjj 

34-5 

33-77 

34-22 

C„ 

12-8 

16-00 

16-62 

Cm 

12-85 

13-20 

13-57 



m2 
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Fig. 3(a). Theoretical dispersion curves for beryllium 
along (0001) direction. O, A, □, 0 Experimental points 
of Schmunk etal. 



Fig. 3(b)^ Theoretical dispersion curves for beryllium 
along (0110) direction. O, A, □, 0 Experimental points 
of Schmunk et al. 

ber of parameters than either the tensor force 
model or the modified axially symmetric 
model. The model has the advantage that it 


readily permits the incorporation of third 
order parameters to calculate the anharmonic 
properties. 

PRESSURE DERIVATIVES OF THE SECOND 
ORDER ELASTIC CONSTANTS AND THE THOtD 
ORDER ELASTIC CONSTANTS OF HEXAGONAL 
METALS 

The three third order parameters it and 
ii have to be fixed to proceed with the calcu- 
lation of the anharmonic properties of the 
lattice. Third order elastic constants have 
become available for zinc recently [2]. But in 
magnesium [3] and beryllium [4] only the 
pressure derivatives of the second order elastic 
constants are available. Ramji Rao and Srini- 
vasan[22] have derived expressions for the 
pressure derivatives of the second order 
elastic constants of the hexagonal metals. The 
expressions will not be repeated here to con- 
serve space. These expressions have been 
used to calculate the pressure derivatives of 
the second order elastic constants from the 
theoretically evaluated third order elastic 
constants. The third order parameters were 
chosen to give a reasonable fit to the pressure 
derivatives of the second order elastic con- 
stants and, in zinc, the third order elastic 
constants. The results are discussed for each 
metal separately below. 

Rose and Ramsey [23] have derived expres- 
sions for second and third order elastic con- 
stants for the hexagonal metals assuming the 
atoms to interact through a central potential. 
They have omitted to take into account the 
internal displacement of the two sub-lattices 
and therefore their expressions are incorrect. 
They find that with central interactions lattice 
instabilities arise in some of the metals. As the 
use of a central potential of the type used by 
them is not valid in these metals, no further 
reference will be made to their work. 

(a) Magnesium 

The values of the third order parameters 
chosen and the calculated pressure derivatives 
of the second order elastic constants and third 
order elastic constants are collected in Table 
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8. The measured values of the pressure deriva' 
tives me also given in Table 8. The calculated 
pressure derivatives are in fairly good agree- 
ment with measurement. 

(b) Zinc 

The values of the third order elastic con- 
stants and the pressure derivatives of the 
second order elastic constants are collected in 
Table 9. The values of the third order para- 
meters used in this model are also collected in 
this table. The measured values of the third 
order elastic constants are also given. 

The agreement with the measured third 
order elastic constants is quite good except for 
Cm and C, 55 . For Ciss the sign itself comes 
out wrong. However the calculated pressure 


derivatives are in good agreement with the 
measured values. This model is used to com- 
pute the thermal expansion of this metal to be 

reported in Section 2 of this piq>er. 

.( 

(c) Beryllium 

The pressure derivatives of three of tire 
second order elastic constants have been 
reported by Silversmith and Averbach [4], The 
model parameters were chosen to reproduce 
these pressure derivatives. Table 10 lists the 
parameter values and the third order elastic 
constants of Beryllium calculated theoretically. 

A comparison of Tables 8-10 reveals die 
effect of the axial ratio on the third order 
parameters. In magnesium the first two neigh- 
bours are almost at the same distance and the 


Table 8. Values of the third order parameters and the pressure derivatives of 
the S.O.E. constants, and the T.O.E. constants of magnesium 

Cfi — Cii + 2 Cm + Cji— 4Cis 


Parameter value in T.O.E. Constants in 10" dyn/cm' Pressure derivative 

10" dyn/cm* of S.O.E. constant 

Theory Expt(3) 


(D’lVaK 

-410 

C*!!! 

-64-3 

C’}(44 

-171 

c,. 

6-36 

6-11 


-4-50 

C'lia 

-17-9 

C 333 

-63-2 

C$3 

7-53 

7-22 

{DVVa)(, 

-0-11 


-6-3 

^222 

-73-7 

c„ 

1'80 

1-58 



^123 

-4-7 

Ci44 

-4-5 

Coe 

1-71 

1-36 



Ci33 

-171 

C|S 6 

-6-5 

Cii 

2-95 

— 







Ci3 

2-82 

— 







C'„ 

13-1 

13-7 


Table 9. Values of the third order parameters, the third order elastic constants and the 
pressure derivatives of the S.O.E. constants in zinc 


Parameter 

value in 

10” dyn/cm* 


T.O.E. Constants in 10" dyncs/cm* 




-1-2 


C 111 

Ciif 

Ciis 

ClM 

Ci3s 

{D'lvoK 

-11-0 

Theory 

-189 0 

-571 

-330 

13-8 

-35-7 


- 1-2 

Expt(2) 

-176+15 

-44±11 

-27 + 3 

21+6 

-35+1 




C 344 

^333 

Czu 

Ci44 

C'lM 



Theory 

-35-7 

-73-8 

-2160 

10-2 

-34-0 



Expt(2) 

-44 + 4 

-72 + 2 

-241 ±26 

-1 + 1 

+ 25 + 5 


Pressure derivatives dCu/dp of the second order elastic cbnstanls 



Cn 

c$$ 

^^44 

Coo 

Cjg 

^13 


Theory 

7-70 

6-50 

3-94 

2- 10 

3-51 

4-72 

5-33 

Expt(2) 

7-32 

7-32 

4-02 

1-48 

““ 
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Table 10 . Third order parameters and the T.O.E. constants of 

beryllium 


value in T.O.E. constants of beryllium in 1 O’ ' dyn/cm* 

Parameter 10“dyn/cm* Constant Value Constant Value 



-22-38 

Cm 

-219 

C»44 

-78 

(IPMC 

-12-40 

C*!!! 

-65 

Cgaa 

-259 

ilPMf, 

-0-86 

^^IIS 

-53 

c„ 

-244 


Cijs 

H-l 

^*144 

-11 



Chs 

-78 

CiM 

-49 


{ and parameters are nearly equal. In zinc 
the axial ratio is larger than for an ideal hep 
lattice. The parameter ( which now corre- 
sponds to .the nearest neighbour interaction is 
much larger than the parameter which 
corresponds to second neighbour interaction. 
In beryllium the axial ratio is smaller than that 
for an ideal hep lattice. which now repre- 
sents the nearest neighbour interaction is 
larger than {; which corresponds to second 
neighbour interaction. The third neighbour 
interaction is generally small and justifies 
limiting the anharmonic interaction to the first 
three neighbours. The T.O.E. constants Cm 
and C222 are nearly equal to each other in all 
these crystals corresponding to near isotropy 
in the basal plane. The constant C333 however 
becomes small relative to Cm as the axial 
ratio increases beyond that for the ideal hep 
lattice. 

Thus it is shown that the present model fits 
the dispersion curves as well as the T.O.E. 
constants or the pressure derivatives of the 
S.O.E. constants of the metals magnesium, 
zinc and beryllium. This model will be used to 
calculate the anisotropic thermal expansion of 
these metals in Section 2 of this paper. 

Acknowledgements— The authors thank Professor G. R. 
Barsch for his helphil comments on this work and Profes- 
sor C. Ramasastri for his interest. Our thanks are due to 
the authorities of the computer centre at T.I.F.R., 
Bombay, for permitting us to carry out the calculations on 
the Cl^ 3600 computer. 

REFERENCES 

1. MUNN R. W.,Adv. Phys. 18, 515 (1969). 

2. SWARTZ K. D. and ELBAUM C., Phys. Rev.3, 1. 

No. 4. 1512(1970). 


3. SCHMUNK R. E. and SMITH C. S.J. Phys. Chem. 
Solids 9, 100(1959). 

4. SILVERSMITH D. J. and AVERBACH B. L., 
Bulletin of the American Physical Society, Feb. 
(1969). 

5. IYENGAR P. K., VENKATARAMAN G. VUA- 
YARAGHAVAN P. R. and ROY A. P.. Inelastic 
Scattering of neutrons Vol. I, page 153. International 
Atomic Energy Agency. Vienna (1965). Lattice 
Dynamics (Edited by R. F. Wallis) page 223, Per- 
gamon Press (1965). 

6. SQUIRES G. L., Proc. Phys. Soc. London 88, 919 
(1966). 

7. SCHMUNK R. E.. BRUGGER R. M,. RAN- 
DOLPH P. D. and STRONG K. A.. Phys. Rev. 128. 
562(1962). 

8. BORGONOVI G., CAGLIOTTI G., and ANTEL 
i.i., Phys. Rev. 132,683(1963). 

9. DEWAMES R. E., WOLFRAM T., and LEHMAN 
G. W.. Phys. Rev. A138, 7 1 7 (1965). 

10. KING W. F. and CUTLER P. H., Solid State 
Comm«n. 1,295(1969). 

11. SHAW R. W., Jr., and PYNN R.. J. Phys. C (Solid 
State Physics) 2, Series 2, 207 1 ( 1 969). 

12. KEATING P. N.. (a) Phys. Rev. 145, 637 (1966). 
(b) Phys. Rev. 149. 674 (1966). 

13. SRINIVASAN R., J. Phys. Chem. Solids 28, 2385 
(1967). 

14. COWLEY E. R. and COWLEY R. A., Proc. R. Soc. 
A292. 209 (1966). 

15. DOLLING G. and COWLEY R. A., Proc. Phys. 
Soc. 88,463(1966). 

16. SRINIVASAN R. and RAMJl RAO R., Inelastic 
Scattering of Neutrons Vol. I, page 325, International 
Atomic Energy Agency, Vienna (1965). 

17. SRINIVASAN R., Phys. Rev. A144, 620 (1966). 

18. SLUTSKY L. J. and GARLAND C. W.,/>/iyj. Rev. 
107,972(1957). 

19. ALERS G. and NEIGHBOURS J. R., J. Phys. 
Chem. Solids 1,5S(\95S). 

20. GARLAND C. W. and DALVEN R., Phys. Rev. 
111,1232(1958). 

21. SMITH J. F. and ARBOGASTC. L..J. appl. Phys. 
(USA), 31,99(1960). 

22. RAMJl RAO and SRINIVASAN R., Phys. Status 
SoM31,K39(l969). 

23. ROSE M. F. and RAMSEY R. T.. Phys. Status 
SolidiTS, No. 1, 103-8 (1968). 



17<3 


ANHARMONIC PROPERTIES OF THE HEXAGONAL METALS 


APPENDIX 1. THE POSITION CO(HU>lNATES OF THE SETS OT NUGHBOURS IN HEXAGONAL 
METALS AND THE NOMENCLATURE USED TO DESIGNATE THEM 


Table l.Al. Position coordinates of the Table 2.A1. Position cooreUnates of the 

nearest neighbors of the same type in the second neighbours of the same type in the 

basal plane basal plane (Symbol N ) 


^These neighbours are indicated by the letter I. R^^ ^ 


CeU indices Index Cartesian components 

L. u u n 


Cell indices Index Cartesian components 


u 

L, 

L, 

I 


C) 


I 

0 

0 

1 

V3/2D 

1/2 D 

0 

-1 

0 

0 

2 

- V3/2D 

-MID 

0 

0 

1 

0 

3 

0 

D 

0 

0 

-1 

0 

4 

0 

-D 

0 

I 

-1 

0 

5 

V3/2D 

-1/2D 

0 

-1 

1 

0 

6 

V3I2D 

1/2 D 

0 


I 

1 

0 

1 

vT/2D 

3/2 D 

0 

— 1 

-1 

0 

2 

-V3/2D 

-3/2 D 

0 

-1 

2 

0 

3 

-V3/2D 

3/2 D 

0 

1 

-2 

0 

4 

V3/2D 

-312 D 

0 

2 

-1 

0 

5 

VSd 

0 

0 

-2 

1 

0 

6 

-V3D 

0 

0 




Table 3.A1. Position coordinates of the third 
neighbours of the same type along the ‘C’ axis 

These neighbours are indicated by the letter K. R^^ = R^® 


Cell indices 


Index Cartesian components 


L. L, L, K «,(«) «.(;*) 


0 

0 


0 I \{K') 

0 -1 ntc) 


0 

0 


0 

0 


pD 

-pD 
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Table 4.A1. Position coordinates of the nearest nonequiva- 
lent neighbours out of the basal plane 

The neighbours of the nonequivaient type above the basal plane are indi- 
cated by J' and those below the basal plane by J". All the neighbours are 

collectively indicated by 7. |*^^ 2 )| “ 


Cell indices Index Index Cartesian components 


Ly 

u 

u 

J 

J" 


<i) 


0 

0 

0 

I 

1 

DU VI 

D/2 

pD/2 

0 

-1 

0 

2 

2 

DU VI 

-D/2 

pDjl 

-1 

0 

0 

3 

3 

-DjVJ 

0 

pDI2 

0 

0 

-1 

4 

1 

DU Vi 

D/2 

-pDI2 

0 

-1 

-1 

5 

2 

D/2 VT 

-D/2 

-pDI2 

-1 

0 

- 1 

6 

3 

-DiVT 

0 

-pDI2 


Table 5.A1. Position coordinates of the second nonequiva- 
lent neighbours out of the basal plane 

These atoms are indicated by M, those above the plane are denoted by M' 
and those below the plane by M". There are six neighbours and only the 
coordinates of the three neighbours above the basal plane are given. For 
the neighbours below the basal plane the Z component carries a minus sign. 



(s-?) 

1/2 

1 O 




Cell indices 

Index 

Index 

Cartesian components 



M 


/OAf\ „ (QM\ 

„ /0Af\ 

Li Lj 


M' 

K 12 ) Ml 2 ) 

Ml 2 ) 

-1 1 

1 

1 

1 

-DiVi D 

pDI2 

-1 -1 

0 

2 

2 

-DiVT -D 

2D/vT 0 

pDI2 

1 -1 

0 

3 

3 

pDI2 
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Table 6.A1 . Position coordinates of the tMrd nonequivaknt 
neighbours out of the basal plane 

These atoms are indicated by the index P, those above the jba^ plane by 
P', and those below the basal plane by P*. There are twelve npsMwurs in 
all. In the taUe below only the components of the six neighbours above 

( 0P"\ 

j 2 I obtained by 

putting a minus si^ before the Z component |r^^ Qj = ( 5 '*'^) - 


CeU indices Index Index Cartesian components 


L. L, 

L, 

p 

P' 


"■CO 

"■CO 

1 0 

0 

1 

1 

IDlVf 

D 

pD/2 

1 -2 

0 

2 

2 

2 DIV 3 

-D 

pD/2 

0 1 

0 

3 

3 

DU Vi 

iDI2 

pD/2 

0 -2 

0 

4 

4 

DU Vi 

-3Z>/2 

pDI2 

-2 1 

0 

5 

5 

-SDiiVi 

D/2 

pDI2 

-2 0 

0 

6 

6 

-5D/2N/3 

-D/2 

pDI2 


APPENDIX 2. RELATION BETWEEN THE TENSOR 
FORCE CONSTANTS AND THE SECOND ORDER 
PARAMETERS USED IN THE PRESENT MODEL 
The tensor force constant matrices up to fourth neigh- 
bours are given in detail by Iyengar et a/.(51. Their 
notation is followed here, llie force constant matrices 
corresponding to the various atoms listed in Tables 1 to 5 
of Appendix I are given below: 



■a* + 2/3* 
-8' 

0 

a* • 

/O N\ 

[A* B* 

0 

*0 ,7)(/V = 3) = 

R* C* 

0 

\ * 1 / 

0 0 

D*. 




i) = 


0* 0 0 
0 g* 0 
0 0 <t>* 


0 

0 

7*. 



3) 


■X*+2p,* 

0 

0 


0 0 

K*-2n* -7 xt* 
-2<r* V* . 


/3* = f7‘(£r+|-l-^) e*=iy(3ic+»x'+|-+26.) 

d.*=p‘£>*[4r + |(«.+6,)] 

/<* = 3£)»(P + /S’) 


6 * =0 


(2y, + c,) 


R* = 3VJD' 


-(-f) 




M* “-J-lei-yi) 


C» = £P(9p+3i8’) 
„• = (y . + 8 + 2e, ) D* = iK'pfrP 




r = (f)x8y. 


r,* = -^x4y. 


•?) 


■f*+2ij* 0 0 ■ 

0 f*-2T,» 2x* 

. 0 2x* {* . 

These force constant matrices may be compared with the 
matrices obtained in the present model. The expressions 
for the tensor force constants in terms of the second order 
parameters in the present model are given below. 

a* (20+1/3+1) <:*=-p*£>*(7t + 6.) 


X*=^(27> + 6,). (1.A2) 

In the tensor force model, Iyengar ei al. impose a condi- 
tion on the force constants given by 

3y* + „*+4{. «f[x*+f + 2g*]xp» 

which they call as the equilibrium condition. On substitu- 
tion for the tensor force constants from equations ( 1 ) 
above, this relation is seen to be automatically satisfied. 
Since in the present model the potential is automatically 


‘I>o(®^(M = 3) = 
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rotationally invariant, the above condition is trivially 
satisfied. 

AnrENDK 3. EXPRESSIONS P(Ht THE LIMITING 
FREQUENCIES AT THE POINTS T, A AND M IN 
THE ZONE 

The expressions for the limiting frequencies at the 
points r(0,0,0), y4(0,0,0-S) and Af(0-S,0,0) in the Brittouin 
zone are given below: 

points in 
the B-Z 

T :a,i.„(0,0,0)=3^[&y,+6y, + 68. 

-f-dSj -h I2€|] 

r : (0,0,0) = ^ [ 4 y. + 2€. + I 6 y.] 

A (0,0,0-5)=£^[6y, + I2«, + 6y, 

+ l58.+ 15Sj+l6r] 


A ; lu*.,, (0.0,0'5) = — [4y, + 2t, + l&y* + 12 k 

T-A ™ 

+ 36k’ + 26, + 86,] 

M -.al, (0-5,0,0)=|^[(4y. + j6,+ l&y, + 24a 

+ 24/3 + 24p +48^') ±1 1 (4y, - lOe, + 48y,) I j 
M : cii5,,„y, (0-5,0,0) = ^ [ (4 y, + 2€, + 16iy, + Sa 

TA(y) ^ 

+ 16^ + 72p + 720' ) ± |4y, - 2e, - 16y,l] 
A' (O-S.O.O)- [(6y. + 8e,+6y, 

TAtZ) ^ 

+ 68, +66,+ 16k + 16k' ) ± |(2'yi + 26, +4«, — 6y, — 68,) |] 
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MAGNETIC PROPERTIES OF FLUORIDp SUBSTITUTED 

ORTHOFERRITES 
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Abstract - Substituted rare earth orthoferrites (LnFeOs) with the general forroula LnM,*'^Fe,_jtO,_,Fi 
where Ln = Y, La-Yb, and = Ni*'^, Mn’*, Cu*'^, have been prepared and studied. When M*'*^ = 
Ni^'^ and x — 0-2 the substituted materials exhibited magnetic moments which were of the order of 
four times those of the unsubstituted orthoferrites. Curie temperatures were observed to decrease 
— 20°. Cu*"^ and F“ (x = 0-2) substitution did not bring about appreciable changes in either the mag- 
netic moments or T,. Mn^'^-F ix = 0-2) subsitution resulted in appreciable decreases in (30-60°) 
but did not produce a uniform trend in magnetic ntoments. In Ni‘'^-F~ substituted HoFeOj and 


SmFeOg magnetic moments were found to increase 

1. INTRODUCTION 

The rare earth orthofetTites[l] (ortho- 
rhombic LnFeOa) are weakly ferromagnetic 
at room temperature. The magnetic moments 
arise from a small canting of the sublattice 
moments away from perfectly antiferro- 
magnetic alignment. In unsubstituted ortho- 
ferrites this canting is of the order of i degree 
resulting in net moments of about 1 per cent 
of the full moment of the iron spins. Recently 
there has been renewed interest in the ortho- 
ferrites because of their applicability to bubble 
domain devices [2]. The diameter of the ‘bub- 
bles’ (cylindrical magnetic domains) is con- 
trolled by the material parameter / = aj 
47rAf/[3], where o-^ is the domain wall energy 
and M, the saturation magnetization. Small 
values of / are desirable to permit small 
bubbles and therefore high packing densities 
in the devices. Control of the bubble size has 
been obtedned by utilizing the reduction of the 
uniaxial anisotropy which occurs near the 
spin reorientation temperature in ortho- 
ferrites [4]. The reduced bubble diameters are 
obtained, however, at the expense of an 
undesirable temperature sensitivity [5], It 
was of interest, therefore, to investigate the 
possibility of decreasing the material peu'a- 
meter by increasing the moments of the ortho- 
ferrites through substitution of by di- 


with increasing substitution. 

valent transition metal ions. Charge 

compensation was affected by the replace- 
ment-of 0“~ by F“ giving the general formula 
LnM;t“'^Fe;’:!^ 03 _xF,. Fluorine substitution 
for charge compensation was deemed superior 
to cation substitution (M"'^ for Fe®^) as the 
latter method would dilute the magnetic 
sublattices with nonmagnetic M^'*' (e.g., Ti^"'') 
cations. 

2. PREPARATION 

Materials of the type CnM^^'^FeJl^Os-^F^r 
where Ln = Y, La-Yb, and M*"'’ = Ni, Co, 
Mn and Cu were prepared from appropriate 
mixtures of LnjOs, MF*, MO (or MCO3) and 
FcjOs. After mixing, the powders were 
pressed into pellet form and hred for 12 hr. at 
1200'’C in anhydrous Ar gas. X-ray analysis 
(CrKa radiation) was used to determine single 
phase formation. X-ray diflfractometry, how- 
ever, cannot detect the presence of impurities 
in small concentrations (= 5 per cent or less) 
and magnetic Curie temperature (T^) measure 
ments were used to identify magnetic impuri- 
ties in amounts below the X-ray detection 
level. Two samples (GdNio.sFeo.gO*. 8 Fo .2 and 
HoNio. 2 Feo. 80 g. 8 Fo.s) were prepared by firing 
pressed pellets in sealed evacuated platinum 
tubes. The resultant materials were identical 
to those prepared by the previously described 
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method. The results of cation chemical analy- 
sis were in good i^eement (± 1 per cent by 
weight) with calculated values. F~ analysis 
were in fair (±5-10 per cent by weight) agree- 
ment with calculated values. 

Unit cell parameters (using CuKa radiation) 
are shown in Tables 1-3. While no systematic 
trends are found in the individual cell para- 
meters the unit cell volumes of substituted 
orthoferrites are all smaller than those of the 
unsubstituted compounds. In orthoferrites 
where Ln = Ho and Sm the limits of Ni-F 
substitution were found to be at ~ 0*3 and 
X ~ 0*2 respectively. 

Magnetic properties 

Apart from obtaining the magnetic proper- 
ties of these substituted orthoferrites, magnetic 
measurements were used to determine the 


presence of magnetic second phases by 
observing their magnetic ordering tempera- 
tures. The magnetic phases which are formed 
as impurities are spinels and garnets. Even if 
these are present in amounts below the level 
of X-ray detectability, they can seriously 
affect the observed magnetic properties since 
they have much larger magnetic moments 
than the orthoferrites. Therefore, magnetic 
measurements up to 600°C were performed 
on all samples in order to detect the presence 
of multiple Curie points. Figure 1 illustrates 
the detection of magnetic impurities in a 
sample of polycrystalline YbFeOa. In this 
case X-ray diffraction indicated the presence 
of only the orthoferrite phase. No impurity 
diffraction lines were visible. In the magnetic 
measurement, however, three distinct Curie 
points are visible, one at 280°C, a second at 


Table 1. Crystallographic and magnetic properties of 
substituted orthoferrites of the type LnFco.gNio.jOj.gFo.a 
compared with unsubstituted orthoferrites 


Ln 

a 

A 

b 

c 

V 

A> 

d 

gm/cc 

Fc 

°K 

AirM, 

Y 

5-274 

5-586 

7-581 

223-3 

s-n 

625 

320 

YFeO, 




224-6 

5-67 

643 

105 

La 

5-513 

5-524 

7-833 

238-5 

6-77 

720 

340 

LaFeOj 




243-1 

6-63 

738 

83 

Pr 

5-464 

5-547 

7-762 

235-2 

6-94 

650 

320 

PrFeO, 




239-4 

6-79 

707 

71 

Nd 

5-439 

5-564 

7-738 

234-2 

7-07 

675 

250 

NdFeO, 




235-1 

7-01 

693 

62 

Sm 

5 361 

5-590 

7 692 

230-5 

7-36 

655 

410 

SmFeOj 




232-6 

7-26 

673 

84 

Eu 

5-368 

5-599 

7-670 

230-5 

7-40 

645 

330 

EuFeOj 




231-6 

7-34 

663 

83 

Gd 

5-341 

5-539 

7-651 

226-4 

7-69 

645 

470 

GdFeO, 




230-2 

7-52 

661 

94 

Tb 

5-314 

5-575 

7-618 

225-7 

7-80 

640 

370 

TbFeOs 




227-8 

7-66 

652 

137 

Dy 

5-293 

5-590 

7-603 

225-0 

ISO 

630 

360 

DyFeOs 




225-6 

7-84 

645 

128 

Ho 

5-270 

5-581 

7-594 

223-4 

8-03 

630 

390 

HoFeOj 




224-3 

7-96 

643 

91 

Er 

5-249 

5-564 

7-559 

220-8 

8-19 

620 

340 

ErFeOj 




223-0 

8-08 

641 

81 

Tm 

5-227 

5-564 

7-559 

219 8 

8 28 

615 

420 

TmFcO, 




222-1 

8-15 

631 

140 

Yb 

5-227 

5-564 

7-559 

219-8 

8-40 

615 

520 

YbFeO, 




220-1 

8-35 

632 

143 
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Table 2. Crystallographic and magnetic properties of 
substituted orthoferrites of the type LnCu«.jFeo.«Oa.RFo.i 


compared with unsubstituted orthoferrites 


Ln 

a 

A 

b 

P 

V 

A* 

d 

gm/cc 

T, 

I'TC 

4«M, 

Sm 

3-372 

3-379 

7-681 

230-2 

7-39 

675 

73 

SmFeO, 




232-6 

7-26 

673 

84 

Gd 

3-330 

3-390 

IfAl 

227-8 

7-67 

660 

80 

GdFeO, 




230-2 

7-52 

661 

94 

Ho 

3-289 

5-590 

7-600 

224-3 

8-02 

640 

90 

HoFeO, 




224-3 

7-96 

643 

91 


Table 3. Crystallographic and magnetic properties of 
substituted orthoferrites of the type LnMno 2 Feo.gO 2 .gFo.* 
compared with unsubstituted orthoferrites 


Ln 

a 

A 

b 

c 

V 

A» 

d 

gm/cc 

"K 

dvM, 

Y 

5-243 

5-597 

l-56» 

222-1 

5-78 

620 

90 

YFeOa 




224 6 

5-67 

643 

105 

Gd 

5-340 

5-614 

7-641 

229 1 

7-58 

625 

145 

GdFeOa 




230 2 

7-52 

661 

94 

Tb 

5-314 

5-575 

7-618 

225-7 

7-77 

565 

150 

TbFeOj 




227-8 

7-66 

652 

137 

Ho 

5-278 

5-610 

7-589 

224-7 

8-06 

613 

80 

HoFeO, 




224-3 

7-% 

643 

91 

Er 

5-258 

3-586 

7-565 

222-2 

8-12 

595 

45 

ErFeO, 




223-0 

8-08 

641 

81 


360°C, and a third at 590'’C. These agree well 
with previously reported Curie tempera- 
tures [6] of ytterbium iron garnet (275°C), 
ytterbium orthoferrite (359°C) and magnetite 
(585“C). From the observed moments, the 
impurity levels are estimated to be -“5 per 
cent garnet and ~ 1 per cent magnetite. The 
results reported below are for samples which 
exhibit only a single Curie point at a tempera- 
ture in reasonable accord with that of the 
unsubstituted orthoferrite. 

The variation of magnetization with tem- 
perature for a specimen of HoNio. 2 Feo. 802 .gFo .2 
which does not exhibit magnetic second phases 
is shown in Fig. 2. This figure also illustrates 
the measurement cycle. The sample as pre- 
pared shows little or no ferromagnetic charac- 
ter, probably because of high domain wall 
coercivity. As the material is heated in a mag- 


netic field, the magnetization falls gradually 
until Tc is approached, where a small anomaly 
is observed. Upon cooling the sample through 
the Curie temperature in the presence of the 
applied magnetic field, the magnetization 
rises to values much larger than those obser- 
ved before heating and exhibits definite ferro- 
magnetic character. Further cycling through 
Tc may give further increases in moment, as is 
the case for the sample shown. This cycling 
is continued until it fails to yield appreciable 
further increase in moment. Usually two or 
three cycles are adequate. The magnetization 
curves before and after heating are shown as 
curves 1 and 2 in Fig. 3. The net moment 
of the sample is obtained from the magnetiza- 
tion curve after heating. 

Since the sintered samples consist of ran- 
domly oriented grains, the observed moment 
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Fig. I . Detection of magnetic impurities in a sintered sample of YbFeO,. 
The Curie point at 360°C is that of YbFeO.,. Curie points at 280 and 
590“C indicate garnet and spinel impurities, both of which were below 
the limit of detection by X-ray difffactometry. 



Fig. 2. Variation of magnetization with temperature of a sintered 
specimen of HoNi«.,Fe,.,0,.J^o.„ demonstrating the absence of mag- 
netic impurities and illustrating the measurement cycle. The correction 
factor of two has not been applied. 
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Fig. 3. Magnetization curves of HoNio-jPeo-nOj gFo .2 at room tem- 
perature before (curve 1) and after (curve 2) thermal cycling in an 
applied magnetic field. The correction factor of two has not been 
applied. 


must be atijusted before comparison with 
single crystal values can be made. The ob- 
served moment of a randomly oriented aggre- 
gate of magnetic particles with large uniaxial 
anisotropy should be one-half the single crys- 
tal value [7]; therefore in our tables we report 
moment values which are twice the observed 
values of the polycrystalline sintered sample. 
As a check, a polycrystalline sintered sample 
of GdFeOj was prepared in the same manner 
as the substituted orthoferrites and yielded, 
after applying the correction factor of two. 
o- = 1-08 emu/gm, in reasonable agreement 
with the reported single crystal value of 1-0 
emu/gm [8]. 

Magnetic properties and unit cell parameters 
of materials with the formula LnNio.jFeo-gOz.g- 
Fo .2 are shown in Table 1 . In most cases Ni^^- 
F~ substitution brought about decreases in 
Tc of about 20-25° with respect to the un- 
substituted orthoferrites. In ail cases large 
increases in magnetic moments were observed. 
In general the room temperature magnetic 
moments of these substituted orthoferrites 


were ~4 times those of the unsubstituted 
compounds. 

Orthoferrites of the type LnCuo. 2 Feo.gO*.g 
Fo .2 (Ln== Gd, Sm, Ho) were prepared. Unit 
cell parameters and magnetic properties are 
shown in Table 2. These materials showed 
no significant changes in Tc and room tempera- 
ture magnetic moments which were ~ 1 0 per 
cent smaller than unsubstituted LnFeOg. 

Mn^+-F“ substituted LnFeOs, where Ln = 
Y, Gd, Ho, Er, Tb and x — 0-2 were prepared. 
X-ray results and magnetic properties are 
shown in Table 3. Although the decreases in 
Tc of substituted orthoferrites were reasonably 
uniform (30-40°) the changes in magnetic 
moments were not. Magnetizations varied 
nonuniformly from ~50 per cent of the un- 
substituted orthoferrite moment for Ln = 
Er to —150 per cent of the unsubstituted 
orthoferrite moment for Ln = Gd. 

Varying amounts of Ni*'*' and F“ (jc = 0-l. 
0-2, 0-3, and 0-4) were substituted in HoFeOg 
and SmFeOg to determine the limit of substi- 
tution and the variation of magnetic proper- 
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DEGREE OF SUBSTITUTION, X 


Fig. 4. Variation of saturation ntagnetization of Ni-F substituted 
Sm and Ho orthoferrites with degree of substitution. The correction 
factor of two has not been appKed. 


ties as a function of the degree of substitution. 
X-ray and magnetic measurements indicated 
the presence of LnjOa and magnetic impurities 
when X = 0-4 for Ln = Ho and where x = 0-3 
for Ln = Sm. Room temperature magnetic 
moments vs. composition are shown in Fig. 
4. It can be seen that the magnetic moment 
tends to increase with increasing substitution. 

Orthoferrites containing Co*'^-F~ were 
prepared and were single phase with respect 
to X-ray measurements. However upon heat- 
ing the samples to about 500°C a magnetic 
impurity appeared (Fig. 5) indicating possible 
sample decomposition. The magnetic impiirity 
had Je > 600®C. This behavior made it 
impracticable to do further work on these 
materials. 

3. DISCUSSION 

Magnetic subhiRtice canting in orthoferrites 
results [9] from a competition between 'sym- 


metric exchange couplings /S, . S^, which 
favor antiparallel spin configurations, and 
weaker antisymmetric exchange couplings 
0 . X ^ which favor configurations in which 
and ^ are normal to each other. In the two 
sublattice model[10], the canting.. angle y 
is related to the exchange parameters D and J 
through tan 2y = D\J and the resultant mo- 
ment is M, = 2Afo sin y « MoDfJ where Af® is 
the sublattice magnetization. The net mag- 
netization can be altered through Mg, D or J. 

The sublattice magnetization Afg will be 
determined by the cations present. Replace- 
ment of by a less magnetic cation (e.g., 
Co*"*^, Ni*'*', Cu*+) will reduce Afg and if y 
remains unchanged the net moment will be 
proportionally reduced. The symmetric 
exchange term J will be weakened by de- 
creases in the strength of the superexchange 
interactions. Substitution of F~ for 0*“ in 
other magnetic oxides [II] has usually led to 
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Fig. 5. Magnetization vs. temperature for a sample of Co-F substituted 
Sm orthoferrite. The abrupt increase of moment near 500*C indicates 
possible sample decomposition. 


decreases in T^. The reduced Curie tempera- 
tures observed in this work indicate weaken- 
ing of the superexchange interaction. Replace- 
ment of Fe®"^ by is also expected to 
weaken Weaker symmetric exchange 

coupling would lead in turn to larger sub- 
lattice cantings. The strength of the anti- 
symmetric exchange D is estimated [ 1 3] to be 
of the order of (Aglg)J and is expected to 
increase with increasing cationic spin-orbit 
coupling. Thus greatly increased sub-lattice 
canting should be observed when Ni^^. Co*'^ 
or Cu*+ are substituted for Fe^'^. 

The large increases in moment observed 
with NF'^-F" substitution would then seem to 
agree well with the changes which are ex- 
pected to occur in D and J. F” and Ni** 
weaken the symmetric superexchange inter- 
actions and Ni*'^, which has appreciable spin- 
orbit coupling, would be expected to markedly 
increase the antisymmetric coupling D. The 
increase in y brought about by these effects 


could overshadow the decrease in sublattice 
magnetization Mq. 

Substituted orthoferrites containing Mn*"*"- 
F“ and Cu*'^-F“ did not give results which 
would be easily explained in the manner 
previously discussed. Replacement of Fe®"^ 
by isoelectronic Mn*+ (</*) should not alter 
y. The uniform decreases of about 30°C with 
0-2 moles of substitution is in accord with the 
expected effects of Mn^^ and F“ substitutions. 
The net magnetic moments however vary 
greatly in the materials prepared. These 
variations may be caused by differences in 
valence states (Mn*''', Fe®+ vs. Fe*'*', Mn®^). In 
the case of Cu*+ substitution, Tg and the net 
moment decrease only slightly. Considering 
the magnetic dilution involved in substituting 
Cu®"^ (d®) for Fe®+ (d®) the net moment ob- 
served for these samples could involve small 
increases in the sublattice canting angle. The 
fact that Cu®^ in an octahedral site exhibits 
Jahn-Teller distortion {14] probably further 
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complicates the site symmetry rendering a 
simple seeing of D in terms of (Ag/g) inade- 
quate to describe the processes involved. 

In general the canting in the orthoferrites 
depends in a detailed and complex manner 
on the wave functions and site and pair sym- 
metries of the ions involved [13]. Substitution 
for both cation and anion clearly compounds 
these complexities, it is beyond the scope of 
this work to attempt detailed explanations of 
the experimental observations. It can be 
stated, however, that the canting angle in rare 
earth orthoferrites can be altered to obtain 
significant increases in the net magnetic 
moments. The large increases in magnetic 
moment which were found in the Ni*+-F 
substituted orthoferrites should result in 
significant decrease in bubble domain size. 
Since it is known that small additions of Co 
to the orthoferrites causes their net moments 
to align along the n-axis instead of the usual 
(except for SmFeOs) c-axis at room tempera- 
ture [15], it would be of interest to determine 
the moment orientation in these substituted 
orthoferrites. Further experiments in this 
direction are required. At the present time we 
are investigating the feasibility of growing 
crystals of these materials to determine their 
magnetic domain characteristics. 
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Abstract— The thermal conductivity of an f.c.c. hard sphere solid has been evaluated by molecular 
dynamics computation. From near close-packing to melting, the results are in virtual agreement with 
the Enskog theory. The dominant potential contribution yields nearly the Enskog value, while the 
kinetic and cross terms deviate less than 20 per cent, in opposite directions, from the predicted values. 
The deviations of the heat-flux autocorrelation function from an exponential are discussed. 


The THERMAL conductivity and its compon- 
ents for a heird sphere fluid have been evalua- 
ted by computer calculation over a wide den- 
sity range [1]. These quantities were found to 
be within 10 per cent of the values predicted 
by the Enskog theory [2]. In the same manner 
as used in Ref. [ 1 ] , we have calculated the ther- 
mal conductivity and its components, and the 
heat-flux autocorrelation function and its 
components for a perfect face-centered cubic 
solid. The Einstein-type expression for the 
transport coefficient was used instead of the 
autocorrelation function representation. The 
runs were about 2 million collisions in length, 
except for the 500 particle run which was 5 
million collisions long. The uncertainty in the 
cdefficient of thermal conductivity, X, is about 
4 per cent. 

The Enskog expression for the coefficient of 
thermal conductivity is [2] 

= + 0-757 y*]. (I) 

where Xo is the low-density thermal conductiv- 
ity, B is the second virial coefficient, V is the 
volume and y = p VjNkT — 1 . 


* Work performed under the auspices of the U .S. Atomic 
Energy Commission. 

tPresent Address: Dept, of Physics, University of 
Toronto, Toronto 5, Ontario, Canada. 


The leading term in this expansion (in 
powers of y) arises from the bodily movement 
of molecules between collisions and is the 
kinetic term; the highest order term derives 
from energy exchanged while molecules are 
in contact and is the potential term. The 
remaining term is the cross term. If Xo is 
replaced by its first approximation, Xo“, which 
is obtained from the zeroth order Sonine 
polynomial solution of the Boltzmann equa- 
tion, the kinetic and cross terms in equation 
(1) correspond to processes whose autocor- 
relation functions decay exponentially. With 
Xo® in the right-hand side of (1), the left-hand 
side of ( 1 ) becomes X/, which differs from Xg 
by the Sonine polynomial correction factor 
(Xk/X/= 1 025). 

The coefficient of thermal conductivity, 
given in terms of the heat-flux autocorrelation 
function, is [3] 

00 

k = 3p^ j <Q(0) • Q(0> df, (2) 
0 

where the microscopic heat flux is 

Q = 2 Vj(£, - /to) +1 2 2 ryV, • Fy. (3) 

i * i»*J 

Fu is the force molecule i exerts on molecule^', 
Fu = Fj— Ft is the vector separation of i and 7, 
Vj is the velocity of i and £j is its energy. In 
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our cailciriation each element of the ensemble 
average has zero total momentum so that 2 

Vihft == 0, where is the average enthalpy per 
molecule. In addition, for hard spheres Et is 
the kinetic energy of molecule i. The integral 
of the autocorrelation of 2 ytEt is the kinetic 

term in the thermal conductivity, involving 
only the velocities of the particles; the auto- 
correlation of 2 2 r«vj • F« involves intermole- 

iftj 

cular forces, and its integral is the potential 
term. 

The ratios of the computed values of X to 
those of Xe** and the ratios of their components 
are given in Table 1 . The number of molecules 
in the system is indicated by N, and the vol- 
ume, V, is given in relation to the close-packed 
volume, Vo- The 107 particle systems are 
identical to those of 1 08 particles of the same 
V/Vo, except that one particle is replaced by a 
hole. There is nearly quantitative agreement 
between the molecular dynamics results and 
the Enskog theory for the thermal conduc- 
tivity and for its potential part (F), which 
constitutes in excess of 90 per cent of the total. 


IFoe/ 2, which constitutes more than half of the 
potential term. The machine values of WJ2 
were obtained by an extrapolation to the initial 
time and they agree with the theoretical value 
within experimental error. At VlVo= 1-3448 
(N — 108), where the hard sphere solid does 
not melt regardless of the size of the system, 
WjWoE= 1-0024 ± 0-007. 

The kinetic term (K) is 10 per cent less than 
the Enskog value for the 500 particle system 
and 1 5 per cent less than the Enskog value for 
the 108 particle systems. This difference is 
reflected in the dependence of the kinetic heat- 
flux autocorrelation function on the size of the 
system. In the kinetic term there appears to 
be an enhancement of the energy transport 
due to a vacancy. In Table I , X*/Xe®* is shown 
to increase a few per cent by the replacement 
of a molecule by a hole. The increased energy 
transport may arise from the greater mobility 
of molecules in such a system. This phenom- 
enon is also seen in passing from the solid to 
the fluid region, where there is an abrupt in- 
crease of about 1 5 per cent in X^/Xe®* and about 
5 per cent in X/Xe®. 


Table \. The calculated values of the thermal conductivity and its 
components are normalized by the Enskog values, obtained from 
the zeroth order Sonine polynomial solution to the Boltzmann 
equation. Vo is the close-packed volume and N is the number of 

molecules 


y/yo 

A 

VAe” 

A''/Ae"'’ 

AVAi-O'' 

A'-ZAe”^ 

101 

108 

1-01+0-06 

1-01+0-06 

0-89 + 0-06 

1-20 + 0-09 

1-3448 

107 

1-00 + 0-03 

0-99 ±0-03 

0-88 + 0-02 

1-09 ±0-04 

1-3448 

108 

1-00 + 0-04 

0-99+0-04 

0-86 + 0-03 

1-10±0-05 

1-3448 

500 

1-00 + 0-05 

0-98+0-04 

0-91+0-04 

1-13 + 0-06 

1-42 

107 

0-99 + 0-01 

0-97+0-01 

0-91+0-02 

l-09±0-01 

1-42 

108 

0-97 + 0-04 

0-96+0-04 

0-86 + 0-03 

1-05+0-04 


The potential heat-flux autocorrelation 
function contains a delta function contribution, 
IFo6(/— 0), which arises from the impulsive 
nature of the interactions. The integral of this 
term, 1 ^ 0 / 2 , can be evaluated analyticallyjmd 
is identical to a term in the Enskog theory. 


For the cross term (C), is greater 

than unity for all solid densities and appears 
to increase as the density increases. 

The initial value and slope of the kinetic 
heat-flux autocorrelation function and the 
initial value of the cross heat-flux autocorre- 
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lation function can be calculated exactly, and 
they are in agreement with the machine values 
within experimental error. Using the molecu- 
lar chaos approximation, which is valid only 
at low density, the initial slope of the cross 
heat-flux autocorrelation function can sdso be 
evaluated. Nevertheless, even at these densi- 
ties, the theoretical value is found to be within 
the statistical accuracy of the results. These 
initial conditions define an exponentially 
decaying autocorrelation function, ~ 

(where s is the mean number of collisions per 
particle), which yields the kinetic and cross 
terms of 

The potential heat-flux autocorrelation 
function is given by the sum of W,Jb{t — 0) and 
Wtit), where the latter term decays approxi- 
mately exponentially in fluids[l]. For f.c.c. 
solids, however, the initial decay of W,(t) is 
strongly density dependent. Although near 
melting, the initial decay of 1T,(/) is only 25 
per cent slower than that obtained from e“**'*®, 
at higher densities 1T,(0 increases at very 
early times. At VIVo= 1-01 and 1-3448, this 
aberrant behavior lasts for about 1-5 mean 
collision times per particle. In these dense 
systems the repulsive forces of neighboring 
molecules on a molecule at the initial time 
must act in the same direction as the initial 
displacement direction of this molecule. For 
tipies greater than 1-5 mean collision times, 
Wy{t) decays at least as fast as an exponential. 

The normalized, kinetic heat-flux autocorre- 
lation function, P)J^, reveals a characteristic 
negative deviation from the exponential, 
which is found for all densities within the solid 
region in both the 1 08 and 500 particle sys- 
tems. In Fig. 1, Pk^ — p^ is plotted at F/K, = 
1-3448. The bars indicate a typical statistical 
error. Further, px* itself falls below zero at 
about 10 mean collision times, due to back- 
scattering events. 

The Enskog theory is a short-time theory. 
The kinetic and cross terms are approximately 
given by autocorrelation functions, which 
decay exponentially to nearly zero in only a 
few mean collision times. More than half the 



Fig. I . The difference between the normalized, kinetic 
heat-flux autocorrelation function, pj’, and the exponen- 
tial one given by the Enskog theory, pfg, as a function of 
time, s, measured in mean collision times at a density of 
VIVa = T3448 for 108 and 500 particles. The initial vedue 
of p’g is corrected for the finite size of the system. The 
vertical bars indicate the typical statistical error in the 
molecular dynamics result. 

potential term arises from correlations at the 
initial time, while the remainder is due pri- 
marily to early-time correlations. Therefore, 
the close agreement between the Enskog 
theory and the machine calculations must 
arise from the fact that only short-time corre- 
lations contribute importantly to the thermal 
conductivity of hard sphere solids. 

In fluids many-body interactions have been 
shown to set up velocity flelds, which persist 
for many mean collision times and extend over 
large numbers of molecules [4]. Thus, the 
long-time decay of the autocorrelation func- 
tions for fluid systems is expected to be slow, 
and as a consequence long-time correlations 
contribute signiflcantly to the transport co- 
efficients. However, the long-time tail ofpx has 
not been observed as yet in hard sphere fluids 
[1]. Even so, small correlations in px of up to 
15 mean collision times have been seen in 
these fluids [1]. 

In solid systems long-time correlations 
among many molecules do not contri'bute 
significantly to the thermal conductivity. 
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because of the confinement of a particle by its 
nearest neighbors. The collective effects of 
many-body interactions are confined to rela- 
tively fewer panicles in solids than in fluids, 
due to the rapid decay and cancellation of 
correlations. As a result, the coefficient of 
thermal conductivity is described quite well 
in solids by the Enskog theory. 
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KNIGHT SHIFT, MAGNETIC SUSCEPTIBILITY AND 
ELECTRICAL RESISTIVITY OF PURE GALLIUM 
AND GALLIUM-INDIUM, EUTECTIC ALLOY IN THE 
NORMAL AND THE SUPERCOOLED LIQUID 

STATE 
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Abstract- Knight shift, magnetic susceptibility, electrical resistivity and density of pure gallium and 
gallium-indium eutectic alloy were measured over a wide temperature range above and below the 
melting point in order to study the properties of the supercooled state. From the results of the 
measurements of Knight shift and electronic magnetic susceptibility, a difference in the temperature 
dependence was detected between the supercooled liquid and the normal liquid of gallium and gallium- 
indium eutectic alloy. On the other hand, the measurements of electrical resistivity and density did 
not indicate any discontinuous change. The temperature dependences of effective mass ratio and 
average probability density at the nucleus for the s-electrons on the Fermi surface were calculated by 
using the observed results of Knight shift, magnetic susceptibility and density for liquid gallium. From 
these results a structural change may be expected between the supercooled and the normal liquid 
gallium. 


1. INTRODUCTION 

As MANY investigations have shown prefreez- 
ing anomalies [1] in the physical properties of 
liquid metals and alloys, studies on the super- 
cooled liquid state may provide useful clues 
on the structures of liquid metals and alloys. 

Pure liquid gallium crystallizes normally to 
a stable solid phase Ga(I) at the melting point 
of 29-78°C. However, when supercooled 
below —16-3° and —35 (t°C at atmospheric 
pressure [2], pure liquid gallium can crystallize 
to the metastable solid phase identified as 
Ga(Il) and Ga(lll) at high pressures, respect- 
ively. The crystal structures of Ga(I) and 
Ga(Il) are very different and that of Ga(IIl) is 
not known at the present time. As shown in 
Table 1 , the melt expands when it crystallizes 
to Ga(I) and contracts on transforming to 
Ga(II)orGa(IlI)[3]. 


*Now staying at the Department of Physics, College 
of Physical Science. University of Guelph, Guelph, 
Ontario, Canada. 

tPresent Address: Faculty of Science, Yamagata Uni- 
versity, Yamagata, Japan. 


Concerning the phase transition in the 
liquid state, from the facts as described above, 
it is a very interesting problem to ascertain 
whether differences of structure and proper- 
ties between the normal liquid and the super- 
cooled liquid of metallic gallium exist or not. 
It has been found by Turnbull and Cech[4] 
that the extensive supercooling occurs in 
finely divided liquid metals. Hence, nuclear 
magnetic resonance, which can be measured 
with small droplets, offers a very favourable 
technique for investigating the physical prop- 
erties of supercooled liquid metals. 

This paper describes some results of 
measurements of Knight shift, magnetic 
susceptibility, density and electrical resistivity 
for pure gallium and gallium-indium eutectic 
alloy (16-5 at. % In) in the liquid state over a 
wide temperature range above and below the 
melting point. 

2. EXPERIMENTAL PROCEDURES 
(a) Knight shift 

The Knight shift measurements throughout 
this work were made using the nuclear mag- 
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T able 1 . Structural properties of solid Ga(I), Ga(II), Ga(III) and liquid Ga 



Liquid Ga 

Gad) 

Stable solid phase 

Oa(II) 

MetastaUe solid phase 

08(111) 

Metastable solid phase 

Tempentiireaf 
phase transition (°C) 
Crystal 
structure 


-1-29-78 

Dli (Orthorhombic) 
n = 4-506 A 

6 = 4-506 A 
c=- 7-642 A 

-16-3 

(Orthorhombic) 
fl = 2-90A 

6 = 8- 13A 
c = 317A 

-35-6 

Number of atoms 
per unit cell 


8 

4 


Neighboring 

atoms 

9 ~ 10 atoms at 
2-77 ~ 2-84 A 

1 atoms at 2-44 A 

2 atoms at 2-70 A 

2 atoms at 2-74 A 

2 atoms at 2-795 A 

2 atoms at 2-68 A 

4 atoms at 2-87 A 

2 atoms at 2-90 A 

2 atoms at 3- 17 A 


Density (g/cm’) 

6 09at29-80‘C 

6136at-!6-3‘C 

6153at-35-6“C 

5-91 at 29-78‘C 

6'23at-I6-3‘C 

6-20at-35-6°C 


netic resonance dispersion spectrometer(51 
(JEOL) developed originally by Nagasawa[6]. 
This is a new method of measuring nuclear 
magnetic resonance dispersion with a gated 
beam tube which detects the pure phase 
modulation of nuclear magnetic resonance 
dispersion. 

At the nuclear magnetic resonance, the 
change of inductance of a sample coil is given 
as follows [7]. 

AL = 47rx'^QL. (1) 

where x' is the real part of the susceptibility 
of the sample, ^ is the filling factor of the coil, 
Q is the quality factor of the coil and L is the 
inductance of the sample coil. The frequency 
change corresponding to equation (I) is 
represented as 

A/= 27rx'f(2/-, . (2) 

where/is the resonance frequency. 

If we use operating range of a gated 
beam tube (6B^6) where the linear relation 
between frequency change and plate current 
is realized, the dispersion signal at the 


resonance can be immediately obtained by 
measuring the d.c. plate voltage change. The 
merits of this method are the ease of adjust- 
ment necessary to detect the signal and of 
frequency sweep over the range of about 
200 KHz. 

All measurements in this work were carried 
out by means of frequency sweep under a 
constant static field which was strictly 
regulated using the proton resonance at 60 
MHz. The frequency was swept at speeds 
varying from 1 KHz/min to 5 TCHz/min, 
depending on the available signal-to-noise 
ratio. The high frequency field was generated 
with a frequency synthesizer (MG41At*^ 
Anritsu Electric Co., Ltd.) containing a 
crystal oscillator. When recording the signal, 
the frequency marks were written down at, 

1 KHz intervals. The static field was modulat- 
ed at 80 Hz and its modulation amplitude was 
kept at 0- 1 G pefdc-to-peak. 

The purity of gallium and indium used for 
this measurement was 99-999 per cent. Pure 
gallium and gallium-indium eutectic alloy in 
the liquid state were divided into fine droplets 
by ultrasound vibration ( 1 S KHz). The 
dispersing medium used was a silicone oil, 
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to which a small amount of oleic acid was 
added as a dispersing agent. The droplet 
size was of the order of 1 ~ lOp,, which was 
less than skin depth under the experimental 
conditions. > 

The sample was cooled by means of a mix- 
ture of dry ice and ethyl alcohol, and heated 
by hot ethyl alcohol. The temperature of the 
sample was monitored by a copper-constantan 
thermocouple immersed in the dispersed 
sample. 

(b) Magnetic susceptibility 

The magnetic susceptibility measurements 
were performed by the Faraday method. The 
horizontal force exerted on a sample by the 
magnetic field was measured by the Curie- 
Chenevean type torsion balance (Shimazu 
Co., Ltd.). Hence, the effects due to the 
perpendicular forces exerted on the sample, 
such as the buoyancy and the thermo- 
molecular effect, were negligible in the 
balance system. The magnetic field used was 
IS KG and its fluctuation was held to within 
1 per cent. The temperature of the sample was 
adjusted by a cold nitrogen gas oven when 
cooling and by a hot silicone oil oven when 
heating. The temperature measurement was 
made with the copper-constantan thermo- 
couple fixed near the sample position. 

(c) Density 

To determine the density of the sample, a 
c 'lartz vessel of 10 mm dia. and 5mm length, 
in which the liquid metal sample was placed, 
was immersed in toluene and its buoyancy 
was measured on a chemical balance. 

(d) Electrical resistivity 

The electrical resistivity was measured by 
an ordinary four probes direct current com- 
pensation method. A resistivity cell was 
constructed of Teflon, because Teflon could 
withstand the forces of rapid expansion when 
highly supercooled gallium solidified as Ga(I). 
Four 0-1 mm dia. platinum probes were 
epoxied into the Teflon cell. Mercury of 


99-999 per cent purity was used as a standard 
to cidibrate the ratio of the cell’s cross- 
sectional area to the length. 

3. EXnaUMENTAL RESULTS 
(a) Pure liquid gallium 

Figure 1 shows the observed results for the 
variation of the Knight shift of **Oa in pure 
liquid gallium with temperature. Pure liquid 
gallium has a negative linear temperature 
coefficient of Knight shift, whose value is 
about two times as large as that obtained by 
Cornell [8], above the melting point, but, as 
shown in Fig. 1, a significant downward 
deviation from the linear relation between 
Knight shift and temperature is observed in 
supercooled gallium. From this result we can 
expect the occurrence of phase change in 
liquid gallium right below the melting point. 

The results for the magnetic susceptibility 
of pure liquid gallium are shown in Fig. 2. The 
magnetic susceptibility indicates a small 
diamagnetism which increases slightly with 
decreasing temperature. But, this diamagnet- 
ism increases abruptly when solidified. As 
shown in Fig. 3, the density of pure liquid 
gallium increases linearly with decreasing 
temperature and any discontinuous change of 
its temperature dependence can not be detec- 
ted even when entering into the supercooled 
state. 



Fig. 1. Temperature dependence of Knight shift of “Ga 
in pure liquid gallium. 
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Fig. 2. Temperature dependence of magnetic susceptibility of 
pure liquid gallium. 


Figure 4 shows typical runs of the tempera- 
ture dependence of the electrical resistivity 
for pure gallium in the liquid and solid state. 
When the specimen of liquid gallium is 
gradually cooled, the resistivity continues to 
fall linearly through the melting point to the 



Fig. 3. Temperature dependence of density of purTliquid 
gallium. 


lowest temperature to which the specimen 
can be supercooled. In the case of slow cool- 
ing. the resistivity is abruptly decreased at the 
temperature where solidification occurs. On 
the other hand, the resistivity is often increas- 



T, 'C 

Fig. 4. Tempciature dependence of electrical resistivity 
of pure liquid gallium. 
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ed in comparison with that in the liquid state 
when crystallized to the solid state by rapid 
cooling. This fact conhrms the anisotropy of 
Ga(I) reported by Powell [9], The solid 
phase crystallized by slow cooling may be the 
Ga(II) polymorph and that transformed by 
rapid cooling may be the Ga(l) polymorph, 
respectively, because the resistivity of the 
solid Ga(I) is higher in some crystallographic 
direction than that of liquid gallium and the 
resistivity of the solid Ga(II) is always lower 
than that of liquid gallium [9], 

(b) Gallium-indium eutectic liquid alloy 

Figures 5 and 6 show the observed results 
for the variation of the Knight shifts of *®Ga and 
"®ln with temperature. The Knight shift of ®®Ga 
in gallium-indium eutectic liquid alloy has a 
similar temperature dependence to that in 
pure liquid gallium, as shown in Fig. 5, in the 
normal and the supercooled state, respectively. 
However, the Knight shift of ‘'®In in gallium- 
indium eutectic liquid alloy increases linearly 
with decreasing temperatures in both the 
normal and the supercooled state, and 
indicates a discontinuous change near the 
eutectic temperature. 

The magnetic susceptibility results for the 
gallium-indium eutectic liquid alloy are shown 
in Fig. 7. In the liquid state of the gallium- 
indium eutectic alloy the observed magnetic 



in gallium-indium eutectic liquid alloy. 



Fig. 6. Temperature dependence of Knight shift of "*In 
in gallium-indium eutectic liquid alloy. 

susceptibility indicates a small diamagnetism 
which increases slightly with decreasing 
temperature. In contrast to the Knight shifts, 
a conspicuous change does not take place in 
the magnetic susceptibility when entering 
into the supercooled state. The diamagnetism, 
however, increases abruptly upon solidifica- 
tion. 

As shown in Fig. 8. the density of the 
gallium-indium eutectic liquid alloy increases 
linearly with decreasing temperature. How- 
ever, we find that the linear relation between 
temperature and density bends abruptly at 
-5°C. 

Figure 9 shows the observed results 
for the temperature dependence of the 
electrical resistivity for the gallium-indium 
eutectic liquid alloy, in comparison with that 
obtained by Lo and Colligan[10]. The 
resistivity decreases linearly with decreasing 
temperature to immediately below the 
eutectic temperature, 15-7®C. Below the 
eutectic temperature the temperature depend- 
ence of the resistivity deviates sharply from a 
linear relation and describes a distinctly 
different continuous curve until the alloy is 
crystallized at — 20“C. Lo and CoUigan[10J 
have considered that such a significant depart- 
ure from linearity on supercooling is due to a 
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T. »C 

Fig. 7. Temperature dependence of magnetic susceptibility 
of gallium-indium eutectic liquid alloy. 




T. ‘C 

Fig. 8. Temperature^ependence of density of gallium-indium 
eutectic liquid alloy. 
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Fig. 9. Temperature dependence of electrical resistivity 
of gallium-indium eutectic liquid alloy. 

continuous precipitation of minute amounts 
of a solid phase rich in indium. 

4. DISCUSSION 

The Knight shift usually arises from the 
magnetic and the electric hyperfine inter- 
actions between nuclei and electrons, which 
are classified as follows [11], 

(1 ) Fermi contact interaction, 

(2) core polarization interaction, 

(3) orbital interaction, 

(4) dipolar interaction, 

(5) quadrupolar interaction. 

In liquid metals the contributions of the di- 
polar and the quadrupolar interactions to the 
Knight shift may vanish because the rapid 
thermal motion of atoms in liquids leads to 
time-averaged spherical symmetry [12], In 
non-transition simple metals the contributions 
of the core polarization and the orbital 
interactions to the Knight shift are expected 
to be small compared with that of the Fermi 


contact interaction. Hence, the Kn^t shift 
is principally due to the h)rperfine field of the 
spin polarized conduction electrons inter- 
acting with the nucleus via the Fermi contact 
interaction. This' direct contact interaction is 
nonzero only for those conduction electrons 
having a finite probability amplitude at the 
nucleus, i e., whose wave functions are s-like. 
This contribution to the Knight shift is given 
by 

K, = |irx.(|'F;.(0)p>. (3) 

where x, is the spin susceptibility per atom for 
the 5-like electrons and (|^f( 0)P) is the 
average probability density at the nucleus 
for the 5-like electrons on the Fermi surface. 
In addition to the five interactions as mention- 
ed above, there are additional contributions 
to the Knight shift from the Landau dia- 
magnetism of the conduction electrons and 
the diamagnetism of the core states (chemical 
shift). Since these contributions are also 
expected to be very small compared with the 
observed Knight shift of **Ga and ’'*ln in the 
present work, they are neglected in the follow- 
ing discussions. 

As shown in equation (3). a change in K, 
with temperature reflects changes in either 
or both of x» and F,- = ( |%(0)|*). Hence, 
we must examine the variations of x» and 
with temperature, respectively. The total 
magnetic susceptibility xtotai of simple metals 
may be written as 

Xlota) = Xion + Xe- 

where Xiun is the diamagnetic susceptibility 
of the ion core and x* is the conduction elec- 
tron susceptibility. 

If the temperature dependence of Xe is 
ascribed to the influence not of thermal motion 
but of thermal expansion or configuration 
change on the electronic component, the effect 
can be adequately accounted for in terms of 
the density dependence of the Fermi energy. 
Taking into account the density of states 
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at the Fermi surface expressed as an effective 
mass and the electron-electron interaction, 
the electron spin paramagnetic susceptibility 
Xt may be given, as Silverstein [13] has derived, 

= (5) 

where Xpo the electron spin paramagnetic 
susceptibility of free non-interacting electrons, 
Xp is that of free interaction electrons with 
a = m//n* = l, and a = mlm* is effective 
mass ratio. Hence, the complete conduction 
electron susceptibility Xe< including dia- 
magnetism, may be reasonably represented 
by[14] 


^ ^[l-d-aHXp/Xp.)]' 

Xp and Xp<, can be computed as functions of 
r, [15], the radius of the electronic sphere 
for the metal under consideration. 

r, = 1-388 Bohr units, (7) 

where A is atomic weight, Z is valence and p 
is density. In the case of free non-interacting 
electrons, the Pauli paramagnetism leads to: 

2-59 

Xpo (r.) per unit volume = x I0~® emu/cm®, 

( 8 ) 

while Xp(r,) has been calculated and presented 
graphically by Silverstein [13]. The tempera- 
ture dependence of Xpo('‘<) fcr liquid gallium 
was calculated by equations (7) and (8) using 
the observed density data in Fig. 3. The cal- 
culated result is shown in Fig. 10 together 
with the observed value of Xe which is obtain- 
ed by correcting xion(Ga®^) = — 8-00 X 10“* 
emu/mole[16]. 

As shown in Silverstein’s curve for Xp(''.). 
Xp/xp« is approximately constant and equal 
to 4/3 in the temperature range under con- 
sideration. Using the value of x,, Xp<, and Xp 



gallium. 

obtained by the method as described above, 
we calculated the temperature dependences 
of X, and a = m/m*, whose results are shown 
in Figs. 10 and 1 1 . 

Figure 1 1 shows apparently that a change 
takes place in the relation between a = mim* 
and temperature at about 20°C. The result for 
Fp = (l'Pp(O)p) calculated by equation (3) 
with the values of Kg in Fig. 1 and x* in Fig. 
10 is shown in Fig. 12, in which-we can also 



Fig. 1 \. Temperatiwe dependence of a(—mlm*) in pure 
liquid galtiom. 
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Fig. 12. Temperature dependence of < |i/«» (0) (’) ) in 
pure liquid gallium. 

observe that the temperature dependence of 
Pp bends at about 20°C. It is very interesting 
whether such a change means the occurrence 
of a phase transition in the supercooled state 
of liquid gallium. 

From the X-ray diffraction measurements 
between 0° and 50°C, Rodriguez and Pings[l7] 
have concluded that the structure of liquid gal- 
lium in the supercooled state does not differ 
significantly from that in the normal state. 
However, the X-ray diffraction pattern of 
hquid gallium has an anomaly, i.e., the sub- 
sidiary maximum [18, 19] on the high angle 
side of the main peak, in comparison with 
patterns of simple liquids. This subsidiary 
maximum becomes less noticeable at high 
temperatures owing to the broadening of the 
main peak, but does not disappear until at 
least 400°C[20]. Even in the normal state, 
therefore, liquid gallium indicates a consider- 
able local anisotropy in the atomic distribu- 
tion. An analogy in the atomic short range 
order has been found between the liquid phase 
and the solid metastable phase Ga(II) by 
Ascarelli[19]. 

Measurements of electron transport proper- 
ties [2 1,22], angular correlation of positron 


annihil^on radiation[23] and positron 
time change on melting [24], all ii^cate that 
the free electron nmdel is not an adeqoRle 
description of the electronic structure of 
liquid gallium in the normal state near its 
melting point. 

It has been found that the nuclear spin- 
lattice relaxation time Tj consists of two parts, 
i.e., a magnetic hyperfine part and a quadru- 
polar part in liquid ga]lium[8, 12,23]. The 
magnetic part is consistent with the Korringa- 
Pines theory. The quadrupolar contribution 
to 7i has been explained by Faber[26] on the 
assumption of pairing of gallium atoms in the 
liquid state to which there is associated a 
static electric field gradient. Recently Borsa 
and Rigamonti[271 have evaluated the quadru- 
polar relaxation based on a model of diffusing 
screened ionic charges. The ionic contribution 
to the nuclear quadrupolar relaxation time has 
also been calculated by Sholl[28], assuming 
free ion cores interacting by a long range 
oscillatory screened potential. 

The results obtained by Borsaand Rigamonti, 
and Sholl include directly integrals over the 
radial distribution function and give the right 
order of magnitude for the quadrupolar con- 
tribution to the nuclear relaxation and a more 
correct temperature dependence. This means 
that the nuclear magnetic resonances are 
sensitive to the arrangements of atoms in the 
liquid state. Moreover, on the basis of the 
nearly free electron model, Watabe, Tanaka. 
Endo and Jones [29] have derived an expres- 
sion for the temperature dependence of the 
Knight shift in liquid metals, in which Pp is 
directly related to the structure factor in X-ray 
or neutron diffraction experiments. Therefore, 
it may be considered that the bend of Pp at 
20'C as shown in Fig. 12 corresponds to a 
structure change in liquid gallium. 

The behavior of gallium-indium eutectic 
liquid alloys in the supercooled state is 
complicated. The observed results mean that 
some kind of the change for atomic distribu- 
tion and electronic state may take place in the 
eutectic liquid alloy or the composition of the 
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aiioy Wy vary continuously along the 
liquidus curve with decreasing temperature 
below the eutectic point. Kamiyama and 
Suzuki [30] have found that the Knight shift 
of “®In in Hg-In liquid alloys corresponding 
to the solid compounds increases linearly 
without any peculiar change at the liquidus 
point. On the other hand, in liquid alloys with 
other compositions the temperature depen- 
dence of the Knight shift of “®In bends at the 
supercooled state. As speculated by Lo and 
Colligan[10] we also consider that minute 
amounts of a solid phase rich in indium is 
continuously precipitated. Though the observ- 
ed results for gallium-indium eutectic alloy 
can be considered to correspond to those for 
Hg-/n liquid binary system, further experim- 
ental and theoretical investigations are requir- 
ed to establish a definite conclusion. 
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QUANTUM OSCILLATIONS OF THE HALL EFFECT 
OF A FERMION GAS' WITH RANDOM IMPURITY 

SCATTERING 
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(Received 20 July 1970; in revised form 5 October 1970) 

Abstract— The static electrical conductivity tensor of an electron gas in the presence of a magnetic 
field has been derived in the case of scattering by spinless (point) impurities, using a Green's function 
method. We show the existence of a correction to the Hall effect (r„ due to the quantization of 
orbital motion, exactly analogous to the well known de Haas-Shubnikov oscillations of ir„. We 
first present the calculation of Oiy (and o-xx as well) up to first order in impurity concentration and 
give numerical estimates. We then evaluate the correction in the case of high concentrations and show 
a discrepancy with the Drude-Zener formulae. 


1. INTRODUCTION 

Until recently, it was commonly admitted 
that in the presence of a magnetic field, the 
electrical conductivity tensor of an electron 
gas with impurity scattering involves the 
standard Hall effect in its cr^.^ component and 
the Shubnikov-de Haas oscillations in 

Quite recently however, several experi- 
ments [6- 7] showed an oscillatory behavior 
of crj.„ in InSb at helium temperature and so 
far no theoretical account of this effect has 
been given. It has been suggested that the 
spin-orbit coupling could be responsible for 
it; as a matter of fact, two of the authors, 
together with Fayet, have already discussed 
the influence of the spin-orbit coupling on the 
electrical conductivity of a collisionless semi- 
conductor [8, 9]. This influence amounts to a 
smooth deviation to the Hall effect which 
appears at high magnetic field, and cannot 
explain the oscillation itself. 

On the other hand, the oscillation observed 
by Pavlov and Tuchendler arises for values 
of the magnetic field such that the last Landau 
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level crosses the Fermi level. It is plausible 
that several other oscillations appear in a-xu 
that were not large enough to be experi- 
mentally observed. This suggests that the 
oscillations of the transverse conductivity 
<Txu may be analogous to the Shubnikov- 
de Haas oscillations of o-j.* and arise every 
time a Landau level crosses the Fermi level. 

Since no previous theory went beyond the 
usual Hall effect, as far as ctxv is concerned, 
there is a need for a detailed analysis of the 
electrical conductivity tensor. We shall 
perform this calculation by treating the 
impurity scattering as a perturbation and 
expanding the one-electron Green’s function 
on the basis of the unperturbed Hamiltonian 
in the presence of a magnetic field. Such a 
method has been used recently by Abrikosov 
[13]; we wish to extend his results to a-xu as 
well as (Txx and to introduce some features 
which were not properly taken into account. 

In Section 2, we discuss the model used to 
perform this calculation. In Section 3, we 
calculate the conductivity tensor for low 
impurity concentrations and exhibit the 
correction to the standard Hall effect. In 
Section 4, we examine the influence of higher 
order terms (in powers of the concentration) 
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and sbow a discrepancy with the Drude-Zener 
theory. In Section 5, we present some 
numerical calculations. 

2. FCHtMULATlON OF THE PROBLEM 

We consider here a degenerate semi- 
conductor near zero temperature (the cal- 
culation will be performed at finite temperature 
T and we finally take the limit T -* 0). We 
assume that, under such conditions, transport 
phenomena are controlled by spinless in- 
dependent random impurity scatterers. We 
assume also crossed electric and magnetic 
fields, the electric field exp-/<i>t being 
parallel to the x-axis and the static magnetic 
field H being parallel to the z-axis. The 
electric field is described by the a.c. vector 
potential A,(t) while A is the d.c. vector 
potential corresponding to H. We shall be 
mainly interested in the static conductivity 
(0. 0). 

The total Hamiltonian has the form 


amplitude /. For the sake of simplicity, we 
assume a 8-function potential and take 


t)(r) 


27rfty 

m* 


S(r) 


(2.4) 


This choice has been made for mathemati- 
cal convenience only. As a matter of fact, in 
most cases, including InSb, the scattering 
potential is known to be a screened Coulomb 
potential [IS]. 

//, is the perturbation due to the electric 
field 


//, •jexp-Zo)/ (2.5) 


where j is the current density. 

The classical radius of a cyclotron orbit in 
the first Landau level is 



(2.6) 


Ht= Ho+V+H, (2.1) 

Ho is the unperturbed Hamiltonian in the 
presence of the magnetic field 


where wo is the cyclotron frequency. 

Note also that, when calculating the con- 
ductivity, we must take the gauge current 
into account, i.e. a contribution 




ar’iiiM = — 


iNe^ 

m*oi 


(2.7) 


we have taken here an isotropic effective mass 
and we use the Landau gauge 

A= (0, //x.O). 

The eigenvalues and eigenfunctions of Ho 
are well known [4, 5 J. We denote them 
respectively by and or in short 

by El, and 

V is the scattering potential 

v{r-r,). (2.3) 

A single impurity can be characterized by a 
cross section or equivalently by a scatteilhg 


We assume everywhere that the system 
has unit volume. 

3. FIRST ORDER CALCULATION 

According to Kubo's linear response 
theory, the electrical conductivity is related 
to the current-current correlation function 
5„flby 

O’afl(w) = ‘T'&Cw) -l-^5^(w) (3.1) 

SaB may be expanded in powers of the 
scattering potential and is represented by 
all diagrams of the type shown on Fig. 1. 
Each cross corresponds to a scattering center 
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Fig. 1. Diagrams for (TagCot). 


Fi; the bold lines correspond to unperturbed 
propagators (with no scattering) which, in the 
basis of the Landau states, are diagonal, 
given by 

Gv"(e) = ri 7 7 (3.2) 

Ey—€ — i8sgn(e — ti) 

with 

£;v = («+|)ao>o + |^. (3.3) 

A scattering vertex, by impurity i, from state 
M to state N, corresponds to a factor 

^^jJ(r,)'P;v(ri). 

Ultimately, we want to average over impurity 
positions, which we assume to be uncorrelated. 

The response function 5afl(o>) is the analytic 
continuation on the real axis of the corres- 
ponding thermodynamic Green’s function 
defined for imaginary frequencies a>„ = 
(2«-l- U/Vr/ft. The latter can be written as 

T2 Tr{ja,Giho)„)jBGiho) + hoi„)} (3.4) 

where G is the total propagator in the presence 
of impurities. In order to evaluate (3.4), we 
follow the standard procedure: replace the 
sum by an integral and distort the integration 
contour in the complex c-plane. We refer to 
the classic book of Abrikosov, Gor’kov and 
Dzialoshinski for details, and we only quote 
the final result for the analytic continuation 

^ th ^ Tr U Im C (e) 

^JoG^ (« + hoi) +jaG~ (e — fta») 

xjplmGie)]. (3.5) 


llt3 

Here, G^ denotes the Green’s function just 
above or below the real axis while 

IinG=i.(G+-G-). 

It is easily verified that the integral (3.S) 
would vanish were it not for the factor , 
th(]8c/2), the bracket being analytic in one or 
the other of the half planes. Hence we can 
replace th(j8c/2) by — 2/(e),/beii^ the Fermi 
distribution function. 

In the limit cd — ► 0, we may expand 5afl(m) 
in powers of w. If the conductivity is to be 
finite, the leading term 

Safl(O) = i [jaG^(e)jBGUe) 

-JaG-(€)jBG'(e)] (3.6) 

must cancel out the gauge term in (3.1). This 
can be verified by noting that the current Ja 
and the position Xg obey the equation of 
motion 



it follows that 

Tr =-^Tr{[x„,jfl] G+j 

= ^TrG+. 

If we note that the integral 

^Trj;yWd,(G--G-) 

is nothing but the total number of particles 
N, we have 

As expected, this contribution cancels the 
gauge term o^. The static conductivity thus 
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reduces to 

^ r /(e) d« Tr [y„ Im G (e) 

xy^'Me) -jaG'-{e)h ImG(e)] (3.7) 

(die prime denotes derivation with respect to 
«). Note that the result (3.7) is exact as long 
as we perform the average over impurity 
positions on the whole expression. The 
diagonal components are particularly 
simple, being given by 

tr„(0)=-^ [“/(c) de 
^ J -oc 

X Tr[/, Im G/ Im G']. 

Integrating by parts, we find at zero tempera- 
ture the very simple result 

‘r«.(0)=-^TrUlmGi„ImG],=^. (3.8) 

As mentioned earlier, the impurity average in 
(3.8) must be taken at the end of the cal- 
culation. We now focus our attention on a 
first order calculation in powers of the 
impurity concentration (Ns/N). The only 
diagrams to be retained are those of Fig. 2. 
We can dispose at once of diagrams of type c, 
which contain the factor 


If we perform a 180® rotation around H, the 
system is invariant whereas jx and jy change 
sign; hence the summation (3.9) must vanish. 
To be more specific, ja is diagonal in ky and 
off-diagonal in the Landau state quantum 
number n; (3.9) thus involves integrals of 
the form 




We are thus left with diagrams of type (a) 
and (b). In other words, we can average 
independently the two Green’s functions 
in (3.7)). In the usual language of transport 
theory, there is only scattering ‘out’ of the 
state and not ‘in’ the state, a result which 
follows from our assumptions of a point 
scatterer. 

Up to first order in /V.?, the average Green’s 
function is given by 

Gmm' = G (3.10) 

where (tlNg) is the /-matrix for scattering on 
the j-th impurity, given by diagrams of Fig. 3. 
Any intermediate state N in such a diagram 
carries a factor 


2 'F*(r,)'l';v(r,)G^,'>(6). ^ 


2 WC««Gjv'>^«(r.)^;l;(r,). (3.9) 


(a) (b) (c) 

Fig. 2. Diagrams contributing to (Tag (first order calcula- 
tion). 


Because of the independent summation over 
N, this expression does not depend on Tj and 
may be replaced by its average over the whole 
volume 2 Gjv"(c). The full /-matrix thus takes 
the form^ 




27rhY^ 
m* Y 


n(r,)^Ar>(r,) 

1 +fK^{e) 


R 




Fig. 3 ; Diagrams for the /-matrix (first order calculation). 
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l«tS 


where we have set 




y I 

^ K., — « — ifi s 


£jv— € — /8 sgn (e — fi) 


. (3.11) 


In view of the orthonormality of the 'If*,, the 
average f-matrix is diagonal, given by 


(««'(€) — — Ns 


1 


m* ‘'U+fKHe) 


The matrix elements cf tiie current are ^en 
by 

— Vn+ 1 8«»,b+i] 8*jk;8*jn (3.17) 


(3.12) 


G is thus also diagonal. The function /((e) is 
easily deduced from the density of states of 
Landau levels. Let K^(e) be its values just 
above and below the real axis; we find 

= /(,“(€) dt/A:, 0(e) (3.13) 

'' ‘5* 


+ V«4- 1 Sn-.B+i] (3.18) 

If we note that and connect states whose 
energies differ by ±ft(t>o, we can transform 
(3.16) into 

Oa/9 ~ Ua‘<j$]lHlH- 


It follows that 


cro 

m*wo 


(3.19) 


where n, is the smallest integer that exceeds 
elhw — i. Strictly speaking, Ki involves a 
divergent series. However, Skobov[12] has 
shown that this divergence was removed if the 
scattering potential had a finite range, and that 
this series could be approximated by its first 
term 



Having calculated G, let us return to the 
conductivity o-a^ given by (3.7). The zeroth 
order contribution is 


where No is the total number of electrons in 
the absence of impurities for a given value 
of the chemical potential fi. 

In order to calculate the first order contri- 
bution to (Tae, we rewrite (3.7) in the equivalent 
form: 

•' M.A 

X [Git (G^+ - G;v- ) - G;,- (G„+ -G„-)]. 

(3.20) 

We then linearize the bracket, which becomes 


^+00 

<rSfi = - /(c)d€ 2 

J M.N 

8{€-E„) 8{e-Es) 1 

{€-Es+i8)^ {e-E^,-i8yy 

(3.16) 


-(Gjv»+-G/-)[(G«'>+ )*!+]' 
-H(GM'‘+-G««-)[(G;v''-)*r]' 

-r+[Gj;?MG/^)*-Gr(G«“+)*] 
-t-r[C;?nCA)*-GV>-(G««-)*]. (3.21) 
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By noting that G®' = (C®)*, we can rearrange 
OJ21) into the derivative of 

-2f[Im C/(G/+)*r+ -Im G««(G^®-)*r] 

with respect to e. After integrating by parts: 


a-ie 


ie^ 


r df 

■' M.N 


X 


S{f-Es)f^ 


^(€-E^,)t- 
(En-e + iSy 



We note again that E^ and £*, differ by 
±^a>o- In the limit of zero temperatures, 
(3.22) can thus be cast in the very simple 
form 

A/. A’ 

~it^)-jasij0NMt*il^)]- (3.23) 


It is apparent on (3.23) that cr„ involves the 
combination 


ifi) = 2i Imtin), 


where p„ is the density of states of the n-th 
Landau level, p the total density of states. 

The above result for cr^x >s identical to that 
of Kubo[S] and to formula (15) of Abrikosov 
[13] who performed a similar calculation. 
It corresponds to the usual Shubnikov-de 
Haas effect. Instead, the result for o-x» differs 
from the usual expression 

m*a)o’ 

The difference stems both from the correc- 
tion (3.25) and from the fact the electron 
number N(p) in the presence of impurities 
is different from the zeroth order value 
Noip)- This difference is equal to 

N-No = ^f /(c)d£Tr[Im(G-Go)] 

xS['"(Gm®")^-/-(G«®-)^]. 

M 

From (3. 1 1) it follows that 


a result which could be deduced from the 
exact expression (3.7). As regards crj„, a 
7r/2 rotation around H changes x into y, y 
into —X. cTxu is thus given by 

ie^ 

M,N 

X [/^(p)-i-r-(p)]. 

It involves the real part of the r-matrix at the 
Fermi level. The explicit expressions for 
axx nnd <rxv are easily obtained by using the 
matrix elements for jx and jy (3.17) and (3. 1 8). 
We find 

e* 


2 




On making use of (3.12), we can thus write 
(N — No) in the form 


N-No = -^ /''/(f)delm[-j'^g^ . 


At zero temperature, the integral is straight- 
forward and yields 


^ - (Vo = - ^ Arg [ 1 -H/A:®+ (p) ] . 

TT 


In order to collect all these results, we 
introduce the dimensionless parameter 


= (3.25) 


A = 


fK,»(p) 

1 -\-fKY(fi) • 


(3.26) 
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According to (3 . 1 2) we have 




2Ns X» 
irp 1 + A* ■ 


(3.27) 


From (3.19), (3.24), (3.25), (3.26) and (3.27), 
we can thus write 


m*<iio iV jr 1 + A* ' 


p(t^) 

(3.28) 


(Txu “ ‘ 




ffl <i)Q 


r_i+2i^/_ 

L TT N VI 


+ A2 


— A tan X 


)]■ 


(3.29) 


These results are exact up to first order in 
Ns- They are remarkably simple, depending 
as they do on a single parameter A. 

We note that (r^,, is of order A* in the limit 
A — » 0: it is already found when the scattering 
is treated within Bom’s approximation. <rj.„ 
instead is of order A*, and appears only if one 
goes beyond Bom’s approximation. This is 
probably why the correction to the Hall effect 
does not appear in the literature. In principle, 
Abrikosov’s calculation is valid to all orders 
in A, and indeed his expression for o-„ is the 
same as (3.28). However his calculation of 
(Txv misses the first order correction, linear in 
Ns- This is partly due to the fact that he has 
taken Re (r) = 0. Such an approximation can 
be justified (and has been widely used) in the 
absence of magnetic field because Re (/) 
has a smooth energy dependence and can 
be incorporated as a renormalization to 
the chemical potential. In our case how- 
ever, Re (t) is a highly singular function 
of the energy and we must keep it as it stands. 
Another difference between Abrikosov’s and 
the present theory lies in the evaluation of 
(N — No) which yields the A tan A; it seems 
that Abrikosov did not take this problem 
under consideration and implicitly took 
N = No. 


f«l7 

We note that the above correction to tiie 
Hall effect is linear in Ns, i.e. in t~S wh3e 
an ordinary Drude-Zener theory would 
predict a departure from the ideal value of 
order t“*. This correction may be r^arded as 
an ‘anomalous’ Hall eflfect, arising from the 
orbital angular momentum, raUter than from 
the spin as in a ferromagnet. It only appears 
if the curvature of the trajectories is taken 
into account, i.e. if the collisions have a 
finite duration, which implies going beyond 
Bom’s approximation. 

For small A, the effect is small; typically, 
one has (in the limit of high magnetic fields 
and for Ng = N) 



which is consistent with the observed orders 
of magnitude. 

4. HIGHER ORDER TERMS -SELF 
CONSISTENT CALCULATION 

4. 1 . Selection of a class of diagrams 
In order to calculate the conductivity tensor 
up to all orders in Ng/N exactly, one has to 
sum up all diagrams of the type shown in 
Fig. 1. This is clearly impossible; the best 
we can perform is to select a class of diagrams 
that can be summed and includes the most 
relevant physical effects. 

The simplest procedure consists in keeping 
all diagrams where an arbitrary number of 
scattering centers appear but where collisions 
with different scatterers never interfere 
(Fig. 4). As in Section 3, we may discard 
diagrams of type a, which contain the same 
factor (3.9) that vanishes when integrated over 
k„, and keep only diagrams of type b where 
no impurity interacts with both G lines. 



a b 

Fig. 4. Diagrams contributing to ctmi (self-consistent 
calculation). 
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By noting that G“' = (C“)*, we can rearrange 
(3.21) into the derivative of 


-2/[Im - Im G^^^G/-)*/-] 

with respect to e. After integrating by parts: 


= ie^h f ^de ^ JauJdNM 
r d{e-EN)t-^ 8(e-£A/)r ] 

^L(£a/-€-/6)* (E„-€+i8ry 


We note again that and Em differ by 
±ft<uo- In the limit of zero temperatures, 
(3.22) can thus be cast in the very simple 
form 

" M>S 

^ [JaMr^lJouM^ <3.23) 

It is apparent on (3.23) that a-j-j. involves the 
combination 


G(pi)— / (/a) = 2/ Im/(/x), 


where p„ is the density of states of the n-th 
Landau level, p the total density of states. 

The above result for ctxj, is identical to that 
of Kubo[5] and to formula (15) of Abrikosov 
[13] who performed a similar calculation. 
It corresponds to the usual Shubnikov-de 
Haas effect. Instead, the result for <rx» differs 
from the usual expression 

Ne^ 


The difference stems both from the correc- 
tion (3.25) and from the fact the electron 
number N{p.) in the presence of impurities 
is different from the zeroth order value 
Noip-)- This difference is equal to 


/V-No = ^J /(€)dtTr[Im(G-G„)] 

From (3. 1 1 ) it follows that 


a result which could be deduced from the 
exact expression (3.7). As regards o-jj,, a 
ir/2 rotation around H changes x into y, ,v 
into —X. ajru is thus given by 

ie^ 

W.;V 

X [/+(/x) -f r“(p,)]. 

It involves the real part of the /-matrix at the 
Fermi level. The explicit expressions for 
cr„ and are easily obtained by using the 
matrix elements for and (3.17) and (3. 1 8). 
We find 




7771“ 


On making use of (3.12), we can thus write 
( A — A(o ) in the form 

N-No = -~ j ^ /(€) delmj^Y^i^]- 


At zero temperature, the integral is straight- 
forward and yields 


/V-A/o = - — Arg[l+/A«^(p)]. 

TT 


m*a>o 


Im tip) 2 ( 2 / 1 + DPnip) 

n 


(3.24) 


In order to collect all these results, we 
introduce the dimensionless parameter 


+ ^* 


, /A2°(p) 

1 +fK,o{p) ■ 


(3.26) 
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According to (3. 1 2) we have 


m* il+fKi^V+P(Ki^y 


2Ns 

Trp 1 + A*' 


(3.27) 


From (3.19), (3.24), (3.25), (3.26) and (3.27). 
we can thus write 


A TT 1 + " ' 


p(m) 

(3.28) 


m*a)o 




I + A" 


— A tan k 


)]■ 


(3.29) 


We note that the above correction to the 
Hall effect is linear in As, i.e. in r"*, while 
an ordinary Drude-Zener theory would 
predict a departure fix>m the ideal value of 
order This correction may be regarded as 
an ‘anomtdous’ Halt effect, arising from the 
orbital angular momentum, rather than from 
the spin as in a ferromagnet. It only appears 
if the curvature of the trajectories is taken 
into account, i.e. if the collisions have a 
finite duration, which implies going beyond 
Bom’s approximation. 

For small A, the effect is small; typically, 
one has (in the limit of high magnetic fields 
and for Ns = N) 



These results are exact up to first order in 
Ns. They are remarkably simple, depending 
as they do on a single parameter A. 

We note that is of order in the limit 
A — >■ 0: it is already found when the scattering 
is treated within Born’s approximation, crx^ 
instead is of order A*, and appears only if one 
goes beyond Bom’s approximation. This is 
probably why the correction to the Hall effect 
does not appear in the literature. In principle, 
Abrikosov’s calculation is valid to ^lll orders 
in A, and indeed his expression for a-^s: is the 
same as (3.28). However his calculation of 
o-j-iu misses the first order correction, linear in 
Ns- This is partly due to the fact that he has 
taken Re (/) = 0. Such an approximation can 
be justified (and has been widely used) in the 
absence of magnetic field because Re (r) 
has a smooth energy dependence and can 
be incorporated as a renormalization to 
the chemical potential. In our case how- 
ever, Re (0 is a highly singular function 
of the energy and we must keep it as it stands. 
Another difference between Abrikosov’s and 
the present theory lies in the evaluation of 
(N — N,i) which yields the A tan A; it seems 
that Abrikosov did not take this problem 
under consideration and implicitly took 
N = No. 


which is consistent with the observed orders 
of magnitude. 

4. HIGHER ORDER TERMS- SELF 
CONSISTENT CALCULATION 

4.1. Selection of a class of diagrams 
In order to calculate the conductivity tensor 
up to all orders in N.v/N exactly, one has to 
sum up all diagrams of the type shown in 
Fig. 1. This is clearly impossible; the best 
we can perform is to select a class of diagrams 
that can be summed and includes the most 
relevant physical effects. 

The simplest procedure consists in keeping 
all diagrams where an arbitrary number of 
scattering centers appear but where collisions 
with different scatterers never interfere 
(Fig. 4). As in Section 3, we may discard 
diagrams of type a, which contain the same 
factor (3.9) that vanishes when integrated over 
and keep only diagrams of type b where 
no impurity interacts with both G lines. 


a b 

Fig. 4. Diagrams contributing to o-ag (self-consistent 
calculation). 
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Again we can average both propagators 
independently over the impurity positions. 
The average Green’s function, which now 
contains an arbitrary number of t-matrices, 
is the solution of the following Dyson 
equation: 

Gum’ = Guf^S/iiu' ~ G u^Ium'G M' (4.1 ) 

where f is the average /-matrix defined by 
(3.12). The diagrams of Fig. 4 b include two 
m^jor effects [14] 


(a) multiple scattering of the electrons with 
each impurity center, which had already been 
taken into account in Section 3. 

(b) collision broadening due to successive 
collisions with different scatterers, giving 
rise to a finite lifetime of the electrons at the 
Fermi surface. This latter effect comes in the 
Dyson equation (4.1). 


We can go one step further by including 
renormalized propagators in the /-diagrams. 
This takes care of diagrams of Fig. 5. / and G 
remain diagonal but formulae (3.1 1) and (3.12) 
have now to be replaced by 


^ ^ Itrh^f 1 

m* \+fK(€) 


and 


(4.2) 




= (4.3) 


X 



Fig. 5. Diagrams for the r-matrix (self-consistent calcula- 
tion). 


Equations (4.1) to (4.3) constitute a self- 
consistent set of equations from which, in 
principle, we can obtain /((e), f(c) and 
G(c). We shall see that this renormalization 
procedure does not make the calculations 
more sophisticated; actually this refinement 
leads to simpler expressions for the con- 
ductivity components when written in terms 
of/Cf/a). 

In order to get numerical results, it would be 
necessary to solve equations (4.1) to (4.3) 
self-consistently. This could presumably be 
done, at least on a computer, but we are not 
going into these details here. 

Before we start with the calculation itself, 
we should discuss the order of magnitude of 
the diagrams that have been discarded in 
this scheme (and which involve some inter- 
ference between collisions on two separate 
impurities). Let us examine for instance the 
five diagrams shown on Fig. 6. Diagrams (b), 

(c), (d), (e) involve the same powers of Ns 
and /. Our calculation will retain (a), (b), 
(c) and ignore (d) and (e). There is no clearcut 
argument to estimate the relative orders of 
magnitude of these diagrams [13j. It seems 
however that (b) and (c) are of order (<oor)~‘ 
with respect to (a) while (d) and (e) are of 
order (where T“' = 21m/(/i) is the 

reciprocal lifetime of an electron at the Fermi 
surface). We can thus regard the present 
calculation as an interpolation scheme 
between the high field limit (wot > 1) dis- 
cussed in Section 2, and the low field limit 
(ojgT 1). We believe this interpolation to be 
correct as long as firlh > 1 . 


4.2. Calculation of the conductivity tensor 
We start from the expression (3.7) which 
we rewrite in the following form; 


< 52 ^ 


Fig. 6. Diagrams for o-„s up to second order in impurity density. 
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H S 

with 

l^s = 2 f_JU) de {Im 

-G'slmGu). (4.5) 


According to (4.1), the Green’s function is 
now given by 


GM^(e) 


1 

EM — € + t^(€) 


(4.6) 


Inserting (4.7), (4.6) and (3.17) into (4.4), 
we obtain 

o-x. = - 2 (I™ 

(4.10) 

where (Af — 1) stands for the state which is 
deduced from M by lowering the Landau 
state number by one. 

In order to interpret this result, we use the 
following relations (which are easily deduced 
from (4.6)) 


(from now on, we shall omit the bar which 
denotes the average over the positions of 
the impurities). 

After some manipulations, is rearranged 
into 

with 


ImGA,+ = -GA,+C^-(Imr+) 


r- + r-- — G\''' — Gs~i 

Gs Ga,-, 


(4.11) 


We see that the denominator of £r„ involves 
the factor (1 + a)o^T^) where t is the lifetime 
of the electrons at the Fermi surface, given by 


_ E- l(l^ f )Ga'’G 




(4.7) 


h _ ih 
21mf — 


(4.12) 


X [Im Gv"^ - Im G„"^] (4.8) 

-2 

(£;v-£«)* 

Xlm{J“ /(e)de(GA^-GA,+)^}. (4.9) 

We now look at the corresponding contri- 
butions to CTap. 

(a) (r„ component. 1% and give no 
contribution to because they change sign 
when M and N are interchanged while 
iJxjufJxf/i,) does not. In (4.7), the integration 
over e has already been performed and since 
we are interested in the limit 7 = 0, the result 
has been expressed in terms of l(p) and 
G(/x). From now on, we shall drop the sub- 
script (e = fi) and all C and t that will appear 
after the integration over e has been per- 
formed will be tacitly assumed to be taken 
at e = /ut. 


Putting (4.10), (4.11), and (4.12) together 
yields 


^XX 


Ct>oT 


m*(i>o 1 -f ti>oV 


(4.13) 


with 


|(m-f|\6u)o (IrnGw) 

w *■' ' 

+|;(ReGM)|. (4.14) 


From (4.3) and (4.6), we obtain an alternative 
expression for A : 

(4.15) 

where we have set 

Kl-K.±iK.y (4.16) 


irXAIMnMaLl-H 
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In order to compare (4.13) with the well 
known Drude-Zener formulae, we must 
relate A to the total number of electrons N, 
the latter being given by 

^ J -00 

= (4.17) 

We separate out (4. 1 7) into two terms: 

(4.18) 

= f{€)K^e)^de. (4.19) 

Using the self consistent equations (4.2), 
(4.3) together with (4.6). we can integrate 
(4. 1 8) and (4. 19) and get 

= f {4.20a) 


This first term simply gives the usual Hall 
effect. We next take care of /'“ and /'“ . 

MN MN 

From (4.7) we obtain 
e^h 

(4.23) 

From (4.9) and integrating by parts, we get 

- 1" (4.24) 


Combining both terms yields 
le^hti 


"T U 


irm ' 


X (Im Gm-x) 


^ m(lm Gm) 
Trm^coo 


X V IitiGa/H j — 

^ nnrwo 

xlm[|“ /(e) d€ /+ X ^ff-] (4.25) 


(V'"’ = (t.A :2 + /j/C, ) A tan^. 

7r'‘n'‘ TT t, 

(4.20 b) 

Combining (4.15) and (4.20), we have 


The last two terms of (4.25) can be rewritten 
in terms of t and K by using again the self- 
consistent relations (4.2) and (4.3). As to the 
first term, it turns out to be simply related to 
0 -J.J. (3. 1 0). The result is 


A = 


m’ 




[IfiK-i — tiK2+ hKi] 


A 4„„^2 


N 


+ ^Atan^~. (4.21) 

V 2 


CTrr C 

(OqT m*a>u 




AtanV-'" 




UK.^. 


(4.26) 


We shall discuss this result after having 
calculated crx„. 

(b) Hall conductivity (jj.y. Here, all three 
terms of Iun do contribute. We begin with 
/®. Inserting (3.17), (3.18), (4.8) and (4.16) 
into (4.4); 


IT<*> = — 
^ XV 


Ne^ 


(4.22) 


Combining (4.22) and (4.26), we obtain: 


O’j: 


m*u>o 




TT N 


tail 


ti 


m* txKj ] I o-xx 
TT^h^ N _ W„T ' 


(4.27) 


The expressions (4.13), (4.21) and (4.27) 
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can be set in closed form if we define 


so that 


tg& = WoT 


(4.28 a) 


W = 0 


N* = A / -^[2 A tan-^ + ^ ^1 
TT L ti irn* Ng J 


(4.29) then yields 


(4.28 b) 


N*^r 


w* „ 3N Ns 

^ 2 ^ IT 


x{3Atan^+2:^(/,A. + l,/:,)} 


cr^y 0 


(4.32 a) 
(4.32 b) 


Cxx and <Txy are then given by 


(4.28 c) 


Up to lowest order in Ng, we recover the 
usual formula 


crxj- = — — (M + N*) sin ©cos© (4.29a) 

m coq 


(^xy = z — sin* © — M cos* ©) 

" m*<oo 

(4.29 b) 

4.3. Discussion of the results 
We shall first discuss both limits co„t — » <» 
and WoT -» 0 of our interpretation scheme. 

(a) Limit <n„T — » «=. By keeping only lowest 
order terms in Ng, we recover the results of 
Section 3. From (4.28) and (4.29), we get 


m*a>„ 


, e* ^ 2Ns ^ ^ ti w* ^ 
o-xy = — — (N ^ Atany )• 

(4.30 b) 

Noting that the parameter A defined in 
(3.26) is equal, in this limit, to (— / 2 // 1 ), we 
easily see that (4.30) is equivalent to (3.28). 

(b) Limit ojot -> 0. In this limit, (4.29 a) 
can be calculated by noting that Eg ~ h'^k^l 
2m* . One finds 


N^'^ = j~{fjiK,-t,K,-t,K,). (4.31) 


Inserting (4.31) into (4.20) and (4.28), we 
may verify that 


The correction {N* — N)e^Tlm* is due to 
higher order terms in hlg. 

(c) In the intermediate case. (4.29) has to 
be compared to the Drude-Zcner formulae, 
which (with our notations) write 

(TxxiD — Z) = sin © cos © (4.33 a) 

m oiQ 

crj„(D-Z) =--^^sin*©. (4.33 b) 

Our results are quite different from those 
of the Drude-Zener theory. Thus, one must 
be careful in using the simple formulae (4.33) 
which apparently do not give the correct 
conductivity tensor in the intermediate case. 

5. NUMERICAL CALCULATIONS 
We discuss now the results which we have 
obtained in Section 3. 

In the quantum limit, n < ftwo so that all 
the electrons are concentrated in the first 
Landau level. The summation in (3.28) thus 
reduces to the term n = so that 


m*a>o N TT 1 + A* 


1 


r— AtanX 


A=N* 
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Ki (ft) and K 2 (/x) are given by 



(5.3) 


(5.4) 

The Fermi level /a is a function of the 
magnetic field, given for degenerate statistics 
and for a constant concentration by 

l^ _1 4 

Auto 2 9 (Atiifl)® 

(5.5) 


upon the ratio htajfjio)- o-xx and <Txu are then 
proportional respectively to X® and X®: 


(Txx 


(Txu 


Ne^ 2N,(3f(hc,„Y^Y 
m*<i)o IT N \ l \2fio} J 


(5.9 a) 


m*Wo 


[' 


377 N 



(5.9 b) 


This result is in accordance with the estimate 
made in Section 3. 

Numerical results can be expressed in 
terms of two dimensionless parameters 


(the factor 2 for the spin degeneracy has been 
taken into account), is the Fermi level in the 
absence of the magnetic field. For every 
strong fields, filhwo becomes very close to i 
(according to (5.5)); (5.3) and (5.4) thus 
become 




so that 


X = 




1+/A:. 


I \2n^J 

f ' 
^^W2 


(5.7) 


Let us first examine the case of a strong poten- 
tial (f> /). X becomes much greater than 1; 
so (5. 1) and (5.2) yield 


and 



(5.10) 


a=/XA (5.11) 


In Table 1, we indicate typical values of 
the carrier density n, of the Hall mobility 
p,„, and a for Si and InSb. 


Table 1. 



n 




(cm-’) 

(cmVV/s) 

a 

InSb 

6 - 2 X 10 '» 

80,000 

0-37 

Si 

8 x 10 ” 

1.430 

25-8 


For a given y, we calculate first the Fermi 
level or rather 



(5.12) 


(Tx]/ 


2 Nse^ 

IT m*a)o 

m*(Oo[ N\ 


(5.8 a) 
(5.8 b) 


The transverse conductivity has the same 
form ds die usual Hall effect, assuming an 
effective number of electrons ( 1 + NsIN ) . 

, In the case of a weak potential (f^l), 
X^may be much smaller than one (depending 


through 

y-*'® = 3V2 2 Vx-(n+l/2). (5.13) 

n 

Then Ki, X, and at last a-xx and cr^y are 
calculated. This can be performed through a 
digital computer, and yields as a function 
of y"*. Figure 7 shows the result for Si and 
InSb (cr^* and the correction 6cr,.y to the 
Hall effect have been expressed in Nge^j 
m*o)o units). 
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We cannot expect this data to fit the experi- 
ments reported in the literature exactly 
for our theory is a pretty simplified model. 
However, the orders of magnitude and the 
whole shape of the curves can be checked; 
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the ratio ^a-^Jcrxv turns out to be of order 
10“* and (Txxio-xv of order 10“‘, which is 
roughly in accordance with the results of 
Pavlov and Tuchendler. 

This numerical calculation has ignored the 
collision broadening. If we take it into 
account, our effect will be damped; we expect 
the damping to be more important for small 
values of coqt (for small mobilities, such as 
in Si) than for large ones (such as in InSb). 

6 . CONCLUSION 

In the case of scattering by dilute spinless 
random impurities, the problem of the electri- 
cal conductivity tensor of an electron gas can 
be considered as completely solved up to 
first order in the impurity concentration 
Nsl^- At this stage, a correction to the Hall 
effect, linear in NsIN, appears whereas it has 
been missed so far in the literature. It turns 
out that this effect may be responsible for 
deviations to the Hall effect that have been 
reported in InSb by Pavlov and Tuchendler. 

For arbitrary values of the impurity con- 
centration, a self consistent calculation is 
presented, which provides an interpolation 
between the limits (o„r -» 0 or The results 
so obtained constitute an improvement of 
the simplified Drude-Zener model. However. 


solving the self consistent equations for T, 
K, G in the general case remains to be 
achieved. 
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Abstract— The TiLu.m emission bands (3d+4i -♦ 2p transition) have been obtained from TiCo.^ and 
TiNi (x = 0-2 to 0-8) interstitial compounds and TiCr,, TiCo, TiNi and TiFe intermetallic compounds. 
Additional peaks on the low energy side of the TiLm band from TiC and TiN, appear to be cross 
transitions from the 2s and Ip bands of the non-metal to the Ip level of titanium. Agreement was found 
between the soft X-ray band spectra and the band calculations of Ern and Switendick on TiC and TiN. 
The soft X-ray emission spectra from TiC indicated strong admixture of the titanium 3d and carbon 2p 
bands which is in disagreement with LCAO band calculations of Lye and Logothetis. However, the 
2p band of nitrogen was shown to be below the Ti id band indieating a localized stale and a possible 
transfer of electrons from titanium to nitrogen. 

The TiL„.ii, bands from TiCr 2 , TiCo. TiFe and TiNi show a progressive change with increasing 
electronegativity difference between titanium and the combining element indicating that there may be 
ionic character to the bond. No peaks were observed on the low energy side of the TiL,n bands as was 
observed for TiC and TiN, but a distinct splitting was observed in the peak of the TiL,,, band from 
TiaNi, TiNi and TiNij. 


1, INTRODUCTION 

The electronic structure of the first series 
transition metal interstitial compounds, 
especially the borides, carbides and nitrides, 
are of particular interest because of their 
mechanical, electrical and thermal properties. 
Two electronic structure models have been 
proposed for these materials. Utilizing LCAO 
(Linear Combination of Atomic Orbitals) type 
of band calculations Lye and Logothetis [1] 
have calculated energy bands for TiC and pre- 
liminary calculations on TiN. Their band cal- 
culations are semiempirical and show localized 
states in the bands. In order to be consistent 
with the Madelung displacement of the energy 
levels and their own observed optical pro- 
perties, they applied a electrostatic correction 
to their band calculation which resulted in the 
carbon 2p band being separated and lying 
above the titanium 3d band. As a result of 
this separation and from the filled portion of 
their density of states histogram they pre- 
dicted that U electrons would be transferred 
from the carbon 2p band to the titanium 3d 
band for TiC. In the other model Em and 


Switendick [2] using the APW (Augmented 
Plane Wave) method showed no separation 
in the carbon Ip and titanium 3d bands and 
thus no electron transfer. For TiN they 
showed the nitrogen 2p band at the bottom of 
the titanium 3d band. These two band pictures 
have generated considerable controversy over 
the past several years. Lye and Logothetis [1] 
state that the key to solving the problem is to 
locate the position of the carbon 2p and titan- 
ium 3d bands experimentally. Em and 
Switendick stated that the L spectra from TiC 
and TiN would be an aid in understanding the 
electronic structure of these compounds. As 
a result of these comments the soft X-ray L 
emission spectra from TiC and TiN was 
measured to determine the relative location 
of the 2p and 3d bands, the degree of localiza- 
tion in the band and if there is some ionic 
character in the bond of these compounds. 

Localized states may also be important in 
the band structure of alloys as demonstrated 
in recent soft X-ray measurements by Curry 
e( Similarly, in a paper presented at the 
Density of States Conference, Rooke[4] 
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suggested localized states around the alu- 
minum atom to explain some of the soft X-ray 
measurements on Al~Mg alloys. Since a 
localized band picture and ionic character in 
the bond would be more pronounced in inter- 
metallic compounds than in alloys, the soft 
X-ray emission bands were measured for a 
series of titanium intermetallic compounds to 
determine if localized states and ionic charac- 
ter were present. The compounds were se- 
lected so there would be a progressive increase 
in the electronegativity difference between the 
titanium and the combining element. 

2. EXPERIMENTAL RESULTS 

The soft X-ray emission bands were 
measured with a grazing incidence grating 
spectrometer. The grating used has a 1 meter 
radius, 3600 groove/mm with a platinum sur- 
face and a 1“ blaze. The target potential was 
4 kv, and the beam current was I -5 ma. Since 
the spectrometer has been thoroughly de- 
scribed in other publications [5J, the details 
will not be presented here. The TiC and TiN^ 
targets were made from compressed powders 
of the compounds*, and the titanium inter- 

*Prepared by Cerac, Inc., Butler, Wisconsin. 


metallic compounds were made by levitation 
melting of stoichiometric mixtures of the 
elements. The composition of these inter- 
metallic compounds, determined by chemical 
analysis after the formation of the compound, 
is shown in Table 1 . 

The TiLii.in emission band from TiC is 
shown in Fig. I. The peak A, approximately 
7-5 eV on the low energy side of the TiL,n 
band Od+As -* 2p transition), is not ob- 
served for the pure metal. In addition, the 
TiL„/Lni intensity ratio for TiC has been 
reduced relative to metallic titanium, and the 
peak of the TiLm band has shifted towards 
lower energy. Changes in the TiLn/Lm in- 


Table 1. Composition of intermetallic 
compounds 




Wt. % of element 



Cr 

Fe Co 

Ni 

TiCrj 

TiFe 

67-1 

52-8 


TiCo 

TijNi 


5S-2 

380 

TiNi 



55-4 

TiNia 



77’6 
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tensity ratio with x, but there is less of a change 
both Holliday [6] and Fischer and Baun[7} to 
be due to changes in self absorption. Fischer 
and Baun have also attributed some of the 
changes in the TiLn/Lm ratio as being due, to 
Auger transitions. 

The TiLn.in emission bands from TiN^ 
nitrides where x is varied from 0-2 to 0-8 is 
shown in Fig. 2. The peak A’, on the lowenergy 
side of the TiLm band, is seen to increase in 
intensity relative to the TiLj,, band with in- 
creasing X. There is also a shift in the TiLi„ 
band towards higher energy, with x (Fig. 3). 
An increase is observed in the TiLn/Lm in- 


bands toward higher energy with increasing 
electronegativity difference between the Ti 
and combining atom. These changes are similar 
to that observed for the TiLu,m bands from 
TiN, with increasing x. The TiLn.in emission 
band from TiNi ^hows a split in the TiLm peak 
which was not observed for the TiLm bands 
from the other compounds. The separation of 
the peaks is approximately LS eV which is the 
same as the separation of the two peaks in 
the NiM||.iii bands from TiNi reported by 
Cuthill et a/.[8]. The separation between the 
peaks for Ti^Ni and TiNig is the same as that 
of TiNi, Fig. 5, but the high energy peak 
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Fig. 2. The TiLii,i,i emis^iion bands from TiN^ nitrides where x varies from 0-2 
to 0-8. The target voltage was 4 kv. 


tensity ratio have been shown previously by 
for a given range of x than that reported for 
TiOj. oxides [6]. In general, the changes in the 
TiLii.iji emission bands from TiNj. nitrides are 
the same as those observed for TiOj; oxides 
but are somewhat less pronounced. 

The TiL„,m emission bands for the titanium 
intermetallic compounds are shown in Fig. 4. 
These reveal an increase in the TiLn/Lm 
intensity ratio, and a slight shift of the TiL„,m 


increases in intensity relative to the low energy 
peak with increasing Ni/Ti atom ratio. 

3. DISCUSSION OF RESULTS 
As indicated in the introduction, the degree 
of ^localization and the amount and direction 
of electron transfer in TiC and TiN will depend 
on the amount of separation and position of 
the non-metal 2p bands relative to the Ti 3d 
band. Of particular interest in this regard are 
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peaks A and A' in Figs. 1 and 2. The fact that 
peak A' increases in intensity relative to the 
TiLjn peak with increasing N/Ti atom ratio 
indicates that the peak is associated with the 
amount of nitrogen in TiN. A peak also 
appears on the low energy side of the TiLm 
band from TiOx oxides, whose intensity in- 
creases with an increase in the O/Ti atom ratio 


the 2s bands of the non-metal and the 2p level 
of titanium. 

Further evidence that the peaks on the low 
energy side of the metal band, for transition 
metal interstitial compounds, are cross transi- 
tions for the 2nd period elements is observed 
for the NbMiv.v band from NbCo-gs shown in 
Fig. 6. The peak A, 9-4 eV on the low energy 



Fig. 3. The shift in the TiLm band relative to pure Ti for TiN, 
nitrides as a function of x\ target voltage was 4 kv. 


[6]. Fischer and Baun[7] has presented argu- 
ments that this peak is a cross transition 
between the 0-2p band and the Ti-2p level, 
and has correlated his TiO^ spectra with Em 
and Switendick’s band calculations on TiO. 
Zhurarovskii and Vainshtein[9a]; Biochin 
and Shuvaev[9] have established justification 
for believing that the KI3" peeik which appe 2 Lrs 
on the low energy side of the {3d+4s -* 
1j quadrupole transition) emission bands of 
TiX compounds, where X is a 2nd period ele- 
ment, represents a cross transition between 


side of the high energy peak, is considered to 
be a cross transition from the 2s band of 
carbon to the 3r/band of Nb. From their X-ray 
measurements of the NbLu.m bands from NbC 
and cross transition for K emission bands of 
TiC and VC, Ramqvist et a/. [10] predicted 
that a cross transition from the 2s band of 
carbon should be observed at about 10 eV 
from the main NbMv band from NbC. They 
also predicted that the cross transition would 
have the approximate relative intensity to the 
NbMv band from NbCo-g* as does peak A 
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TiNi 

TiCo 

TiFe 

TiCra 



470 465 460 455 450 445 440 435 430 

ELECTRON VOLTS 

Fig, 4. The TiLu.m emission bands from Ti and TiCr,. TiFe, TiCo and TiNi 
intermetallic compounds; target voltage was 4 kv. 


Llll,.-.., 



470 465 460 455 450 445 440 435 

ELECTRON VOLTS 

Fig. 5. The TiLn.,,! emission band from Ti,Ni, TiNi and TiNij showing change 
in intensity of the high energy peak relation to the low energy peak; target 
voltage was 4 kv. 
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Fig. 6. The NbM,v.v emission band from NbCoas. Peak A is considered to be a 
cross transition from the 2.v band of carbon to the 3(/ level of Nb. The target 

voltage was 4 kv 


(Fig. 6). Peak A in Fig. 6 was also observed 
forNbCo-ss- 

Best[ll] attributes the above mentioned 
metal /w/3" line, for transition metal oxides, as 
a transition from the 4f2 molecules orbital 
(MO), which he refers back to the oxygen 2s 
atomic orbital, to the b inner level of the 
metal. By relating the 4t2 molecular orbital 
back to the oxygen 2^ level, Best shows that 
the MO transition conveys concepts that 
are similar to the cross transition. The cross 
transition model is better suited for the present 
comparison with Ern and Switendick[2) and 
Lye and Logothetis[l] band calculations since 
their band calculations are in terms of atomic 
orbitals. However, X-ray band spectra when 
used with MO theory could yield more in- 
formation about bonding than is possible when 
using the X-ray cross transition and band 
calculations. 

During the preparation of this manuscript 
a paper, soon to be published by Fischer [12], 
was called to the author’s attention. In this 
paper Fischer completely refutes the cross 
transition as a model and states that only MO 
transition should be used to compare with X- 
ray spectra. This extreme position does not 


appear to be justified due to the lack of good 
theoretical foundations for relating soft X- 
ray band spectra to MO theory for conducting 
compounds. Also some of the X-ray fine 
structure that has been associated with MO 
transitions needs additional confirmation. 
Fischer uses two basic arguments that he feels 
makes MO transitions superior to cross transi- 
tions. One argument is that the peak associated 
with the cross transition for TiOj oxides is a 
quadrupole transition and it should be much 
weaker than the measurements showT How- 
ever. for the case of the cross transition shown 
for NbCo.g 5 in Fig- 6 it was possible to predict 
the correct intensity using the cross transition 
model. Because of the large number of in- 
tensity anomalies that exist for emission bands 
using the conventional energy level diagram 
and atomic selection rules, a new model could 
be justified on the basis of X-ray intensities 
only after a large number of band intensities 
had been considered to determine if MO 
theory gives better prediction than the old 
model. The second argument that Fischer uses 
is that the cross transition implies an ionic 
bond. However, this is only true for cross 
transitions involving the outer most valence 
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electrons. Cross transition from more tightly 
bound electrons such as the C-2s to Ti-2p 
cross transition for TiC does not necessarily 
imply an ionic bond as will be shown later. 
In fact when Blochin and Shuvaev[9] used 
the cross transition to explain their X-ray 
spectra for TiC they assumed that titanium 
and carbon were natural atoms. 

From the above discussion there is sufficient 
justification to use the cross transition model 
to explain peaks A and A' for TiC and TiN. 
Ern and Switendick [2] have shown that the 
energy separation between the X/Sj band 
(4s-f3t/-+ Is) and the X/3" (2s -* Ip) cross 
transition from TiN, which according to 
Zhurakovskii and V ainshtein [9a] is 1 1 -3 e V , is 
close to their calculated separation of 10-7 


e V between the 2s and id 2p bands (Fig. 7). 
The separation between the peak of the TiLm 
band (3rf-t-4s -* 2p) and peak <4' in Fig. 2 is 
4*2 eV. Since the peak of the 2s band is 
approximately i 1 eV from the peak of the id 
band, then peak A' appears to be a cross 
transition from the nitrogen 2p band to the 
2p level of titanium and any electron transfer 
would be from titanium to nitrogen. This 
indicates that there is a greater separation 
between the 2p and id bands than Ern mid 
Switendick’s[2] calculations show. How- 
ever, Ern and Switendick state that the dis- 
crepancy between the initial and derived 
charges in the nitrogen sphere show that they 
should have assumed a greater separation in 
the 2p and id bands. Also, the experimental 



Fig. 7. Density of states histogram for TiC and TiN calcu- 
lated by Em and Switendick using the APW method. 
(Reprinted by permission of ERN V. and SWITENDICK 
A. C.,Phys. Rev. 137A, 1927 (1965). 
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shifts of the and bands of TiN rela- 
tive to TiO when compared to Ern and 
Switendick’s computer density for states show 
that TiN band picture is closer to TiO than 
that predicted by Em and Switendick. The 
idea of electron transfer and ionic character 
in the bond for TiN is also shown by the in- 
creasing shift of the TiL,u band towards higher 
energy with x in Fig. 3. Shifts in the energy of 
the nitrogen I 5 and titanium 2 ^ 3/2 levels from 
ESC A (Electron Spectroscopy for Chemical 
Analysis) by Ramqvist et a/.[13] show that 
the electron transfer is from titanium to 
nitrogen. 

In the case of TiC peak (Fig. 1) is approxi- 
mately 7-5 eV from the peak of the TiL,„ band. 
Ern and Switendick calculate that the 2s and 
the 3d+2p band of TiC are separated by 71 
eV as shown in Fig. 7. Blochin and Shuvaev 
[9] show a separation in the band (3J-(- 
45 -♦ I 5 ) and the Kp" (carbon 25 titanium 
I5) of 7-0 eV. It would thus appear that peak 
Al is a cross transition from the carbon 2.5 band 
to the titanium 2p level. Although Lye and 
Logothetis[l] do not give a value for the 
separation in the maximum of the 25 and 2d 
bands in TiC the maximum in the 25 band is 
about 2 eV below the maximum of the 2d 
band. However, they did report raising the 
2s state of carbon by 4- 15 eV. Thus, the soft 
X-ray L emission spectra from TiC supports 
the band calculations of Ern and Switendick. 
It would appear that there is complete ad- 
mixture of the carbon 2.5 and the titanium 2d 
bands because no peak was observed in the 
TiL spectra from TiC corresponding to the 2p 
band. This would indicate equal sharing of 
electrons. However, Ramqvist et a/.[13,14] 
have performed a number of ESCA and K 
X-ray measurements on the shifts of the I 5 
level of carbon, the KPis, Ka,, X-ray lines, and 
Liii and M„| levels of titanium from TiC rela- 
tive to the pure element. From these measure- 
ments they conclude that electrons are being 
transferred from titanium to carbon which is 
opposite to that predicted by Lye and Logo- 
thetis. Lye [14a] claims that Ramquist[13] 


reported a rise of 3-3 eV for the I 5 level of 
carbon which agrees with their raising the 2p 
state of carbon by 2-77 eV and the 25 state by 
4-15 eV. However, Ramqvist reported a de- 
crease in energy of the I5 level, not an in- 
crease. Holliday[15] has reported shifts in 
the TiL,„ peak which indicates the possi- 
bility of electron transfer in TiC. 

The above experimental measurements on 
TiC show that Lye and Logothetis are in- 
correct in placing the 2p band of carbon higher 
than the 2d band of titanium. The degree of 
localization of the bands is somewhat un- 
certain. More theoretical work is required to 
fully understand the meaning of shifts in the 
inner atomic levels of the atoms relative to 
the uncombined atom in relation to electron 
transfer and ionic character of the bond for 
TiC. In the case of TiN the experiments and 
the calculations of Ern and Switendick show 
the 2p band below the 2d band with electron 
transfer from titanium to nitrogen. Although 
Lye and Logothetis did not publish any band 
calculations on TiN. they state that the 2p 
band would lie closer to the 2d than in TiC. 
This is not in agreement with the above 
measurement on the TiL emission spectra 
from TiN and TiC which show a wider separa- 
tion in the 2p and 2d bands in TiN and none 
for TiC. 

The observed progressive change in the 
wavelength and the intensity distribution of 
the TiL[,i bands from TiCrj, TiFe, TiCo and 
TiNi with increasing electronegativity diffe- 
rence between Ti and the combining element. 
Fig. 4, suggests an increase in ionic bonding 
with increasing atomic number of the combin- 
ing element. This interpretation is further sub- 
stantiated by the fact that preliminary measure- 
ments of the L„.„| bands from Cr, Co, Fe and 
Ni do not have the same intensity distribution 
as the TiL|„ bands. This is similar to the 
results reported by Neddermeyer[16] on 
Al-Mg alloys where large differences were 
noted between the bottom of the A1 and 
MgL„.„i bands. Neddermeyer attributes these 
changes to clusters and localized bound states 
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at the bottom of the valence band which 
resulted in the density of states having a 
different distribution when in the vicinity of 
a given atom. 

Since detailed band calculations have not 
been carried out for these intermetallic com- 
pounds, it is of interest to compare the present 
results for the TiLm bands (Fig. 4) with the 
3d N(E) curve obtained by Cheng et a/.[17] 
from specific heat measurements for b.c.c. 1st 
series transition metals. Cheng deals in valence 
electron concentration rather than electron 
volts, and the approximate values for TiCrj. 
TiFe, TiCo and TiNi are 5-3, 6, 6*5 and 7 
respectively. Even though TiNi is a CsCl 
type structure, its soft X-ray spectra shows a 
double peak in the 3d band which is also pre- 
dicted from the N(E) curve of Cheng el al. 
for an alloy with a valence electron concentra- 
tion of 7. However, b.c.c. TiFe and TiCo do 
not have a double peak even though the N(£) 
curve of Cheng et al. predicts that a b.c.c. 
alloy with a valence electron concentration of 
6 and 6*5 should have a double peak. These 
results appear to add further experimental 
support to the fact that the rigid band model is 
a poor approximation to the density of states. 
The change in the intensity of the high energy 
peak relative to the low energy peak for TiNi 
compounds, in Fig. 5, with increasing Ni/Ti 
atom ratio is also in disagreement with the 
rigid band model. However, before a complete 
interpretation of the results on the inter- 
metallic compounds can be made, an under- 
standing of the degree of oxidation of titanium 
in the alloy relative to uncombined titanium 
must be obtained. 

4. CONCLUSIONS 

The foregoing results on the L emission 
spectra from TiC and TiN support the band 
calculations of Ern and Switendick. Localized 
slates and ionic character in the bond appear 
to be a part of the electronic structures of TiN 
but is somewhat uncertain in TiC. In addition 
the soft X-ray measurements on titanium 
intermettillic compounds has shown that the 


concepts of localized states, ionic character 
and electronegativity appear to play a more 
important role in the electronic structure of 
metallic compounds than had been supposed 
previously. In his summarizing comments 
before the Electron Density of States Con- 
ference, Ehrenreich[18] has emphasized that 
the idea of localized states should be given 
more consideration when considering the 
electronic structures of alloys. 

In regards to which model, the MO theory 
or cross transition, will become the most 
accepted model for understanding X-ray 
spectra from solids will depend on future 
experiments and theoretical analysis. Mole- 
cular orbital theory does hold promise for 
understanding some X-ray band spectra that 
has been difficult to interpret by the band 
model, and will probably be most useful for 
understanding X-ray spectra from insulators. 
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PHENOMENES GALVANOMAGNETIQUES NON 
LINEAIRES B-THEORIE QU ANTIQUE 
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R£suni4— Nous pr^sentons une theorie quantique des faibles deviations par rapport a la loi d’Ohm 
dans des semiconducteurs soumis a de fortes inductions magnetiques. Apris avoir obtenu une ex- 
pression g^nerale du vecteur densite de courant. nous en d6duisons ies lois de variation avec la 
temperature et I'induction magnetique du coefficient /3 caract^risant Ies deviations, pour trois types 
d'interaction entre Ies electrons et Ies phonons. 

Abstract — We present a quantum theory of small deviations from Ohm's law in semiconductors sub- 
mitted to the influence of a high magnetic induction perpendicular to the electric field. We obtain a 
general expression for the current density vector and we deduce the temperature and magnetic 
induction dependance of the coefficient fi which characterizes the deviations, for three types of 
electron-phonon interactions. 


1. INTRODUCTION 

Les resultats exp^rimentaux concernant 
Ies faibles deviations par rapport a la loi 
d’Ohm et presentes dans I’article A qui 
precede, ne peuvent s'interpreter dans le 
cadre de la theorie de la reference [1]. En 
efFet, le coefficient r, dont les resultats de 
mesure dans InSb sont examines dans A, 
passe de valeurs negatives a positives quand 
la temperature croit, alors que les formules de 
[1] predisent un changement de signe con- 
traire. Nous avons done repris I’etude theor- 
ique du coefficient /3 defini par la formule 
(A.I.I). Pour cela, nous avons du resoudre 
I’equation d'evolution de I’operateur density 
et calculer le vecteur densite de courant en 
introduisant au depart la notion de tempera- 
ture electronique (Section 2); cette derniere 
est determinee ulterieurement par des con- 
siderations energetiques. Les calculs expli- 
cites de /3 (Section 3) ont ete effectues pour 
trois types d’interactions: interactions 
electrons-phonons acoustiques traitee a 
I'aide du potentiel de deformation d’une part 
et du couplage piezoelectrique d’autre part; 
interaction avec les phonons optiques. En 
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procedant de cette faQon, nous avons re- 
trouve un resultat deja public pour le premier 
type d’interaction et obtenu des expressions 
nouvelles de )8 dans les deux demiers. Nous 
avons pris soin de faire apparaitre dans tous 
les cas les limites de validity des expressions 
obtenues. 

2. THEORIE QUANTIQUE DES PHENOMENES 

GALVANOMAGNETIQUES NON LINEAIRES EN 
CHAMPS ELECTRIQUE ET MAGNETIQUE CROISES 

( 1 ) G eneraliles 

Nous considerons un gaz d’61ectrons ind6- 
pendants de densite n (nous n6gligeons done 
les interactions inter^lectroniques) soumis a la 
double action d’un champ electrique E (£,0,0) 
et d’une induction magnetique B (0,0,B) 
perpendiculaire. Les grandeurs B et E sont 
invariables dans le temps et dans I’espace 
(les problemes ddlicats de conditions aux 
limites spatiales ne sont pas envisagdes ici). 
Ce gaz est susceptible d’interagir avec un 
gaz de phonons. Quels renseignements 
dispose-t-on pour calculer le vecteur densite 
de courant <J)? 

(a) Donnees de la mecanique quantique. 
L’Hamiltonien du syst^me electrons -1- phon- 
ons est la somme: 
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H = He + Hp + kHep avec 


He est rHamiltonien des 61ectrons en 
presence de E et de B. En choisissant comme 
dtats de base les etats propres reper6s par 
I’indice a, d’un Hamiltonien ^ un electron, 
I'expression de Hg en seconde quantification 
s’ecrit; 

(1) 

O! 

oil €„ est I’energie d’un electron dans I’etat a: 



Nous designerons dans la suite par la 
partie de €„ independante du champ electrique: 



On constate done que I'indice a represente 
en fait les trois nombres quantiques n, kp, 
qui interviennent systematiquement dans les 
probl^mes d’6tats electroniques en presence 
d'induction magnetique. 

Hp est I’Hamiltonien des phonons: 

//p = 2 ^<^<1 ( 4 ) 

kHep est I’Hamiltonien d’interaction elec- 
trons-phonons. Nous avons fait apparaitre le 
parametre sans dimension k qui rend compte 
de I’intensite de I’interaction. 

kHep — 2 yoa'lfOaaaa'^K^ + *-«)• ( 5 ) 

Ota' 

L’6lement de maitrice yaa'iQ) depend de la 
nature du couplage. De fai^on g^n^rale 

yaor'(q) J nJi,,n’ S *!,.*« + «« ® + 


^ ( 7 ) 

et \C(q) Y ~ avec P = 1, — 1 ou — 2 pour les 
di/ferents couplages que nous etudierons. 

(b) Donnees de la mecanique statistique. 
Nous admettons qu’a un certain temps t pris 
pour origine des temps, les deux gaz d’elec- 
trons et de phonons sont sans correlation. 
Dans ces conditions I’operateur densite 
decrivant les deux gaz a I’instant initial, po, se 
factorise en un produit de deux operateurs 
densite: I’un po‘^* est associe aux electrons; 
I’autre po'"' est associ6 aux phonons: 

Po = Po‘'”Po'^'. (8) 

De plus les electrons sont sans interaction 
entre eux; ceci implique que se factorise 
en un produit d’operateurs a une particule; 
chacun de ces operateurs a une particule est 
diagonal dans la base oil nous avons exprim^ 
He en seconde quantification a I’aide de (1). 
II en est de meme pour po'’’^ Ces proprietes 
de factorisation et de diagonalite entrament 
que: 

Trpoa„+a„r = (9) 

T r pobe^bg. = ' (10) 

Les fonctions Fq et ./T, representent les 
probabilites respectives d’occupation des 
etats a et ^ par un electron et un phonon a 
I’instant initial oil les electrons et les phonons 
sont totalement decouples. 

Notons au passage que les proprietes de 
Po entrainent que les moyennes de produit 
d’operateurs du type 

Tr Po^ai . . . bgjbgj ... (11) 

se calculent sans diificulte a p£utir du th6oreme 
de Bloch-de Dominicis[2] sur les contractions. 
A partir de I’instant r = 0, le systeme elec- 
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trons + phonons 6volue au cours du temps par 
le jeu de I’interaction; I’op^rateur density pit) 
qui le d6crit a I’instant t, satisfait I'^quation 
d’evolution: 

ih^ = [H, + H^ + kH,„,p{t)]. ( 12 ) 

Of 

L'ensemble des 6quations (8) k ( 1 2) permet 
de calculer I’operateur densite p{t) a tout 
instant et d'en d^duire la valeur moyenne du 
vecteur densite de courant electrique en 
regime permanent 

(J) = lim Trp(/) J (13) 

J est I’operateur densite de courant electrique 
dont les seules composantes qui vont inter- 
venir dans ce probleme sont, du fait des 
orientations respectives de E et B, et 
De plus; 


interagissant avec les phonons c^ent de 
r^nergie aux phonons; nous d6signons par 
(P) la puissance correspondante que nous 
calculerons aussi. On s'attend a ce qu’en 
regime permahent un 6quiUbre s’^tablisse 
entre ces deux puissances tel que {P) = 
iP'). Comme les expressions de (P) et {P’) 
dependent toutes les deux de et F„, 
r6galite (P) = (P') fouriiit done une relation 
entre et F„ susceptible de limiter les choix 
de ces fonctions. 

(2) Expression generate du vecteur densiti de 
courant electrique 

Avant d’aborder le calcul de la moyenne du 
vecteur densite de courant, nous allons faire 
une remarque concernant son expression 
quand I’interaction electrons-phonons est 
nulle. Dans ce cas 

(7, + t/„> = Trp„(y, + t/„) (15) 

et d’apres (9), (10) et (14) 


J t J y 


V 

ilB 2. 


a 




tiL feV'* 

n \2m} 


(n + \)''^a*+ia„ 


(14) 


oil n est le volume du cristal et oil a + 1 
represente les trois indices: n+ I . k^. 

(c) Considerations energetiques. L’expres- 
sion du courant, calculee a partir de (13), va 
evidemment faire intervenir les fonctions de 
repartition yf, et Fa des phonons et des elec- 
trons dont nous n’avons pas encore fixe les 
expressions. L’eventail des choix possibles 
pour Jfq et Fa est a priori largement ouvert. 
Nous avons done interet a introduire des 
relations satisfaites par JVg et qui vont 
limiter les possibilites. Tout d’abord J/'g et 
Fa doivent etre convenablement normalises. 
Ensuite, nous pouvons introduire des con- 
siderations 6nergetiques. En effet, d’une part, 
le champ electrique cede de I’energie aux 
electrons; nous aurons I’occasion de montrer 
que la puissance notee {P') ainsi regue par les 
electrons est— comme on s’y attend— egale 
a (— (J).E); d’autre part les electrons en 


(^> = 0 (16) 

{Jv) = + ne EIB {n: density electronique). 

(17) 

On constate done que, quand \ = 0, bien 
que le champ electrique soit dirige suivant ojc, 
le vecteur densite de courant electrique 
moyen est dirige suivant oy grace au fait que 
I’induction magnetique est dirig6e suivant oz; 
de plus (y„) est lineaire en E. L’effet de 
I’interaction electrons-phonons est done de 
contrecarrer I'effet de I’induction magnetique. 
Grossierement si Ton admet que Taction sur 
les electrons de B est caracterisee par la 
pulsation cyclotron <•>(. et que celle du couplage 
electrons-phonons est fixee par le temps de 
relaxation t de la vitesse moyenne qui re- 
presente Tintervalle de temps entre les instants 
ou les phonons rapellent leur presence aux 
electrons, alors les composantes {J,.) et 
{Jg) seront d’autant plus voisines de 0 et 
n e EIB que la condition OcT > 1 sera mieux 
remplie. Si Ton tient compte du fait que 
T 00 on s'attend done a ce qu’un calcul de 
(Jj.) et <7„) a Tordre le plus bas en k ne soit 
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valabie que si la condition cocT > 1 est 
satisfaite. 

Pour calculer (J^) et <y„) a I’ordre le plus 
bas en k, il faut prealablement connaitre 
I'expression de p(t). La solution de (12) 
developpee en puissances de k s'ecrit: 

Pit) = Po J^dr, Po] + 

X fdt^ f'dt, [//„X-t2)J//ep(-t.),Po]]+- (18) 
Jo Jo 

avec 

= exp {H,+ H^) 

X //pp exp - (//e + H„) 

Quand on se limite a I’ordre 2 en X, nous mon- 
trons dans I’annexe 1 que, a partir des formules 
( 1 3) et ( 1 8), nous obtenons: 

<Jy}=neg (19) 

tt.a' Q ^ 

-(1+>",)F„.(I-P'„)] 

|-y„a'(q)|*<5(fa-€a'+^«><)).(20) 


a tout instant a partir de I’Hamiltonien 
des phonons et de I’operateur densite p{t) par; 

<//;,), = Try/p p(r). (21) 

On en deduit que la puissance re^ue par les 
phonons (P) en regime permanent est donnee 
parlaformule; 

(P> = limTr//p^. (22) 

St 

Soil, en tenant compte de ( 1 2): 

(P) = lim 4 Tr [H^ + //p + kH^„, pit)] 

m 

= lim Tr [//p, He + Hp + kH^p] pit) 

/ft 

= lim:^Tr[//p,\//rp]p(/)- (23) 

On reconnait au passage dans (]lih)[Hp, He + 
Hp + kHep] I’operateur en representation de 
Schrodinger, associe a la derivee par rapport 
au temps de la grandeur physique ‘energie des 
phonons’, au meme litre que I’operateur 
Vitesse V = ( 1 //ft) [r, He + Hp + kHep] est 
I’operateur associe a la derivee par rapport au 
temps de la grandeur physique position. 

Le calcul de {P}, limite au second ordre en 
X, s'efFectue comme celui de (J) et donne: 


Les formules (19) et (20) sont valables dans le 
cadre d’un developpement limite au second 
ordre par rapport au couplage electrons- 
phonons, quelles que soient les fonctions 
Fa et pourvu qu’elles satisfassent aux 
conditions (9) et (10) et que soil invariant 
dans le changement du vecteur d’onde des 
phonons q en — q. 

Avant d’etudier plus en detail ces resultats, 
passons aux calculs des puissances (P) et 

in. 

(3) Calcul des puissances (P) el (P'} 

‘ L’energie moyenne des phonons est definie 


(F) = 2 I. 1 - Fa-) - ( 1 + .^,) 

aa' Q 

XF„.(l-F„)]^l7„„,(q)P 

X 8 (e„— ia- + fta),). ( 24 ) 

L’expression (24) de {P) ressemble beau- 
coup a celle de (J^r) (Cf. (20)). On passe de 
(20) a (24) en changeant le facteur 




en ft(o,. 


Passons maintenant au calcul de la puissance 
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{P') c6d6e par le champ ^lectrique aux Elec- 
trons. Si Ton dEsigne par Hf I’Hamiltonien 
d’interaction entre les Electrons et le champ 
Electrique E, I’expression de Hp s’Ecrit: 

= 2 e Efi (25) 

(=1 

(sommation etendue a tons les Electrons) et 
I’energie cedee aux electrons n’est autre que: 

= (26) 

En regime permanent, la puissance (P'} 
transmise aux Electrons s’ecrit; 


(P'> = lim TrHr^ 

= lim Tr -:7 [H^ + Hp + pU)] 

in 

= lim Tr4[^E2 r, ,//,•+- //^-f XWJ 
<-•“ in i 

pit) 

= lim TreES V^(/) = -E(J) 

= -E(J) =-£(J^). (27) 

Aussi — (Jx) E apparalt bien comme la 
puissance cedee par le champ electrique aux 
electrons ainsi que nous I’avions intuitivement 
Ecrit. 

Dans ces conditions la relation (P) = 
(P'), compte tenu des equations (24), (27) et 
(20), s'ecrit: 

0=2 2 Aw,* [•T.FJ 1 - PV) - ( 1 + 

X p„,( I - F„)] ^ l-yaa^q)]" + Aw,). 

(28) 


Dans (28), nous avons introduit la quantite 

w,* = w, + q„Eo (29) 

qui represente la pulsation des phonons vue 


par les Electrons, se considerant comme 
immobiles dans un repEre se dEplagant paral- 
lElement E la direction oy (perpendiculaire h 
E et B) avec la vitesse Vo = EIB (effet Doppler). 


(4) Choix desfonctions de repartition et Fg 

Nous allons pi^Eilablement prEsenter un 
certain nombre de remarques sur les diflFcrents 
facteurs intervenant dans les formules (20), 
(24) et (28) dont on peut, au passage, noter la 
grande similitude. 

(a) Remarque sur le terme lyna-lq)!*. Ce 
terme est independant du champ Electrique 
£. En effet. d’apres (6), ce carrE ne fait inter- 
venir E que dans le terme 


1“ 00 ^ 

\Jnk.:nk:(dx)\'^ = [j dxd»„(x-A'iJ 

xe'*'-'i5!)„,(jr-A'*. )J . (30) 


11 sufflt d'effectuer le changement de variable 
x' — x — X^^ dans I’integrale et de remarquer 
que X/c —X/i’^ est independant de E (Cf. (31)) 
pour demontrer ce resultat. Ce meme change- 
ment de variable associe a la propriete de 
symetrie des fonctions d’Hermite <)>„{x) = 
(- 1 )’'<A„(-.r), montre que | (9x)|* est une 

fonction paire par rapport a qx et par rapport 
a la difference 


(b) Remarque sur le terme 6(ea — €„.-(- Aw,). 
Le champ electrique intervient lineairement 
dans I’argument de la distribution puisque 
d’apres (2) et la definition de 

£ 

e„ — ia' + Aw, = e„ — e,- — -g A(A„ — A' ) -I- Aw,. 

(31) 

Pour des besoins ultErieurs, dEvelpppons en 
serie de puissance de E la distribUtiE&t 

S(i„— i„,-)-6w,)= 8(€a — e„' + Aw,) 

A(fe|,-A„)8“’(Ca — c„.-t-Aw,)4- ■ • • 

+ ^ [f Hk'g - kg)J S‘'‘'(€„ - -f Aw,) 
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Nous avons ainsi fait apparattre les derivees 
successives de la distribution S(x). 

(c) Cas des phenomenes lineaires en champ 
electrique. Premier choix de et Fa. De- 
signons par la composante de la densite 
de courant {Jx) d’ordre un par rapport au 
champ electrique. L’expression correcte de 
a ete etablie par de nombreux auteurs 
dont les premiers ont ete Adams et Holstein 
[3]. L’expression en question de 
peut s’obtenir, en particulier, a partir de (20) 
en choisissant 

J^,= N, = (exp||2_,j“' (33) 

et 

/=■«=/«“= (exp (34) 

Nous obtenons alors: 



X [N J'<,®( 1 -/„-«) + ( 1 N,)/<..»( 1 -A*)] 

2ir , 

X — |■yaa'(<3')|* S(€a - + ^W,). 

ft 

Ce dernier resultat est identique a tous ceux 
de la litterature scientifique traitant des 
phenomenes galvanomagnetiques lineaires en 
champs croises. 

Ainsi, pour les phenomenes lineaires, il 
suffit de supposer que dans I'etat initial les 
phonons se repartissent dans leurs etats 
suivant une loi d’equilibre thermodynamique 
a la temperature To, tandis que les electrons 
se repartissent suivant la statistique de Fermi- 
Dirac comme si le champ electrique n’inter- 
venait pas (Noter que c’est e„ et non ia qui 
figure dans (34)). 

A partir de ce choix: et Fa = /„*. 

nous obtenons la serie de r6sultats suivants. 

Tous les termes d’ordres pairs en E sont 
nuls. Ceci correspond au fait que le courant 
dans un cristal doit changer de sens quand on 
renverse celui du champ electrique. "Pour 


ddmontrer ce resultat, ecrivons le terme en 
du developpement de (Jx ) : 


(Jx) = efeE)*" 2 

n,kg k. 



X -/„,») - ( 1 + No)fafi I -/«*)] 

27r 


X (e,!*, — €n'*; + hwo). 


(35) 


Les sommations sur k'^ et k'^ sont immediates; 
les termes N, et ftca, sont des fonctions paires 
de q; de meme 

\ d n,ku,n’ .k,+qu (^x)i 

est, contrairement a son apparence, indepen- 
dant de ku et une fonction paire de Qx et 
Alors du fait du facteur (hqjmcjd’^”'*'^ qui est 
une fonction impaire de <?„, la sommation sur 
Pu qui intervient dans (35) donnera un resultat 
nul. Done = 0,'Vp. 

Etudions maintenant le terme d’ordre trois 
en E qui represente les premieres deviations 
par rapport a la loi d’Ohm. 11 s’ecrit; 


(Jx)<»> = e 


(e£)3 

3! 


S 

n^m' 


y (-^)V,/a“(i -//) 




X#^|7„„-(q)|^S<'’'(e„ 


-€„.-f-6a>,). (36) 


Ce resultat est identique, a un changement de 
notation evident pres, a celui que nous avions 
obtenu dans la Ref. [1] en generalisant simple- 
ment la theorie de Kubo de la reponse lineaire. 
Nous avons deja expose dans I’introduction 
les raisons pour lesquelles une telle expres- 
sion de (Vx)'®’ etait a rejeter. Par consequent, 
quand on s’interesse aux phenomenes non 
lineaires en £, on est amene a chercher pour 
jVo et Fa d’autres expressions que celles 
donnees par (33) et (34). Toutefois, il faudra 
que les expressions de et £„ tendent vers 
Nq et/„® quand le champ electrique tend vers 
zero. 
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Avant d’abandonner cette discussion, ii est 
bon de noter que quand on fait — N„ et 
Pa— fa dans la relation (28) sur I’dnergie et 
qu’on developpe au premier ordre en champ 
dlectrique, cette relation est bien v^rih^e. 

(d) Choix final de et Fa- Le cas des 
phonons nous semble le plus facile k regler. 
Dans la mesure oh Ton s’int^resse aux faibles 
deviations par rapport a la loi d'Ohm, on peut 
esperer qu’ils sont assez bien decrits par la 
fonction d'equilibre thermodynamique h la 
temperature To'- Jf, = N,. Nous admettrons 
ce premier point. 

Le cas des electrons est beaucoup plus 
delicat. Nous avons envisage toute une 
serie de possibilites que nous avons rejetees 
pour differentes raisons et nous avons finale- 
ment adopte pour Fa la fonction; 

^«=/a = (expj^:^+ l) (37) 

fa diflFhre de /„* simplement par le changement 
de la temperature To en une temperature T(£) 
— appelee temperature electronique — qui 
d6pend a priori du champ electrique et qui 
doit tendre vers To quand E tend vers zero. Le 
choix (37) n’est justifie pour I’instant que par 
ies consequences qui en decoulent; nous 
verrons en effet qu’il nous permettra de re- 
trouver un resultat deja public concernant Ies 
phonons acoustiques et qu'il contribuera a 
interpreter une part importante des resultats 
experimentaux que nous avons exposes dans 
rarticle/t. 

L’introduction du parametre T(E) n’a de 
sens que s’il est possible de le determiner. Or 
nous disposons de la relation (28) representant 
I’egalite (P) = (P') qui, precisement, doit 
etre a meme de calculer T en fonction de To et 
de E. Une remarque importante decoule de 
(28). En effet, il apparait clairement que cette 
relation, tout en dependant de la nature de 
I’interaction entre les Electrons et les phonons, 
est totalement independante de I'intensite de 
cette interaction. Par consequent, la tempera- 
ture electronique T depend de To, de £ et de 


la nature du couplage, mais est independant de 
I’intensite de ce dernier. II en est de m£me de 
la fonction fa- Nous retrouvons ici une des 
proprietes de la fonction de repartition 6lec- 
troniqu»que H. F. Budd avait notee dans un 
article [4] traitant de problemes analogues. 

3. LES FAIBLES DEVIATIONS PAR RAmHtT A LA 
LOI O’OHM EN LINflTE CLASSIQUE 

Nous abordons dans ce paragraphe le 
calcul du coefficient ^ associe h un gaz 
d’electrons non degineri et intervenant dans 
le developpement de {Jf) en puissance de £ 
quand ce developpement est limite h I’ordre 
trois: (J^.) = {J,)‘”(l +)3 £*). Cette etude 
de n’est valable que si la condition <s>cT > 1 
est remplie. De plus, dans ce qui suit, nous 
admettrons que les niveaux d’dnergie corres- 
pondants aux grands nombres quantiques 
jouent un role preponderant; nous nous 
limiterons done a la limite classique: hcoc 
kTo- 

Par ailleurs, nous envisagerons trois types 
de couplages entre les electrons et les phonons. 
Les developpements qui suivent reinvent 
pratiquement du calcul integral, elementaire; 
cependant, ils offrent des difficultes que seules 
des approximations physiques permettent de 
surmonter. Nous nous sommes done attache 
a introduire un certain nombre de parametres 
sans dimension et a obtenir pour certaines 
valeurs extremes de ces paramdtres des 
expressions de /? facilement exploitables lors 
du depouiilement des resultats experimentaux. 
Nous avons pris soin de faire apparaitre les 
limites de validite de nos formules. 

Nous commencerons par transformer I’ex- 
pression (2, 20) de (Jx) et nous calculerons 
sa composante (Jx(Ro, T))‘® d’ordre trois par 
rapport a E. Dans un deuxihme temps, 
partant de (2, 28) nous relierons T k ToCt E. 
Dans la mesure ou nous ne sommes interesse 
que par les faibles deviations par rapport a 
la loi d'Ohm, nous rechercherons un develop- 
pement de T en puissance de £ limits h 
I’ordre le plus bas que nous reporterons en- 
suite dans (T.r(To,T))'®’. Les deux ddveloppe- 
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mentS' dont nous venons de faire dtat intro- 
duiront les iimites de validite que nous ferons 
apparaftre. 

(1) Expression generate de (Jx) ep limite 
classique 

Transformons (2, 20) de fa?on a separer 
autant qu'il est possible les termes lies aux 
etats electroniques de ceux lies aux phonons: 
grace k la distribution 6 assurant la conserva- 
tion de I’energie dans les transitions elec- 
troniques, nous obtenons: 

® (I) 

avec 

5(q) =2 2 

n,ky,kt n’,k’^,k', 

X ^k'^,ky+i/y 5 k'„k,+qt 

X^\C{q)\^\J (<7x)|^ 

X 8[e„(A,)-e„,(A:;)-|-;^w*]. (2) 

Nous avons utilise les notations evidentes; 

NgiTo, (0,) = (e\p^~ I j 

et)V,(T, oj^) = ^exp^^- 1^ (3) 

tandis que 

/[«„(^.-)] = (exp^^^^^^+l)'' (4) 

I’energie de Fermi ^ etant determinee par la 
condition 

N = 2 fUnikx)] . (5) 

nJ(y.k, 

Le calcul de ^(q) est reproduit dans I’annexe 

(2) . La seulc approximation qui interviendra 

consistera a supposer que la condition defi- 
nissant la limite classique. ho)r < kT, est 
retiE^^l^, Elle conduira a: ^ 




avec 


et 


h} (q mcDf 
emin(q) - 2^ 1^2 hq 


( 6 ) 

(7) 


On peut verifier que la quantite emmlq) est 
I’energie minimum que doit avoir un elec- 
tron pour absorber un phonon tandis que 
«iniii(q) + ^‘^rj' est I'energie minimum de I’elec- 
tron quand il emet un phonon. 

Nous restreignons notre etude au cas oil le 
gaz d’electrons est non degenere. reservant le 
cas du gaz degenere pour un travail ulterieur. 
Dans ces conditions, les energies ennn(q) et 
Cminlql + ^wJ' etant toujours > 0 (cf. (7)), nous 
pouvons remplacer /(e) et /(c + ftw^) par 
exp — (e — ^)lkT et exp — (e -t- hw'^ — OlkT. 
Tenant compte de cette approximation, et en 
remplagant la summation sur q intervenant 
dans ( 1 ) par une integrate, nous obtenons pour 


<Jr} = 


nnr 


d^q^\C(q)l‘ 


(2TrfiHkT)''^hB 

ii^(q nioji'Y 


X (e 


(qmax est la valeur du vecteur d’onde des 
phonons en bordure de la premiere zone de 
Brillouin). Pour aboutir a (8), nous avons 
tenu compte de la condition de normalisa- 
tion (5) qui. dans le cas d'un gaz d'electrons 
non degenere et dans la limite classique 
ho)r < kT. relie I’energie de Fermi ^ et la 
densite electronique n selon la loi usuelle; 

n = 2 f/*r (9) 



PHENOMENES GALVANOMAGNETIQUES NON LJNEAIRES B 


1843 


Le r^sultat (8) est valable quel que soil le 
type de couplage entre les Electrons et les 
phonons. Seuies les valeurs de |C(<?)|* et de 
Cl), diffl&rent d’une sorte d’interaction k I’autre. 
Rappelons que seule Tapproximation hcoe < 
a conduit ^ (8). 

(2) Calcul du coefficient /3 dans le cas de 
I’ interaction electrons-phonons acoustiques 
Dans tout ce paragraphe, nous nous plaQons 
dans le modele de Debye. La loi de dispersion 
des phonons est done de la forme = sq, 
ou s est la vitesse du son. On en deduit que 
to^ = sq(l + (VJs){qJq)). 

Par ailleurs, nous envisageons deux types 
de couplage electrons-phonons acoustiques; 
le premier se deduit du potentiel de deforma- 
tion [6] et est tel que: 

D“»4avecD‘3> = -^ (10) 

ps 

La constante est une caracteristique du 
materiau fixant I’intensite du couplage; p est 
la masse specifique. Le second couplage 
intervient dans les corps piezoelectriques; 
alors: 

|C(</)p (II) 

La constante /)*” possede une expression 
compliquee faisant intervenir les constantes 
elastiques et piezoelectriques; on cn trouvera 
la theorie dans la Ref. f7]. 

Notons que les constantes D"' et £)'*’ 
n'ont pas les memes dimensions (I'utilite des 
indices (I) et (3) apparaitra ci-dessous) et 
que nous avons, dans un but de simplifica- 
tion evident, neglige les effets d’anisotropie, 
ce qui peut poser quelques problemes dans 
le cas du couplage piezoelectrique. 

(a) Calcul de T)) . Nous poursuivons 

le calcul de {Jj.) a partir de (8) en effectuant 
les operations suivantes: 

1 . Nous passons en coordonnees spheriques 
en choisissant les angles polaires x et tels 
que la Fig. (1) I’indique. 



Fig. 1. Choix de.s axes. 


2. Nous procedons au changement de 
variables; 

IW) kTl"'- 

3. Nous introduisons la temperature de 
Debye 0 et les deux parametres sans dimen- 
sion y et y„ respectivement definis par: 

left fis ^iTtax (13) 

^ ~ (ikTj ~ Vr - (ikTo) ~ Vto 

(14) 

La vitesse Vr, dont la valeur (IkTImf^ 
correspond sensiblement a la vitesse d’agita- 
tion des electrons a la temperature T, est 
tres superieure a la vitesse du son, dans une 
large gamme de temperatures comprenant la 
temperature ambiante. Le parametre 
(ou y^) est done susceptible de prendre des 
valeurs tres inKrieures a I’unite. Ainsi, a 
T = 300°K, Vf == 10® mis quand m est 6gal a 
la masse d’un electron dans le vide; par ail- 
leurs, pour de tres nombreux solides s ~ 
5- 10’ m/s; par consequent y* == i0~^ dans 
cet exemple. 

En suivant cette voie, nous aboutissons 
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pour ies deux types de couplage 

{2Trf'^(kTyi^B\hs) [vj 


(/j:)”’ est comme toujours la composante 
lineaire en E du vecteur densite de courant 
^lectrique que nous avons trouv^e, en accord 
avec des r^sultats[8, 9] connus, etre ^gale a 



t'‘ 

g«r/ri,)_ j 


xT''' duuj 


g-((i/4y)-r-u)‘ qHTIT,) g -(((My)+y+t()« 


] 


(15) 


^ condition de poser: /? = 3 dans le cas du 
potentiel de deformation (P.D.), p = I dans 
le cas du couplage piezo^lectrique (C.P.). 
Remarquons que I’integrale par rapport a la 
variable «, qui figure dans (15), peut etre 
developpee suivant les puissances de VqIVt 
a I’aide de la formule: 


d. - 2 f; [,^(0) + i (^) V»(0, 

+ ^(f;)>'(0)+:i(^)V»<0)+...] 

(16) 

et que si la condition: 



soil 


(I)-.,.,. 


(17) 


est verifee, on peut ne retenirque les premiers 
termes de (16). Un calcul mathematique un 
peu long permet de s’assurer que le terme en 
(l/7!)(Ko/l^j.)®</»‘*’(0) conduira en fin de calcul 
a une correction negligeable. La suite des 
calculs est reproduite dans I’annexe (3). Nous 
y montrons que si la condition 



(18) 


est v6rifiee — et c’est frequemment le cas dans 
les experiences — les expressions de {J^) 
se mettent sous les formes finales relative- 
ment simples: 




23P/2 ^^(P+2)/2 

3^S/2 jftP+252 


X iy'’\kToY'^E ^ 

I.P = 1 pourle C.P. 


( 20 ) 


(b) Determination de la temperature elec- 
tronique. Cette determination s’effectue a 
partir de la relation (28) dont le second 
membre ofFre la meme expression que celle 
de {Jx) au changement pres de hqjmcjc en 
Dans ces conditions il est inutile de 
refaire des calculs detailles car il est evident 
qu’a la place de ( 1 5) nous allons arriver a: 


•9/T 

dt , 

qHT/i,) — ] 
f-nyjVr) 


I dn( 1 + (w/y ))(e-'''/''r>-’'-“>“ 


Ici encore, les conditions (17) et (18) vont 
simplifier les d^veloppements et en se r6f6rant 
a la procedure de I’annexe (3), nous obtien- 
drons: 



( 22 ) 


pour les deux types de couplage envisages. La 
temperature electronique est bien indepen- 
dante de I’intensite de I’interaction electrons- 
phonons et ne depend de la nature du couplage 
que par la vitesse du son des phonons acous- 
tiques. 

(c) Expressions du coefficient /3 dans le cas 
des couplages par potentiel de deformation et 
piezoelectrique. En reportant la valeur de 
T tiree de (22) dans (19), nous obtenons les 
expressions finales de (7^), valables quand 
les deux conditions ( 1 7) et ( 1 8) sont remplies: 


/ XX ± 1/2 

(Jx(To,T)) = <JTy'*[Yj 

{ 1 V 2 \± 1/2 

V 5 KrVl-pourleC.P. 

pourle P.D. 

V 5 VtV\- pour le C.P. ^ ’ 
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Pratiquement, les premieres deviations par 
rapport a la loi d’Ohm seront observees d^s 
que la condition 


5 2 1 

3 s* 


(24) 


sera satisfaite. La condition (24), compte tenu 
de (18), entraine automatiquement (17). Par 
consequent, si les inegaiites (18) et (24) sont 
satisfaites, 

(25) 


En conclusion le coefficient )3 caracterisant 
les premieres deviations par rapport a la 
loi d’Ohm s’ecrit; 


rt _ 1 1 [+ pour le P.D. 

^ “6fivl-pourleC.P. 


(26) 


Notons immediatement que les resultats 
concernant T et /3 dans le cas du couplage 
par potentiel de deformation ont deja ete 
obtenus par d’autres methodes[10]. Les 
conditions de validite de (26) se reduisent a: 



(3) Calcul du coefficient /3 dans le cas de 
V interaction electrons-phonons optiques 
Dans tout ce paragraphe, nous admettrons 
que la loi de dispersion des phonons optiques 
se reduit k: cu, = c“'. Par ailleurs, le couplage 
61ectrons-phonons optiques est suppose ctre 
du type polaire et tel que[l 1]: 

D<o) 

\C(q)\^ = ^ (21) 

*1 

ou est un coefficient dependant de la 
nature du cristal: 

D‘o> = 


(a) Calcul de {JATo,T)). L’ind6pendance 
de par rapport a q est un £16ment important 
de la simplification des calculs. Ainsi (J^) 
d’apres (8) s’6crit ici: 


(^> = 






2(2ir)»'*ft()tr )>'*B sin h (hu>J2kT 


^<7* ImkTXl hq ) 






) 


2mkT \2' hq / 
(28) 


Comme au Section 3,2. 1, nous passons en 
coordonn6es spheriques; 2, nous proc6dons 
aux changements de variables; 



(29) 


3, nous introduisons les paramfetres sans 
dimension; 


a 2^7 et a* 2kTo 


(30) 


qui peuvent a priori varier dans de larges 
limites sans descendre toutefois a des valeurs 
tres inferieures a I’unite. 

Ces trois operations nous conduisent a: 

nmP^o' e-°o dx 

&inhao {vJJo ^ 

J-VJVr '■ 

— e^^e 

Comme dans le cas de phonons acous- 
tiques, nous faisons intervenir ici la seconde 
approximation du calcul (apr^s celle d6- 
couiant de ftwr <§ kT) en supposant que: 


I v7 + ( I /vj )) + up 


}• (31) 


(^)%1 soit (32) 


Les grandeurs e„ et e sont les consteuites 
di^lectriques du cristal a haute frequence et 
a frequence nulle. 


L’integrale par rapport k u qui figure dans (31) 
se traite ^ I’aide de la formule (16). Les 
calculs qui en d6coulent sont report6s dans 
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I’annexe (4) qui tient compte du fait que la 
quantity est toujours tr^s grande 

(~ 10®). Finalement, 

( T KJa) 

t) 


second membre de (35). Finalement, 


ao_ X_i 2Fo® A:,(ao)-aoXo(ao) 
a To aoKoiao) ' 

(36) 


On pent faire usage de la relation: 


X 

X 


Tt /k' 2 (Q:) + 3 A’o(a) 

[’-“—MS 


ilZ 

5 y/ 


^K„(x) = K„^Ax)-K„_Ax) (37) 

pour transformer (36) en: 


4/fi(a) — 3A^o(a) 
Kjia) 


th(a - oo 


tandis que 


11 (33) 

7 


A2(ao) \ 

JJ 

7„ 

vA 

3A„(ao)/‘ 


(38) 


// wn _ Uq Ki(a„) E 

^ 3 TT®'®*® sin h ao Vn ' 

Les expressions (33) et (34) font intervenir 
les fonctions A'„(jc) qui sont les fonctions de 
Bessel modifiees de seconde espece. L’ex- 
pression de n’est pas originale et a 

deja ete obtenue dans la ref. [12], 

(b) Determination de la temperature elec- 
tronique. Cette determination s'effectue 
comme pour les phonons acoustiques traites 
au paragraphe 3,2 en adaptant les calculs au 
cas des phonons optiques selon les directions 
du paragraphe 3,3 (a). Nous obtenons a 
I’ordre le plus bas par rapport au parametre 
VJiVt la relation suivante entre a et a„ (c.a.d. 
entre T et Tg) 


Les variations du facteur>’i = [1 — {KJiKg)] 
sont representees sur la Fig. 2. On constate 
done que la temperature electronique peut 
etre soil superieure, soit inferieure a celle 
des phonons optiques et I'egalite 7 = 7© se 
produit quand Oo = (^w,/2A7„) = 1,32. Dans 
la gamme des temperatures ayant une realite 
physique, le facteur 1 — (Aa/BAo) ne prend 
jamais de valeur suffisamment forte pour 
faire differer fortement 7 de Tg quand la 
condition (32) est verifiee. 

(c) Expression du coefficient j8 dans le cas 
du vouplaf’e electrons-phonons optiques. En 
reportant la valeur de 7 tiree de (38) dans 
(33), nous obtenons I’expression finale de 
{Jr) valable quand VoIVt< 1. H faut tenir 
compte du fait que: 


2 K ® 

th(a — tto) = 

aAo(a) — A|(a) 

^Ao(a)-i(l/„®/Fr®){3Ao(a)-2aA,(a)}- 

11 est facile de s’assurer que le terme con- 
tenant VglV/ en facteur au denominateur du 
second membre de (35) est en general neglige- 
able devant Ao(a) quand {VoIVt) < 1. Quand 
cette dernifere inegalite est verifiee, rl apparait 
de plus que th(a — oq) est une quantite faible 
devant 1 qui peut etre assimilee a a — a,,. 
Enfin, quand on se limite a I’ordre le plus bas 
en VJVt, on peut remplacer a par au 


A, (a) = A,(ao) + (« “ «o) (39) 

et que 

a^^^ = -nA„(a)-aA„_,(a). (40) 

Apres quelques transformations utilisant en 
particulier la relation (37), nous aboulissons a: 

V [5(A2(«o)/Ao(«o)) - 9][(A2(ao)/A„(ao)) - 9] 1 
(A2(ao)/A„(ao))-1 L 

(41) 
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Fig. 2. Variation du facteur intervenant dans I'expression de la temperature elec- 
tronique; cas de I'lnteraclion clectrons-phonons optiques. 


Par consequent, ie coefficient /3, caracteris- 
tique des premieres deviations par rapport a 
la loi d’Ohm dans le cas du couplage elec- 
trons-phonons optiques, a pour expression: 


„ ^ 1 m (5T](ao) - 9)(ri(ag) - 9) 


(42) 


validite de (42) est simplement 1, 

Le coefficient /3 s’annule deux fois, quand Oq 
varie, pour les valeurs de og egales a 0,45 et 
2,86. Le signe de /3 est positif quand oo 
est compris entre 0,45 et 2,85, 

La Fig. 3 schematise les variations des 
rapports: 


Nous avons introduit dans (42) la fonction: 


. , A’zfao) 

-iw 


qui est une fonction monotone decroissante 
de +00 a 1 quand Oo croit. La condition de 


>-2 = 


1 [5n-9]h-9] 
30 7)- 1 


et >-3 = ooy* 


qui donnent respectivement le facteur multi- 
plicatif de dans (JxY^ et les variations 

de p avec la temperature. 

Sur la Fig. 3, on constate que, pour la 
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Fig. 3. Variation des principaux facteurs intervenant dans ('expression de et ji: cas de 

I'interaction electrons-phonons optiques. 


gamme des valeurs de Oq ayant un sens 
physique, la variation relative de {J^} est 
toujours faible quand la condition « 1 

est remplie. 

4. CONCLtJSION 

Les resultats finaux concernant le coeffi- 
cient /3 n’ont pu etre obtenus qu’apres avoir 
effectue un choix sur les fonctions de reparti- 
tion des phonons et des electrons yT, et 
Ce choix trouve sa justification dans le fait 
qu’il contribue a interpreter les variations 
experimentales en fonction de la temperature 
des faibles deviations par rapport a la loi 
d’Ohm dans InSb (cf. article A). Si la theorie 
de la R6f.[l] s’est en definitive revelee en 
contradiction avec les resultats experiment- 
aux, I’explication de ce desaccord reside dans 
ce que nous avons introduit ici des considera- 
tions energ6tiques qui n'apparaissent pas 
dan& Par ailleurs, nous presenterons pror- 


chainement les expressions du coefficient (3 
valables pour un gaz d’electrons non degenere 
en limite quantique (w^r > I, ftwr > kT) et 
nous traiterons aussi le cas des gaz de- 
generes. 
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ANNEXE 1 

Nous cherchons a evaluer la valeur moyenne: 


=lim Tr(7, + t/,)(p„+4 f dt,[//„(-f,),po) 

<->“ L /ft J, 

+ I dt, I d/j [«„(-/,), [«,„(-/,). P«]]| 

avcc 

= SI I 1 O'" 2 


Rappelons que a represente les trois nombres quantiques 
n, k„, kr, que a+ I represente n-h I, k„, k^ et que fl est le 
volume du cristal. 

Decomposons le calcul en ses trois termes d'ordre X 
respectivement egal ^ 0. 1 et 2. 

( I ) Terme d’ordre z^ro en X 
Nous avons d6ji vu que 


{Ji + Uy),t,=‘2it 



Km I j ‘I't Tr ^ /J^+ia,[w„(-tt).IW«(-ti).Po]] 


rempla(ons X//„ p^ son expression (2,5); utilisons en- 
suite syst6matiquement les resultats (2.9 et 10), le 
th6oreme de Bioch-de Dominicis, des formules classiques 
sur les op6rateurs de creation et d’anihilation et les rela- 
tions suivantes titles des propri6t6s alg6briques des 
6l6ments de matrice yacrit})' 

(n+ 1 )''*>’,.„-(q)ya.ui+i(-q) - ft‘'‘T'...'(9)7.'-i..(-<?) 

= n''*yi»-.i.»-(qh'«',.('-q)-(«'+ l)''*7„.a'+i(9h'.’..(-q) 

= (^^) lya.a'(<?)l* 

/ ft \ l/J 

"'fej 


Grace a ces techniques de calculs, nous aboutissons 4 
I’expression 

(dT + c/,)a> = e S 2 -/•',.)-(l +.r,)F,. 

O.flr' 0 


B' 

(2) Terme d'ordre un en X 

\H,p est un operateur dont tous les 6l6ments diagon- 
aux dans la base (a) sont nuls. Ceci entraine que 

{Jj- + Ui,)at = 0. 

(3) Terme d'ordre deux en X 

<ix + i/„).., = g)‘.e|lim l^dt, 

X [//,„(-/,). [flrp(-i,),Pa]]-(^y 2 i e (^)‘" 
lim f dr, f dt■iTr^J^af^,a„)[f/pp(-t■J,[ff„(-l,),p„lJ. 

f-** J Q J Q \ ft / 

II est aise de verifier, du fait que I'operateur 1 a^^aa n'est 

a 

autre que I’operateur nombre d’61ectrons N que la premi- 
ere trace est nulle. 

En effet, 

Tr [Npp(-t,).p„]] 

= Tr[V. //„(-/,)][//„(-;,). P.J 
et 

= 0 . 


it condition que J’’, soit une fonction paire du vecteur 
d’onde des phonons q. En regroupant les trois resultats 
precedents sur {Jr + iJt) nous obtenons les formules 
(2, 19) et (2, 20) valables e I’ordre 2 en X. 

ANNEXE 2 
Nous devons calculer la somme: 

5'(q)= 2 2 |/(«n(M)-/(«n'(A»-qx))} 

n.kyjit n,k'y.k'g 

lOq)!* 

(i?x)|“ 6| - €,'(*i) + Aw,* I . ( I ) 

Les sommations sur k'^ et X' sont triviales du fait des deux 
premieres 6, Comme par ailleurs. 

IJ n.k..n'.k.-e. «fx)|* = |z;...(q)P (2) 

ne depend pas de X, mais uniquement de n. n' , qj. et q,. 
rien ne depend de X, dans I'expression i sommer. La 
summation sur X, revient done a multiplier I'expression 
a sommer par la degenerescence en X, des niveaux 
d’energie eiectronique. c.a.d. par tnai,/2trA (pour un 
cristal cubique d’arete unite). Par consequent: 

2 I {/(«,(*.))-/(*»' (*x- 9.))} 

fi.n' 


Finalement (Jx + iJy)i 2 i se reduit simplement it: 
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or. 

La sommation sur k, s'effectue 'cotnme a I'accoutumi' en 
rempla^ant: 


par^Jd/:. (5) 

et I'int^grale en k, s'evalue immediatement grace a la 
distribution 6{k, — (gJ2)+- ■ ■) que nous venons de faire 
apparaitre k laformule (4); il reste: 


5(q) = ‘ S (yie)-yi:e + ftO)U;.,.(q)|* (6) 


avec: 


t = (n + n' + l)^ + T^((j^ + (n-/i')<Uf)^ + 

2 2g/ 


8m 2 ■ 
(7) 


Jusqu'ici aucune approximation n'a ete faite en dehors 
du remplacement de 

S par (2rr)-' f dk,. 

‘r 

Nous introduisons ici notre premiere approximation en 
supposant que: 

hole < kT. (8) 


avec: 

( 11 ) 

ma>r \ 4w / 

et: 

a(f) = -2 22^4^^- <'2) 

<7i Oic 

Remarquons alors que {./|,.,>(q)l‘ n'existe que si le second 
membre de ( 1 0) existe; il est done n^cessaire que 


— r“ + a(€)n + fr(e) > 0, 
qi* 


Ce qui impose: 


17 


e > emintq) = 


/q mraj' y 
2m \2 hq ) 


(13) 


(14) 


27 


V, < V < Vi 


(15) 


ou V, et Vi sent les deux racines du trinome en v inter- 
venant dans ( 1 3). 

En tenant compte de lout ce qui concerne la sommation 
sum et n'. nous aboutissons a: 


S(q) = 


m^ \C(q)\^ I 
2irfi* lq..| n 


Jtmnlql 



iv‘ + a{t)v + h{€) 


\-I/* 

(16) 


Comme 


Alors, dans I'echelle des energies, les niveaux de Landau 
sont proches les uns des autres, et un grand nombre 
d'entre eux sont occupds par les electrons. Dans ce cas, 
il est raisonnable de supposer que les Electrons se trou- 
vant dans les niveaux pour lesquels le nombre quantique 
n est 61ev6 constituent la majorite des electrons qui 
contribuent a (Jj.). Quand n esi eleve, il varie de fa 9 on 
quasi-continue et on peut remplacer: 

2 par f dn J dn'. 

fi.n' 


I 


rr 

II reste: 
S(q) = 



m‘ |C(q)|^ 

Itt/i'’ q 


lo I 

v^ + aMv + bie)] 

/ q 


(17) 


(18) 


ANNEXE 3 

A partir des equations (3, 15) et (3. 16), (,/,) se trans- 
forme en: 


Partiquement, nous allons immediatement effectuer un 
changement de variables: au lieu de prendre n et n' 
comme variables d’integration, nous choisissons: 

v = n — n' et « defini par(7). 


Le jacobien de la transformation est egal a (ftwr)'’. 

Par aJIleurs, lorsque n et n' sont des nombres eleves, 
nous pouvons utiliser la formule approchee [5]: 


l^;,.-(q)l* 


— \-^{qJ‘ + q,^){n + n' + I) — (n' — n)* 
77 [meur 

_/jL2£i±5x!\n'‘" 

\m(Or 2 / J ■ 


(9) 


En exprimant \J'^ ,,(q)|“ it I'aide de u ete, on obtient: 
I/O* 

l■/'ll,«'(q)l‘ “-(-^p® + q(«)w + W«)) (10) 

ir \ qi / 


, V2 nm'i^D'”' /kTy" K f"" r*- 

' '' 377*'*ft(Kr)''»BUs/ k/ J„ e'(r/T„)- 


5 Lx* 






L'expression ci-dessus fait intervenir des integrates de la 
forme: 


L'i 



gilt ^ g-tn+KTIT^) 




e""*-.’- I 
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A I'aide de cette notation, < J,) prend la forme; 
g ) „ (kS j^o e-r. (± /.p.. 

I F • / 3 1 3 

j-l— £-1 / ,p+i -1. 3v/ »-! ! / ,»+• —I » 

^SvA ^ 8y^7 


+^i+>^' + 2y»E^'’ 


■)}■ 


Pour ^valuer L7. ie plus simple consiste li developper en 
serie de puissances de t le rapport: 

gtit ^ g-m+aTiT,) 

e«r/r.) _ 1 • 


Cela conduit a: 

t.- 2 S £V- c--.-( , * g ,2 ^ s X+ 2 

Le changement de variable: r' = </4y montrc que les 
termes en P qui figurent dans les crochets de Li' con- 
duisent a des corrections de I’ordre de qui sent enti^re- 
ment negligeables quand: 


y •< I. 

Ce r^suitat est encore valable pour les autres termes des 
crochets en f’. I* . . . que nous n’avons pas Merits. Cepen- 
dant, nous venons d’admettre implicitement que les 
coefficients y et yo— c’esl a dire les temperatures T et 
To-restaient du meme ordre de grandeur; nous veri- 
fierons ulterieurement que, pour les phenomenes d’elec- 
trons tiedes. it en est bien ainsi. 

Par ailleurs, t’esposant r restant petit ( I « r « 6). la 
fonction fe"'*''*’’ d6croit tres rapidement avec i quand 
y I . Les temperatures de Debye des semiconducteurs 
etant en general superieures a 100°K, la fonction r 
gs( pratiquement nulle quand / varie dans I’inter- 
valle (S/T, 0 °), quelles que solent les temperatures T 
physiquement rencontrees. On peut done remplacer la 
borne superieure BIT par + <». En fait, cette approximation 
n'est pas necessaire pour poursuivre les calculs, mais 
il n'y a pas lieu de s’en priver puisqu'elle n'introduit 
que des termes correctifs en e-'"”''''*’". Finalement, 

= (4y)'-2Y dt' 

et 

^ (4,y)r+. I J,. ,.re-r- 

Les deux dernidres int^grales sont purement num^riques 
et bien connues. En revenant a I'expression initiate de 
(Jx). nous obtenons: 


Dans le cas du couplage parpotentiel de deformation: 

Dans le cas du couplage piizoilectrique: 

2>'* nm«*D‘"e-". 


<Jx> = 




. 1 y, 


Ces resultats appellent deux remarques: 

( 1 ) Les termes contenant y* ou y* dans leur expression 
qui hgurent dans les deux derni^res equations repr£sen* 
tent, du fait de la condition y < 1 , et de ce que TIT^ sera 
toujours voisin de I , des corrections negligeables. 

(2) La composante lineaire en E s'obtient en faisant 
T =Ta et en supprimanl tous les termes qui ne sont pas 
d’ordre 1 en £; on obtient ainsi (3,20). 


ANNEXE 4 

L’utilisation de la formule (3, 16) conduit 
I'J'J duue-'^'v7.,i/VI„.«,.=. 

-2 e-<“'2Xv7±(l/v7)< (,) 

En reportant ce resultat partiel dans I'int^grale en x, il 
restera a calculer des integrales de la forme; 

2 J.,_l j.-IO„2*J.+(l/x» gygj, — 1 ^ p <s 2. (2) 

^ •'0 

La fonction a int6grer presente un maximum au voisinage 
‘de JT = I et d6croit exponentiellement avec x au-dela de 
ce maximum. Cette decroissance est d’autant plus rapide 
que le paramfetre a = tfunjlkT) est grand. On peut noier 
dis maintenant que I'^nergie des phonons optiques — 
exprim6e en degrds Kelvin— est de I’ordre de, ou sup6- 
rieure k la temperature ambiante. Par consequent, la 
valeur de a est rarement inferieure k I'unite. De plus 
kq%^J2mo>, est une quantite atteignant aisement des 
valeurs eievees de I’ordre de 10*. Dans ces conditions, 
comme pour les valeurs de x elev^es, la fonction & in- 
tegrer se comporte comme e““, on peut remplacer la 
borne superieure par la contribution k 

I’integrale de I’intervalle lhqi,„l2mu,, ®) etant neglig- 
eable. Ce resultat est tris agreable car les integrales 

K^{a) = ~\ dxx"-’e-<‘"*>‘'-«'"” = A-,(a) (3) 

^ •'o 
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d£finissient les fonctions de Bessel modifiees de seconde 
espice, tabul^es dans la Ref. [13]. 

En tenant compte de toutes ces remarques, la formule 
(3,31) donnant (7^.) se transforme en: 


2 nmZ)“" a 

3 sinh a„ Vr 


ch 


(or — Oo) A, (a) 


f . 

I K,{a) 


th (a — a«) 


1 /, 


A,(a)+3Xo(a) 
AT, (a) 




(4) 


La composante lineaire du courant s'obtient en faisant 
T = To et en supprimant tous les termes d’ordre en E 
superieurs k un; on obtient (3, 34). 
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LOW TEMPERATURE HEAT CAPACITIES OF LAVES 
PHASE LANTHANIDE-ALUMINUM COMPOUNDS* 

C. DEENADAS, A. W. THOMPSON, R. S. CRAIG and W. E. WALLACE 
Department of Chemistry, University of Pittsburgh, Pittsburgh, Penna. 15213, U.S.A. 

^Received 3 September 1 970) 

Abstract— Heat capacity data are presented for the five LnAI, compounds, where Ln = La, Ce, Pr, 

Nd and Gd. The temperature range covered was 8 to 300°IC. The data for non-magnetic LaAl, were 
taken to represent the lattice and electronic contribution to the heat capacities of the four remaining 
compounds. The difference between the heat capacity of the magnetic compounds and LaAl, gave 
the magnetic contribution to the heat capacity from which the magnetic entropy could be derived. 

Results obtained were in approximate agreement with /? In (27 + 1) except for GdAl, in which the 
discrepancy was about 25 percent. 

The data for CeAl, gave no indication of magnetic ordering: however, an upturn in its vs. T 
curve below 12°K was observed, \-type thermal anomalies were observed for PrAI, and NdAI,. 
peaking at 31-8 and 77-2°K, respectively. These were ascribed to the breakup of the ferromagnetic 
phase. Curie temperatures inferred from the C„ data were in good agreement with those obtained from 
magnetic studies. No X-type anomaly was observed for GdAl,: instead its magnetic heat capacity 
was spread over a very wide range of temperature suggesting that destruction of magnetic order in 
this case is a weakly cooperative process. 

1. INTRODUCTION Currently exists for their structural, magnetic 

The present investigation constitutes a and resonance features. The present study 
portion of a continuing series of studies deal- has been confined to the five compounds cited 
ing with intermetallic compounds in which in the preceding paragraph and to the tempera- 
one of the constituents is a lanthanide element. ture range 8-300‘’K. In time it is planned to 
In this study we report on measurements of provide results for the other LnAlz compounds 
the low temperature heat capacities of the and to extend the measurements to lower 
series of compounds LnAl^ in which Ln = La. temperatures, ~ 1-5°K. 

Ce, Pr. Nd and Gd. Principal interest in the present work has 

Extensive information is available pertain- been focussed on establishing the magnetic 
ing to the crystallographic, bulk magnetic contribution to the heat capacity and entropy, 
and resonance characteristics of the LnA^ However, the data in all cases except CeAl^, 
compounds! 1-7]. In contrast little heat which shows anomalous behavior at the lowest 
capacity information pertaining to them is temperatures, have also been made use of in 
available; the study by Hill and da Silva[8] deriving the Third Law entropies and other 
for CeAlj covering the range 0-5-15°K standard thermodynamic functions. A pre- 
seems to be the only heat capacity work on liminary account of this work was presented 
the LnAlz compounds. The present study was at the C.N.R.S. International Colloquium held 
undertaken as the initial step toward obtain- in Paris and Grenoble, May, 1969 and appears 
ing a comprehensive picture of their heat in the proceedings of that Colloquium[9]. 
capacity behavior comparable to that which Interpretation of results for CeAljj in the 

present version differs significantly from that 
given earlier because of additional informa- 

*This work was supported by a grant from the U. s. ^ion obtained for this compound in the past 
Army Research Office. Durham. year [10]. 
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2. EXPERIMENTAL 

The compounds were prepared by levita- 
tion melting. Except for CeAl* no heat treat- 
ment was deemed necessary since the physical 
properties (structures and magnetic behavior) 
were identical for anneeiled and as-cast mater- 
ials. This was not so for CeAl^; it was annealed 
at 750°C for 21 days. X-ray and magnetic 
measurements of selected samples agreed 
well with earlier work[I, 11]. Purity of rare 
earth metals, obtained from Research Chem- 
icals, was reported to be 99-9 per cent. The 
aluminum was obtained from Aluminum 
Company of America and was stated to be 
99-999 per cent pure. 

The details of the apparatus and precision 
and accuracy of the data have been reported 
elsewhere[12]. The masses of the samples 
used for heat capacity measurements are 
LaAlj 85-738 g, CeAlj 140-503 g, PrAl^ 83-179 
g, NdAlj 78-523 g and GdAlj 76-836 g. 

3. RESULTS 

The results obtained are summarized in 


chronological order in Tables 1 to 5. The 
data have been graphically represented in 
Figs. 1 to 4 for CeAl*, PrAlj, NdAl* and 
GdAlj along with results for LaAl^. In general 
the AT, the temperature rise for each measure- 
ment, was about 5“K. To determine the 
detailed shape of the heat capacity curve in 
the region of the anomaly, measurements 
were made with small temperature changes, 
0-2-0-3“K. In the Pr compound a single 
measurement was also made over the whole 
region of the anomaly. From this and the 
individual heat capacity determinations the 
course of the heat capacity curve near the 
\-point was determined. The several cyclings 
between each series indicated that thermal 
history had no effect on the heat capacity of 
samples. 

The molar heat capacities of all the com- 
pounds are approximately equal above 200“K. 
However, Cp of CeAl^ is higher than all the 
other compounds by about H per cent and 
CpOfNdAIi is lower than LaAljforT > 200‘’K, 
the difference increasing to about 1 per cent 


Table 1. Measured heat capacities for LaAIj. Molecular weight: 
192-873 g mole-^ 


Temperature 

°K 

Cp 

Joules 
°K mole 

Temperature 

°K 

Cp 

Joules 
'K mole 

Temperature 

”K 

Cp 

Joules 
°K mole 

Series I 


199-34 

66-51 

20-75 

2-568 

8052 

37-16 

205-34 

67-26 

Series 111 

86-71 

40-47 

211-90 

68-03 

8-95 

0-099 

92-70 

43-04 

218-60 

68-31 

12-22 

0-399 

98-57 

45-17 

224-81 

68-94 

16-25 

1-104 

104-16 

47-19 

230-99 

69-65 

20-88 

2-589 

109-75 

49-34 

237-23 

70-22 

24-70 

4-206 

115-34 

50-98 

243-52 

70-59 

27-78 

5-799 

120-95 

52-82 

249-78 

70-64 

31-70 

7-995 

126-62 

54-45 

256-00 

71-05 

36-31 

10-65 

132-34 

55-90 

262-19 

71-19 

41-04 

13-52 

138-10 

57-36 

268-35 

71-73 

45-74 

16-43 

143-93 

58-45 

274-48 

72-19 

50-67 

19-52 

149-85 

59-60 

280-68 

72-38 

56-13 

22-95 

155-84 

60-76 

286-94 

73-44 

61-65 

26-46 

161-95 

61-90 ' 

293-17 

73-43 

66-91 

29-48 

167-98 

62-47 

299-37 

73-63 

71-95 

32-59 

174-01 

63-45 

Series 1 1 


76-97 

35-01 

180-17 

64-20 

10-07 

0-215 

82-90 

38-26 

186-76 

65-03 

13-42 

0-599 

88-46 

41-05 

193-28 

65-73 

-49-03 

1-338 

92-79 

42-76 
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Table 2. Measured heat capacities for CeAl*. Molecular weight: 

194-09 g mole~' 


Temperature 

“K 

c. 

Joules 
“K mole 

Temperature 

Cp 

Joules 
’K mole 

Temperature 

' 

C 

Joules 
°K mole 

Series I 


208-82 

68-77 

14-91 

2-579 

101-89 

48-31 

214-79 

69-41 

16-77 

3-315 

105-60 

49-81 

220-78 

69-92 

18-86 

4-240 

109-99 

51-15 

227-15 

70-22 

21-02 

. 5-307 

114-38 

52-62 

233-91 

7107 

23-30 

6-574 

118-90 

54-00 

240-56 

71-34 

25-88 

8-079 

123-87 

55-18 

247-17 

71-60 

29-06 

9-983 

129-27 

56-73 

253-78 

71-94 

32-66 

12-18 

134-70 

57-95 

260-37 

72-34 

36-83 

14-62 

140-11 

59-28 

267-34 

72-82 

41-67 

17-41 

145-60 

60-45 

274-19 

73-12 

46-96 

20-65 

151-03 

59-74 

281-02 

73-58 

52-73 

24-11 

156-37 

64-21 

288-51 

74-08 

58-46 

27-52 

161-58 

63-17 

295-91 

74 36 

63-78 

30 68 

166-97 

63-92 

302-16 

74-64 

68-78 

33-42 

172-56 

64-71 

Series 1 1 


73-47 

35-81 

178-54 

,65-46 

7-03 

2-045 

78-22 

38-28 

184-83 

66-21 

9-99 

1-773 

82-86 

40-62 

191-02 

66-96 

11-35 

1-554 

87-48 

42-89 

197-25 

67-69 

12-35 

1-848 

92-76 

45-07 

203-13 

68-12 

13-49 

2-248 

98-37 

47-12 


at 300°K. There is merging of heat capacities 
of LaAlj and PrAlj at temperatures well 
above the region of the anomaly. This suggests 
that the vibrational and electronic contribu- 
tions in these compounds are nearly the same; 
Cp for GdAlj exceeds that of LaAlj by about 
1 per cent in this region. 


A comparison of the Curie temperatures 
observed in the present studies with literature 
values is given in Table 11. There is no evid- 
ence of ordering for CeAl* but its Cp shows an 
upturn below 12'’K. Magnetic measurements 
by Williams et al. [2] and Swift and Wallace 
[3] were interpreted to indicate ferromagnetic 



Fig. I . Heat capacities of CcAlj and LaAl: vs. temperature. 
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Table 3. Measured heat capacities for PrAIj. Molecular weight: 
194-933 g mole~^ 



c. 


c. 


c„ 

Temperature 

Joules 

Temperature 

Joules 

Temperature 

Joules 

“K 

“K mole 

“K 

°K mole 


°K mole 

Series I 


265-60 

70-91 

Series 1 1 1 

105-35 

47-86 

272-05 

71-75 

9-22 

0-585 

108-91 

49-15 

278-42 

72-22 

10-11 

1-619 

112-84 

50-35 

284-61 

72-64 

11-79 

2-34 

117-38 

51-63 

290-65 

73-20 

13-96 

4-313 

122 46 

53-74 

296-54 

73-44 

15-73 

6-956 

127-50 

54-68 

302-40 

74-09 

17-54 

9-385 

132-46 

55-84 

Series 1 1 

19-58 

12-66 

137-27 

57-06 

11-71 

2-708 

21-37 

15-98 

142-03 

58-03 

15-27 

6 155 

22-85 

18-72 

146-69 

58-57 

17-48 

9-251 

24-12 

21-14 

151-18 

59-82 

19-95 

13-32 

25-47 

23-75 

155-76 

60-72 

22-70 

18-40 

26-98 

26-59 

161-04 

61-39 

26-09 

25-05 

28-082 

28-94 

166-77 

62-18 

29-40 

32-18 

28-652 

29-78 

172-22 

62-88 

32-19 

30-96 

29-125 

31-15 

177-62 

63-84 

35-67 

14-70 

29-575 

32-24 

183-01 

64-22 

40-00 

16-00 

29-992 

33-90 

188-26 

65-05 

44-10 

18-24 

30-335 

34-75 

193-37 

65-15 

47-84 

20-70 

30-604 

35-58 

198-60 

66-54 

52-71 

23-60 

30-970 

37-26 

204-04 

66-90 

58-19 

26-28 

31-412 

38-% 

209-26 

67-35 

63-40 

29-12 

31-953 

39-60 

214-25 

68-06 

68-78 

32-03 

32-882 

22-48 

219-66 

68-34 

73-89 

34-73 

33-93 

15-40 

225-77 

69-15 

78-87 

37-02 

34-93 

14-55 

232-36 

69-45 

84-38 

39-98 

.36-12 

14-62 

239-09 

69-81 

89-66 

42-25 

38-34 

15-22 

245-70 

70-13 

94-76 

44-51 

44-18 

18-60 

252-37 

70-78 

9991 

46-04 

47-98 

20-33 

259-10 

71-43 

104-85 

47-77 



Energy for 

T = 6-93°Klor = 
is 229-123 Joules 

42-14'’K 





or 






f Cpd7 = 229*123 Joules, 

6 OT 






and antiferromagnetic transitions, respect- 
ively, at temperatures 8°K and 3°K, respect- 
ively. The agreement in regard to the ordering 
temperature for PrAU and NdAl^ between 
various observations is good. The situation 
for GdAlj is more complex. Magnetic mea- 
surements [3, 6] in fields 20 and 1 kOe. indicat- 
ed the Curie temperatures to be 182 and ITTK. 
The present data show a bump with maximum 
at 153°K and (almost) completion of the transi- 


tion at ITO^K. The resistivity showed a change 
in slope at 173°K in the experiment of Van Daal 
and Buschow[13] whereas Mydosh et a/.[I4] 
inferred Tc to be ISTK both from resistivity 
and thermoelectric power measurements. 
From Knight shift measurements Jones and 
Budnick[15] estimated Tc to be about 150‘’K 
Tc for GdAla deduced from the heat capacity 
results are thus not inconsistent with those 
obtained by other means. 
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Table 4. Measured heat capacities for NdAl* . Molecular weight: 
198-203 g mole~* 


T emperature 
°K 

Cp 

Joules 
°K mole 

Temperature 

“K 

Cp 

Joules 
“K mole 

Temperature 

°K 

Cp 

Joules 
“K mole 

Series 1 

142-54 

59-05 

77-654 

48-08 

7-99 

0-182 

147-30 

59-89 

78-010 

44-70 

9-51 

0-480 

152-07 

60-58 

78-334 

44-16 

10-70 

0-760 

157-14 

61 43 

78-602 

43-70 

11-56 

1-303 

162-24 

62 26 

78-871 

43-70 

12-21 

1-024 

167-13 

63-01 

79-421 

43-31 

12-87 

1-697 

172-06 

63-44 

79 768 

43-23 

14-27 

2-130 

177-21 

64-17 

80-259 

43-27 

16-53 

3-294 

182-22 

64-67 

81-082 

43-25 

19-06 

4-819 

187-18 

65-12 

82 54 

43-53 

21-62 

6-647 

192-29 

65-68 

84 54 

44-05 

23-91 

8-572 

197-33 

66-18 

87-52 

45-07 

26-22 

10-82 

202-58 

66-67 

Series III 

28-82 

12-63 

207-90 

67-10 

67-78 

46-30 

32-10 

16-18 

212-40 

67-77 

70-81 

48-49 

35-56 

19-48 

217-40 

67-63 

72-167 

49-65 

38-44 

22-19 

222-58 

68-12 

72-794 

49-91 

41-09 

24-54 

227-94 

68-45 

73-313 

50-35 

44 05 

27-17 

233-93 

69-01 

73-698 

51-37 

47-30 

29-98 

243-29 

70-77 

73-985 

50 06 

51-08 

33-14 

251-05 

70-45 

74-203 

50-86 

54-82 

36-15 

256-36 

70-62 

74-790 

51-68 

57-82 

38-53 

261-62 

71-16 

74-972 

51-81 

60-40 

40-67 

266-69 

72-07 

75-153 

51-83 

62-61 

42-43 

271-78 

72-03 

75-334 

52-08 

64-82 

44-14 

276-86 

72-06 

75-518 

52-22 

67-16 

45-90 

282-01 

72-15 

75-702 

52-92 

70-73 

48-55 

287-57 

72-55 

75-887 

53-08 

75-42 

52-34 

292-98 

72-54 

76-080 

53-21 

80-25 

43-81 

298-62 

73-37 

76-286 

53-25 

85-34 

44-49 

304 89 

73 19 

76-501 

53-70 

90-49 

45-85 

Series 1 1 

76-720 

54-04 

95-53 

47-32 

65-54 

44-72 

76-922 

54-26 

100-43 

48-74 

67-51 

46-16 

77-099 

54-69 

105-20 

50-14 

69-95 

47-89 

77-283 

53-52 

109-87 

51-51 

71-54 

49-10 

77-471 

50-80 

114-47 

52-78 

72-62 

49-97 

77-657 

47-64 

118-88 

53-% 

73-58 

50-83 

77-939 

45-69 

123-23 

54-89 

74-50 

51-67 

78-262 

44-55 

127-96 

56-18 

75-52 

52-84 

78-552 

44-05 

132-94 

57-29 

76-53 

54-03 

78-868 

43-85 

137-71 

58-03 

77-251 

53-39 




Smoothed heat capacity, entropy, enthalpy 
and Gibbs free energy functions are listed for 
all the compounds except CeAl* in Tables 6 
to 10 at selected temperatures. As the measure- 
ments were not extended below 8°K it was 
necessary to extrapolate Cp below this tem- 
perature down to 0°K for evaluating the 
thermal data. This was done assuming the 


Debye law. The upturn for CeAla below 
IZ^K, of course, renders this kind of extra- 
polation valueless. For this reason thermo- 
dynamic functions for CeAlj are omitted. 

4. DISCUSSION OF RESULTS 

It is convenient to discuss the results in 
terms of an idealized framework in which 



1858 


C. DEENADAS et al. 


Table 5. Measured heat capacities for GdAlj. Molecular weight: 
210‘840 ^ OTo/f’ 


Temperature 

“K 

c , 

Joubs 
°K mole 

Temperature 

“K 

C . 

Joules 
°K mole 

Temperature 

°K 

c . 

Joules 
°K mole 

Series 1 1 

173-51 

64-36 

146-97 

67-40 

6-90 

1-551 

178-96 

65-35 

148-33 

67-58 

8-36 

1-083 

184-36 

65-47 

149-29 

67-84 

10-53 

1-308 

189-72 

66-13 

150-27 

68-24 

12-79 

1-875 

194-86 

66-72 

151-43 

67-85 

14-32 

2-346 

199-69 

67-46 

152-78 

69-24 

16-30 

2-098 

204-58 

68-07 

154-03 

67-94 

19-40 

5-189 

209-61 

68-49 

156-37 

68-82 

22-56 

5-936 

214-77 

69-01 

157-53 

69-45 

25-47 

6-881 

219-90 

69-60 

158-68 

67-72 

28-09 

9-669 

225-15 

73-56 

160-17 

67-40 

30-30 

10-60 

230-54 

69-67 

162-07 

65-77 

33-94 

12-66 

235-95 

70-61 

163-95 

64-77 

39-27 

15-85 

241-31 

71-35 

165-49 

64-61 

43-85 

19-09 

246-65 

71-25 

166-81 

66-02 

47-21 

20 66 

251-97 

71-43 

168-61 

57-52 

50-53 

24-42 

257-27 

71-62 

171-59 

63-81 

53-78 

24-57 

262-54 

72-01 

175-73 

64-48 

56-74 

27-73 

267 -% 

72-48 

180-35 

64-82 

59-45 

29-19 

273-53 

65-17 

184-94 

65-32 

62-16 

32-17 

278-48 

73-03 

189-57 

65-48 

Series 1 

284-05 

73-32 

194-35 

66-32 

81-61 

44-11 

289 59 

73-61 

Series IV 

85-63 

59-59 

295-12 

74-13 

38-73 

15-65 

90-04 

48-65 

Series 111 

41-51 

18-24 

94-86 

50-78 

89-90 

48-03 

45-28 

19-52 

100-31 

53-13 

93 97 

50-55 

49-54 

22-82 

106-03 

54-09 

98-21 

52-87 

54-19 

26-12 

111-06 

57-72 

102-29 

53-85 

58-57 

29-26 

115-91 

59-65 

106-22 

55-98 

62-71 

31-97 

120-62 

61-23 

109-11 

56-36 

67-05 

34-76 

124-87 

62-52 

111-75 

57-43 

71-66 

37-35 

128-86 

63-93 

115-55 

59-80 

76-45 

40-43 

132-94 

64-99 

1 19-87 

57-57 

80-94 

43-27 

136-96 

66-11 

126-34 

62-65 

85-24 

45-62 

141-08 

67-10 

130-37 

64-18 

89 18 

47-73 

145-32 

67-88 

134-52 

65-55 

93-70 

50-00 

149-50 

68-66 

137-88 

66 15 

98-83 

52-43 

153-81 

69-04 

140-91 

66-52 

103-74 

54-88 

158-25 

68-61 

143-31 

66-81 

108-18 

56-10 

163-04 

65-94 

145-14 

68-08 

111-91 

57-61 

168-19 

64-35 






exchange is weak compared to the crystai 
field interaction. (Actually the two effects are 
comparable at least in PrAlj and NdAlj, 
as will be brought out below.) Consider the 
case of an assemblage of Nd*^^ ions in a cubic 
held. The 10-fold degnerate ground state of 
Nd"*"® is split into a Fg (doublet) and two F* 
(quartet) states. If the former is lower lyirig. 


we expect in the idealized case a X-type thermal 
anomaly associated with the disappearance 
of the cooperative phase for ions in the Fg 
state followed by a Schottky-type thermal 
anomaly at higher temperatures brought about 
by excitation of the ions into the Fg states; 
the entropies associated with the two anom- 
alies are In2 and R In (10/2), respectively. 
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Tabled. Smoothed heat capacities'^ and thermodynamic 
values for La Alt 


Temperature 

•K 

Cp 

Joules 
°K mole 

iH-Hl)IT 

Joules 

mole 

S 

Joules 
°K mole 

-(F-HIVT 

Joules 
°K mole 

10 

0185 

0-046 

0 062 

0-016 

15 

0-867 

0-188 

0-243 

0-056 

20 

2-262 

0-516 

0-666 

0-150 

25 

4-368 

1-065 

1-385 

0-320 

30 

7-023 

1-831 

2-409 

0-579 

35 

9-864 

2-776 

3-706 

0-930 

40 

12-86 

3-848 

5-217 

1-369 

45 

15-97 

5-021 

6-910 

1-889 

50 

19-14 

6-274 

8-757 

2-483 

60 

25-41 

8-944 

12-804 

3-860 

70 

31-37 

11-727 

17-174 

5-447 

80 

36-80 

14-528 

21-723 

7-1% 

90 

41-64 

\im 

26-344 

9-066 

100 

45-86 

19-929 

30-954 

11-025 

110 

49-50 

22-456 

35-500 

13-044 

120 

52-62 

24-843 

39-945 

15-101 

130 

55-29 

27-M5 

44-264 

17-179 

140 

57-58 

29-183 

48-448 

19-264 

150 

59-58 

31 145 

52-490 

21-345 

160 

61-33 

32-978 

56-392 

23-415 

170 

62-89 

34-692 

60 158 

25-466 

180 

64-28 

36-298 

63-793 

27-495 

190 

65-54 

37-805 

67-303 

29-498 

200 

66-67 

39-220 

70-694 

31-474 

210 

67-69 

40-552 

73-972 

33-420 

220 

68-60 

41-807 

77-142 

35-335 

230 

69-40 

42-989 

80-210 

37-220 

240 

70-12 

44-105 

83-179 

39-074 

250 

70-76 

45-159 

86-054 

40-8% 

260 

71-36 

46-155 

88-841 

42-686 

270 

71-94 

47-099 

91-545 

44-446 

280 

72-54 

47-997 

94-172 

46-175 

290 

7.1-17 

48-854 

96 728 

47-875 

300 

73-84 

49-675 

99-220 

49-545 

273- 15 

72-13 

47-387 

92-381 

44-994 

298- 15 

73-71 

49-526 

98-764 

49-238 


'•’Results in this and subsequent tables justify only four significant 
figures. The larger number of figures reported was provided by the 
computer; they are given to facilitate the taking of differences which 
are sometimes needed in thermodynamic calculations. 


NdNit closely approximates this behavior 
[9]; in it exchange appears to be weak in 
comparison with the crystal field effect. 

If the two interactions are comparable, the 
two anomalies will not be clearly resolved 
but instead will overlap substantially; this 
appears to be the case in PrAl 2 and NdA^. 
The difference in Cp for Pr Al* and LaAlj (Fig. 
5) shows that the thermal anomaly is not of 


the simple k-type but instead has a pronounced 
shoulder. Results for NdAl* are similar. These 
data suggest that the thermal anomaly is a 
combination effect involving simultaneously 
the destruction of ferromagnetism and excita- 
tion into the higher energy crystal field states, 
implying, of course, that the strengths of the 
exchange and crystal field interactions are 
comparable. 
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Table 7. Smoothed heat capacities for 
CeAlj 


Temperature 

°K 

Cp 

Joules 
°K mole 

Temperature 

°K 

Cp 

Joules 
°K mole, 

10 

1-660 

150 

61-23 

15 

2-602 

160 

63-07 

20 

4-790 

170 

64-66 

25 

7-580 

180 

66-03 

30 

10-56 

190 

67-20 

35 

13-57 

200 

68-21 

40 

16-95 

210 

69-07 

45 

20-19 

220 

69-82 

50 

23-29 

230 

. 70-47 

60 

29-08 

240 

71-07 

70 

34-36 

250 

71-63 

80 

39-15 

260 

72-18 

90 

43-47 

270 

72-75 

100 

47-37 

280 

73-37 

110 

50-85 

290 

74-05 

120 

53-95 

300 

74-84 

130 

56-70 

273-15 

72-94 

140 

59-11 

298-15 

74-68 


As noted above CeAl^ gave no indication 
of the formation of a cooperative phase in 
the temperature range covered in this study 
although the upturn in Cp below 12°K sug- 
gested that ordering might occur below 8°K. 
The measurements of Hill and da Silva[8], 
showing an anomaly peaking at about 3-5°K, 
are consistent with the trend of Cp vs. tempera- 



Pig. 5. Excess heat capacity vs. temperature for PrAl*. i.e. 
difference in Cp for PrAlj and LaAl,. 


ture noted in the present work; however, the 
Cp values in the region of overlap, 8 to 15“K, 
differ by about 30 per cent, the present mea- 
surements being lower. The heat capacity 
data make it clear that the conclusion by 
Williams et al.[2] to the effect that CeAl 2 
becomes ferromagnetic at 8°K is erroneous: 
they are, however, in agreement with the con- 
clusion of Swift and Wallace [3] that CeAl 2 
becomes antiferromagnetic below 3®K. 

The difference in heat capacity for CeAlj 
and LaAlj is plotted in Fig. 6. A Schottky-type 
anomaly exists for CeAl*; we attribute this 
to the crystal field excitation. Calculations 
of this contribution to Cp were made with the 
doublet and with the quartet lowest lying. 
Curves are shown in Fig. 6 for the calculated 
curves which give peaks at the same tempera- 



Temperature {•K) 

Fig. 6. Crystal field heat capacity of CeAl,. Curves Q and 
D are calculated curves with quartet and doublet as ground 
states assuming a pure fourth order contribution. The 
experimental curve is obtained by subtracting away 
the Cp of LaAl, from Cp of CeAl,. 
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Table 8 , Smoothed heat capacities and thermodynamic 
values for PrAlj 


Temperature Joules 
"K “K mole 

{H-Ht)IT 

Joules 

“Kmole 

5 

Joules 
“K mole 

-(F-Hl)IT 
Joules 
°K mole 

10 

1-400 

0-347 

0-458 

0-111 

15 

5-550 

1-250 

1-643 

0-392 

20 

13-40 

3-269 

4-271 

1-002 

25 

22-82 

6-262 

8-322 

2-060 

30 

33-90 

9-829 

13-307 

3-479 

31-8 

45-80 

11-345 

15-438 

4-093 

35 

14-61 

12-276 

17-522 

5-246 

40 

16-00 

12-615 

19-521 

6-906 

45 

1914 

13-165 

21-587 

8-421 

50 

22-19 

13-917 

23-763 

9-846 

60 

27-88 

15-777 

28-319 

12-542 

70 

33-07 

17-882 

33-012 

15-130 

80 

37-77 

20-079 

37-740 

17-661 

90 

42-03 

22-286 

42-439 

20-154 

too 

45-86 

24-455 

47-070 

22-615 

110 

49-29 

26-560 

51-605 

25-045 

120 

52-35 

28-584 

56-028 

27-443 

130 

55-07 

30-519 

60-327 

29-808 

140 

57-46 

32-360 

64-498 

32-138 

150 

59-56 

34-105 

68-535 

34-430 

160 

61-40 

35-755 

72-439 

36-685 

170 

62-99 

37-311 

76-211 

38-899 

180 

64-38 

38-777 

79-851 

41-074 

190 

65-57 

40-157 

83-365 

43-208 

200 

66-61 

41-454 

86-755 

45-301 

210 

67-51 

42-674 

90-027 

47-353 

220 

68-30 

43-821 

93-186 

49-365 

230 

69-02 

44-901 

%-239 

51-337 

240 

69-68 

45-920 

99-190 

53-270 

250 

70-31 

46-883 

102-047 

55-164 

260 

70-94 

47-796 

104-817 

57-021 

270 

71-60 

48-666 

107-507 

58-841 

280 

72-31 

49-497 

110-123 

60-626 

290 

73-10 

50-297 

112-674 

62-377 

300 

73-99 

51-072 

115-167 

64-095 

273-15 

71-82 

48-931 

108 339 

59-407 

298-15 

73-81 

50-930 

114-710 

63-780 


tures as the experimental curve. Clearly 
neither aiTords a good representation of experi- 
ment. A number of years ago White et a/. [16] 
on the basis of magnetic measurements con- 
cluded that the Fg state was lowest lying and 
that the F* to F 7 separation was about 200°K. 
The thermal anomaly computed on this basis 
is also in poor agreement with experiment; 
for example, the calculated value peaks at 
76°K, higher by a factor of two than the 
experimental value. 

11 ^ difficulty in accounting for the details 


of the heat capacity anomaly is probably to 
be found in the recent discovery by van Daal 
and Buschow[17] that CeAlg exhibits a 
resistance minimum and hence it is probably 
a (concentrated) Kondo system. Spin com- 
pensation influences the susceptibility and 
undoubtedly renders the crystal field splitting 
determined by White et al. inaccurate. The 
interaction between the localized spins of 
the Ce+® ion with the conduction electrons, 
which produces the Kondo effect, contributes 
to the heat capacity and the entropy of the 
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Table 9. Smoothed heat capacities and thermodynamic 
values for NdAI* 


Temperature 

°K. 

Cp 

Joules 
°K mole 

Joules 
°K mole 

S 

Joules 
°K mole 

-(F-Hl)IT 
Joules 
’ °Kmole 

10 

0-61 

0 153 

0-204 

0-051 

15 

2-48 

0-579 

0-760 

0-180 

20 

5-54 

1-416 

1-868 

0-452 

25 

9-49 

2-624 

3-516 

0-891 

30 

14-04 

4-141 

5-641 

1-500 

35 

18-88 

5-899 

8-166 

2-267 

40 

23-64 

7-818 

10-997 

3-179 

45 

28-04 

9-825 

14-040 

4-215 

50 

32-13 

11-853 

17-208 

5-355 

55 

36-24 

13-882 

20-462 

6-580 

60 

40-39 

15-918 

23-794 

7-875 

65 

44-33 

17-955 

27-185 

9-230 

70 

47-89 

19-967 

30-601 

10-635 

75 

51-97 

21-955 

34-035 

12-080 

77-2 

54-85 

22-848 

35-575 

12-728 

80 

43-47 

23-633 

37-189 

13-557 

90 

45-73 

25-932 

42-407 

16-475 

100 

48-67 

28-058 

47-377 

19-319 

no 

51-52 

30-063 

52-150 

22-088 

120 

54-17 

31-%3 

56-748 

24-786 

130 

56-54 

33-764 

61-179 

27-416 

140 

58-61 

35-466 

65-447 

29-981 

150 

60-39 

37-070 

69-553 

32-483 

160 

61-92 

38-577 

73-501 

34-924 

170 

63-24 

39-990 

77-295 

37-306 

ISO 

64-39 

41-314 

80-943 

39-629 

190 

65-42 

42-556 

84-453 

41-897 

200 

66-36 

43-723 

87-832 

44-109 

210 

67-26 

44-822 

91-092 

46-270 

220 

68-12 

45-862 

94-241 

48-379 

230 

68-95 

46-847 

97-287 

50-439 

240 

69-74 

47-785 

100-238 

52-453 

250 

70-49 

48-678 

103-100 

54-422 

260 

71-17 

49-531 

105-879 

56-348 

270 

71-77 

50-344 

108-576 

58-233 

280 

72-28 

51-118 

111-196 

60-078 

290 

72-70 

51-855 

113-740 

61-884 

300 

73-07 

52-556 

116-211 

63-654 

273-15 

71-94 

50-592 

109-410 

58 818 

298-15 

73-00 

52-429 

115-759 

63-330 


system in ways which for concentrated 
systems remain to be elucidated. We feel that 
it is this contribution which produces the 
discrepancy between the experimental curve 
and that computed with the doublet lowest. 
(The work of Hill and da Silva together with 
the work of Van Daal, Buschow, Rao 
and Wallace leave little doubt that the Tg 
state is, indeed, the ground state.) 


The computer curves in Fig. 6 are based 
on the assumption of an assemblage of non- 
interacting ions, in respect to the interionic 
interaction this assumption seems to be valid; 
exchange {Tn = 3-5°K) is so weak as to be a 
second order effect. We are inclined to ascribe 
the excess experimental heat capacities over 
the calculated values for T > lOO^K to the 
persistence of the interaction between the 



1864 


C. DEENADAS et al. 


Table 10. Smoothed heat capacities and thermodynamic 
values o/GdAl 2 


Temperature 

°K 

Cp 

Joules 
°K mole 

Joules 
“K mole 

5 

Joules 
“K mole 

-(F-Hl)IT 
Joules 
“K mole 

10 

0-130 

0-207 

0-312 

0-106 

15 

2-560 

0-753 

1-043 

0-290 

20 

4-642 

1 450 

2-048 

0-598 

25 

7-301 

2-347 

3-361 

1-014 

30 

10-31 

3-420 

4-954 

1-534 

35 

13-52 

4-369 

6-791 

2-152 

40 

16-63 

5-943 

8 799 

2-856 

45 

19-82 

7-307 

10-941 

3-634 

50 

23-11 

8-722 

13-199 

4-477 

60 

29-91 

n-685 

18-011 

6-326 

70 

36-64 

14-773 

23-132 

8-358 

80 

42-86 

17-903 

28-438 

10-535 

90 

48-33 

20-987 

33-809 

12-823 

100 

53-06 

23-%3 

39-152 

15-189 

no 

57-18 

26-799 

44-406 

17-607 

120 

60 86 

29-487 

49-543 

20-055 

130 

64-09 

32-028 

54 -.545 

22-517 

140 

66-66 

34-415 

59-394 

24-979 

150 

68-23 

36-624 

64-053 

27-430 

153 

68-65 

37-242 

65-408 

28-161 

160 

67-19 

38-606 

68-464 

29-858 

170 

64-07 

40-163 

72-410 

32-247 

180 

65-22 

41-524 

76-106 

34-582 

190 

66-27 

42-799 

79-660 

36-862 

200 

67-27 

43 998 

83-085 

39-088 

210 

68-21 

45-129 

86-390 

41-262 

220 

69-10 

46-198 

89-584 

43-386 

230 

69-93 

47-212 

92-674 

45-462 

240 

70-70 

48-175 

95-667 

47-492 

250 

71-43 

49-091 

98-568 

49-477 

260 

72-09 

49-%3 

101-383 

51-420 

270 

72-69 

50-793 

104-115 

53-321 

280 

73-24 

51-586 

106 769 

55-183 

290 

73-74 

.52-341 

109-348 

57 006 

300 

74-18 

53-062 

111-855 

58-793 

273- 15 

72-87 

51-047 

104 959 

53-912 

298-15 

74-10 

52-931 

1 1 1 396 

58-465 


localized and the conduction electron spins. 
This, we feel, is also responsible for the lack 
of agreement between the calculated and 
experimental values at lower temperatures. 
Clearly it is not appropriate to regard CeAlj 
above 10°K as an assemblage of essentially 
non-interacting ions, ignoring the conduction 
electron influence. The present work thus 
indicates that the interaction between the 
localized Ce+^ ion spins and the conduction 
electrons is important not only for the trans- 
port behavior of CeAlj but also in regard to" 


its thermodynamic characteristics (Cp and 
entropy) and probably in regard to its low 
temperature magnetic behavior as well. 

The excess heat capacity for GdAlj (Fig. 7) 
is quite remarkable. There is no correspond- 
ence between the results obtained and the 
expected X.-type thermal anomaly. The excess 
heat capacity covers a very wide range of 
temperature. The anomalous width of the 
magnetic transition is also evident in mag- 
netization-temperature [3] measurements and 
in resistivity-temperature measurements 
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Table 11. Heat capacity anomalies and comparison with other 

observations 


Compound 

Type of thermal 
anomaly 

Peak* 

temperature in °K 
Heat Capacity 

Tc or Tx 

m 

Other Methods 

1 

CeAl, 

Schottky 

~40 

3lbl 

gi.i 

PrAlj 

Schottky+X 

3i'8 

BI"*' 

38'W 

NdAlj 

Schottky + K 

77-2 

76"" 

76"" 

OdAlj 

7 

153° 

173"” 

151"' 



170°t 

171"’ 

182"" 





150"' 


“In the Schouky anomaly the peak is referred to as the maximum observed 
in ACp. 

tThe temperature at which the transition is essentially complete. 

'“'Ref. [2] ™Ref. [3] ^Ref. [14] 

"‘iRef. [13] '''Ref. [6] '"Ref. [15). 


Table 12. Magnetic entropies and! or crystal field 
entropies { Joules TK mole) 


Substance 

Theoretical 

Measured 

Meas./Theor. 

CeAlj 

/? In6/2 = 9 I3 

8-45 

0-925 

PrAI, 

R In 9= 18-26 

15-94 

0-871 

NdAlj 

R In 10= 19-11 

16-99 

0-886 

GdAlj 

R In 8= 17-20 

12-63 

0-735 



[13]. The process is so broad that we regcird 
it as weakly cooperative, similar in some 
respects to that observed for elemental Pr 
[18]. However, the mechanism cannot be 
similar since in Pr the ordered phase grows 
out of the singlet state. The unusual behavior 
of GdAla remains to be elucidated. 


Entropies associated with the heat capacity 
anomalies are given in Table 12. For CeAl^ 
this seems to be solely a crystal field effect 
and hence AS = ./? In (ga + grVgT where ga and 
gj are the multiplicities of the Fg and Fj states, 
i.e. 4 and 2, respectively. In the other cases 
AS = ln(2J+ 1) since the crystal field and 
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magnletic contributions cannot be separated. 
Agreement is reasonably satisfactory for the 
first three compounds but poor for GdAlj. It 
appears that LaAla may not be entirely satis- 
factory to represent the lattice and electronic 
contribution. If so this would be particularly 
noticeable for GdAlj for which the transition 
is unusually wide. It is perhaps for this reason 
that the discrepancy is largest in this case. 
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CRYSTAL FIELD AND MAGNETIC HEAT CAPACITY 

IN Prina AND Celna* 

A. M. VAN DIEPEN,t R. S. CRAIG and W. E. WALLACE 
Department of Chemistry. University of Pittsburgh, Pittsburgh. Penn. 15213, U.S.A. 

(Received 3 September 1 970) 

Abstract- Heat capacities of Lalnj, Celn, and Prin, have been measured between 7 and 300°K. The 
Lalua results fit a Debye curve with 6 = I70“K. Prln, has a Schottky-type anomaly around 
from which an overall crystal field splitting of about I70°K is derived, with the singlet F, as the lowest 
state. The heat capacity and magnetic behavior of Prlnj indicate a value of the crystal field parameters 
in the range -0-8 to —0-6. Celnj shows a Schottky anomaly around 60°IC, which yields a crystal field 
splitting of ISS^K (doublet lowest). A lambda-type anomaly is observed at 10-4±0-5°K, the Neel 
point. The magnetic entropy indicates that the doublet F, is the lowest level in Celn,. The sign of the 
crystal field splitting is in both compounds in agreement with point chaige predictions. 


1. INTRODUCTION 

The magnetic behavior of the various Ring 
(R = a rare earth) compounds has recently 
been reported [1]. Prlns was observed to 
exhibit Van VIeck paramagnetism at the 
lowest temperatures studied. Efforts to deduce 
the overall crystal field splitting (£^) for this 
compound from its susceptibility-temperature 
behavior were only partially successful due to 
uncertainty as to the relative importance of 
the fourth and sixth order contributions to the 
crystal field potential; could not be 
established to better than a factor of two. It 
should be possible to refine this estimate, as is 
pointed out below, by appropriate heat capa- 
city measurements. This provided the incen- 
tive for undertaking the present study. In 
due course the investigation was broadened 
to include Celua. The magnetic measurements 
on Celna had suggested [1] an appreciable 
crystal field interaction but the results could 
not be unambiguously analysed. Again it 
appeared that heat capacity studies could 
provide information from which the overall 
splitting and degeneracy of the ground state 
could be deduced. 

Measurements on non-magnetic Lalns were 

*Tliis work was supported by a grant from the U.S. 
Army Research Office, Durham. 


included to facilitate the resolution of the 
magnetic and crystal field contribution from 
the total heat capacity. It (i.e. Lalng) was used 
to approximate the lattice vibrational contri- 
bution to the heat capacity of Celna and Prln,',. 

2. EXPERIMENTAL 

The samples used in the present investiga- 
tion, about 85 grams per compound, were 
prepared by levitation melting. Pieces of 
about 1 0 grams were made at a time. Since the 
compounds form congruently only a short 
stress annealing was needed. The indium 
metal used was 99-999 per cent, the rare earths 
were 99-9 per cent pure. X-ray diffraction 
showed that Lalnj, Celng and Prins have the 
cubic CugAu structure with lattice parameters 
close to those given in Ref. [1]. The heat 
capacities were studied between 7 and 300°K 
in a calorimeter of the adiabatic type [2], 
described in Ref. [3]. 

The experimental heat capacities are given 
in Table 1. The values at room temperature 
slightly exceed 99-8 Joule/°K mole, the value 
for C* expected for a solid of four atoms per 
formula unit. The heat capacity of Prins 
exceeds that of Lalns up to 125°K; the differ- 
ence between the heat capacity of the two 
compounds is given in Fig. 1. The anomaly is 
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of the Schottky type and attributed to the 
crystal field acting on the Pr*+ ion. Celna has 
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Table 1. Experimental heat capacities o/Lalna, Ccina and Prlna as depending on the tem- 
perature 


T 

(“K) 

Cmoi 

(Joule/°K mole) 

T 

(°K) 

C'moI 

(JouIerK mole) 

T 

(°K) 

Cmoi 

(Joule/°K mole) 

T 

CK) 

Cmoi 

(Joule/°K mole) 


Lain, 


Cellla 

9-96 

15-39 


Prln, 

41-47 

48-26 

88-09 

89-17 

10-43 

8-41 

12-55 

3-08 

46-61 

54-97 

93-03 

89-02 

11-14 

3-83 

15-23 

6-81 

52-45 

61-77 

98-18 

90-68 

11-97 

4-27 

17-83 

11-94 

68-73 

74-52 

103-67 

92-24 

12-84 

4-75 

20-87 

1904 

lA-1% 

77-86 

110-04 

93-54 

14-50 

6-50 

23-57 

25-77 

80-89 

81-63 

152-40 

101-79 

8-19 

7-30 

26-11 

32-07 

tn-22 

84-75 

160-35 

103-15 

9-40 

12-56 

28-86 

38-22 

93-81 

86-89 

169-09 

102-28 

10-02 

16-03 

31-48 

43-57 

100-55 

88-14 

192-90 

104-87 

10-41 

15-45 

37-82 

53-56 

107-11 

90-30 

202-00 

102-41 

10-73 

4-46 

41-70 

58-44 

1 14-02 

91-88 

218-54 

102-26 

11-10 

4-47 

45-87 

62-99 

122-33 

93-68 

226-95 

102-76 

11-41 

4-47 

50-14 

67-21 

130-52 

95-24 

37-66 

45-05 

11-71 

5-02 

58-90 

73-57 

138-27 

96-72 

39-72 

48 II 

12-07 

4-01 

62-80 

75-42 

9 30 

-84 

42 39 

56 18 

12 48 

4-10 

66 80 

78-19 

10-67 

1-90 

45-30 

61-87 

13-18 

4-98 

71-58 

79-82 

12-99 

3-89 

48-10 

64 38 

14-92 

6 91 

77-46 

82-49 

15-97 

7-18 

61-10 

76- 16 

17-23 

9-75 

83-70 

85-53 

18-78 

11-06 

66 29 

80-22 

19-47 

13-03 

95-81 

88-86 

21-41 

15-37 

71-24 

82-03 

22-05 

17-07 

102-01 

89-92 

23-90 

20-32 

110-36 

94-82 

24-55 

21-64 

108 01 

91-10 

26-43 

25-14 

118 41 

96-44 

26-91 

26-41 

113-79 

93-03 

29-10 

28-72 

127-29 

98-48 

29-64 

31-45 

119-63 

93-60 

31-94 

33-55 

136-35 

98-80 

32-72 

37-31 

125-48 

94-24 

35-19 

38-91 

145-18 

100-56 

35-87 

42-40 

131-55 

95-33 

37-28 

41-82 

154-10 

101 79 

38-97 

47 50 

138-26 

96-52 

38-58 

44-16 

163-33 

101-19 

41-91 

52-13 

145-23 

97-35 

44-40 

53-01 

119-44 

97-28 

44-90 

56-82 

151-68 

97-04 

48-05 

56-66 

125-43 

98-90 

48-37 

62-05 

157-20 

97-65 

52-39 

61-94 

130-98 

100-17 

52-32 

66-87 

162-51 

97-58 

56-78 

66-22 

136-75 

101-59 

56-77 

73-07 

167-77 

98-67 

61-51 

69-62 

149-01 

102-66 

61-13 

75-00 

173-34 

98-72 

66-71 

73-33 

156-21 

102-97 

65-73 

77-24 

179-19 

99-33 

81-89 

81-81 

163-44 

102-89 

70-86 

80-87 

189-87 

"99-86 

89-73 

85-83 

170-32 

104-73 

62-68 

75-42 

1%-12 

99-87 

97-82 

87-57 

177-43 

105-04 

65-61 

76-55 

201-93 

100-52 

106-30 

90-09 

185-35 

103 86 

69 23 

78 10 

207 66 

100-72 

115-26 

92-22 

193-84 

104-45 

77-09 

83-62 

213-41 

100-92 

124-53 

94-22 

202-50 

105-90 

81-65 

85-89 

219-27 

I0M8 

134-78 

96-35 

210-74 

104-28 

94-44 

90-64 

226-09 

101-56 

145-45 

98-17 

218-92 

105-44 

99-32 

91-45 



154-73 

99-90 

227-03 

105-86 

104-10 

93-32 



164-21 

100-45 

6-26 

1-94 

108-71 

94-43 



174-53 

100-23 

7-78 

5-73 

113-25 

96-11 



184-66 

101-51 

8-44 

7-08 

117-84 

97-02 



194-23 

100-63 

9-08 

10 12 





225-03 

102-44 

9-56 

9-75 






a Schottky anomaly around 60“K (Fig. 2) and, 
in addition, a lambda-type anomaly at 10'4°K 
(Fig. 3), the latter being attributed to the aoti- 
ferromagnetic transition at the Neel point. 


3. DISCUSSION 
(a) Lattice heat capacity 
The experimentally measured heat capacity 
is the sum of different contributions. The main 
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Fig. 2. Crystal field heat capacity of Celn, (circles, dashed 
line), compared with theory for doublet lowest (curve D) 
and quartet lowest (curve Q). 

contribution is from the lattice vibrations; its 
temperature dependence is according to a 
Debye function [4]. For Rina: 

/T\-' f" e't* d/ 

C,,(lattice) = 36R(^-^j J jp—jy' 

where R is the molecular gas constant, d the 
Debye temperature determined by the maxi- 
mum vibration frequency (»)„ through 0 = 
hmjk. The actual integration is over all vibra- 
tion frequencies up to the maximum, with t — 
hwlk. Because of the small expansion coeffi- 
cients of metals the experimental heat capacity 



Fig. 3. Heat capacity of Celnj and Lain, (lower curve) 
around the Niel point of Cein,. Both curves are extra- 
polated to zero temperature on the basis of the results of 
Ref. 110). 

can be considered as measured under constant 
volume. The Lain, data were fitted to equa- 
tion (1). Numerical values for the integral 
were taken from Ref. [5]. Up to about 100°K a 
good fit was obtained for 6 — 170°K. At the 
higher temperatures, where the lattice heat 
capacity increases very slowly, other effects 
such as conduction electron heat capacity and 
impurities become more pronounced, so that 
deviations from equation (1) occur. It is also 
because of these effects that the value 9 = 
170°K should be seen as a lower limit, rather 
than as an average. 

(b) Crystal field heat capacity 
The (2J -f 1 )-fold degeneracy of the ground 
state of the rare-earth ion is removed by the 
crystal field. The cubic crystal field splits the 
J = i level in Celns into a doublet Fj and a 
quartet Fg. In Prlng the 7 = 4 level is split into 
a singlet F,, a nonmagnetic doublet Fg, and 
two triplets F 4 and Fg. A redistribution over 
the different crystal field levels with a varia- 
tion of temperature involves energy varia- 
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tions, land hence a contribution to the heat 
capacity. This effect is much smaller than that 
from the lattice vibrations. To determine the 
crystal field heat capacity the other contribu- 
ions (lattice and electronic) must be sub- 
tracted from the experimentally measured 
total. It is for this purpose that the heat capa- 
city of Lalna was measured. A smooth curve 
was drawn through the measured Lalns 
points. The circles in Figs. 1 and 2 represent 
experimental Prlns and Cein;, data minus the 
corresponding points on the Lalns curve. The 
excess heat capacity in Prina becomes nega- 
tive for T > 125°K. In Celna it is almost a 
constant for T > 1(K)°K. A possible explana- 
tion of these differences can be found in the 
presence of impurities such as rare-earth 
hydrides, nitrides, oxides and so on, which 
have at the high temperatures bigger gram 
heat capacities than the rare-earth metals 
and the Rln,, compounds [6]. These impurities 
change the absolute value of the observed 
crystal field contribution by almost a constant 
in the high temperature range, but do not 
change its shape appreciably. 

Entropies under these Schottky anomalies 
are: Prln.^ (up to 130°K) AS = 1 1-8 Joule/mole 
(Rln9= 18-27), CeIn;, (up to 100°K) AS = 
5-6 Joule/mole (R In 6/2 = 9- 13). The failure 
of ACp to approach zero as temperature in- 
creases complicates attempts to assess AS 
associated with excitation within the crystal 
field spectrum. The upper temperatures cited 
are arbitrary and do not correspond to com- 
plete excitation. The experimental entropies 
are hence underestimated. 

The heat capacity at a temperature T of a 
system involving n energy levels is given by 

= (y)'exp(-A,/7-) 

- [ 2 y -zj, (2) 

where A^ is the energy difference between the 
i-th level and the lowest level and Z is the 
partition function. Theoretical calculations 


have been made for Ce^'*" (see Fig. 2) and Pr®+ 
(see Fig. 4) in a cubic environment. For the 
Ce compound only two level systems are 
possible, viz., doublet lowest or quartet 
lowest. For Pr^"^ many different combinations 
X of fourth and sixth order potentials are pos- 
sible, each involving a different arrangement 
of the energy levels [7]. The calculated heat 
capacities were compared with experiment 
by adjusting the overall aplitting so that the 
experimental and theoretical temperatures of 
maximum heat capacity, 36°K for Prlng and 
60°K for CeIn,, coincide. 

By comparing Figs. 1 and 4 it is immediately 
seen that in Prlna, in agreement with the point 
charge model. W must be positive and the 
singlet r, is the lowest state. Reasonable fits 
are obtained for x ^ -0-8, from which an 
overall splitting of about 170°K follows. The 
separation between the singlet ground level 
and the next triplet 1% or Tj is around 1{)0°K. 
A pure fourth order crystal field potential 
(x = — 1-0) definitely cannot describe the 
experimental heat capacity, since for 7 > 45 
°K large discrepancies occur. The actual level 
scheme should also give a good fit to the 
susceptibility [1], so that x must be in the 
range -0-6 to —0-8. The corresponding energy 
levels are given in Table 2. From heat capacity 
and magnetic susceptibility data alone it is 
not possible to distinguish between the given 
(and intermediate) sets. A method which 
measures the energy separations in a direct 
way, e.g. inelastic neutron scattering [8], will 
probably be more decisive. 

The situation for Celn,-) is less clear, since 
the experimental errors in the crystal field 
heat capacity are more nearly comparable 
with the crystal field contribution. The result 
(Fig. 2) is a broad peak around 60°K. If the 
quartet is lowest, the splitting is 135±30°K; 
in the other case it is 155 ±30°K. The data in 
Fig. 2, while not decisive, suggest that the 
ground state is the doublet. Firmer evidence 
that the doublet is lowest results from analy- 
sis of the magnetic transition, presented in the 
next section. 
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Fig. 4. Some calculated crystal field heat capacity curves for different proportions of fourth and 
sixth order potentials acting on the Pr’'^ ion in Prlnj. 


Table 2. Energy levels for the 
Pr'"^ ion in Prln^ after removal 
of the degeneration of the J = 4 
state by crystalline fields for dif- 
ferent values of the parameter x 


Level 

II 

1 

0 

00 

j = -07 

.r = -0-6 

r. 

-120°K 

~1I4“K 

-117”K 

1% 

-33 

-23 

-16 


+30 

+43 

+55 

r. 

+53 

+32 

+ 18 


At low temperatures {T A,;) equation (2) 
can be approximated by 

(3) 

where gi and are the degeneracies of the 
first and the second level [9], A plot of In CcfP 
vs. l/r should give a straight line, the slope of 
which is — A 2 . A 2 can also be determined from 
the intersection with the InCc/T* axis. For 


Table 3. Values of the energy 
distance between the lowest 
levels in Celns and Prlnn as 
derived from heat capacity data 





A,/*"" 


CK) 

CK) 

(°K) 

Celn, 

167 

145 

155 

Prln;, 

112 

120 

-96 


■“’Obtained from the slope of the plot 
oflnC,,rvs. \tT. 

"’■Obtained from the intersection with 
the In CciT‘ axis of the same plot. 

■'■Obtained from the position of the 
peak and the overall shape of the 
Schottky anomaly. 

Prlnj data between 16 and 32‘’K lay on a 
straight line; for Celna data between 30 and 
50°K are used. The results are given in Table 
3. It should be noted that, if in Prlns the energy 
separation between the second and the 
third level is about kT, to first approxima- 
tion still a straight line is obtained. However, 
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the derived ‘Ag’ will be bigger than the actual 
value. 

(c) Magnetic heat capacity 

A lambda-type anomaly was observed in 
Celna at 10-4±0-5°K (Fig. 3). This agrees 
well with the N6el point, found in the sus- 
ceptibility at irK[l]. An estimated peak 
value of the heat capacity of 25 JoulerK mole 
was used to evaluate the entropy change 
associated with the anomaly. The latter was 
found to be 6-0 Joule/mole, very near to 
R In 2 = 5-76. The experimental AS was 
obtained from the difference of Cp for Celna 
and Lalnj. Preliminary heat capacity data in 
the range 1-5 to 4-2‘’K of both compounds 
indicate, however, that the low temperature 
heat capacity of Celn^ is far in excess of that 
of LalnsflO], so that the actual entropy 
associated with the antiferromagnetic transi- 
tion is less than 6-0 Joule/mole. Since the 
quartet would require twice as much entropy, 
which by no means can be found, this result 
unambiguously shows that the doublet is the 
lowest level in Celng. 

4. CONCLUSION 

Heat capacity data together with suscepti- 
bilities have lead to a satisfactory description 


of the crystal fields in Prlnj and Ceinj. The 
heat capacity data indicate the lowest level to 
be a singlet in Prina and a doublet in Celng. 
These results are in qualitative agreement with 
the point charge model. 
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PHOTOLUMINESCENCE IN COMPENSATED n-TYPE, 
Si-DOPED GALLIUM ARSENIDE* 

I. PETRESCU-PRAHOVAt ud N. N. WINOGRADOFF 
National Bureau of Standards, Washington, D. C. 20234, U.S. A. 

(Received 26 August 1970) 

Abstract— Band tailing observed in highly doped GaAs and other semiconductors has been attributed 
to screened coulomb potentials. The amphoteric nature of meh-grown. Si-doped samples, limiting 
the free electron concentration to below n = Sx 10"cm~’, permitted the unequivocal study of the 
band tail parameters as a function of impurity concentration at virtually constant free carrier screening 
over a silicon concentration range from 2-6 X 10'* to 1-2X t0**cm~*. The photoluminescent spectra 
of such samples consisted of two broad bands, one of which, centered at l'2eV, decreased with 
increasing temperature and vanished at the higher temperatures where accurate analysis of the 
shape of the other band, centered at any energy close to the band gap, could be made. The intensity 
of the low energy side of the latter band was found to be exponential and proportional to exp (hv/Eo), 
and the dependence of Eo on the concentration of the silicon dopant was determined. Since a change 
of the excitation intensity over two orders of magnitude did not change the position or shape of the 
band-to-band Mine', it was concluded that the nature of the spectra reflects exponential density-of- 
states tails at the conduction band edge. 


1. INTRODUCTION 

In recent years the optical properties of 
heavily doped GaAs suggested that the con- 
duction and/or valence band edges in such 
materials were perturbed in such a way as to 
generate density-of-states tails extending 
these band edges into the forbidden gap. The 
presence of such tails was assumed in the 
band filling model in electrolununescent 
diodes [1], and in the interpretation of absorp- 
tion [2, 3], cathodoluminescent[4], and photo- 
luminescent spectra [3, 5]. 

It has been shown theoretically that the 
presence of tails would be expected to improve 
room temperature operation of GaAs lasers 
f6], and this was confirmed experimentally in 
work with laser diodes where the p-type side 
was heavily compensated {?]. Theoretical 
considerations [8, 9] suggest that tails would 
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be developed preferentially in materials with 
high concentrations of impurities provided 
the screening of the coulomb potential of the 
impurities by the free carriers could be kept 
low. i.e., in materials with a high degree of 
compensation. 

A possibility of approaching the above 
theoretical requirements is provided by the 
amphoteric nature of Si when present in high 
concentrations in melt-grown GaAs. The high 
solubility of this dopant permitted the prepara- 
tion of n-type samples having Si concentrations 
ranging from 2-6 x 10** to 1 -2 x 10*® Si atoms 
cm“* while the free electron concentration 
changed only by a factor of two from 2-2 x 
10’* to 4-0 X 10** electrons cm“® and allowed 
the study of the effect of a wide range of 
impurity concentration on the shape of the 
photoluminescent spectrum at a virtually 
constant free carrier concentration. 

2. EXPERIMENTAL PROCEDURE 
2.1 Sample preparation 

The material was prepared by the addition 
of predetermined quantities of Si to the melt 
and the samples were cut from the initial 
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portions ' of the resulting crystals so as to 
permit the determination of the Si content 
in the sample from segregation coefficient 
data, with the assumption that the s^egation 
coefficient was 0‘14[10]. Hall measurements 
showed that carrier saturation commenced at 
“dx 10^* electrons cm“®, in agreement with 
published data[l 1]. 

The calculated Si concentration, Nsi, and 
the measured Hall electron concentrations, 
n, for the five samples studied are shown in 
Table 1. 

Although the electron concentration in these 
samples is virtually constant, the mobility 
showed a strong dependence on the impurity 
concentration suggesting that the Si atoms 
which entered the crystal as donor and ac- 
cepter impurities were ionized at all the tern 
peratures used in the experiments. 

2.2 Optical System 

For intercomparison of the various samples, 
small pieces of each sample, etch polished in 
bromine/methanol, were mounted on a cir- 
cular holder and held in place by an outer 
circular clamping plate fitted with windows 
opposite each sample. The windows were 
equipped with chamfered edges to allow 
oblique angles of incidence of the pumping 
light and the collection of divergent emission. 

This arrangement permitted the interchange 
of the samples by rotating the circular holder 
about an axis parallel to the normal to the 
illuminated face of the sample, in such a way 
that the optical alignment of the system re- 
mained unaltered. The holder was mounted on 
a resistive heater for use at the higher tempera- 
tures and was compact enough for insertion 
into a horizontal dewar fitted with an end- 
window, for cooling by a flow of cold nitrogen 
gas when required. This arrangement allowed 


a temperature range of 200 to 490 K to be 
used without disturbing the optical system. 

The sample was illuminated with radiation 
from a 200 mW argon laser focused to a spot 
size of 2 X 10“^ cm*. The resulting concentra- 
tion of excess carriers was much higher than 
that attainable with mercury vapor lamps and 
permitted studying the effect of the intensity 
of excitation over two orders of magnitude by 
the insertion of neutral density filters in the 
laser beam. 

The photoluminescence emitted from the 
illuminated surface was isolated from the argon 
line by filtering the light emitted by the sample 
through a 2-mm RG-8 Schott glass filter and 
focused onto the entrance slit of a grating 
monochromator. 

The resolution of the monochromator was 
kept constant at 1 00 A. An uncooled photo- 
multiplier with an 5-1 photoresponse was used 
as the detector, and all spectra were corrected 
for the photomultiplier response. The laser 
beam was chopped at 90 Hz and the signal 
was amplified with a lock-in amplifier. 

3. RESULTS AND DISCUSSION 

In general, the spectra generated by the 
above samples were in the form of two broad 
peaks. One was centered at 1 -2 eV at all tem- 
peratures, while the other shifted with tempera- 
ture in the same way as the band gap in pure 
material [Figs. 1(a), 1(b), and 1(c)]. ft was 
assumed that this high energy band was due to 
transitions from the conduction to the valence 
bands, which at the doping levels used, exhibit 
tails of states extending into the forbidden gap. 

The low energy band increased in intensity 
on cooling, and at 200 K the high energy band 
could no longer be resolved against the back- 
ground of the low energy band in the most 
heavily doped sample. As the temperature 


Table 1 . Impurity and electron concentrations for different samples 


Sample 12 3 4 5 


Nsi atoms cm-» 2-6X10'* 5-4xl0‘* 1-22X10‘» 2-6x10'* 1-2x10*“ 

N electrons cm-* 2-2x10'* 3-6x40'* 4-1x10'* 4-9x10'* 4-0x10'* 
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Fig. Ic. 

Fig. I. Photoluminescence spectra for the five samples of 
Table 1 taken at (a) 200 K, (b) 245 K., and (c) 300 K. 


was increased, the intensity of the emission 
in the 1-2 eV hand decreased and that of the 
high energy band increased slightly. In all 
samples, at the highest temperature used, 
490 K, the low energy band disappeared and 
only the high energy band could be seen. 

These results are very similar to those ob- 
served in Te-doped samples [12- 14], where 
the temperature independence of the low- 
energy peak was attributed to transitions 
between states resulting from the interaction 
of a donor impurity with a Ga vacancy form- 
ing a complex, and suggests that the low- 
energy btind in the Si-doped samples originates 
from similar VcSic. complexes [14]. A com- 
parison of the ratio of the peaks of the 1 -2 eV 
and high enetgy bands observed with 


different samples at the same excitation in- 
tensity [Fig. 1(c)] showed that the intensity of 
the 1 -2 eV peak increased relative to the high 
energy peak as the Si concentration in the 
sample increased. This suggested that an 
increase in the Si concentration resulted in a 
higher concentration of the VcaSica complex 
[14]. 

If it is assumed that the lower levels of these 
complexes act as acceptors and give rise to 
states close to the valence band, an increase 
in temperature would ionize [15] holes trapped 
in these levels into the valence band until 
these states are effectively filled with electrons 
causing the emission in the I'2eV band to 
decrease until it becomes vanishingly small. 
An alternative explanation for this effect, 
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based on a thermal quenching of the radiative 
recombination via the VcaSica centers and 
their conversion into non-radiative recombina- 
tion centers, has also been proposed [14], and 
it should be noted that at high temperatures 
the integral intensity is less than at low tem- 
peratures, suggesting the presence of a third, 
parallel, temperature-dependent, non-radia- 
tive recombination process. Nevertheless, the 
increase of the high energy band accompany- 
ing the decrease in the low energy band is a 
clear indication that some ionization of holes 
into the valence band must be taking place. 

One of the objectives of this work was to 
look for band filling phenomenal 1] by chang- 


ing the intensity of the excitation used. 
Although this was changed by two orders of 
magnitude, no shift of the band-to-band peak 
could be observed within the resolution limits 
of our experiments. As shown by Figs. 2(a) 
and 2(b), the same result was obtained at low 
temperatures where both bands were present 
and at high temperatures where only the band- 
to-band. high energy emission, could be seen, 
respectively. Figure 2(a) also shows that, at 
low temperatures, an increase in the intensity 
of the excitation resulted in a preferential 
growth of the high energy peak, suggesting 
some saturation of the empty acceptor states. 

The absence of band filling effects in these 




Fig. 2a. Fig. 2b. 

Fig. 2. The effect of decreasing excitation intensity on sample 2, spectra at (a) 200 K. and (b) 490 K. In both cases the 
excitation intensity decreased by a factor of 2, 4-5, and 10 for spectra (2), (3). and (4), respectively, in comparison 

with(l). 
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experiments can be explained by the assump- 
tion that at the temperatures and light in- 
tensities used, the quasi Fermi level for holes 
was probably located near the above acceptor 
levels and quite far from the valence band, 
and that the density-of-states tail, if present 
in this band, does not extend deeply into the 
forbidden gap. The density of states contained 
in a kT energy interval of such a tail would 
then have to be large enough to accommodate 
all the excess holes generated by the pump 
source. It is interesting to note that no band 
filling was observed in the cathodolumin- 
escence of p-type material [3], although such 
band filling effects were seen in the photo- 
luminescence very highly doped material 
at lower temperatures. 

A logarithmic plot of the intensity of the 
high energy band at a temperature of 490 K 
(where the low energy band had completely 
disappeared) for all five samples listed in 
Table 1 is shown in Fig. 3. The low energy 
sides of the spectra were all exponential, and 



PHOTON ENERGY IN eV 


Fig. 3. Curves showing the dependence of the spectra 
of the high-energy band on doping level (1) 2-6 x 10'*. 
(2) 5-4 X 10'*, (3) 1-22X 10'", (4) 2-6 x 10'", (5) l-2x 10*" 
Si atoms cm"* at 490 K. The effect of the doping level 
on the energy of the peak of the emission is indicateiLhy 
« arrows. 


the lack of band filling effects suggested that 
the exponential nature of the low energy 
sides of the spectra is due to the presence of 
an exponential density-of-states tail extending 
the conduction band edge into the forbidden 
gap. The density of states at energy E is given 
by Pe = Po exp ElEo- A dependence of the 
parameter Eg, represented by the slope of the 
low energy side of the spectra, on impurity 
concentration, is clearly shown in Fig. 3 
where, except for the first curve, the free 
carrier concentration remained constant. 

A plot of Eg as a function of the silicon 
concentration Nsi is shown in Fig. 4, where, 
except for a single point representing the 
lowest doping level, the dependence of Eg 
on the silicon concentration Ngi can be well 
represented by the equation £o“(jVsi)", 
where n = 0-5. The departure of the lowest 
point from this relationship can be explained 
in terms of the reduced screening to be ex- 
pected from the reduced free electron con- 
centration in this sample. 

The value of n is less than the theoretically 
predicted value of Halperin and Lax [9]. It 
is interesting to note that the dependence of 
Eg on the impurity concentration in uncom- 
pensated p-type material derived from 
cathodoluminescent spectra [4] where the 
free carrier concentration p was equal to the 
impurity concentration N, gave values of n 
between 0-3 and 0-37. The larger value of 0-5 
obtained in this work was to be expected 
because of the reduced screening due to the 
amphoteric nature of the dopant used. 

The small difference in n observed in the 
compensated n-type material and the uncom- 
pensated p-type material suggests that the 
free carrier screening effect on band tailing 
is relatively small. 

As shown in Fig. 3, with the exception of 
sample 1 , as the tails- penetrate deeper into 
the band, i.e., as Eg increases, the peak of the 
high energy band shifts toward lower energies 
with increasing impurity concentrations. This 
shift is particularly drastic in the most heavily 
doped sample, and, as shown in Fig. 1, the 
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Fig. 4. Conduction band tail parameter Eo as a function of 
impurity content Ng,. 


low energy peak of this sample is also shifted 
by the same amount. This suggests that at 
high doping levels the high energy state of the 
VoaSica complex can become ‘linked’ with 
the conduction band edge through the tail 
states provided the latter penetrate deeply 
into the forbidden gap. 

4. CONCLUSIONS 

The observation of photoluminescent 
spectra of n-type Si-doped GaAs at high 
temperatures allows an accurate measurement 
of the band tailing parameter Eo without inter- 
ference due to an overlap of the low energy, 
T2 eV band. 

The exponential dependence of the in- 
tensity of the low-energy side of the high- 
energy band on hv can be explained by an 
exponential density-of-states tail extending 
the conduction band edge into the forbidden 
gap. 

The lack of band filling effects suggests 
that if valence band tailing is present, it does 
not have any appreciable effect on the shape 
of the spectra, while the development of a 
large tail at the conduction band edge causes 
the emission attributed to the VoaSiaa com- 
plex and that due to band-to-band transitions 
to shift toward lower energies. 
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Abstract— Galvanomagnetic phenomena in bismuth single crystals have been experimentally inves- 
tigated at 4-2 K in magnetic fields from 0 to 10 G and compared with calculations based on the linear- 
ized Boltzmann equation in the relaxation time tensor approximation. The saturation values of the 
longitudinal magnetoresistance in two symmetry directions have been derived from our low magnetic 
field data. The anisotropy of the electron relaxation time tensor has been derived from one of these 
saturation values. 


1. INTRODUCTION 

Several experimental investigations of the 
galvanomagnetic properties of Bi have recently 
been made[l-3]. It has been found that the 
low held galvanomagnetic effects can be 
explained by a model in which the Fermi 
surface consists of small ellipsoidal pockets 
[4] and where the collision mechanism is 
described by a constant relaxation time ten- 
sor[5]. It has also been shown that the relaxa- 
tion time is extreme in the high mass directions 
11 . 2 ]. 

In this paper we extend the existing theory 
to show that the saturation value of the 
longitudinal magnetoresistance can be derived 
from low and intermediate magnetic field 
experiments. The anisotropy of the electron 
relaxation time pan now be determined 
straightforwardly from the longitudinal mag- 
netoresistance in the trigonal direction. Our 
experiments at 4-2 K show that the ratio of 
the electronic relaxation times in the trigonal 
(binary) and the bisectrix directions is 1:5. 
We further show how the mobilities deter- 
mined from our low field data agree with our 
experiments performed at intermediate fields 
when the Boltzmann equation is directly 
applied. 


♦This work is part of a thesis required for the Licentiate 
Degree at the Technical University of Denmark. 


2. THEORY 

A Taylor expansion to second order in 
the magnetic field //** of the conductivity 
tensor components may be written; 

(1) 

The tensor components o-jj are defined by 
li = cTijEj, where /( is the electrical current 
density in the direction given by index i and 
Ej is the electrical field in the direction given 
by index J. The expansion coefficients of 
0-th, 1-st and 2-nd order are named Ey* 
and Bijtct, respectively. The number of these 
phenomenologically independent coefficients 
depends on the crystal structure and in bismuth 
there are respectively 2, 2 and 8 [6]. These 
coefficients may be related to the Fermi sur- 
face parameters by a solution of the linearized 
Boltzmann equation. 

Bismuth, a semimetal, has a Fermi surface 
which is thought to consist of one hole ellip- 
soid with rotational symmetry about the 
trigonal axis and three electron ellipsoids 
tilted out of the trigonal plane [4]. For one 


‘Tensor notation with summation over repeated 
indices is used. The indices refers to a Cartesian co- 
ordinate system with axes along the binary (1), bisectrix 
(2) and trigonal (3) symmetry directions of the crystal 
structure. 
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chai;gc carrier ellipsoid the relation between 
the current density Ii and the electrical field 
Ej may be written 

= + ( 2 ) 

where n is the charge carrier density, q the 
charge per carrier, ym the mobility tensor, 
and €iici is the tensor symbolizing the vector 


is also valid for index i = 1 (binary direction). 
In both cases the conductivity tensor com- 
ponent is simply the inverse of the correspond- 
ing resistivity component. The expressions 
for K, and in terms of the charge carrier 
parameters are 




ne 


/bi3a®-l-p,2h* 


(4) 




product. This equation is an exact solution of 
the Boltzmann equation assuming the validity 
of Ohm’s law, isothermal conditions and 
degenerate Fermi statistics. This implies a 
constant relaxation time tensor which we 
assume is diagonalizable in the same frame of 
reference as the effective mass tensor of the 
Fermi surface ellipsoid under consideration 
[5]. The expansion coefficients of the con- 
ductivity tensor components to second order 
determined by application of (2), and the 
conversion formulae from conductivity to 
resistivity coefficients have recently been 
reviewed by Hartman [ I ]. 

The longitudinal magnetoresistance in 
the binary and trigonal directions can be 
written in a particularly simple form. For any 
magnetic field strength where (2) is applicable* 
we find the following expression to be valid 


_ I , 

Buh F, 


(3) 


Buu is defined in (1 ) and F; is a constant which 
measures the maximum change in conductivity 
<r«(0) — cr«(///) when a high longitudinal 
magnetic field Ht is applied (saturation). This 
expression has been derived for index i = 3 
(trigonal direction) by Pospelov and Kechin 
[7] and we have shown analogously that it 


* Equation (2) is an exact solution of the linearized (in 
electric field) Boltzmann equation under the assumption 
stated above. It is therefore valid for any magnetic held 
where quantum effects are not important (for a derivation 
of equation (2) see Ref. [71). 


In the formulae above we have used the 
following notation for the charge carrier 
parameters: /lZ], /zj and /zj are the electron 
mobilities referring to the ellipsoidal coordin- 
ate system, and are the hole mobilities, 
a = sine 0 and h = cos 0 where 0 is the tilt- 
angle of the electron ellipsoids as defined in 
the paper of Hartman [1], n is the electron or 
hole density (assumed to be equal) and —e is 
the electronic charge. 

3. EXPERIMENTAL 

Measurements have been performed on 
two bismuth single crystals. The geometry 
of the crystals is shown in the insert in Fig. 2. 
The dimensions, indicated by small letters, 
along with the resistances are tabulated in 
Table 1 . The length direction c of the crystals 

Table 1. Properties of the bismuth single 
crystals used in this investigation. The sym- 
bols are defined in the text in the insert in 
Fig. 2 



Sample A 
(trigonal) 

Sample B 
(binary) 

a (mm) 

3'7 

2-8 

b (mm) 

5-3 

4-5 

Dimensions c (mm) 

22 

22 

rf(mm) 

4 

4 

2r (mm) 

0-5 

0-5 

Specific pmo (Dm) 

1-76. IO-« 

1-29. IO-« 

resistance p,.i (Dm) 

5-27 . 10-» 

4-67 . 10-“ 

Residual 



resistance 



ratio: p3oo/P4-8 

340 

362 
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was in the trigonal direction for sample A and 
in the binary direction for sample B. Dimen- 
sion b was in the bisectrix direction for both 
crystals. The samples were cut by a spark- 
cutting machine to the form shown in Fig., 2 
and were given a slight etch before use. Poten- 
tial and current leads were soldered to the 
samples with non-superconducting solder. 

From measurements with these two geo- 
metries the resistivity components paa, p^a, 
Pii and P 21 can be determined. These four 
resistivities are all defined by Vi = Pijij and 
may be expanded phenomenologically to 
second order in the magnetic field in the same 
way as the conductivity tensor components 
in equation (1); 

PiiiH , . H 2 , Hs) = p°^->r RiikH k + Aii„iH ,tH t. ( 6 ) 

The expansion coefficients p®, Ri^k and 
Aijki are related to tr? , Puk and B^ki in equation 
(1)[6]. By varying the strength and the direc- 
tion of the magnetic field, all twelve phen- 
omenologically independent resistivity ex- 
pansion coefficients can be determined 
experimentally. 

The experiments were performed at 4-2 K 
where thermal smearing of the Fermi surface 
as well as excitation of charge carriers from 
lower lying bands can be neglected. Such low 
temperatures also seems to be necessary to 
observe anisotropy in the relaxation time 
tensor[l,2]. At 4-2 K the low-field condition 
turns out to require that the magnetic field 
must be below about one gauss. The self 
magnetic field of the sample current should be 
even less, limiting this current to about 20 mA. 
Under these conditions the voltages to be 
detected are rather small. In the resistance 
range of the samples (=10“®n) the super- 
conducting chopper method [8J is suitable. 
By this method we obtained a voltage-sen- 
sitivity of 5 . 10“'* V with a time constant of 
5 sec. This was sufficient for our purposes. 
Measurements were performed in the magnetic 
field range between 0 and 10 G. The earth’s 
magnetic field was comp)ensated. 


4 . RESULTS AND DISCUSSION 

All 12 resistivity coefficients up to second 
order were found by varying the directions 
of the magnetic field. These coefficients are 
tabulated in Table 2 together with the results 
of two similar investigations!!, 3]. The earlier 
results are here scaled (all mobilities are 
changed by a constant factor) to simplify 
comparison with our own results. Our in- 
dicated uncertainties derive from errors 
involved in the determination of the crystal 
dimensions and the orientation of the potential 
leads. From these coefficients we have deter- 
mined a set of charge carrier parameters 
involving the mobilities pi and vu the charge 
density n (assumed equal for holes and elec- 
trons) and the tiltangle 6 , all in the vicinity 
of optimum selfconsistency. The calculated 
coefficients corresponding to this set are given. 
The values for p^ and V 3 are rather uncertain 
due to their smallness compared to the other 
mobilities. Identical calculations have been 
performed in the previous investigations and 
the results are given in Table 2. Several of 
our coefficients differ somewhat from those 
of earlier investigations, although, by a suit- 
able choice of parameters we obtain self- 
consistent agreement with our own results. 
The reason for this discrepancy is not clear. 
Our crystals have a purity of 6N and a resist- 
ance ratio between those of Hartman [1] and 
Zitter[3]. Our single crystals are, however, 
considerably smaller than theirs and an ex- 
planation of the deviations in terms of size 
effects cannot be ruled out. The dimensions 
of our crystals are certainly much greater 
than the mean free path of the charge carriers 
which was about 0-3 mm. The size effect in 
bismuth is, however, anomalous [2]. Using 
the effective masses for the charge carriers 
in bismuth, which are well known from several 
Fermi surface investigations [4], we find from 
the mobilities pi, pa, and (Table 2) that the 
relaxation times for these charge carriers 
are respectively 0-3, 0-3 and 0-4 nsec. 

Using our parameters in Table 2 we have 
made calculations based on equation (2) at 


ipr •' 
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Table 2. Measured and calculated galvanomagnetic power expansion coefficients 
to second order at 4-2 K in MKS units. The results of two previous investigations 
are also tabulated; these results are scaled to facilitate comparison. The scaling 
factors for the mobilities are 0-612 (Hartman[l]) and 1-54 {Zitter['i]). The set of 
charge carrier parameters is a best fit to the data. K, and V 3 represent the satura- 
tion decrease of the longitudinal magneto-conductivities (see equation (3)) 
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10% 

2-9 

>^2323 

— 

0-35 ± 

30% 

0-42 

0-36 + 

15% 

0-39 

0-51 

± 

20% 

0-56 

^^333 ^ 


0-44 ± 

10% 

0-29 



0-43 




1-23 


— 

0-48 + 

10% 

0-50 



0-49 




0-46 


'scaled values 


the intermediate magnetic fields and compared 
them with experiment. We find no further 
discrepancies than those already evident from 
Table 2. This strongly supports the self- 
consistency of the determination of the charge 
carrier parameters. As an example of this 
Fig. 1 shows a rotational diagram of the 
resistivity tensor component pzs- The magnetic 
field (3 different magnitudes) is rotated in the 
trigonal plane. Fig. la shows the experi- 
mentally determined rotational diagrams and 
Fig. lb shows the corresponding diagi^nis 


calculated by a computer on the basis of 
equation (2) and our solution for the para- 
meter from Table 2. 

The expression (3) for the longitudinal 
magnetoresistance is plotted against field 
squared in Fig. 2 for the trigonal direction 
and in Fig. 3 for the binary direction. In both 
cases we get a straight line as expected from 
equation (3). This supports the Fermi surface 
model assumed as well as the assumptions on 
which equation (2) is based. From these plots, 
F, and V 3 have been determined. It is interest- 
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Fig. 1. Angular dependence of the resistivity component tp is the angle in the trigonal plane between the 

direction of the magnetic field H and the negative bisectrix direction, (a) Experimental results at 4 2 K and in 3 different 
magnetic field.s H = 2 05, 6 15 and 1 1-3 G. (b) Calculated results for the same magnetic fields as those used experi- 
mentally. Our solution for the charge carrier parameters from Table 2 has been used. 


ing that these plots from low magnetic field 
measurements give the saturation value of the 
longitudinal magnetoresistance, otherwise 
difficult to obtain [2J. F, and may be cal- 
culated from equations (4) and (5) by inserting 
the parameters of Table 2. Comparing these 
with the experimental values (Table 2) shows 
agreement for F, but some deviation for F3. 
V 3 is sensitive to the value of the electron 
mobility in the bisectrix direction. This is 
evident when the ratio 

( 6 ) 

IS considered, fii, and /i,, are the mobilities 


in the principal directions of the electron 
ellipsoids and a and b are the sine and cosine 
of the tiltangle 0 of the electron ellipsoids. 
Inserting in equation (6) the values of 83333 
and V 3 and of all parameters except (I 2 we 
obtain = 0, 18(m’‘/lf'b). Using the known 
value of the electron effective mass in the 
bisectrix direction [4] a relaxation time of 
1 -5 nsec is obtained. This is 5 times more 
than in the binary and trigonal directions. 
Such an anisotropy in the electron relaxation 
time tensor has been suggested by Friedman 
[2] from measurements of Rra^ and observed 
by Hartman [1] by a complete analysis of the 
lowfield galvanomagnetic coefficients to 
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Fig. 2. The experimentally determined longitudinal 
magnetoresistance in the trigonal direction. The left hand 
side expression of equation (3) is plotted against magnetic 
field squared. From this plot (MRS units): Baxa — 
\ 0.i0'*{mVnWhn and = 0-44 . 10«(l/nw»). The in- 
sert shows the sample geometry (see Table 1). 

second order. The method used here for 
determining the anisotropy of the electron 
relaxation time in bismuth is, however, very 
simple, requiring only measurements of the 
longitudinal magnetoresistance in the trigonal 
direction. 

An explanation of the anisotropy of the 
electron relaxation time in bismuth still lacks 
an explanation* and the present method may 
be used as a quick way of getting the relaxa- 
tion time anisotropy under various conditions. 
Also, our determination of the saturation of 
the longitudinal magnetoresistance may be 


*The arguments to explain the anisotropy given in 
Ref. [2] require that electron-phonon scattering is dom- 
inant. The dependence of the mobilities found in 
Ref [1], however, strongly supports a carrier-carrier 
scattering mechanism. 



Fig. 3. The experimentally determined longitudinal 
magnetoresistance in the binary direction. The left hand 
side expression of equation (3) is plotted against magnetic 
field squared. From this plot (MRS units): Sin, = 
1-3. lO'^l/wVniF^^land F, = 0-48 . 10*()/nw). 


used as a starting point for resolving the an- 
omalous behaviour of the longitudinal mag- 
netoresistance observed [2] in high fields. 
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Abstract — The essential properties of polarization waves in uniaxial crystals are briefly reviewed. A 
simple model for the electronic system is used to treat Raman scattering of coherent light by these 
polarization waves. The structure and frequence dependence of deformation scattering and polar 
scattering are discussed. Measurements with improved precision of the width, intensity, and position 
of all the Raman-active lines in «-quartz are reported. The theoretical discussion is applied to study the 
data presented. The Raman tensor elements and the effect of the long range electric-dipole forces in 
a-quartz are evaluated. 


1. INTRODUCTION 

Raman scattering by i.r. -active lattice vibra- 
tions (phonons) in solids was regarded as 
anomalous until the theoretical work pub- 
lished by Poulet[l]. He attributed the anom- 
alies to the long-range electric-dipole forces 
associated with the i.r. -active vibrations. 
Since then, Loudon [2] has treated the right- 
angle Raman scattering in polar uniaxial crys- 
tals and has generalized the theory to include 
the effect of the short-range anisotropy forces. 
The transverse, i.r. -active normal-mode vibra- 
tions interact with the electromagnetic wave 
(photon) giving rise to new coupled modes 
called polarization waves (polaritons) which 
can propagate in solids. In a recent conference, 
several authors [3] have contributed to the 
study of Raman scattering by these polariza- 
tion waves both theoretically and experimen- 
tally; they emphasize the small-angle scattering 
which determines the polariton spectrum [4] 
and the possibility of a tunable light source [5]. 

The objective of this paper is to explain in 
a simple, but general way, the details of 
Raman scattering in a transparent piezoelec- 
tric crystal. A simple two-level electronic 


‘This work was supported in part by a contract with the 
Air Force Cambridge Research Laboratories, Office of 
Aerospace Research, USAF. 


system with provisions for crystal symmetry 
is introduced and is applied to Raman scat- 
tering by polarization waves. This approach 
gives a clear insight as to the detailed elec- 
tronic interactions and its coupling with the 
lattice. To our knowledge this use of an elec- 
tronic model such as is done here is new. The 
previous work in this area has been concerned 
only with symmetry properties [2]. None of 
the work that we recall has suggested a 
simple model for the electronic system. Some 
of the authors have introduced complicated 
diagrams, etc., that assist in visualizing the 
scattering but these diagrams seem to have 
only a limited usefulness to the mass doing the 
experiment in the laboratory. Using the usual 
equations of motion for polarization waves, 
the first-order Raman intensity due to deforma- 
tion and polar scattering is calculated in terms 
of this electronic system. Guided by Physical 
considerations, the theoretical discussion is 
applied to the data of the precise measure- 
ments [6] of the intensity, width and position 
of all Raman-active lines in a-quartz. The 
relative magnitudes of the Raman tensor ele- 
ments and the effect of the long-range electric- 
dipole forces are determined. The electro- 
optic contribution to the scattering and the 
polarization of the normal-mode vibration f. 


which in general is neither perpendicular nor 
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parallel to the direction of polariton propaga- 
tion k, are discussed. 

2. THE INTERACTION SYSTEM 
In Raman scattering from i.r.-active lattice 
(normal-mode) vibrations in transparent uni- 
axial crystals, the incident and scattered light 
interact with the bound electrons. In a dynam- 
ic lattice, the ionic motion, which is deter- 
mined by the short-range mechanical forces 
and the long-range electric-dipole forces, 
modifies the effective potential of the bound 
electrons and as a result the scattered light 
contains the characteristic frequencies of the 
ionic motions (in this case, polarization 
waves). A schematic showing the interconnec- 
tion of these constituents is given in Fig. I. 
We model the bound electrons by a quantum 
mechanical two-level system [7] which couples 
to the ionic system through the electron-vibra- 
tion interactions and which scatters light by 
the electron-radiation interactions represented 
by the interaction Hamiltonians H^-,. and 
He_r, respectively. The energy of the electrons 
in a static lattice with light absent is repre- 



Fig. [. Schem^jc fbr the interaction system for Roman 
scattering. 


sented by the unperturbed Hamiltonian ffg. 
The total Hamiltonian H of the electronic sys- 
tem is: 

H = H„+H;; H, = H,_,-t-H,-„. (1) 

The unperturbed Hamiltonian, Ho, is a func- 
tion of the electron coordinates only and it 
has the local symmetry ofthe static lattice; the 
unperturbed eigenstates of the electronic sys- 
tem and the normal-mode vibrations are 
classified by the irreducible representations of 
the crystal point group [8]. Assuming the usual 
dipole approximation [7], the interaction 
Hamiltonians are as follows: 

H^-r = -P . c.c (2a) 

H,._,. = . p(co) -f C.C (2b) 

where p is the electronic-dipole operator 
which interacts with the incident and scattered 
local optical electric fields. and respec- 
tively. is they'th normal-mode amplitude of 
vibration which is frequency dependent and 

is the local electric field associated with the 
polarization wave of frequency o).p and ^ are 
the generalized force and dipole operators 
a.ssociated with the polarization wave; physi- 
cally, they are changes (gradients) of the elec- 
tronic potential energy due to the yth lattice 
vibration and the electric field, respectively, 
associated with the polarization waves. It 
should be pointed out that the wavelength of 
the optical and polarization waves are much 
longer than the dimensions of the bound elec- 
trons. The field amplitudes W” and de- 
pend on the location of the bound (atomic) 
electrons, and the expectation values of the 
operators p, /^ ^ are considered as per unit 
volume values. For simplicity the incident, 
scattered and polarization waves are each as- 
sumed to have a single frequency. Experimen- 
tally, this is indeed the case because different 
polarization and scattered waves may be sep- 
arated by using different experimental arrange- 
ments. 

In the same spirit as Placzek’s approxima- 
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tion, we assume in the energy representation 
of Ho that only the off-diagonal matrix elements 
of p and the diagonal matrix elements off and 
^ are non- zero. This metms that the electronic 
and ionic motion, although coupled, are well- 
separated in frequency and the radiation fields 
couple different electronic states while the 
polarization fields have only a slight perturba- 
tion on the individual electronic levels. We in- 
clude both and ^ in the interaction Hamil- 
tonian because they may be considered as in- 
dependent driving forces. In this formulation, 
the anisotropy of the problem is accounted for 
in two ways. The macroscopic value corres- 
ponding to any of the local field and § 
may be different depending on their polariza- 
tion relative to the crystal optic axis. The 
parallel and perpendicular components of the 
matrix elements of the electronic operators 
assume different values because the unper- 
turbed Hamiltonian H„ and the eigenstates 
contain the anisotropy of the crystal. 

The expectation values of p and f which 
are responsible for light scattering and for ex- 
citation of the lattice vibration, respectively, 
can be obtained from the density matrix formu- 
lation by perturbation theory, i.e., solving the 
following hierarchy of equations; 

and 

= + (3) 

where the superscripts indicate the order of 
perturbation calculation. We assume that the 
linewidths involved are narrow and negligible, 
n in Fig. 1 is the frequency separation of 
levels a and b and for transparent solids is 
large compared with all other frequencies. 

The Fourier components of the density 
operator may be obtained by perturbation 
theory. Calculated to second order, the expec- 
tation values of the generalized force f’ and 
the dipole operators p, with initial conditions 
= 1 , and = pffi’ = 0, are the 

following; 


</Aa.))<«=rr{/^p<«(a.i-(u.)} 

2(W-y^)p„.p,(n^-ha>,<».) 

^ (4a) 

^ (4b) 

<p,(to))'='=7'r{p,p<«(ca,-co)} 

_ 2p,Pn, [n-^ -h Q>j(a)< - Qj) ] 

^Mn"-a>(")[n^-(w,-ca)^] 

+ (''^„-"^„)^»]gr„' (4c) 

where the subscripts denote the components 
of a vector or a tensor, and the repeated Roman 
sub-indices imply summation. The matrix 
elements are p={a\p\b), '^^-{a\^\a), 
<'.-^ = {bmb)^j‘= {a\f>\a) andr = (hl/^lh). 
The summation sign in equation (4c) sums 
over the normal-mode vibrations. yi„„ and 
8,m„ are. respectively, the ‘force constant’ and 
the non-linear polarizability associated with 
the non-linear mixing of and through 
electronic charge re-distribution: they give 
rise to source terms for the excitation of polar- 
ization waves. Equation (4c) is the second- 
order electronic dipole moment due to mixing 
of the incident light wave at wi with the ionic 
motion at co; and /3,mn are Raman polar- 
izabilities leading to deformation and polar 
scattering, respectively. gives the electro- 
optic contribution to the Raman scattering. 

At this point, it is interesting to note the 
effect of symmetry on the problem. Consider 
fiirst a crystal with inversion symmetry. Since 
parity is a good quantum number, states |a) 
and |8) are either even or odd, and since the 
operator /* transforms in the same way as the 
normal-mode displacement [8, 9] f', the matrix 
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elements = 0 for odd vibrational 

modes. The operator ^ in equation (4) which 
transforms [8, 9] like F, has odd parity so that 
the matrix elements = oJP = o. Thus, for 
crystals with inversion symmetiy, only even 
lattice vibrations are Raman active and there 
is no electro-optic contribution to the Raman 
scattering. For a uniaxial crystal without in- 
version symmetry, the electronic eigenstates 
transform according to the irreducible repre- 
sentations of the crystal point group and the 
symmetry properties of the Raman polariza- 
tion tensors may be investigated by group 
theoretical methods [8]. Loudon[2] has re- 
viewed and tabulated the Raman tensors for 
the thirty-two crystal point groups using sym- 
metry arguments without a particular model 
for the electronic system. Indeed, if one’s 
primary interest is the symmetry properties 
of the Raman tensors there is no need for a 
model of the electronic system. However, 
when guided by physical insight, a simple 
model, such as proposed here, used in a flex- 
ible way can provide an understanding of the 
subject from basic principles and clearly give 
the essential structure of the physical process. 
It is seen from equation (4c) that the non- 
vanishing Raman polarizabilities due to de- 
formation scattering the polar scattering, 
and respectively, have a common factor 
which is a second-rank tensor depending on 
the corresponding electronic polarizations 
only. In general, — “fn^) and de- 

pend on the state of electronic polarization and 
their relative values may depend on the scat- 
tering polarization. Such is the case in a- 
quartz. Further, the relative values of — 
“/nO and depend on the motion of 

the individual normal-mode j and as a result 
the electric field contribution may either add to 
or detract from the scattering intensity. 

3. POLARIZATION WAVES AND 
THEDt EXCITATIONS 

An i.r. -active molecular vibration may be 
started e^her physically displacin g .th e 
atoms relative to each other or by applying to 


the molecule an electric field. The mechani- 
cal and electrical forces may be considered as 
independent with respect to one another and 
they both induce an electric-dipole moment 
associated with the molecular vibration. For a 
uniaxial crystal with /V normal-modes, the 
equations of motion consist of 2N + 4 vari- 
ables and 2N + 2 equations. The variables are 
the displacement for each mode, the electric 
field components and the ionic polarization 
components, both perpendicular and parallel 
to the optic axis of the crystals; the equations 
are 2N mechanical equations and two equa- 
tions for ionic polarization. These equations, 
following the notations of previous workers [3, 
10] may be written as: 

Pi , M = 4- S, (5a) 

- 10) ri I- j Wjii j £ii, , . (5b) 

where o)j|| , and r^jj^are the parallel and 
perpendicular components of the oscillator 
strength, lattice-vibration frequency, and phe- 
nomenological damping constant, respectively, 
for the yth normal-mode. The polarization P 
and the electric field E in equation (5) are 
macroscopic quantities and the restoring force 
due to the local field effect has been accounted 
for and included in the normal-mode frequency 
o)). ^ in equation (4) is the local field corres- 
ponding to the macroscopic field E. The form 
of the interaction Hamiltonian He_„ in equa- 
tion (2) reflects the fact that both and ^ are 
independent variables for a local molecular 
vibration. 

When many unit cells in a solid are vibrating 
together, the polarization due to the ionic mo- 
tion at one unit cell (molecule) radiates into 
another unit cell and induces ionic motion there. 
The polarization P and the electric-field 
strength E depend on the ionic motion of all 
unit cells (molecules) in the crystal and they 
are related by Maxwell’s equation: 
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kx (jtx£)+^D = 0: 

^|.i = + AnP II, X * C||, it'll, i- (6) 

Equations (5) and (6) together form a co^iplete 
set of linear homogeneous equations whose 
secular determinant gives the dispersion rela- 
tions for the polarization wave (polariton spec- 
trum). k is the wave vector for the polariton. 
Since the values of the oscillator strengths 
and unperturbed normal-mode frequencies wj 
are essential for the determination of the pol- 
ariton spectra, these values for different crystal 
species should be considered. U.sing experi- 
mental values for and wj and ignoring the 
damping constants, the polariton spectrum for 
a-quartz was calculated [3] and was found to 
agree with the measured values [3, 4], For 
Raman scattering studies, it is instructive to 
plot the polariton frequency against the angle 
9 of polariton propagation direction relative to 
the optic axis. This has been carried out for 
a-quartz[3J and is reproduced in Fig. 2. The 
group designation of normal-modes will be ex- 
plained in Section 5. Our precise measure- 
ment of the line positions for all modes for 9 = 
0°, 45° and 90° to be presented below agrees 
with this theoretical plot. 

It is evident from equation (5) that the 
polarization waves may be excited directly by 
an externally applied electric-field, typically 
in the i.r. frequency range. The i.r. absorption 
and reflection data, however, are inherently 
poor in line positions and can not be used to 
accurately determine the polariton spectrum, 
Raman scattering, although a weaker process, 
gives a reliable line position and can excite 
polarization waves which are both Raman 
and i.r. active. The non-linear mixing of inci- 
dent and (spontaneously) scattered light pro- 
duces a signal at the difference frequency <a = 

— This modulates the motion of the 
bound electrons and changes the effective po- 
tential under which nuclei in a molecule move. 
With our simple electronic model, the force 
associated with this excitation can be calcu- 
lated and its cartesian components have been 



e 

Fig. 2. Phonon frequencies in quart? in the region acces- 
sible to 90“ first-order Raman scattering plotted against 
the angle or propagation relative to the f-axis [Following 
Loudon. Ref. [3J]. 

given in equation (4a). Strictly speaking, in 
determining the polariton spectrum by Raman 
scattering, terms (/i|,i(tu) )“’ and —(Arro)^! 
c-)(^(a>)>‘^' should be added to the right hand 
sides of equations (5b) and (6), respectively, 
and the effect of the optical waves on polari- 
ton frequencies should also be considered. 
Since these terms are smaller by an order-of- 
magnitude, they are usually ignored in the de- 
termination of the polariton spectrum. Never- 
theless, these terms are responsible for the 
observation of the polarization waves by first 
order Raman scattering. Further, the spatial 
dependence of both </Tw))‘^^ and <^(w))‘*' 
which is determined by #'(r)#**(r), i.e. exp 
[/(^, — ^,) . f], selects the polariton whose 
wave vector satisfies the phase-matching (mo- 
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mentum conservation) condition, k = ki — k„ 
for observation in an experiment. 

4. RAMAN SCATTERING INTENSITIES 
When the polarization (dipole 

moment per unit volume) of the scattering 
wave at frequency w, = oij — w is given, the 
scattered intensity radiated into the solid-angle 
dfl subtended by the detector may be ex- 
pressed as: 

“'-fe 2 2 

X u,V{pr M )<*'< Pn. M da (7) 


where 


(jj* 


(w) = ■ 




(I) 


'JIU 


-0)‘ 


■ m 


n. 


(10) 


In equation (9), af,„i and Pp„i represent the 
electronic properties and are expected to vary 
slowly with od as can be seen from equation 
(4c). The major dependence of the scattered 
intensity on the vibrational frequency ci> is in 
the factor G^* (w) which expresses the ability 
of the jth normal-mode to absorb i.r. radiation 
at frequency co. 

When dealing with spontaneous Raman 
emission, the values of depend on 

temperature and are given [1 2] as: 


where u' and are two mutually perpendicular 
unit vectors, both perpendicular to the scat- 
tering direction and c is the velocity of propa- 
gation of the scattered wave. In an experiment', 
such as that reported below, all Raman lines 
are measured under identical conditions and 
the incident and scattered polarization direc- 
tions are fixed to be p and cr, respectively. 
Linder these conditions equation (7) may be 
simplified as; 

+ ^P.x^r(w)l^|£p(co,)P. (8) 

where d IpJdCt may be regarded as a differen- 
tial cross section for the (p.tr) scattering, and 
Tj(a),) is the ‘detection efficiency’ which in- 
cludes the frequency-dependent local field cor- 
reaction and quantum efficiency of the photo- 
multiplier. The repeated Greek sub-index p in 
equation (8) does not imply summation. For 
polarization waves, the normal-mode ampli- 
tudes and the long-range electric field ^ (or 
E) are related through equation (5b) so that 
equation (8) becomes 





exp (hoilkT) — 1 


where fn, , are local field correction factors, the 
quantity in the square bracket is the photon 
density of states, /?|| i are frequency-dependent 
indices of refraction, and N is the number of 
polaritons per mode in thermal equaiibrium at 
temperature T. As the temperature increases, 
the integrated intensity of a Raman line as ex- 
pressed in equation (9) increases; the line is 
however much broader due to the anharmonic 
interaction of phonons[13]. Under "normal 
circumstances, it is easier to resolve a line in 
an experiment at a lower temperature. When 
the stimulated Raman effect is considered, the 
electric field intensities 
are determined by the following set of coup- 
led wave equations: 





X")iu£||. L+ (lla) 


d/ 


da 


^ [*(&)) 






X [P(ft,) + (,^(w))<«] (lib) 
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ic, X a, X £«) +^D’ = {p(a>.))«> 

(lie) 

where P((a) is given in equation (5a), and 

<u))‘*’ and (p(to,))‘** are given in equa- 
tion (4). For equation (11), the local field in 
equation (4) is replaced by the corresponding 
macroscopic field with proper corrections. 
The incident pump wave at wj is assumed to 
pass through the crystal without appreciable 
attenuation. The techniques of solving equa- 
tions like equation (11) have been discussed 
many times[3, 7, 14] and the threshold for 
stimulated emission can be determined easily. 
We do not intend to dwell on this problem 
here. The interesting and unique feature of 
stimulated Raman scattering by polarization 
waves is the possibility of parametric inter- 
actions [15] between the scattered light wave 
and the i.r. radiation associated with the lat- 
tice vibrations. Although these stimulated 
effects have not yet been realized, such para- 
metric oscillations suggest the application of 
polarization waves for tunable radiation 
sources [16] at visible andfar-i.r. wavelengths. 

5. APPLICATION TO a-QUARTZ 
The scattering differential cross section 
given by equation (8) may be used in a general 
situation involving many phonon modes 
simultaneously. For the right-angle Raman 
scattering, the polariton branches probed are 
phonon-like and are well separated in fre- 
quency for many crystals including a-quartz. 
To compare with the experimental data of the 
right-angle scattering, equation (8), normalized 
to a specified incident intensity, may be simpli- 
fied to give the scattering efficiency S as 
follows: 

S = WR^^i[Ae + B(k . |)A--]fVF (12) 

where i’ and are the directions of the elec- 
tric field vectors of the incident and scattered 
light, respectively. /I is a scattering coefficient 
related to the lattice deformation and B gives 


the contribution due to the electro-optic effect 
of the Raman tensor R'-^. The electric field 
associated with the E vibrations is parallel to 
the direction of propagation k. The unit vector 
denotes the polarization of one of the ‘short- 
wave’ polariton branches. Unlike the work of 
Loudon [2], in which he considered only a 
single i.r. and Raman active mode, equation 
(12) was reduced from a' multimode expression 
and is valid only for the right-angle Raman 
scattering. This approach is more realistic for 
a complicated crystal like quartz. A, B and 
/?}S are frequency-dependent and a value may 
be determined for each £ mode. 

Quartz is a complex piezoelectric crystal 
having symmetry and nine atoms per unit 
cell. Group theory predicts that of the 27 
normal-modes, four will be totally symmetric 
(/f, modes) and eight will be doubly degener- 
ate (£ modes). The remainder are the four i.r.- 
active A^ modes and the three acoustic modes. 
The £ virbations are simultaneously i.r. and 
Raman active leading to frequencies, inten- 
sities, and widths which are dependent on the 
orientation of the sample. is the element 
of the Raman tensor and group theory predicts 
that for £>3 symmetry it must have the follow- 
ing form: 


A £(x) £(y) 


a 


c 


— c—d 

a 


— c d 


— c 

b_ 


d 


-d 


For the symmetric /I, vibration, B in equation 
(12) is zero and | may be dropped from the 
equation since all directions of the phonon 
polarization are equivalent. The relative 
values of the scattering coefficients A and B, 
in general, will depend on the scattering pol- 
arization much like the values of — 
and — discussed in Section 2. As a 
result, the electro-optic contribution to the 
individual £ modes may either add to or de- 
tract from the scattering intensity; the A and 
B coefficient can either have the same or op- 
posite signs. 



1894 


C. V. SHE, J. D. MASSO and D. F. EDWARDS 


The details of the Raman spectrometer sys- 
tem used for these experiments have been des- 
cribed elsewhere [17] and are similar in many 
respects to that described at Ducros and 
01ivie[19]. A 50 mW He-Ne laser used as the 
excitation source is focused into the quartz 
sample which is a cube 2 cm on an edge. The 
Raman scattered radiation is observed at right 
angles for all possible polarizations, i.e., two 
for the incident beam and two for the scat- 
tered beam. The radiation flux reaching the 
photodetector [19] is such that photon count- 
ing techniques can be used with the advantage 
that the output data is in digital form and is 
therefore directly computable with a computer 
for analysis. A multichannel analyzer is used 
for collecting the output data as well as for 
controlling the step-wavelength drive of the 
monochrometer. The instrument width of this 
system is comparable with the Raman line- 
widths so that a deconvolution procedure is 
necessary to obtain the true lineshapes. The 
deconvolution is done by computer giving the 
true line position, width and intensity. The 
uncertainties in these values quoted in the 
tables below are a result of the statistical fluc- 
tuations in the data and arc nearly independ- 
ent of the instrument resolution. The most im- 
portant single factor affecting the line parameter 
uncertainties is the signal-to-noise ratio. For 
small S/N the uncertainties will be large; for 
some cases the small SIN did not permit a use- 
ful determination of the line parameters. In 
computing the line parameters compensation 
was made for the spectral sensitivity of the 
photomultiplier tube and the polarizing effect 
of the monochromator. The depolarizing ef- 
fects due to the birefringence and optical ac- 
tivity were also taken into consideration. 

Two samples were prepared, one with all 
the sides normal to the crystallographic axis, 
and the other cut so that the x and z axis were 
45° to the sides of the sample. This allowed 
three orientations corresponding to three direc- 
tions of phonon propagation with respect to 
the z axis, viz. ^ = 90° or x into y scattering, 

0 = 45° or X into z, and 0 = 0°. Each Ramaa- 


active line was measured for all orientations 
and polarizations and the values of the tine 
positions, intensities, and widths are given in 
Table 1. It is seen that the E modes fall into 
two groups, those which are degenerate and 
those in which the transverse and longitudinal 
modes are clearly resolved. The notation for 
9 = 0° scattering, SP for example, indicates 
that the incident and scattered light beam are 
polarized and analyzed in the planes perpen- 
dicular (5) and parallel (P) to the plane de- 
fined by the wave fectors of the incident and 
scattered light. /)„, and Ig are, respectively, 
the integrated intensity (number of photon 
counts) and peak intensity for a given Raman 
line. 

The intensity data have been normalized to 
a dwell or counting time of 8 sec. per channel 
even though longer dwell times were some- 
times used for lines with shifts above 1 ,000 
cm"’ in order to obtain a sufficiently good 
signal-to-noise ratio. The blocks in Table 
I marked with an asterisk label those polar- 
izations forbidden due to symmetry con- 
siderations. Indications of the strong 207 
cm"’ and 464 cm"' lines were observed for the 
symmetry forbidden polarizations as shown 
in T able 1 and their presence is probably due 
to a slight misalignment of the sample. The 
approximate peak intensity was given for 
each of these cases. The blocks marked with 
'weak' indicate poor signal-to-noise ratio in 
our data such that an accurate line intensity 
and linewidth can not be meaningfully de- 
termined. The SiN ratio for the blocks marked 
with ‘Line Present’ were even smaller and 
only the presence of a line was observed. The 
poor SIN ratio for all these cases could per- 
haps be improved if a much longer dwell time 
per channel was used. Nothing was detected 
for the blocks filled with a dash line, and we 
did not measure the polarizations corres- 
ponding to the blank blocks. Notice that the 
line positions of all the £ modes for all orien- 
tations and polarizations reported here agree 
with the prediction shown in Fig. 2. For ex- 
ample from Table 1 it is seen that the position 
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of the 128 and 265 cm“’ E lines are inde- 
pendent of the phonon direction (orientation) 
as indicated in Fig. 2, while the 450/509 doub- 
let shifted from e = 90° to the 450/538 line 
positions at 6 = 45°. 

For 0 = 0° and 90° scattering, the polariza- 
tion of lattice displacements f is either perp- 
endicular or parallel to the direction of polari- 
ton propagation k. For the 6 = 45° orientation, 
the polarization wave in general is of a mixed 
nature with both and E characteristics[3] 
and for the extraordinary waves, the normal- 
mode vectors and make angles (/>, and d»2 
with the wave vector k. The geometry for 
these cases is shown in Fig. 3. Using equation 
(12), the Raman intensities for all orientations 
and polarizations of interest can be calculated 
in terms of the Raman tensor elements, the 
angles 0, and 02- iind the ratio of the scatter- 
ing coefficients BlA . The results are tabulated 
in Table 2 in units of A^. 's the ordinary 
phonon vector, and and ^2 are fhe extra- 
ordinary phonon vectors. 17= {A + B)^IA'^ is 
the ratio of the scattered intensity of a purely 
longitudinal vibration to that of a purely trans- 
verse vibration (B = 0), and the factors C and 
D are: 

D 

C = i[(sin0, -f-cos0,)-l-^cos0,]^ (13a) 

D = K(sin 02 -t- cos 0,) -f^cos 02] ^ (13b) 

For degenerate E modes, the measured inten- 
sity is the sum of the consituent components 
listed in Table 2. 

Table 3 which is a duplication of the data 
presented in Ref. [6], summarizes the width of 
each of the Raman lines and the relative mag- 
nitudes of the Raman tensor elements as de- 
termined from a portion of the data presented 
in Tables 1 and 2. The identification of the 
lines is that of Scott and Porto [10] and given 
in parenthesis are our experimental line posi- 
tions at room temperature. The widths are the 
full widths at half-maximum intensity of a 
Lorentzian function which, when convoluted 



e»90* 



Fig. 3. Phonon propagation and polarization directions 
for three scattering geometries. 


with a Gaussian instrument function, best 
fits the data[17]. The 207 cm"' line is much 
broader due to the fact that it is this line which 
is resptonsible for the a-j3 transition [20], 
These width values, although they do not 
agree in every case with those reported earlier 
[21], are more accurate primarily because of 
the photon-counting detection system and the 
deconvolution procedure used[17, 18). The 
elements of the Raman tensor were calculated 
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Table 2. Raman intensity in terms of tensor 
elements 


tf = 90° 




f. (Fig. .3a) 
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i, 

fj (Fig. 3b) 
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fo-tfi (Fig. 3c) 
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by comparing the integrated intensity of 
each line with the intensity predicted in Table 
2. The values shown in Table 3 have been 
normalized so that for the 464 cm~‘ line is 
1000. The 697 cm~* line was too weak for an 


accurate determination of the elements, al- 
though it was strong enough to conclude 
that c* > d* for this mode. It is seen from 
Table 3 that in general the Ai modes are more 
intense than the E modes, and that they fall 
into two types; the 207, 356, and 464 cm“’ 
lines all have just slightly larger than a*, 
while for the 1085 cm“' line b^ is much larger 
than a^, in qualitative agreement with pre- 
vious work [21]. 

Several additional observations can be 
made from the data in Table 1. For the de- 
generate E modes, we observe a narrowing of 
the line as one goes from = 90° to 0 = 0°. 
This is to be expected [2, 6] and our line- 
widths, with the accuracies listed in Table 1, 
decreased by about 0-7 cm“’ for the 128cm~‘ 
line and by about 2 0cm~' for the 265 and 1 162 
cm~' lines. We can also determine the tj values: 
they are 0-8, 0-7, 10 and 0-9 (with an accur- 
acy of ± 0- 1 ), for the 1 28, 265, 697, and I 1 62 


Table 3. Experimental positions, widths, and relative maf>ni fades of the elements 
of the Raman tensor for the tines in a-quartz 

Frequency Shift (cm ■') Width (cm"') Tensor Elements (h) 


A, modes 




h‘ 


¥la^ 

207(206 + 0-5) 

2 1-6 ±0-5 

484 


619 


1-3 

356(.3.55±1) 

2-2 + 0-3 

38 


55 


1-5 

464(464-5±l) 

6 3 + 0-1 

906 


1000 


1-1 

1085(1082 ±2) 

5-3 ±0-6 

2-3 


31 


13-5 

. Degenerate E modes 


(-* 




c-7d* 

128(128 + 0-5) 

3-3 ±0- 2(a) 

125 


62 


2-0 

265(264-5+ 1) 

3-0 + 0-5(a) 

< I 


29 


< 0-03 

697(6%+ 2) 

5-5+ 1-3 





> 1-0 

1162(1159±2) 

7-5 + 0-9(a) 

23 


5-5 


4-2 

Non-degenerate E modes 


c* 

c^iLO] 

c^iTO) 

d* 

dHLO) 

dHTO) 


394(394 + 1) 

2-0 + 0-9 

11 

0*55 

< 1 

> 2 

> 11 

401(403-5 ± 1) 

2-0 + 0-9 

6 


2 


> 6 

450(450±1) 

2-0 + 0-5 

< I 

— 

13 

0-77 

< 0-07 

509(508-5± 1) 

1-5 + 0-5 

< 1 


10 


< 0-1 

795(796 + 2) 

7-5 +1-0 

< 1 

— 

14 

1-43 

< 0 ()7 

807(809 + 2) 

-6-0+ I-O 

< I 


20 


< 0-05 

1072(1067 + 2) 

4-0 + 2-0 

< 1-0 


2-7 

0-37 

< 0-4 

1235(1230 + 2) 

8-0±2-0 3. 

7 > 3.7 


< 1-0 


> 3-7 


(a) Width corresponding to fl = 0°. 

(b) Calculated from the integrated intensities and normalized so that h* (464 cm"*) = 1000. 
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cm”* lines, respectively. Further, we found 
approximately that C4- D = i(l + n) for the 
degenerate E modes. This implies, according 
to equation (13), that ^2 — 90“ + 4>,, or J- 
for these modes. For the non-degenerate E 
modes, however, our data are insufficient for a 
direct simultaneous determination of B/A, 
and <f> 2 , because the intensities at fl = 45° were 
too weak to make an accurate evaluation. The 
Raman tensor elements c* and for the non- 
degenerate E modes were determined separ- 
ately for the low-frequency and high-frequency 
components of the ‘same’ mode and the values 
c® and in Table 3 include the electro-optic 
contribution as well. For these modes, we re- 
port the ratio of the scattering intensities of 
the two components c^(LO)lc'^{TO) and d* 
(LO)ldHTO) for each of the four non-degen- 
erate pairs with the exception of the t*-ratio 
for the 450/509 and 795/807 cm“’ pairs for 
which the intensities were too weak. That the 
relative magnitude of c and d are reversed for 
the two components of the 1072/1235 cm~' 
doublet is probably due to the fact that an- 
other £ line (1 161 cm~') falls in between. 

In conclusion the accomplishments of this 
paper are distinct from those of Ref. [6]. Fig- 
ures 1 and 3, and the data presented in Tables 
1 and 2 are new and have not been published 
before. The information contained in Table 3 
(duplicated from Ref. [6]) is obtained from 
portions of the data for 0 = 0“ and 0 = 90“ 
presented in Table 1. The new information 
contained in Table 1 are the following; 

( 1 ) The 0 = 45“ data are new and from 
these data we have been able to determine 
that for degenerate £ modes, ^2 and f,. the 
polarization of the normal-mode amplitudes, 
are perpendicular to one another. In general, 
this is not necesseu'ily the case. 

(2) The detailed line positions for all the 
polarizations and orientations presented in 
Table 1, especially the line positions for 0 = 
45°, allows us to compare our results with the 
polariton spectra shown in Fig. 2. To our 
knowledge this has never before been 
attempted. 


(3) The data given in Table 1 are more com- 
plete than that given in Table 3 and could be 
of value for the person wishing to do this type 
of experiment. It lists in detail the intensities, 
integrated and peak, as well as the linewidth 
for each line and for each orientation. 
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SUSCEPTIBILITE MAGNETIQUE D’UN ELECTRON 5/ 
EN COORDINATION DE HUIT 

P. RIGNY, A. J. DIANOUX* et P. PLURIEN 

D^partement de Physico-Chimie, Centre d'Etudes Nucleaires de Saclay, B.P. No 2, 
91-GiF-sur-Yvette, France 

(Received lJune 1970) 


Risum^ — Les susceptibilites magn^tiques des complexes UFaM, ou M = Na, Cs, Rb. NH,. ont et^ 
mesurees de 8 k 30()°K. Les ions UFn^" ou I’uranium a la valence F contiennent un electron 5/celi- 
bataire, dont on etudie les niveaux d'energie dans trois cas. L’hypoth^se que les huit atomes de fluor 
delerminent un cube parfait autour de I'uranium a d'abord ete faite; le niveau fondamental est alors 
un quadruplet Ph, mais le formalisme de I’Hamiltonien de spin permet un traitement simple. On a 
ensuite envisage une faible deformation axiale du cube, de symetrie quadratique (Dti,) ou rhombo- 
edrique (Dj^). Un excellent accord entre les susceptibilites mesurees ou calcul^es dans la troisi^me 
hypothese a pu etre obtenu dans tout le domaine de temperature £tudi£. 

Abstract — The magnetic susceptibilities of four complexes of formula UFitMs (M = Na, Cs, Rb, NH4) 
have been measured from 8 to 300°K. The UF»’" ions contain l/(F) and an unpaired 5 / electron, 
the energy levels of which have been studied. Theoretical expressions for the susceptibility have 
been derived in three cases. First the eight fluorine atoms have been assumed to determine a perfect 
cube: the ground level is then a quadruplet I', but the spin Hamiltonian formalism allows a simple 
treatment. The cube has then been assumed to be slightly axially distorted, with quadratic (Du,) or 
trigonal (/3.w) symmetry. Very good agreement between the experimental susceptibilities and values 
calculated with the latter hypothesis can be obtained over all the temperature range studied. 


INTRODUCTION 

Le pentafluorure d’uranium mis en 
presence de certains fluorures monovafents 
a des temperatures comprises entre 150 et 
300°C, fournit des composes complexes de 
formule MgUFg (M = Na, Rb, Cs, NH4)[1]. 
Les cliches de diffraction des rayons X de ces 
complexes pulverulents indiquent que la 
maille de NagUFg est quadratique avec 
a = 5,47 A et c= 10,94 A [2]; (NHJgUFg et 
CssUFg sont cubiques a faces centrees, avec 
respectivement a = 9,60 et 9,95 A; RbsUFg 
est pseuso-cubique avec a = 9,50 A [3], La 
position des atomes de fluor dans les mailles 
cristallines n’est evidemment pas determinee 
mais il est raisonnable de proposer, avec 
Riidorff et Leutner[2], que chaque uranium 
est entoure d’un cube de huit fluors. Cette 
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hypothese est d’ailleurs en accord avec les 
resultats d'une etude cristallographique 
recente du complexe isomorphe de protac- 
tinium NasPaFg^]. Les ions UFg*" oii 
I’uranium est a la valence V, ont un Electron 
non apparie. La couche de valence de 
I’uranium contient des orbitals 5/, 6d et Is. 
II semble bien etabli que I’orbitale 5/ est la 
plus basse en energie dans les composes 
d’uranium K, et nous ferons I’hypothese 
que I’electron magnetique est situe dans une 
orbitale de ce type. 

Disons tout de suite que I’^tude des 
susceptibilites magnetiques ne confirme pas 
une symetrie parfaitement cubique de 
I’environment de I’uranium. Deja les mesures 
effectuees par Riidorff et a/. [3] ainsi que 
par Kemmler-Sack et al.[5] sur NagUPg 
au dessus de 77°K indiquaient une trop grande 
variation termique de la susceptibility. Ici 
nous presentons une etude des susceptibilites 
des complexes de sodium, rubidium, cesium 
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et amiiionium k des temperatures allant de 
8 ^ 300”K. Nous montrerons que la variation 
thermique des susceptibilites peut dtre 
expliqu^e par I’existence d’une faible defor- 
mation du cube des huit fluors qui entourent 
I’uranium, et que celle’ci doit etre de symetrie 
trigonale. Avant de donner les expressions 
theoriques de la susceptibilite, il faut connaitre 
les niveaux d’^nergie de I’electron magnetique, 
et leurs fonctions d’onde; nous les present- 
erons d’abord. Nous verrons que I’etat fonda- 
mental serait de type Pb si la sym6trie etait 
parfaitement cubique. Dans ces conditions, le 
theoreme de Jahn-Teller suffit pour indiquer 
qu'une deformation de I’environnement doit 
intervenir. 

FONCTIONS D’ONDE DE L’ELECTRON 
MAGNETIQUE 

Les arguments classiques de la theorie des 
groupes indiquent que dans un environnement 
cubique les sept orbitales / (symetrie D^) 
donnent naissance a 2 triplets, de symetries 

et Tj et un singulet, de symetrie L’ordre 
des energies de ces niveaux resulte d’hypo- 
theses sur le type des liaisons U-F. Les 
distances uranium fluor etant assez grandes, 
nous supposerons que les liaisons sont 
relativement peu covalentes. L’ordre des 
energies qui est indique sur la Fig. 1 est alors 
le meme que si I’electron etait place dans un 
environnement de charges ponctuelles. On 
peut voir que le niveau fondamentai (energie 
zero) est alors le triplet r4, le triplet F,, ayant 
r^nergie V et le singulet Fj I’energie V + V 
avec y, V > 0. En fait, les orbitales de 
symetries Fj et F^ peu vent donner des liaisons 
covalentes avec les fluors, et ceci doit 
modifier les energies des niveaux. Cependant, 
nous supposerons que leur ordre reste celui 
que nous venons de citer. 

En presence de couplage spin-orbite, les 
quatorze spin-orbitales / se repartfssent en 
cinq niveaux d’energie de symetries F*, F7 ou 
Fg (£>3 X Fg = 2 F6-t-F7-(-2F8). Une base de 
fonctions classdes suivant les symetries du 
cube et determinees par Eisenstein et Pryce 


r,- 



(a) (b) Ic) (d) 

Fig. 1 . Position des niveaux d’energie d'un electron 5 f. 
dans une coordination de huit. (a) La symetrie du champ 
cristallin est cubique et la couplage spinorbite est neglige, 
(b) Classement des orbitales suivant les representations 
du groupe cubique double; le couplage spin-orbite est 
toujours neglig6. (c) Action du couplage spin-orbite. 
(d) Niveaux d’energie de I’lon libre (correspondant a un 
couplage spin-orbite beaucoup plus grand que le champ 
cristallin). 

[6], est indiquee en appendice; I'axe de 
quantification est un axe C4 du cube. A 
I’interieur de chaque type de symetrie, les 
fonctions sont reperees par un indice m. 
rappelant qu’elles se transforment sous les 
rotations du groupe cubique O,, comme les 
fonctions propres m de la composante z 
d’un spin fictif 5 = i pour les symetries Fr 
et F7. 5 = ^ pour le symetrie Fg. 

La constante de couplage spin-orbite d’un 
electron de I’uranium est tres elevee ({ ~ 
1955 cm~> pour I’uranium V). D’autre part, 
les effets de champ cristallin sur un electron/, 
dont la densite electronique est tres con- 
centree au voisinage du noyau, sont relative- 
ment faibles. Les deux interactions doivent 
done etre d’importances comparables. On 
obtient les fonctions d’onde en diagonalisant 
simultanement le potentiei cristallin et I’inter- 
action spin-orbite. Si les fonctions de la base 
ont ete classees convenablement, les equa- 
tions seculaires sont au plus de degre 2. Les 
fonctions de symetries F7 et F* s’obtiennent 
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par diagonalisation des matrices: 


II 

1 lei S) r* i 

Vi Xi 


1 

-H 


V3C y+v 



Les fonctions (p/, v’j, r),, Xi (j = = ±i 

± i] sent donnees en appendice. Les fonctions 
d’onde de symetrie Fs sont ainsi i//i = (cos ip) 
T7i + (sin<p)X(. 

Si le signe negatif correspond a I’etat fonda- 
mental, I’equation seculaire est 

= (.) 

De meme les fonctions de symetrie Fy sont 
a, — (cos d)(pj T (sin d)<pj avec 

tg2d = 2V3(^j+^y\ ( 2 ) 

Une deformation decompose les etats en 
doublets (d’apres le theoreme de Kramers). 
Lorsque la deformation est axiale suivant 
un axe C 4 (symetrie Du,), les fonctions d’onde. 
valables au premier ordre, se deduisent 
directement des fonctions donnees en appen- 
dice pour un site parfaitement cubique. Ainsi 
un quadruplet F* se decompose en un doublet 
(i, — i) et un doublet (J. —if). Lorsque le 
cube deforme a la symetrie trigonale (Dsd), 
les fonctions d’onde ne peuvent pas s’obtenir 
aussi directement, mais nous verrons que 
I’expression au premier ordre de la suscepti- 
bilite magnetique ne necessite pas leur 
calcul. Avec les hypotheses que nous avons 
faites sur I’ordre des niveaux orbitaux le 
niveau fondamental est de symetrie F^, 
lorsque la symetrie est cubique. 

EXPRESSIONS THEORIQUES DE LA 
SUSCEPTIBILITE 

Un champ magnetique H se couple a 


I’electron c61ibataire, d^rit par rHamiltonien 
^ 0 . par un Hamiltonien = — /3H(L + 2S). 
jS est le magneton de Bohr, L et S sont 
respectivement les moments cindtiques 
d’orbite et de spin de Fdlectron. L’energie 
magnetique moyenne gagnde par I’electron 
est: 

H' = Tro-<^„ 

est la matrice densite qui dderit le systdme k 
la temperature T. 

Un champ magnetique exterieur de com- 
posantes Hi applique k I’echantillon induit 
un moment magnetique, dont la composante j 
est A/j = S Xii^i 

1 

IbHi&Hs' ^ ’ 

II est ainsi facile d’obtenir I’expression de la 
susceptibilite xn des que les matrices reprd- 
sentatives des Hamiltoniens et dans 
le quadruplet Fk sont connues. 

D’apres le theoreme de Wigner-Eckart, 
les 48 elements de matrice des trois com- 
posantes d’un vecteur (symetrie F 4 ) dans un 
quadruplet I'h peuvent s’exprimer en function 
des composantes d’un spin fictif S = i, ^ 
I’aide de deux parametres. On peut done 
ecrire sous forme de rHamiltonien de 
spin[7, 8] 

= g/3HS +/)3 (//^/ -f HyS/ -)■ H,S/) . 

( 5 ) 

X, y et z designent les coordonnees suivant les 
trois axes C 4 du cube. Cette forme d’Hamil- 
tonien est commune a tous les quadruplets 
F*; on determine les coefficients ^ et / en 
explicitant deux elements de matrice quel- 
conques. Dans le cas du niveau Fg fonda- 
mental dont les fonctions d’onde ont ete 
indiquees au paragraphe prededent, et en 
introduisant pour plus de commodite, deux 
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paramd^s auxiliaires P et Q, on obtient; 

_ 27_ 3 K V5 . , 

^ 1,,1 1 ,.3., V5.- 

G = gZ+jg = gCosV + 2 ®‘” ^• 

( 6 ) 


L'angle <p est donne par I 'equation sdculaire 
(I) si bien que la matrice de s’exprime en 
fonction du seul parametre V'lC- Meme en 
symetrie cubique et du fait de la presence 
du deuxieme terme de i’Hamiltonien (5), 
I’elfet Zeeman du quadruplet Fg n’est pas 
isotrope. Cependeuit la susceptibilite reste 
isotrope au moins dans I’approximation des 
hautes temperatures; d’apres la formule (3), 
elle est alors en effet proportionnelle a 
Tr^„* qui ne contient qu’un seul terme non 
nul puisque le produit r 4 ‘ ne contient la 
representation identite F, qu’une seule fois. 

A I’approximation des hautes temperatures 
qui sera adaptee a nos conditions experi- 
mentedes la susceptibilite est alors obtenue 
sans difficulte par la formule (4) ou I’on 
developpe au premier ordre I’operateur 
exp— + Les calculs sont 

explicites dans la Ref. [10]. Dans le cas de 
la symetrie cubique, FHamiltanien est 
scalaire dans les functions Fg et n’intervient 
pas dans le calcul du premier ordre. Les 
formules (3) et (4) donnent alors immediate- 
ment Fexpression de la susceptibilite, qui 
suit la loi de Curie, dont la forme vaiable 
aux hautes temperatures est: 





p^+Qi 

kT 


(7) 


la matrice de sous forme diagonale de 
valeurs propres a dans les fonctions ±f 
et— a dans les fonctions ±i. Lorsque la 
deformation est quadratique, la forme de la 
matrice de est deduite immediatement de 
Fexpression (S). Lorsqu’elle est trigonale il 
fait au prealable exprimer 5^, Sy et dans 
un nouveau systeme d'axes dont OZ est 
Faxe polaire. est done connue en fonction 
de P et G sans qu’il soit besoin de chercher les 
fonctions propres en symetrie D 3 <j[ 9 ]. Ainsi 
qu’on pouvait peut-etre le prevoir, a priori, la 
susceptibilite est la moyenne pond 6 ree des 
susceptibilites des deux doublets, issus du 
quadruplet Fg. et on peut 6 crire 

Y = ip,pHc,lkT +A)+ ip2fiHc,lkT -A) ( 8 ) 

Pi et P2 sont les populations des deux doublets 
donnees par la loi de Boltzmann {pi+Pi— 1 , 
PxtPi = exp 2 aIkT). Dans ce calcul au premier 
ordre, les termes de Van VIeck A et—A de 
chaque doublet proviennent du couplage avec 
Fautre doublet; ils sont done opposes, et de 
la forme ±Z)/a. 

Le paramagnetisme de Van VIeck donne 
done ici une susceptibilite variable avec la 
temperature qui pourra nous expliquer les 
variations thermiques experimentales. Les 
resultats des calculs sont indiques dans le 
Tableau I. Ils ne dependent que du seul 
parametre V'l^, par Fintermediaire de P et Q. 
Dans les deformations que nous avons en- 
visagees, et qui sont soit suivant un axe C 4 
soit suivant un axe C 3 du cube, les termes 
de Curie de chaque doublet sont egaux, en 
moyenne sur les orientations. On peut done 
ecrire la susceptibilite moyenne d’un ion 
UFg^' sous la forme 


Dans les deux cas de deformation axiale 
que nous considerons oii Faxe OZ de la 
deformation est soit un axe C 4 soit un axe 
C 3 du cube, les fonctions propres des deux 
doublets sont les fonctions propres et 
de la projection du spin fictif sur Faxe OZ. 
Si. Faxe de deformation est choisi comme axe 


#ir" 


du spin fictif on obtient alors 


Xp A^\kT^ka^^l\ (9) 

oil a est exprimee en °K. Cette expression 
montre que la susceptibilite de la poudre est 
insensible au signe de a, e’est-a-dire au sens 
de la deformation axiale. 

Le calcul precedent peut etre amelior^ dans 
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Tableau 1. Susceptibility magnitiques des deux doublets issus 
d’un quadruplet V^en presence d'unefaible deformation 


Susceptibilitd 

Ddformation quadratique 
(0«) 

Ddformation rhomboddrique 
(Dm) 


fc. 

4/« 

(3/«+3(2‘+2/*(?) 

Xii ■ 

\c. 

4G» 

(E-Q)* 


[D = Aa 

0 

0 


[C. 

HP-iQP 

0 

X 

1 

WP-QV 

(P + QP 


[ D = Aa 

i(P+Q)* 

l(3/» + 3e«-2/*(?) 


|C.»=C 

i(3P> + 3e*-2Pe) 

i(3/" + 30‘ + 2fG) 

Xi. ■ 

iCj = c 

iOP’ + iQ'-2PQ) 

i{iP' + iQ‘ + 2PQ) 


[ D = Aa 

HP+QP 

i{iP‘+iQ‘-2PQ) 


Les constantes de Curie C„ Cj et C ainsi que les termes A et D sont d^finis 
dans le texte (formules 8 et 9). Les paramitres P et Q 6galement difinis dans le 
texte sont caractiristiques du quadruplet I', consideri. Deux types de diforma- 
tion axiale ont iti envisages: suivant un axe C, ou suivant un axe Cs du site. 
Dans chaque cas I’axe z du systime de coordonnies choisi est I'axe de la 
diformation; I'axe x est un axe C, dans le premier cas, et un axe C'f dans le 
second. 


deux votes difFerentes. Les fonctions d’onde 
que nous avons utilisees pour le calcul des 
coefficients P et Q sont les fonctions non 
perturbees par la deformation axiale. On peut 
lever cette restriction en utilisant une base de 
fonctions / quantifiees suivant un axe Call 1] 
mais nous verrons que les corrections corres- 
pondantes peuvent etre negligees. D’un 
autre cote, le couplage induit par le champ 
magnetique entre I’etat fondamental et les 
etats excites conduit a une contribution 
independante de la temperature a la suscepti- 
bilite (paramagnetisme de Van Vleck). Ce 
terme xo qui est faible a ete calcule en fonc- 
tion de V et V dans le cas d’une symetrie 
parfaitement cubique. Nous n’en donnerons 
pas ici I’expression, qui est assez compliquee 
et qu’on peut trouver dans la Rdf. [10]. 
Soulignons simplement que pour des valeurs 
de V et V maintenues dans des limites 
raisonnables, le terme Xo est pratiquement 
independant de V. 

Finalement la susceptibilite paramagnetiquc 
moyenne d’un dlectron f environnd de 8 
charges ndgatives formant un cube faiblement 
ddforme, s’exprime par 


Xp (10) 

oil C et D sont indiques dans le Tableau 1 ; 
elle n’est pratiquement function que des 2 
parametres V et a. En symetrie parfaitement 
cubique (a — 0), cette formule se reduit a la 
loi de Curie classique, 

Xp = f? + Xo. (11) 


RESULT ATS EXPERIMENTAUX ET DISCUSSION 

Nous avons etudid la susceptibilite mag- 
ndtique des complexes MsUFg ou M dtait 
I’ammonium, la sodium, le rubidium ou le 
cesium. Les mesures ont dtd effectudes par 
la methode de Faraday, a des temperatures 
allant de 8 a SOO^K. La valeur du champ 
magndtique dtait en principe fixde a 6000 G. 
Cependant des mesures en fonction du champ 
ont dtd faites pour mettre en dvidence une 
dventuelle variation de la susceptibilitd. 
Dans le domaine de tempdrature etudid, 
aucun dtat ordonne n’a pu dtre mis en dvi- 
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dence, lie coinportement restant toujours 
parfaitement paramagn^tique. Les inter- 
actions d’echange entre les electrons mag- 
n6tique$ sont done certainement tres faibles. 

Les susceptibilites mesurees ont ete cor- 
rigees des contributions diamagnetiques qui 
proviennent surtout des Electrons des 
couches internes. Les corrections ont 6te 
estimees par la methode de Angus [12]; les 
resultats corriges des mesures sont indiques 
sur la Fig. 2 oil Ton a porte le produit xT en 
fonction de la temperature. La variation ther- 
mique de la susceptibilite ne suit pas du tout 
une loi simple du type de la formula (II). 
La figure indique egalement les courbes 
donnant les variations theoriques de la sus- 
ceptibilite lorsque les ions LIF„®“ presentant 
une deformation quadratique ou trigonale. 
Ces courbes ont ete determinees a partir de 
I’expression (10); C et D sont indiques dans 
le Tableau 1 en fonction de P et Q, P et Q 
s’expriment en fonction de Tangle (p (formule 
6) qui ne depend que de V'/^ (formule I ). La 
meilleure valeur du parametre a ete 
determinee sur ordinateur. Les corrections 
au second ordre des coefficients P et Q ont 
ete negligees pour la determination des 
courbes theoriques, mais un calcul a posteriori 
montre qu’elles sont faibles, etant de 1 0 pour 
cent au plus. La valeur de xo- egalement 
faible, (quelques pour cent de la susceptibilite 
totale a temperature ambiante) a ete prise 
en compte dans le calcul des courbes 
theoriques. 

L’etude de la susceptibilite favorise tres 
nettement Texistence d’une deformation de 
symetrie trigonale du cube des fluors, en- 
tourant Turanium. L’accord entre valeurs 
calculees et valeurs experimentales est 
toutefois moins bon aux plus basses tempera- 
tures. L’introduction d’une faible interaction 
d’echange entre les electrons magnetiques, 
dont on ne peut pas penser qu’elle soit 
rigoureusement nulle, suffit a rendre Taccord 
excellent. Puisqu'aux basses temperatures, la 
susceptibilite est est surtout dOe au terme de 
Curie, il suffit de r^placer la formule (lOf 



Fig. 2. Susceptibilites magnetiques des complexes 
UF,Na 3 . UF^Rba, UF^Csa et UFg(NH 4 ),. Les courbes 
representdes sont des courbes th6oriques. 
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par: 

x= jq:^+-^'th|:+Xo- (^2) 

Les meilleures valeurs des parametres K' 
et a ainsi que des temperatures d'echange A 
sont indiquees dans le Tableau 2. It faut 


ces complexes. Un essai pretiminiure dans 
cctte demifere vole, & TT^K et ^ une longueur 
d’onde de 3 cm s’est n^gatif. Ceci 

pourrait indiquer que le doublet fondamental, 
qui est peuple k 99 pour cent k cette tempera- 
ture, est le doublet r 47 .-t-r 57 . qui ne peut 
donner lieu k une absorption en RPE. Mais 


Tableau 2. Valeurs des parametres determines par 1’ etude des 
susceptibilites magnitiques 



v 

cm“‘ 

a 

°K 

XoXlO’ 

cgs/mole 

A 

°K 

C 

cgs/mole 

A' 

cgs/mole 

(NHjnUF, 

4 175 

160 

0.20 

2 

0,145 

0,217 

Na,UF, 


190 

0,45 

g 

0,169 

0,252 

Rb,,UF, 


270 

0,40 

8.5 

0,146 


Cs^UFh 


210 

0.45 

7 

0,164 

0,245 


souligner que ces valeurs ne sont les meilleures 
que dans le cadre des approximations que 
nous avons faites: le site est suppose cubique 
faiblement deforme (a V), les parametres 
V et V tels que xo ^ x; Ic terme 

d’echange, certainement faible puisqu’aucun 
etat ordonne n’est observe au dessous de 8°K, 
n’a ete introduit qu’en dernier lieu. La 
constante du couplage spin-orbite d’un 
electron 5/ de I’uranium V a ete prise egale 
a 1955 cm"', Les contributions C, A et x« 
au magnetisme sont egalement indiquees. 

II serait hasardeux de vouloir plus avant 
et de vouloir interpreter quantitativement les 
valeurs des parametres V et a que nous avons 
determinees en termes de la geometrie de 
I’ion UFs**". La mauvaise connaissance que 
nous avons de la nature des liaisons uranium- 
fluor, et qui s’est introduite pour nous par 
une incertitude sur I’ordre dcs niveaux 
d’energie de I’electron, est en fait un obstacle 
serieux dans cette direction. Plutot que de 
reprendre la theorie avec d’autres hypotheses 
sur la liaison chimique, il nous semble qu’il 
serait tres precieux de pouvoir verifier les 
hypotheses que nous avons faites, en pro- 
longeant nos mesures vers les tres basses 
temperatures, ou un etat ordonne devrait 
apparaitre, ou en etudiant I’absorpflon 
optique, ou la resonance paramagnetique de 


de toutes fagons, la presence d’un doublet 
excite voisin laisse pr6voir que les raies sont 
tres larges et doivent etre etudiees k trks 
basse temperature. 

Rfmfm’fments— Nous tenons it rentercier Madame P. 
Charpin et Monsieur H. Nguyen-Nghi pour les fruc- 
tueuses discussions que nous avons eues avec eux au 
cours de ce travail. 
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Tableau lA. Fonctions d’ondes orbitales et spin-orbitales 
cfun Electron f en site cubique. Les axes de coordonnis sont 
les axes de symetrie du site 


Fonctions orbitales 

r.: 

a,=-V6l4y,'-\/WI4y,-‘ 

S-.,=-\/6l4yr'-V\0t4y,‘ 

r.: 

** =l/V2W + y,-^ 

= vip/4>’a''-Vb/4V 
t-, = ViO/4ya>-V?/4ya-> 


r»: 

;3 = -i/\/2 


Fonctions spin-orbitales 

r,: 

Vtii Si_ _ 

7)„j *= Vlji fij \/I/3 fi, 

V-m ** n/6/3 6o+ V^/3 6-, 

— 5i 

Xm =-V6/3?;-V3/3e-, 

Xi/t “ 1 

X-„=-V6/3c„-V3/3e; 

iwi = vT/3S„-\/6/3S, 

{_.„ = -Vj/3S„+ V^/3S-, 

r,: 

S>m = V3/3<.-V?/3€, 
v'-wi = - v 5/3 r„ -i- V6/3 «. , 

Cm =/i3 
C-i« = IB 


APPENDICE 

Les parties angulaires des fonctions d'onde d'un 
electron /, sont les sept harmoniques spheriques Yj”'. 
Si on les classe selon les representations irreductibles du 
groupe cubique on trouve un singulet I'j et 2 triplets P, et 
r,. dont les parties angulaires sont indiqudes dans le 
Tableau lA. Les axes de coordonndes sont les axes de 
symdtrie C< du site cubique. 

Si on inclut les fonctions de spin, on obtient quatorze 
fonctions qui se classent suivant les representations du 


groupe cubique double en deux doublets Pj, deux 
quadruplets P, el un doublet P,. En indiquant la valeur de 
la projection du spin m, — par une barre au dessus de 
Porbitale et m, = j par I'absence de signe on obtient les 
spin-orbitales indiqu6es dans le Tableau 3. Les indices 
des fonctions rappellent que les fonctions de symdtries 
Pg ou Pj se transforment comme les fonctions propres 
d’un spin j, et que les fonctions d’un quadruplet P,, se 
transforment comme les fonctions propres d'nn spin i. 
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ANALYSIS OF SILICON NITRIDE LAYERS DEPOSITED 
FROM SiH4 AND N^ ON SILICON 
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Abstract- Backscattering and channeling effect measurements of 1 MeV *He'*^ ions were used to 
determine the composition and density of Si^N, layers on single crystal silicon. The nitride layers 
were deposited by the reaction between SiH, and A/, in a glow discharge at 350°C. The ratio N\S\ in 
the layer decreases with increasing SiH^ concentration and total pressure of the reaction gases where- 
as the density is nearly constant. Conditions for deposition of stoichiometric nitride layers were 
optimized. These results are in good agreement with measurements of etching rate and index of 
refraction. The composition of all samples is homogeneous over the entire layer. 


1. INTRODUCTION 

Thin films of silicon nitride are of interest in 
semiconductor device technology. In contrast 
to silicon dioxide layers they show little ion 
drift and good sealing properties. The standard 
method for the production of nitride layers is 
the chemical vapor deposition using the 
silane-ammonia reaction at temperatures 
above TOO^C. Recently a new method was 
reported[l , 2] which starts from SiH^ and /Vz 
and yields perfect nitride layers. The low 
deposition temperature (350°C) and the 
absence of ammonia, which always contains 
water and alkali ions, is very convenient for 
planar device passivation. 

The object of this investigation is the struc- 
ture of nitride layers from SiH 4 and /Vj. The 
energy analysis of backscattered ions allows 
one to identify the mass of the target atoms 
and to select a certain depth in the amorphous 
layer and in the Si substrate simply by evaluat- 
ing corresponding portions of the energy 
spectrum. Furthermore backscattering of 
MeV ‘‘He+ ions can be used to determine the 
concentrations and distributions of nitrogen 
and silicon in the layers. By alignment of the 
incident beam direction with a crystal axis of 


the silicon substrate the yield of backscattered 
particles is reduced (channeling effect) and a 
more accurate determination of the nitrogen 
concentration can be made. These techniques 
have been used to analyse silicon dioxide 
layers [3] and nitride layers from SiH 4 and 
NH3[4, 5]. For comparison with the back- 
scattering data in this work, other structure 
dependent measurements as etching rate and 
index of refraction have been performed. 

2. EXPERIMENTAL 

The nitride layers were deposited on 500 ft 
cm, (ni)-oriented, boron-doped silicon wa- 
fers. Prior to deposition the surfaces were 
mechanically and chemically polished and 
thoroughly cleaned using conventional 
methods. Figure 1 shows the nitride deposi- 
tion apparatus. The reaction between SiH 4 
and Nt takes place in a r.f. discharge inside of 
a quartz tube. The discharge is activated by a 
coil or a capacitor located outside the tube. 
The r.f. generator is operated at a frequency 
of 500 kHz. The wafer susceptor made from 
quartz contains a resistance heater. For purity 
and control purposes the whole gas flowing 
system satisfies high vacua requirements. 
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SiH 4 is used in a 2 per cent dilution in N 2 - The 
ratio SiH^/Nj in the reaction chamber can be 
varied from 10“"* to 1 . by mixing the SiH 4 
gas with a separate N 2 stream. The gases 
Ar, H 2 and Oj can be used for glow discharge 
cleaning steps just prior to the deposition 
process. 

The backscattering and channeling appara- 
tus is illustrated in Fig. 2. In this work 1 MeV 


'•He'* ions are used. The samples are mounted 
on a two axis goniometer to permit the align- 
ment of the beam with one of the crystal axes 
of the silicon substrate. The beam current is 
measured with an integrator; the target is 
shielded with a Faraday cup to avoid errors by 
secondary electron emission. The energy 
distribution of the backscattered ^He^ ions 
is measured with a surface barrier detector. 



Fig. 2. Schematic illustration of the experimental arrangement in the target chamber 
together with the electronic instrumentation for energy analysis of backscattered 

—particles. 
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The electrical signal from this detector is 
amplified and stored in a pulse height analyzer. 
The linear response of the nuclear particle 
detector provides a fixed energy per channel 
in the multichannel analyzer. The system 
conversion gaiin is 1-48 keV per channel. 
The energy resolution of the detecting system 
is about lOkeV, this corresponds to a depth 
resolution in the silicon nitride layer of about 
1 50 A for the beam energy and experimental 
geometry used. 

3. ANALYSIS 

A detailed description of the analysis tech- 
nique has been given elsewhere[3]. For con- 
venience the most important features of the 
analysis are summarized. In Fig. 3 random 
(cross-bars) and oriented (black dots) spectra 
are shown for illustration. Three portions of 
the spectra clearly can be identified. The first 
part for channel numbers greater than 190 
is produced by '•He^ particles backscattered 
from silicon atoms in the nitride layer. In the 
energy range called HW^ and the correspond- 
ing peak area HW^ times /?/v, particles are 
backscattered from nitrogen atoms in the 
nitride layer. All other counts in the ch£innel 
range from 0 to 190 are produced by "He^ 
ions, backscattered from silicon atoms in the 
substrate. The height of the step, /?si- (number 


of counts in one chiumel) is proportional to 
the concentration of silicon atoms in the 
nitride layer and the width of the step is 
proportional to the layer thickness. In the 
random spectra R'^x is proportional to die con- 
centration of silicon atoms in the substrate. If 
the incident beam is aligned with a crystal 
axis, the contribution from the substrate is 
strongly reduced and permits a more accurate 
determination of the nitrogen concentration. 
The net height of the nitrogen peak, is 
proportional to the concentration of the nitro- 
gen atoms and the width of the peak, HWh, is 
proportional to the layer thickness. The pro- 
portionality constant is [5], the backscattering 
energy loss parameter. The energy scale in 
Fig. 3 can be converted in a depth scale, t, by 
6£ = 6r[S] where [5] = a . dE/dx|e„ -I- cos 9i~'. 
d£/dxl,^„; a is the fractional amount of the 
energy after scattering and dEldx is the speci- 
fic energy loss at Eo and oEo, the energy before 
and after scattering respectively. 

The concentration ratio of nitrogen to silicon 
A/,v(/)/Nsi(0 at depth t in the layer is given by 

A^.v(t) _ E;v(E)[5;v] (Tsi /iv 

Nsxit) Rs^iE)[Ss^] ^ ’ 

where a is the scattering cross section in the 
laboratory system, asJa-N = 4-3 in our experi- 
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Fig. 3. Random and aligned spectra for I MeV ‘He+ ions scattered from a 953 A sili- 
con nitride layer deposited on 1 1 1 oriented silicon. 
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mental arrangement. The ratio [5 a,]/ [5si3 can 
be determined by the measured ratio HW^I 
A£. If the layer thickness is known from elHp- 
sometry measurements, an absolute depth 
scale can be determined. 

The values of /Vsi can be calculated by 
comparing the silicon concentration in the 
nitride layer, Ngj, to that of silicon, Ngj, in the 
substrate 


N^, = N 


^Sl[‘S^Sl] 


(2) 


[Sg,] can be calculated from values of the 
specific energy loss in silicon [6]. Ns can then 
be determined by equation ( 1 ). 

The density p of the layer can be expressed 
by 



where L is Avogadro’s number and M the 
atomic weight. 


4. RESULTS 

In a first series of layers the influence of 
SiH^ concentration on the composition was 


studied. The SiH 4 concentration was varied 
from 2 . 10““* per cent to 2 per cent. The total 
pressure during deposition was kept constant, 
the temperature of the substrate was always 
'i50°C. The results of the analysis are pre- 
sented in Fig. 4. The ratio Ns/Ns\ was deter- 
mined by equation (1) as an average over the 
layer thickness. With increasing SiH 4 con- 
centration the ratio NsINgt decreases. The 
dependence can be described by Ns/Ngi = 
1-06 — 0-143 In X where x is the SiH 4 concen- 
tration in per cent. The composition is found 
to be stoichiometric in the range of 0- 1 « x =5 
0-2. Results given in [5] for nitride layers from 
SiH 4 and NHg show, that with increasing 
NH 3 /SiH 4 gas ratio the composition became 
stoichiometric as an saturation level. With the 
glow discharge method however it is possible 
to further increase the NVNgi-ratio. The com- 
position can be made silicon-rich or nitrogen- 
rich. This is supported by the results of etch- 
ing rate measurements, also presented in 
Fig. 4. The etching rate reaches a maximum 
just in the SiH 4 concentration region, where 
the composition is stoichiometric. Again this 
is in contrast to measurements in [5] where the 
etching rate goes to an upper saturation level 
for stoichiometric layers. Index of refraction 
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Fig. 4. Concentration ratio of nitrogen to silicon atoms as a function of 
the SiHi concentration in the deposition apparatus. Included are 
corresponding curves of etching rate and index of refraction. 
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measurements, which are also included in 
Fig. 4 substantiated the given results. For 
SiH .4 concentrations below 0-2 per cent where 
the composition changes from stoichiometric 
to nitrogen-rich n — 2'01 and independent of 
the SiH< concentration. Above 0-2 per cent n 
increases. 

The distribution of the NnlNm ratio over the 
layer thickness with the SiH 4 concentration as 
a parameter is presented in Fig. 5. The results 


show that the composition is homogeneous 
over the total rsuige of SiH 4 concentration 
used during the fabrication of the nitride lay- 
ers. Deviations at the surface or at the inter- 
faces (see Fig: S) may be caused by uncertain- 
ties in the determination of the corresponding 
depth at the edges of the nitrogen and the sili- 
con peak. 

In Fig. 6 the average concentrations of sili- 
con and nitrogen atoms in the silicon nitride 


2.0 


z 



DISTANCE FROM THE SURFACE (4) 

Fig. ,T. Distribution of Nsll^si for samples prepared with different SiH, 
concentrations. 



Fig. 6. Average atomic concentrations and densities of silicon nitride 
layers as a function of the SiH 4 concentration during deposition. 
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iaybrs are shown in dependence of the SiH^ 
concentration. Nst was calculated using equa- 
tion (2), [SgJ-values were determined using 
d£/djt-values for 1 and 0-58 McV ions in 
silicon given in [6]; the estimated error is about 
10 per cent. [5sil- values were determined from 
measured AE values together with layer thick- 
ness data, found by ellipsometry measure- 
ments. The average [5si] value obtained was 
67 cV/A for I MeV ^He+ ions. The results in 
Fig. 6 show a slight increase for Nsi from 3 to 
3-7. 10**/cm® with increasing SiH^ concentra- 
tion. Within the estimated total error of 15 
per cent /Vsi may be considered as constant 
for SiH 4 concentrations below 0-2 per cent. 
Nj^ however decreases from 4-5 to 3-6 . 
cm® with increasing SiH* concentration. The 
average density of the silicon nitride layer, 
calculated by equation (3) is also presented in 
Fig. 6. The density is nearly independent of 
the SiH 4 concentration with an absolute value 
of about 2-5 g cm"’; of course a systematic 
error of about 1 0 per cent cannot be excluded. 

Among other fabrication parameters that 
can be varied in the glow discharge deposition 
method the total pressure during deposition 
seems to have a strong influence on the com- 
position. To study this influence the total 
pressure was varied between 0-25 and 2-8 
Torr, the SiH 4 concentration was kept con- 
stant at 0-08 per cent. The results of the 
analysis are given in Fig. 7. NnINsi ratio 
decreases with increasing pressure but within 
the pressure region between 1 and 2 Torr the 
dependence is very weak. Again this result is 
supported by index of refraction measure- 
ments also presented in Fig. 7. For the SiH 4 
concentration of 0-08 per cent n is nearly 
constant for pressures below 2 Torr while 
there is a remarkable increase for higher pres- 
sures. Quite different behaviour for n was 
obtained for a SiH 4 concentration of O-S per 
cent, where it is known from Fig. 4 that 
stoichiometric layers cannot be produced. 
Here n is above 2 on the whole pressure range 
besides at 0-2 Torr where a stoichiometric 
composition can be obtained. 



1 2 3 


TOTAL PRESSURE DURING DEPOSITION (TORR) 

Fig. 7. Concentration ratio of nitrogen to silicon of samples 
prepared at different total pressures but constant SiH, 
concentration during deposition in the reactor chamber. 

5. DISCUSSION 

The experimental results show that the 
composition of nitride layers made from SiH 4 
and Nj depends on the SiH 4 concentration 
and on the total pressure during deposition. 
The composition in the layer was found to be 
stoichiometric for SiH 4 concentrations be- 
tween 0- 1 and 0-2 per cent and in the pressure 
range from 1 to 2 Torr. In the glow discharge 
deposition method the NjNs\ ratio can be 
varied above and below the stoichiometric 
value. This was not observed for silicon nit- 
ride layers made from SiH 4 and NHj, where 
the maximum value obtained for N^lN si was 
1-33. With increasing SiH 4 concentration Nsi 
increases from 3 to 3-7.10®® cm"® whereas 
yVjv decreases from 4 to 3 -6 . 10®® cm"®. The 
density of the layer was about 2-5 g cm"® and 
was found to be nearly independent of the 
SiH 4 concentration. This is somewhat tower 
than the values obtained in [5] and less than 
that of crystalline a-Si 3 N 4 . 

The total pressure is an important para- 
meter in the glow discharge deposition 
method. For constant SiH 4 concentration of 
0-08 per cent stoichiometric compositions 
are obtained between 1 and 2 Torr. For lower 
pressures N^lN si rises sharply whereas for 
higher pressures N^lN si drops. 

The results obtained were in agreement with 
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Other methods depending on the structure of 
the silicon nitride layer. The etching rate, for 
example, has a sharp maximum for stoichio- 
metric composition whereas the index of 
refraction became saturated with a value of 
about 2*01 for N^iNsi ratios greater 1 -3. 

One advantage of the backscattering method 
is the information on depth dependence of the 
above quantities. The ratio N/flNgi is indepen- 
dent of depth for all SiH^ concentrations 
studied. 
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ELECTRONIC STATES OF HEAVY DIATOMIC 
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Abstract— The electronic states of heavy atomic solids are sensitive to relativistic corrections. The 
effects of these corrections on the eigenvalues and eigenfunctions of a diatomic crystal are investi- 
gated, by seeking the solutions of the Dirac equation for a Kronig-Penney type of potential. The 
relativistic band structure diagram shows that, although the relativistic correction leaves the for- 
bidden energy gap widths unchanged, it does cause a shrinking of the bands. The band shrinkage and 
constancy of the gap widths is accommodated by a downward shift of the band edges. 


1. INTRODUCTION 

Since relativistic effects are prominent in 
heavy atomic solids, it is necessary to solve 
the Dirac equation, rather than the Schroe- 
dingerone, when investigating their electronic 
properties, A simple relativistic theory of 
heavy monatomic solids has been developed 
recently [1-6], which is based on solving the 
Dirac equation for the Kronig-Penney (KP) 
[7] potential. In addition to studying the 
bulk[l] states, the simplicity of the approach 
enabled a detailed analysis to be made of 
localized surface [2-4] and impurity [5, 6] 
states. The main findings of these calculations 
were the relativistic shrinkage of the bulk 
energy spectrum, and the reclassification of 
the non-relativistic (NR) localized states 
into relativistic and Dirac localized states, 
the latter possessing no NR analogue. 

With many important semiconductors 
having a heavy diatomic structure [8- 13], 
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the aim of the present article is to carry out 
a relativistic treatment of the bulk states of 
the KP model for an AB-type binary crystal, 
and so prepare the way for extending the 
work to include surface and impurity effects. 
These latter effects, which play such a sig- 
nificant role in semiconductor physics, are 
to be dealt with in future papers. 

2. RELATIVISTIC FORMALISM 
The Dirac equation for a linear spatially 
dependent potential V(x) is[14] 

ihij/ — ihaj-tf/' + m^c^P^ — = 0 ( 1 ) 

where is a 4-component spinor in (x, t), 
and p are Dirac matrices, Wo is the rest mass 
of the electron and c is the velocity of light. 
Carrying out the matrix multiplication in (1) 
leads to two pairs of coupled simultaneous 
equations, which can be written as[l , 4] 

iht^ — ihca rtfs' + moC^Vitfs — Vtft = 0 (2) 

where is now a 2-component spinor and 
tTij are Pauli spin matrices. As the potential 
V is spatial and not time dependent, the 
space-time coordinates can be separated by 
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putting 


exp (-iEtIh) 

in (2) to give 


/i. being the wave number. From (8) and (11) 
comes 
(3) 

Ufc(x) = afc«Tfc-e*'’*-'‘>'+/3k‘»rfc+ 

( 12 ) 


ihctTx^’ ~ = (E—V)«f>. (4) 

If V = Vic in the l:-region of constant 
potential, then the two spinor components 
j — 1 and 2 in (4) can be decoupled by differen- 
tiation to yield 

d*<f.k<J>/cU* = -Pk^<f)t»> (5) 

with 

Pk— ( «o - F* ) ( €o - Fk -1- 2moC^ )lh^c^ (6) 

and 

€o = E — niaC^. (7) 

In matrix notation, the general plane-wave 
solution of (5) is 


which, for the diatomic KP potential (Fig. 1), 
must satisfy the continuity conditions 

U|(0) = Un(0) 
u„(a) = u„,(a) 

u„j(fl-l-f>) = u,v{a + f>) ^ ' 

U|(— Z>) = U|v(2a-l-fe). 


With the aid of (9), equations (12) and (13) 
lead to eight homogeneous simultaneous 
equations in 0 *'“* and /S**^*, whose non-trivial 
solutions require the determinantal com- 
patibility condition to be fulfilled, i.e., 

At -Ai 0 0 

0 B-c(a) ~A3 0 n 

0 

where the 
partitions 


0 B,{b) -A, ” 

0 0 -fij(a) 

elements are the 2x2 block 


where 

Tk" = (“j*'") , yk = (eo - Fk)/ftcpk (9) 

and ak‘*’, ^k‘^' are the second-component 
spinor amplitudes, which are related to the 
first component amplitudes via 


»=[S S]' "‘-[7* Y] 

gKPk-M)^ g-KPk+wo J- 

Expanding the determinant in (14), using (15), 
and performing some lengthy manipulation 
yields 


ak‘» = -ykafc<«, jSk"' = yk/3*<«. (10) 


3. ENERGY DISPERSION RELATION 
The A:-region spinor (8) can be propogated 
throu^ the crystal by invoking the Bloch [15] 
theorem, viz.. 


cos 2fji{a + b) + cos cos ^3 

+p,3 sinf, sin fa = 

2 cos f 1 cos fs cos^ PiO + 2p,jP23 sin f 1 sin fa 

X sin“ pjfl 

—2 sin piO cos p^a ( pu sin f 1 cos fs 

-f-paaCOsf, sin fa). 

(16) 

where 


m) 


^k(x) =u»(x) e*"^ 


ft = Pk*. Pis= { y.-^ + y/ ) /2yiyj. ( 1 7) 
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Transforming the KP potential in 
into Dirac 6 barriers and taking 

Fig. 1 

lim Vkb = Tfc, ^ = 1 and 3 

(18) 

so that 


ik = -Tklhc, 7fc = 1 

(19) 

enables (16) to be written in the simpler form 

cos“ p,a = (cos p^a — piik sin p^a) 

(20) 

where 


Pi = (1 + 72 ^)/ 2 v 2 

(21) 


and Tfc < he, i.e., is small. The relativistic 
KP dispersion relation for a diatomic crystal 
(20) can be expressed as [cf. Refs. [1] and [4] 

cos“ /xa = ^ n ^ [cos p 2 a + (niTklh^Pi) sin 

( 22 ) 

m being the relativistic electron mass. In the 
NR limit, as c -♦ «, and when = t, equation 
(22) reduces to the well-known KP relation [7] 
for a monatomic solid, namely, 

cos p,a = cos PqU -f (mox/ft^Po) sin poO (23) 



V(x)j 








I 

I 

m 

-1 

b 

0 

1 


the zero subscript denoting NR parameters, 
so that 

Po* = 2m^h’‘. 

Following the same procedure as Glasser 
and Davison (GD)[1], the relativistic energy 
band edges for a diatomic crystal can be com- 
puted, in atomic units, via (22). For the given 
set of parameters, the numerical values are 
displayed in Table 1 , along with those of the 
NR case and the corresponding monatomic 
crystal relativistic and NR values. On the 
basis of these values, the schematic band 
structure diagram of Fig. 2 can be drawn, 
and a comparative study made of the four 
spectra. 

The monatomic crystal spectrum consists 
of a series of bands. In the diatomic one, each 
of these bands is split by a forbidden energy 
gap, and the two bands so formed do not 
extend over as large an energy range as their 
monatomic counterpart. A more detailed 
analysis of these two spectra has been 
performed by Saxon and Hutner (SH)[16], 
who used the Green function and scattering 
matrix techniques. As in the monatomic 
crystal case[l], the relativistic correction 
causes the energy spectrum of the diatomic 
crystal to shrink, so that the band edges are 
displaced downwards (Fig. 2). The effects of 
this shrinkage on the gap {AEg) and band (Afj) 


N I 


(o+b) (2a+b) 


Fig. 1 . Kronig-Penney potential for a diatomic crystal. 
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MON ATONIC 
NR R 




Fig. 2. Band structure diagram based on Table 1. In the di- 
atomic spectra, notice the classification of the bands and the 
gaps into types 1 and 2 and also the numbering of the bands. 


Table 1. Energy band edge values in rydbergs 
for non-relativistic (NR) and relativistic (R) 
monatomic and diatomic crystals of lattice 
spacing 2a — 6ao (ag ~ Bohr radius). Other 
parametric values are[l]: (a) monatomic 
AT = 5 X (b) diatomic ar, = 5 x 10"^. 

OTg = 10 "^ 


NR 

Monatomic 

R 

Diatomic 

NR R 

0 09996 

0-09996 

0-12237 

0-12237 



1-57397 

1-57397 



1-57714 

1-57713 

314159 

3-14159 

3-14159 

3-14157 

3-14477 

3-14477 

3-14636 

3-14634 



4-71345 

4-71337 



4-71451 

4-71444 

6-28319 

6-28314 

6-28319 

6-28301 

6-28478 

6-28473 

6-28557 

6-28539 



7-85462 

7-85427 



7-85525 

7-85491 

9-42478 

9-42463 

9-42478 

9-42418 

9-42584 

9-42569 

9-42637 

9-42577 



10-99603 

10-99507 



10-99648 

10-99553 

12-56637 

12-56601 

12-56637 

12-56494 


widths are shown graphically in Figs. 3 and 4, 
respectively. The coincidence of the NR and 
relativistic (R) curves in Fig. 3 indicates that 
the gap widths are insensative to the relativis- 
tic correction. However, in Fig. 4, the R curve 
falls below the NR one. particularly at high 
band number n. Thus, the relativistic correc- 
tion reduces AE/,, while it leaves AEg jjn- 
changed. Hence, the downward displacement 
of the band edges occurs as a result of the 
band shrinkage being absorbed, in such a 
way, as to keep the gap widths constant. 
These findings are in agreement with those of 
G D [ 1 ] for monatomic crystals. 

4. SPINOR EXPRESSION 

A complete description of the electronic 
states of a diatomic crystal requires not only 
the eigenvalues, but also the eigenvectors. 
Since fc -» 0, only solutions in regions II and 
IV of Fig. 1 are of interest. Following KP[7] 
and solving the simultaneous equations for 
and leads, in the 6-function limit, to 
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Fig. 3. Variation of the gap widths AE, with the band 
number;:. The NR and R curves are coincident. 


The relativistic KP relation (22) can be 
obtained from the product of 

<^, cos fia = <^3[cos p^a 

+ (ntTslh^Pi) sinpgo] 

(^3 e~“*" cos fia = 01 tcos piO 

+ {mrilh^pt) sin p^a]. (29) 


On using (29), in conjunction with (27) and 
(28), equation (25) can be rewritten as 


<f>(x) = im sin p3fl[T-i0ill(j:) 

+ T303 e“*'^"ll(x+ fl)]/ft'‘Ap2 

with 


(30) 


X = = 


[e 


mp -Wa 


(24) 


ft(x) = [e^'^“a>(A-) -w(.x-2a)] 

where 


with k = 2 and 4. The form of the bulk spinor 
can now be chosen as 


<tt{x) = xrj+ 

+ + xrj+ 

(25) 


in which 

Sy = 1 , i= j for diatomic case 

= 0, / j for monatomic case. 

Considering the diatomic situation, the 
second-component spinor amplitudes are 

found by setting 

0<»(O)=0„ 0'«(a)=03 (26) 

which, together with (24) and (25), give 

«/“ = A4>- /Ae-'"*", a4‘« = A<t>+/A (27) 

where 
A= [1 

d>73 = /(0, cosp2a-03e-‘^“cospa) (28) 

d>7, = /(03 cos pio-tff, e*^" cos pa) 

A = 2 sin pta (cos 2pa — cos 2p2a ) . 


= (r 2 + e (32) 

In the NR limit, 1’2*, Pt and m are replaced 
by unity, po and m#, respectively, in which 
case (30) can be easily identihed with the 
diatomic crystal wave function of SH[16]. 

Equation (30) can, of course, also be re- 
duced to the wave function expression for a 
monatomic crystal of lattice spacing 2a, by 
merely putting T3 = 0. 

5. DISCUSSION 

A complete analysis of the electronic states 
of heavy diatomic crystals has been presented, 
based on the solution of the Dirac equation 
via the KP[7] approach, which matches the 
wave functions across the potential dis- 
continuities in the crystal held. Comparisons 
have been drawn with the results of GD[1], 
who used the scattering matrix method [16] to 
obtain the energy spectrum of heavy mon- 
atomic crystals. It is found that, in both mono- 
and diatomic crystals, the relativistic effects 
lead to a shrinkage of the energy bands, while 
the gaps tend to remain unaltered. This is 
made possible by the accompanying down- 
ward displacement of the band edges. It 




1922 


STESLICKA, S. G. DAVIDSON and U. SRINIVASAN 




Fig. 4. Graphs of the band widths against the band number 
n. showing the relativistic shrinkage. 


should also be noted that, by suitable choice 
of parameters, the more general relativistic 
model used here can be reduced to the simpler 
relativistic and NR models employed in the 
earlier treatments. 

The above findings are m qualitative agree- 
ment with the relativistic APW[8, 9] and 
OPW[10] calculations, where the Foldy- 
Wouthuysen (FW)[17] transformation is used 
to express the Dirac Hamiltonian as the NR 
Hamiltonian plus the mass-velocity, Darwin 
and spin-orbit coupling correction terms, in 


these investigations, the crystal field is rep- 
resented by the muffin-tin potential. By choos- 
ing the simpler KP potential, the present 
approach enables the Dirac equation to be 
solved exactly in a straight forward manner, 
without resorting to the FW transformation. 
Thus, the relativistic effects no longer appear 
as a series of correction terms to the NR 
results, but are included altogether. 

However, the FW approach is, of course, 
useful for studying the contributions arising 
from individual correction terms. The spin- 
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orbit interaction in heavy diatomic crystals 
has been examined in this way. Instead of 
utilizing the crystal potential methods, 
Doggett[l]] adopted the bond orbital tech- 
nique to investigate the spin-orbit splittings of 
the valence band, in several diatomic semi- 
conductors, when overlap and valence- 
conduction band interaction are included. 
Another calculation along these lines is that 
of Tung and Cohen[13], who showed that, by 
incorporating spin-orbit coupling into the 
empirical pseudopotential method [18], the 
energy spectra obtained for the IV-VI com- 
pounds considered were in better agreement 
with experiment than their NR counterparts. 

All of these calculations demonstrate the 
need for including relativistic effects in the 
study of the band structure of heavy diatomic 
solids. Moreover, since the band edges, from 
which localized state energy levels appear, 
are sensitive to these effects, it is important 
to treat the localized states of heavy diatomic 
crystals from a relativistic point of view. In 
order to do this, one must have a simple 
periodic potential, such as the KP one, so that 
the difficulties arising from the complicated 
boundary conditions can be treated success- 
fully in the Dirac formulation. Once the 
KP-type model has provided a qualitative 
understanding of localized state problems, it 
should be possible to extend the work to more 
realistic crystal potentials and so obtain a 
quantitative knowledge. 
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DIELECTRIC ABSORPTION OF POLYMERS 
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Abstract— The high dielectric absorption of partially crystalline polymers and glasses in the far i.r. has 
been studied. It rises with frequency, starting from the millimeter range, and is essentially temperature 
independent. It is interpreted as disorder-induced one-phonon absorption which, outside the range of 
optically active vibrations, reflects the phonon density of states. 

At the low frequency side (4 and 8 mm wavelengths) a strongly temperature dependent multi- 
phonon absorption was measured. The absorption-temperature curves show an inflexion point or 
plateau at a temperature ha>Jk, where oig equals the frequency of those phonons that are mainly con- 
tributing to 3-phonon processes. It can be shown that too is the lowest optically active frequency of the 
one-phonon absorption. Good experimental correlation between that characteristic temperature range 
and the far i.r. measurements was found. 


INTRODUCTION 

The absorption of electromagnetic radiation, 
especially the measurement of dielectric loss 
in the radio frequency range is a common tool 
for structural studies of polymers. We tried 
to extend this method to the high frequencies 
of the millimeter and far i.r. region and applied 
it to the investigation of glasses and amorphous 
and partially crystalline polymers. It is in 
the intermediate frequency range, between 
10'* and 10’® Hz that the behaviour of amor- 
phous materials differs markedly from that 
of crystal.s: The lattice absorption bands are 
at about the same frequencies as in the cor- 
responding crystals, but the peaks are smeared 
out, and there is an additional absorption at 
frequencies which are forbidden for the ideal 
crystal. This not-allowed absorption becomes 
the stronger the less crystalline the substance. 
Going from the lowest lattice vibration fre- 
quencies towards longer wavelengths the 
absorption decreases only slowly. There 
remains a substantial dielectric loss even in 
the 4 and 8 mm band. Again the absorption is 
higher in the more amorphous materials. To 
explore its origin the temperature dependence 


was investigated from 1 -8 to 350°K. It showed 
a behavior which is typical for 3 phonon pro- 
cesses. 

In the following we try to develop a con- 
sistent picture of the nature of the electro- 
magnetic absorption in partially amorphous 
polymers. First the assumed model and its 
theoretical background are presented; 
secondly the experimental verification, both 
for the one phonon far i.r. absorption and for 
the multiphonon absorption in the millimeter 
range is shown. 

1. ONE PHONON absorption IN AMORPHOUS 
MATERIALS 

(a) The assumed model 

Infrared as well as X-ray investigations of 
amorphous polymers and inorganic glasses 
show that the long-range order is lost while the 
nearest-neighbour order equals that of the 
corresponding crystalline state. Since vibra- 
tional frequencies depend to a great deal on 
the nearest-neighbour order, we made the 
first assumption that when describing the 
vibrational behavior of partially crystalline 
polymers it is allowed to start from the 


1925 



1926 


E. M. AMRHEIN and H. HEIL 


spectrum of the ideal crystal. The density of 
phonon states g(o}) is 

;?(a>) « g(<u)cryrtal- (1) 

In the case of the undisturbed lattice the 
translational invariance leads to the selection 
rules which restrict the one-phonon absorption 
to 

Qphoton ~ Qphonon ““0 ^2) 

q = wave vector. 

This rule weakens, as soon as the order of the 
crystal is disturbed. If there are some dis- 
ordered elements within the range a = Xphoton- 
the resulting dipole moment for a phonon 
wave with frequency to may be larger than 
zero, though its wave vector q does not equal 
27r/XphoMn- This means, that points of high 
density in g(a}) should now show up in the 
electromagnetic absorption spectra. We would 
like to call this phenomenon disorder- 
induced absorption. The corresponding 
mechanism is known as ‘defect-induced 
absorption’ll 1], if the ‘disordered elements’ 
are single impurity atoms or vacancies, 
dissolved in an unperturbed lattice. The actual 
intensity of the disorder-induced absorption 
in amorphous materials is a rather involved 
quantity. It depends on the number and type 
of disturbences, but also on the dipole moment 
of adjacent lattice elements induced by the 
phonon wave considered. For the optical 
branches this dipole moment has its maximum 
value at q = 0 and falls off to zero towards 
the zone boundary ; for the acoustical branches 
it varies in the opposite way. Finally, polar 
substances should show a stronger disorder- 
induced absorption than non-polar ones. All 
these rules can be verified in the following 
figures. 

(b) Experiments 

In Figs. 1-4 far i.r. spectra are presented of 
polyethylene (PE), polyoxymethylene (POM), 
and quartz glass. They were measured by a 
Fourier spqMyj p neter (Grubb- Parsons) rad 


computed in terms of the dielectric loss factor 
tanS for comparison with the microwave 
data. 

ot 

tan S = = a = absorption coefficient 

iTTnv t A 

n — refractive index 

V — wave number. 

(Multiplication with the wavenumber gives 
the corresponding frequency dependence of 
the absorption coefficient) q((t)), as calculated 
for the ideal crystal, and also the allowed i.r. 
active frequencies are shown for comparison. 
In the case of vitreous silica g((o) was taken 
from a calculation of a quartz glass model [1]. 
The assumption that the measured spectra 
originate from one phonon absorption is 
proved by the temperature independence 
of the absorption. Figure 1 also shows that 
the absorption rises with the amount of 
amorphous phase. Figure 3 demonstrates 
how the ‘background loss' in an amorphous 
sample resembles the total phonon density: 
Fig. 4 gives a detail of the region around 90 
cm">; the maximum in the density of phonon 
states shows up in the spectrum, though the 
selection rules do not allow the transition. 
Comparison between the two samples gives 
a ratio of 1 -80 for the areas of the absorption 
peaks and a ratio of 1 -85 for the corresponding 
amounts of amorphous phase (1 — w'') (w'’ = 
crystal content). Yet there is a. 200-fold 
higher absorption around the frequencies of 
the ‘optical’ (q = 0)-modes. Whether g(<u) is 
the same in the partially disordered system 
as in the ideal crystal, can best be checked 
at the allowed frequencies, i.e. at q « 0. The 
loss of long-range order should affect the long 
wavelength phonons most. Since the allowed 
transition frequencies scarcely change, we 
expect our assumption (1) to be a good 
approximation. 

Besides the discussed disorder-induced 
absorption in the amorphous polymers there 
may be local or quasi local in-band-modes 
which give rise to additional absorption at 
low frequencies. It will be difficult— if possible 
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Fig. 1 . (a) Dielectric loss of polyethylene samples in the far 
i.r, T “ 100 K; = crystallinity (Multiply tan S by lirnv 
in order to get the absorption coefficient;/; = refractive index, 
= wave number), (b) g(i'), = phonon frequency distribu- 
tion from neutron inelastic scattering (6) (c)g(i'): calculation 
for the 3-dimensional crystal (12). 


at all — to identify such modes in polymers; 
first: the disturbences in a polymer lattice 
are generally not coupled with charges or 
big mass defects, like defects in the alkali 
halides; secondly: a strong multi-phonon 
absorption is superposed on the residual 
one-phonon absorption. 

2. MULTIPHONON ABSORPTION 

Going from higher to lower frequencies 
the discussed defect-induced one-phonon 
absorption weakens off, since as well as 


the dipole moment go to zero for u -♦ 0 
(acoustical branch). The remaining absorption 
which is found between the microwave range 
and the far i.r. must be multiphonon absorp- 
tion. Two-phonon absorption has a low-fre- 
quency cut-off given by the smallest difference 
Aw for = 0. Here again the loss of the 
selection rules for the disordered system 
causes a smearing out of the absorption bands. 
At frequencies below the two-phonon cut-off, 
three-phonon absorption will dominate, if the 
temperature is not too low. 
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Fig, 2. Dielectric absorption of vitreous silica in the far 
i.r. ii(v) = phonon density distribution calculated from a 
.1-dimen.sional model (1); below; i.r. absorption bands 
of crystalline quartz (7). 


To distinguish between the different pro- 
cesses and to make a structural analysis, it 
was necessary to investigate the temperature 
dependence of the absorption. 


(a) Theory of the temperature dependence 
Szigeti in his calculation of the two-phonon absorption 
of crystals [2] found, that for all processes of the appro- 
priate order the temperature dependent occupation 
number part of the absorption contains only the occupa- 
tion numbers of the actually created or destroyed 
phonons. This means that the two-phonon absorption 
coefficient a'“’ for the difference process, which is of 
interest in the frequency range investigated, becomes; 

a’”= C(at)l(m’-i- Um" - m' (m’'-h 1)] 
ii> = in' — la" ^ 

m' = m(io', T) = equilibrium occupation number for pho- 
nons of frequency la'. 

An equivalent statement also holds for three-phonon 
processes. They originate from the combination of terms 
in which either the potential is expanded up to the 4th 
order in th$ lattice displacements, or the dipole moment 
up to order. All the possible combi nationTcan 


be classified into 4 types which are given in the diagrams 
of Fig. 5. In these diagrams ±ia indicates the actually 
created or destroyed phonons. Arrows without designa- 
tion mark the virtual intermediate states. A very lengthy 
calculation, which is beyond the framework of this paper, 
shows that in deriving the transition probabilities the' 
occupation numbers of these intermediate states drop 
out (3). All the 4 types of 3-phonon processes then lead 
to the same final equations for the absorption coefficient, 
— where the occupation number term and the energy 
conservation law are written explictly; 

7")=2 l)(im,,-)- l)m,,— 


1)] ■ 8(&)- 

T) = 2 '4(-(<"i,e<i.u'u)[(m,,-l- l)mi,m(, — <2) 

iii.i> ^ ' 

l)(m,,+ 1)] ■ 6(tt)- (iai, — io,, — iafJ) 


a„‘® stands for the processes in which the photon and 1 
phonon are destroyed and 2 phonons created; stands 
for the processes in which two phonons are destroyed 
and one is created. The third possibility, the creation of 
three phonons, is not discussed, since the corresponding 
photon frequency is higher than that of the lattice modes. 
The different phonons oi, give different contributions to 
A substantial absorption takes place only, if at 
least one a), corresponds to a frequency with high density 
of states. Besides this, the dipole moment M of a lallice 
wave which is responsible for the coupling of the electro- 
magnetic field to the lattice vibration will be largest for 
optical branches at q = 0. Furthermore, the transition 
probability between eigenstates belonging to different 
eigenvalues decreases in general with increasing eigen- 
value difference. Finally the equilibrium values of m(ia) 
decrease with growing la. Each of the quoted arguments 
favours the lowe.M optically active frequencies ‘mf to 
give the highest contribution to the muitiphonon absorp- 
tion. 

For the discussion of the temperature dependence of 
the absorption coefficient we look at the occupation 
number parts of a„“ and a,f. calling the term in the 
rectangular brackets and pif. mi, may be abbreviated 
by m, etc. 

With the equilibrium distribution 


m(ia. T) = (e''“"'’'-l)-'= (e‘''^-l) '; 

n~-f. ( 3 , 

one gels 

, gnir/'gn2/r_ 

gni/7’_ ^1,/r 0ii./r 

0.3 = ■ ^ 

The high temperature behavior is common to all three- 
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Fig. 3. Dielectric loss of polyoxymethylene samples in the far i.r.: m''' = crystal- 
linity; g(r)„: phonon frequency distribution from inelastic neutron scattering 
( 13); gii')' calculation for the regular isolated chain (5); arrows mark the i.r.- 
active vibrations. 

phonon-absorption terms: Opiwum = O = D, ± fls - ft., (12) 


Assuming 


ft, ^ r 


for all participating frequencies and consequently 
ft,, <* T. 


we get by expanding the exponential function: 


(-■5) 


(b) 


(4) becomes: 


(T •« ft„) = e-<“>+“'’W’'(l -6-“'’’). 

(13) 

/a„'”(r< ft„)=e-"-'''(l-e-‘''’’). 

In the same way one finds for the difference processes of 
the two-phonon absorption: 


Ml^n,„=/'”(ft..ft..ft.t)'r-‘. (7) 


iiV*in. = e-'»"'(l-e-"'’). (14) 


Accordingly we find for two-phonon processes: 

(^',5’..<,.,=y’“(ft,.ftz)T. (8) 

For the low-temperature behaviour vt'e have 

ft, T. (9) 

This cannot hold for all frequencies participating in the 
absorption, since m goes down to zero for the acoustical 
branch. Yet as the density of states as well as the dipole 
moment go to zero with ca -* 0 (9) will hold for all essen- 
tial terms, i.e.: 

n„»>r. (10) 

From (9) follows: 

e-‘*<'’'<tl, (11) 


While the high-temperature behaviour allows to dis- 
tinguish easily between two and three phonon processes 
this does not apply to the low temperature behaviour, 
.Actually the functional form remains the same, the 
factor in front of the bracket contains the sum of the 
destroyed phonons ft„ in the exponent. Function (13) 
shall be discussed in detail; 

In correspondence with our eaHier discussion we 
assume: 

fta-sfto. (15) 

As a result the absorption 

t^o,n.,= e"‘‘“'’'(l-e-‘‘'n (lb) 

starts with a steep uprise based on e“‘*o'’' while the tenii 
in brackets flattens the curve with growing temperature. 
A maximum is shown at 


With (11) and the energy conservation law: 


r. = n(in(i+n/ft„))-'. 


(17) 
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Fig. 4. Dielectric absorption of polyoxymethylene in the 


far i.r; detail from Fig. 3. 
( o) 



With (15) it follows 

To*' Do. (17a) 

Here the presupposition (10) holds no longer, lies in 
the transition region between low and high-temperature 
behaviour. But the qualitative characteristics of will 
hold up to To- One expects a plateau or possibly a small 
maximum of the absorption around T=To. before the 
high temperature ascent begins. If a band of frequencies 
<t>oi participates in the absorption process the absorption 
can be thought as a superposition of the corresponding 
absorption curves. 

In two-phonon-processes the participating frequencies 
are restricted by the momentum selection rules. There 
will be some plateau or point of inflexion at 

T » Os, 

but fl, is not necessarily equal to the lowest i.r. active 
frequency Cl„. 

With growing Cl. Anally, (15) holds no longer. As a 
consequence the plateau will, according to (17), shift 
towards lower temperatures. 

Adding up our discussion of one and multi- 
phonon-absorption by a partially crystalline 
polymer we get the schematic curves of Fig. 
6 for the expected temperature and frequency 
dependence. 

(b) Experiments 

Equation (17) and Fig. 6 lead to a kind of 




Fig. 5. Schematic representation of 3-phonon processes, starting from the 
absorption of one photon: <a = incident photon; — ►: inter- 
mediate (virtual) phonon; real phonon: ± indicates the possibility of 

creation and destruction; the arrows are, for simplicity, only drawn for phonon 
creation; O (i): interaction taXes place by an anharmonic potential of the i-th 
order; 0 (J ) : interaction takes place through a dipole moment of order j. 5a: 
Creation, resp. destruction, of 3 phonons; 5b: creation of one virtual phonon, 
which by an anharmonic potential of 4th order interacts with 3 other phonons: 
5c: the virtual phonon interacts twice with 2 phonons; 5d; creation (or destruc- 
tion) of one real and one virtual phonon and further interaction of the virtual 
phonon with 2 other phonons. 
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Fig 6, Schematic drawing of low frequency multi-phonon 
absorption /( us a function of temperature T. 



Fig. 7. Dielectric loss of 2 polyethylene samples (PE) at 9 mm wavelength; and dielectric 
loss of 1 polyoxymethylene sample (POM) at 9 and 4 mm wavelengths (8). 


‘temperature phonon spectroscopy’: The 
lowest optical frequencies <oo,, that are in- 
volved in the 3-phonon-absorption, should be 
found from the temperature range of the multi- 


phonon absorption plateau. The experimental 
results confirm this conclusion. 

Measurements of the temperature depend- 
ence of the dielectric loss were made at 8 
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Fig. 8. Dielectric loss of polystyrene (PS) at 9 and 4 mm wavelengths (8) and dielectric 
loss of polyvinylchloride (PVC) at 9 mm wavelength. 



loei ; ico 600 


Fig. 9. I.r. absorption spectra of polystyrene (PS) and polyvinylchloride (PVC) (9). 


and 4 mm wavelength by a cavity resonator (PVC) and polystyrene (PS)are shown in Figs, 
method [4]. The results for polyethylene (PE), 7 and 8. 

polyoxymethylene (POM), polyvinylchloride (1) Good agreement is found between the 
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overall temperature dependence of the di- 
electric loss and the theoretical predictions 
of Fig. 6. The high-temperature part of the 
curves follows a r"-law with /» « 2, as 
expected for 3 -phonon-absorption, n becomes 
considerably larger than 2 for POM and PVC 
above the glass transition temperature; here, 
probably, relaxation processes thaw off[5]. 

The plateau in the loss-temperature curves 
increases and the slope of the low temperature 
part decreases with increasing amount of 
amorphous phase and higher frequencies. The 
latter shows the increasing contribution of 
temperature independent one-phonon absorp- 
tion, in correspondence with Fig. 6. 

(2) A qualitative confirmation of the To = 
flo-law (equation 17a) is found. For the PE 
samples To = 100°K corresponds clearly to 

toa = kTglh = 70 cm*', 

i.e. to the lowest optically active lattice vibra- 
tion seen in Fig. 1 . For POM the broad struc- 
ture of the plateau gives a hint that some 
optically active vibrations below 30cm“‘ 
(as predicted by theory [5] and later found by 
experiment [10]) must exist. The difference 
in the temperature dependence of the di- 
electric loss of PVC and PS finds its explana- 
tion in the different frequencies of their 
lowest i.r.-active vibrations (Fig. 9); In PS 
the frequency of the first wq is higher than 200 
cm"*; the plateau in the loss-temperature 
curve, therefore, should lie at about 300°K, 
which is consistent with the experimental 
result. 

3. CONCLUSION 

We investigated the high dielectric absorp- 
tion of partially crystalline polymers and 
glasses in the far i.r. Starting from the milli- 
meter range it rises with w (the extinction 
coefficient rises with to**) and is essentially 


temperature independent. It is interpreted 
as disorder-induced one-phonon absorption 
which, outside the range of optically active 
vibrations, reflects the phonon density of 
states. The absorption becomes very much 
higher around the frequencies that are 
optically active in the corresponding crystal- 
line state. 

At still lower frequencies (4 and 8 mm 
wavelengths) the strongly temperature 
dependent 3-phonon-tail of that absorption 
was studied. The absorption-temperature 
curves show an inflexion point or plateau at a 
temperature hwolk, where ci>o equals the 
frequency of those phonons that are mainly 
contributing to 3-phonon processes. It can 
be shown that o>o is the lowest optically active 
frequency of the one-phonon absorption. 
Good experimental correlation between that 
characteristic temperature range and the far 
i.r. measurements was found. 
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OPTICAL PROPERTIES OF NON-CRYSTALLINE 
Si, SiO, SiOx AND SiOa 


H. R. PHILIPP 

General Electric Research and Development Center Schenectady, N.Y. 1 230 1 . U.S.A. 

(Recewed 14 September 1970) 

Abstract— Optical data for non-crystalline Si, SiO, SiO^ (jc = 1-5) and SiO, are presented and analyzed 
for the energy region 1 to 26 eV. The results indicate that amorphous substances of all intermediate 
compositions between Si and SiO, can be formed and that these materials are not simple mixtures of 
Si and SiO, but rather the two atom species are blended on an atomic scale. More specifically, the 
Si bonding is tetrahedral (perhaps highly distorted) and of the type Si-(Si„0,.,) where the distribution 
of atoms is essentially statistical. Further it is found that the optical properties of these layers are 
determined by the presence and grouping of Si-O and Si-Si bonds and that clusters of like tends of 
the dimension of a Si-ISi,) or Si-(0,) tetrahedra have optical properties comparable to those exhibited 
by amorphous silicon or quartz, respectively, ‘in bulk'. 


1. INTRODUCTION 

The use of SiO and SiOx films as protective 
layers and antireflecting coatings in optical 
applications, and as the dielectric material 
in certain microelectronic devices, has promp- 
ted a series of investigations into their pro- 
perties [1-4], These layers are formed by 
direct evaporation of silicon monoxide 
either rapidly under conditions of good 
vacuum or slowly in the presence of air or 
oxygen. In the latter case, the condensate 
acquires excess oxygen and the O to Si atom 
ratio rises above unity. The addition of oxygen 
greatly reduces the index of refraction and the 
opacity of these films to visible and ultraviolet 
light. There has been some conjecture about 
the formation of Si 20 ;i based on chemical 
analysis, and also the uniqueness of certain 
infrared absorption bands which are distinct 
in comparison to SiO and Si02[4, 5]. Unfor- 
tunately, both SiO and SiOx condense into 
amorphous layers and their structures are not 
well understood [6-9]. Thus, firm conclusions 
are lacking. This paper presents new optical 
information on these materials obtained over 
an extended energy range. The results 
indicate that short range order primarily 
determines the optical properties. This view 
has not been considered in previous investi- 
gations. 


In a recent note [10] we compared the 
optical behavior of crystalline and fused 
Si02. The real and imaginary parts of the 
dielectric constant which describe these 
properties were obtained by Kramers- Kronig 
analyses of reflectance data shown in Fig. 1. 
The results for both forms of Si02 are very 
similar. The absorption spectrum exhibits 
a series of relatively sharp peaks which are 
broadened slightly in the case of the ‘amor- 
phous’ material.* Since the presence of long- 


*The term “amorphous” is a description based on the 
results of some experiments usually involving X-ray or 
electron diffraction. When the observed patterns become 
diffuse or highly broadened compared to the sharp array 
for the crystalline material, the solid is said to be amor- 
phous. That is. the atomic arrangements no longer possess 
the long-range spacial ordering of the perfect crystal. 
However, the use of the word amorphous, without 
defining its experimental basis, can lead to ambiguity. 
For example, a sample composed of small crystallites 
may appear amorphous to X-rays and crystalline to 
electron diffraction. It is possible to define amorphous 
from an optical point of view. The concepts involved here 
are of course very different from those of the scattering 
phenomena pertinent to X-ray and electron observations. 
Optical absorption data are concerned generally with one 
photon events in which an electron is raised from a filled 
to an empty state. These electronic states in turn are 
determined by the symmetry and spacings of the con- 
stituent atoms. Crystalline materials frequently exhibit 
relatively sharp optical structure. If these optical effects 
are associated with rather localized atomic configurations 
then a material composed of extremely small cryst^lites 
or perhaps possessing only local order may retain the 
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Fig. 1. The spectral dependence of the reflectance of cry- 
stalline and fused quartz. For clarity, the values for fused 
quartz have been lowered by 5 per cent. 


range order is destroyed on transition from 
the crystalline to the more random (vitreous) 
state, it was concluded that absorption pro- 
cesses in Si 02 are to be ascribed to some 
mechanism of a rather localized nature which 
persists in the fused silica structure. In this 
connection it was further noted that although 
the density ratio 2'65/2-20 = 1-2 for crystalline 
compared to fused quartz is rather large, the 
polarizability per unit density for each form is 
nearly the same. 

sharp features of the single crystal. In this sense, the 
material may be considered ‘optically ordered’ although 
it may still be amorphous on the basis of other experi- 
ments. Fused SiO: appears to fit this category. However, 
when such structure becomes considerably broadened 
and perhajptahifted in energy compared to the crystalline 
data, sample can be considered optically amo r- 

phqiil&<^is is the case for evaporated Si shown in Fig. 2. 


It has long been recognized [ 1 1 , 1 2] that 
quartz glass is composed of a network of Si 
atoms tetrahedrally surrounded by four 
oxygen atoms. Furthermore, nearest neighbor 
distances, for example the Si-O distance of 
~ I 62 A. are close to those which occur in 
the various crystalline polymorphs of SiOz. 
It is thus likely that these optical properties 
which appear common to both vitreous and 
crystalline SiOz can be associated with the 
presence of short range order (coordination 
number and the average distance between 
atoms) which exists in the amorphous material 
although further localization, possibly 
atomic, cannot be ruled out. 

The analysis of recent X-ray structural 
studies of amorphous SiOj. indicates a near 
neighborhood order quite similar to that in 
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SiOj glass [9]. For SiO the aggregate of atoms 
is more random and a smaller degree of local 
order is found. Although no prescription is 
presently available to explain the observed 
optical transitions in SiOg, it would appear 
that comparison of these results with similar 
data on SiO and SiOj. would provide a further 
basis for the understanding of the optical 
properties and possibly the local atomic 
arrangements in all these oxides. 

This approach is examined in the present 
paper and further extended by inclusion of 
data, shown in Fig. 2, for evaporated Si 
films [13, 14]. The observed optical properties 
of Si02 will be associated with the Si-O 
bonding characteristic of quartz. The data on 
Si films will be used to describe the behavior 
associated with the Si-Si bonding of amor- 



Fig. 2. The spectral dependence of the reflectance of 
crystalline and evaporated, amorphous silicon. 


phous Si. We will then demonstrate that SiO, 
(x = 0 -> 2) represents a continuous range of 
materials whose optical properties are deter' 
mined by the presence and grouping of Si-Si 
and Si-0 bonds which are statistically dis- 
tributed and that clusters of like bonds of the 
dimension of a Si-fSu) or Si-(0«) tetrahedron 
have optical properties con 4 )ar^le to those 
exhibited by amorphous silicon or quartz 
respectively, ‘in bulk’. This demonstration is 
based on a comparison of the absorption and 
reflectance spectrum of SiO and SiO, (x = 
1-5) with an^ogous features in Si and SiO* 
data. Further we can qualitatively account 
for the magnitude and frequency dependence 
of eo.eft. the effective dielectric constant, and 
Keff, the effective number of electrons per 
molecule, in terms of the above picture. 
These latter quantities are obtained from sum 
rules on the imaginary part of the dielectric 
constant [13]. 

As a general conclusion, Si and Si02 
can be thought of as forming glasses of all 
intermediate composition. This very simple 
viewpoint appears to have application in the 
discussion of other amorphous materials, 
especially those prepared by pyrolytic de- 
composition or high-frequency plasma deposi- 
tion using gases of varying constituent 
proportions [15, 16]. 

2. EXPERIMENTAL 

Films of SiO were prepared by rapid 
evaporation of silicon monoxide (deposition 
rate 30 to 80 A/sec) under good vacuum 
conditions (p < 10“*Torr). Films of SiO, 
were prepared by slow evaporation of silicon 
monoxide (deposition rate 2 to S A/sec) in 
the presence of oxygen at a pressure near lO"* 
Torr. Substrates were either metal or a trans- 
parent material like quartz or LiF for optical 
transmission measurements. 

The atomic ratios of O to Si in these layers 
were not determined. Absorption coeflicients 
for SiO films of various thicknesses, and 
obtained over a range of deposition conditions, 
were self consistent. They agree reasonably 
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well with values reported in the literature 
for ‘true’ SiO films [2, 17], The SiO* films 
produced under the above deposition condi- 
tions are assumed to have atomic ratios near 
1-5 [3, 4] although for the purposes of this 
paper, the precise ratios are not important.* 
These films exhibited some variation in 
absorption coefficient especially for energies 
below ~ 9 eV. The absorption could also be 
reduced by u.v. irradiation. This effect has 
been described in the literature [18]. Typical 

*We will hereafter designate this material as SiO, j 
and use SiOj, to indicate materials having a range of 
possible atom ratios between 0 and 2. 


transmission data for SiO and SiO ,. 5 films 
are given in Fig. 3. Two curves are shown 
for SiOi s to indicate the variability of the 
absorption coefficient for these layers. Data 
for films formed under deposition conditions 
intermediate to those described earlier lie 
between the curves for SiO and SiO ,. 5 drawn 
here. Other results clearly indicate that films 
can be deposited with any intermediate O to 
Si ratio and that these films exhibit a contin- 
uous range of absorption coefficients [17]. 
For discussion purposes, curves for Si 02 
and amorphous Si are also given in Fig. 3. 
These latter data were obtained on films 



Fig. 3. The spectral dependence of the absorption coefficient of amor- 
phous Si, SiO, SiO, (jc ~ 1 -5) and SiOj. The curve on the far right is for 
crystBHine SiOj. 
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formed on unbeated glass substrates by elec- 
tron beam evaporation of crystalline silicon. 

Reflectance data for SiO and SiOi-j are 
shown in Fig. 4 along with comparison data 
for Si and SiOj. The techniques employed in 
these measurements have been described 
elsewhere [13]. Curves obtained on SiOi-s 
samples before and after ultraviolet irradiation 
were essentially identical. This indicates that 
the region of strong absorption, above ~ 9 eV, 
which largely determines the nature of the 
reflectance curve, is little affected by this 
treatment. The real and imaginary parts of 
the dielectric constant, e, and € 2 , obtained by 
Kramers- Kronig analysis [19] of the above 
curves, are shown in Fig. 5. The results for 



Fig. 4. The spectral dependence of the reflectance of 
Si, SiO, SiOo- (at ~ 1-5) and SiO,. For clarity the ordi- 
nates have been displaced (see arrows). The scale, in 
per cent, for Si is indicated on the right side of this figure. 
The curve for Si for hv> 12eV is extrapolated using 
data for crystalline silicon[13, 21]. 



Fig. 5. The spectral dependence of the real and imaginary 
parts of the dielectric constant, e, and €j for Si, SiO, 
SiOx (x ~ 1 -5) and SiOj obtained by Kramers- Kronig 
analysis of the curves of Fig. 4. For clarity the ordinates 
have been displaced (see arrows). The scale for Si is 
the same as that for SiO. 

Si films are also shown in Fig. 6 where they 
are compared with those for crystalline silicon 
[13,20]. For all these analyses, the reflec- 
tance curves were extrapolated above 26 
eV so as to give the required value of phase, 
lane = -2kl{n'^ + k'^-\) ^ 0, in the regions 
of low absorption or transparency. The results 
of Fig. 3 were useful for this purpose. 

Analysis of data 

In it gross features, the reflectance spec- 
trum of SiOi-s resembles that of SiOj. The 
peaks are less sharp but occur at approxi- 
mately the same energies. We conclude on 
this basis that strong optical transitions in 
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curves may be obtained for SiO^ which 
essentially bridge the gap between SiO and 
SiOz. Thus, just as the density, refractive 
index and other parameters of SiO, can be 
thought of as being a continuous function of 
composition, so can the optical absorption. 
If this absorption is related in some way to an 
increasing amount of Si-Si bonding as the 
composition SiO is approached, then we 
would expect to find a further connectivity 
of these curves to the results for Si. This 
extension appears obvious in the figure. 

We can examine the above situation some- 
what more quantitatively by the use of certain 
sum rules [13, 20] on 62 . The first of these 


2 f^" 

Eo.elT — 1 H I 


£-'62(£)d£ (1) 


hi^ (eVl 

Fig. 6. The spectral dependence of the real and imaginary 
parts of the dielectric constant, e, and f„ for crystalline 
silicon (upper curve) and amorphous silicon (lower 
curve). 

SiOi .5 are dominated by processes associated 
with the Si-O bonding characteristic of quartz. 
For SiO, the curve appears entirely different. 
A peak in the reflectance occurs near 4-5 
eV and only faint humps in the curve are 
observed near 10 and 15 eV. The shape of 
this curve is similar to that of amorphous 
Si for energies below ~ 10 eV. The relatively 
sharp structure which occurs in data for Si 
crystals shown in Fig. 2 is absent in the 
evaporated material. Hence, characteristics 
in the reflectance curve which might be associ- 
ated with the Si-Si bonds in amorphous films 
are at most indicated by a very broad peak in 
the 4-5 eV range. 

A different point of view might be taken if 
we had only Fig. 3 at our disposal. .In the 
region of low absorption the curve for SiO,.* 
is quite different from that of SiOz and 
resembles more closely the one for SiO. As 
previously pointedci^t, however, a family of* 


is for Eo.eff. the contribution to the dielectric 
constant associated with optical transitions 
(absorption) in the energy range to £«. This 
integral can be evaluated directly using the 
curves of Fig. 5. It is found that for each of 
these materials the value of co.eff obtained by 
integration to 26 eV is close to the optical 
value Co- This agreement indicates, as might 
be expected, that optical absorption above 26 
eV does not make an important contribution 
to the dielectric constant. These results are 
shown in Fig. 7. For display purposes, Co.eti 
is plotted here as a percentage of the. value 
obtained by integration to 26 eV. This graph 
distinguishes the spectral regions which 
contribute to €0 for each of these materials. 
For amorphous silicon, absorption below 9 
eV accounts for about 95 per cent of €0 
while SiOj is essentially transparent in this 
energy range. In a crude manner, we can 
designate the regions above and below ~ 9 
eV as associated with contributions arising 
primarily from the presence of Si-O and Si-Si 
bonds respectively. For SiOj,, the Si-Si 
contribution rises with increasing silicon 
content, being about 70 per cent when the 
composition SiO is reached. If we represent 
the relative concentration of these bonds in 
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Fig. 7. vs. hv. The «o.eti arc plotted as a percentage of the 
value obtained by integrating equation ( I ) to 26 e V. 


SiOj. by a formula of the type SiOj = (l — 
x/2) ‘Si-Si’ + (a:/2) ‘Si-0’, then we should 
have very approximately for the dielectric 
constant 



where csi and csioa are the dielectric constants 
of amorphous silicon and quartz respectively. 
The multiplier for esi is raised to some 
power, ~ 2, to express the fact that not only 
does the absorption increase but the ‘edge’ 
moves to lower energy. The integral of 
equation (1) depends on both these factors. 
The Si-0 contribution on the other hand 
appears more isoenergetic according to Fig. 4, 
and thus should vary directly as the bond 
concentration. This formula is an obvious 
oversimplification, however, it does express 
qualitatively the observed €o for these 
materials. 

The second sum rule 


is for tieff' tbe effective number of electrons 
per atom or molecule contributing to the 
optical properties in the energy range to 
Efl. In this formula N is the atom (or molecule) 
density of the material. Values for rten> 
obtained using the experimental Cj of Fig. 5 
are shown in Fig. 8. For Si, approaches 4 
electrons per silicon atom. This result, 
which is also obtained for the crystalline 
material [13], is easy to understand. The 
optical absorption of silicon is associated with 
transitions from the filled band, made up of 
the 4 valence electrons per silicon atom, to the 
empty conduction band. Since the oscillator 
strength for such transitions is essentially 
exhausted for energies above ~ 20 eV and 
since the next filled band lies about 80 eV 
below the valence bands, the integral saturates 
near 4 electrons per atom. 

For SiOz, the curve for /Jerr is sqsproaching 
8 electrons per SiOj molecule near 26 eV. 
There is no direct evidence that this plot 
will saturate near this value. Presumably 
transitions associated with the deeper-lying, 
L-shell electrons of oxygen will be energcti- 
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Fig. 8. the effective number of electrons per Si atom and per SiO and 
SiOj molecule vs. hv. The are calculated using equation (2) and 

Fig. 5. 


cally possible at some higher energy and the 
curve will rise further. It is interesting to note 
however that the reflectance values shown in 
Fig. 4 for all the oxides are dropping fairly 
fast in the region above ~ 23 eV, indicating 
that «£ for each of these materials is decreas- 
ing fairly rapidly above this energy. We 
assume that this indicates the exhaustion of 
oscillator strength for transitions involving 
some specific group or groups of bands. There 
is at present no model for labeling these elec- 
trons in SiOz. However, for marking purposes, 
we will associate them with the 8 electrons 
involved in the 4Si-0 bonds of the quartz 
tetrahedra. 

The significance of the n,// curve for SiO 
is immediately evident when we write from a 
simple bonding point of view SiO = i 
Si + iSiOz. On this basis, we expect this 
curve to reach the observed value of about 6 
electrons per SiO molecule near 26 eV. 

3. DISCUSSION 

It has been shown that in the case of fused 
quartz, the presence of short range order of 


dimension -5 A is sufficient to develop, 
essentially in full, the optical properties of the 
bulk crystalline material [10]. Thus, the elec- 
tronic transitions which give rise to this 
optical structure are determined primarily by 
localized atomic arrangements of the above 
dimension or smaller. We shall assume that 
this structure marks the presence of Si-Oj 
tetrahedra and that these peaks will be present 
and distinguishable in the optical spectrum of 
materials composed even partially (say ~ 20 
per cent) of such bonding groups. It is thus 
obvious from the data of Fig. 4 or 5 that, at 
least on this basis, SiO cannot be considered a 
simple mixture of silicon and quartz (that is, 
made up of Si-Si^ and Si -04 tetrahedra alone) 
for clearly such a material would exhibit the 
sharp optical peaks characteristic of quartz. 
Other information supports this conclusion 
and its extension to SiOj films. The ‘band 
gap’ of SiOj. layers is not the Si value as it 
would be if indeed it contained clusters of 
silicon tetrahedra to any appreciable extent, 
nor is the dielectric constant a linear function 
of Ihe relative (mathematically equivalent) 
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concentradon of Si and Si02.* Finally, we 
observe that the various parameters which 
describe SiO, materials (index of refraction, 
absorption, density, etc.) appear to vary 
smoothly and continuously between the 
composition extremes of Si and Si02 indicat- 
ing that the two atom species are blended on 
the finest scale. 

The rteff plots show that the number of 
‘optical’ electrons (in the range to 26 eV) 
per silicon or oxygen atom (or better per Si- 
Si or Si-O bond) does not change with 
composition. If we can talk of these as the 
valence or bonding electrons, then in ^he 
absence of double bonds (which appear 
unlikely) the bonding configuration of SiO^ 
materials is made up of tetrahedral arrange- 
ments about each Si atom.t 

We are thus led to the conclusion that SiOx 
layers are composed essentially of tetrahedra 
of the type Si-(Si„ 04 _„), that is, a mixture 
of Si-Si and Si-0 bonds on an atomic scale. 
The optical properties of such arrangements 
are not easy to predict. Energetically, the 
oscillator strength for transitions associated 
with the presence of Si-O bonds in SiO^ 
films appears to be appreciable only for ener- 
gies above ~ 1 0 eV as for quartz. However, 
the sharp features of these transitions obser- 
ved in data for Si 02 are less conspicuous in 
the case of SiO ,.5 and are essentially absent 
when the number of Si-Si and Si-O bonds are 
comparable as in SiO. We have assumed that 
optical effects in SiO^ are associated with the 
presence of SiOj tetrahedra (or some localized 
atomic arrangement of this dimension). 
If the atoms of each Si tetrahedron in SiOj 
are distributed randomly (in a statistical 
sense), we can readily calculate the distribu- 


*In fact on a simple mixture basis SiO should exhibit 
an absorption curve in the region below 9 eV very similar 
to that of pure Si but reduced in value by perhaps a factor 
of 2. This is clearly not the case. 

tThe use of the word tetrahedral here and below is not 
meant to imply any particular angle between bonds but 
simply a coordination number of 4. Such tetrahedra 
might well be greatly distorted especially when mixed 
bonds are considered. 


tion of the five possible tetrahedron types for 
various O to Si atom ratios.* These results 
are tabulated below. 



li 

SiO, 

SiO,., 

SiO 

SiOo'6 

Si 

Si-(04) 

1-0000 

0 3164 

0-0623 

0-0039 

0-0000 

Si-(SiO,) 

0-0000 

0-4219 

0-2500 

0-0469 

0-0000 

Si-(Si,0,) 

0-0000 

0-2109 

0-3750 

0-2109 

0-0000 

Si-fSiaO) 

0-0000 

0-0469 

0-2500 

0-4219 

0-0000 

Si-fSU) 

0-0000 

0-0039 

0-0623 

0-3164 

1-0000 


It is seen that for SiO, only ~ 6 per cent 
of these groups are Si-( 04 ). For SiOi.s, 
over 30 per cent are Si-( 04 ) tetrahedra. Thus, 
on this basis, we might expect the latter mater- 
ial to retain partially the multipeaked optical 
spectrum of Si02, while for SiO this structure 
would be masked almost entirely by other 
absorption processes. 

Similar questions arise concerning the pro- 
perties of localized regions or groupings of 
Si-Si bonds. The distinct optical structures 
which occur in data for Si single crystals are 
not present in curves for Si films. It appears 
rather that these features are substantially 
broadened in the case of amorphous Si, 
although the oscillator strength for all transi- 
tions is confined to the same general energy 
range, 1 to 8 eV, as for single crystals. This 
situation is analogous to that reported for 
amorphous germanium [2 1 J . 

The absorption below ~ 8 eV in SiOx 
materials is associated with the presence of 
Si-Si bonds. Since there are no competing 
optical processes in this spectral region, the 
absorption should be very sensitive to chan- 
ges in structure or composition and its magni- 
tude, especially near threshold, may be con- 
sidered as a semiquantitative measure of the 

*For N silicon atoms there are 2N sites which may 
contain an oxygen atom. When a site is filled, Si-O bonds 
are formed. When a site is empty, a Si-Si bond is formed. 
The probability that a site is filled is i for SiO, i for 
SiOf.t, 0 for Si, etc. Thus, for example, the fraction of 
the number of Si tetrahedra which are Si-CSiOa) for the 
stoichiometry SiO,.s is 4(fxlxfxj) = 0-4219 since 
there arc 4 different arrangements for the 3 oxygen atoms. 
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Strength or number of these absorption 
centers present. As the density of these bonds 
increases, the absorption increases and the 
measured threshold moves to lower energy. 
For the composition SiO, the ‘band gap’ is 
close to the Si value. These observations sug- 
gest that the optical behavior associated with 
a relatively small concentration of Si-Si 
bonds depends markedly on the localized 
environment of these bonded atoms. As the 
number of bonds of this type increases on the 
same or adjacent Si atoms, the absorption 
occurs at lower energy until a configuration 
of Si-Si bonds is obtained which possesses 
the optical characteristics of amorphous Si 
in bulk. That is, these optical properties will 
be reproduced when such a cluster of ‘pure 
silicon’ reaches or exceeds some minimum 
size. We note in Fig. 3 that for the range 1-5 
to 3 eV, the curve for SiO has approximately 
the same spectral shape as the one for Si 
but is reduced in magnitude by a factor of 
— 20. Thus on the basis of our previous 
calculation, this minimum configuration has 
the dimension of a Si-fSi,) tetrahedron which 
constitutes ~ 6 per cent of the total in SiO. 
We would also expect the curves for SiOj. 
to exhibit an absorption tail in this spectral 
range which is lower than that of Si by some 
factor of 10^ to 10® (for x=l-4 to 1-6). 
This is roughly the case for the curves shown 
in Fig. 3. Unfortunately, however, these 
samples were not sufficiently thick to allow 
an accurate determination of absorption 
coefficients near or below 10 cm~' where this 
comparison should be made. 

It is expected that absorption in SiO^ 
materials may be sensitive to processes which 
influence the bonding and positions of atoms 
in these layers. It is found, in this connection, 
that the ultraviolet absorption of SiOx Aims 
for X ~ 1*5 can be considerably reduced by 
annexing in vacuum at 300'’C or by ultra- 
violet irradiation treatments which do not 
change th^ O to Si ratios of these layers 
[18, 22]. treatments could result in solflb 
preferred distribution of Si-(Si„ 04 _„) tetra- 


hedra with an altered optical behavior. While 
the oscillator strength for transitions associa- 
ted with a given density of Si-Si bonds would 
not be destroyed in this case, its contribution 
may be relegated, in an increased proportion, 
to higher energies where it might be masked 
by existing Si-O bond absorption. However, 
it is difficult to understand why these process- 
es would not also occur to some extent in 
SiO films, where it is observed such treat- 
ments have little or no effect on the absorption 
curve 1 18]. The following alternative explana- 
tion appears more probable. 

The SiOi-s films used in this and other 
studies are obtained by slowly evaporating 
SiO in the presence of oxygen. It is very 
likely that additional oxygen is introduced 
into these layers not only by chemical com- 
bination but also by the physical trapping of 
oxygen molecules. These molecules contri- 
bute to the optical absorption only for ener- 
gies above 8eV, and would be included in 
most methods of determining the atomic 
ratios in these films which only test for the 
amount of Si present [17]. Under the influence 
of heat or ultraviolet irradiation, this oxygen 
may chemically combine with Si, thereby 
converting Si-Si bonds to Si-O bonds. The 
measured atom ratios of the films are not 
changed, although absorption below 8 eV 
may be drastically reduced. On the other 
hand, SiO films are condensed at high' rates 
in good vacuum and the presence of trapped 
oxygen should be minimal. 

In this paper we have accounted for the 
gross features of SiO, data by endowing 
Si-Si and Si-0 bonds both individually and 
in small clusters with certain, rather inde- 
pendent optical properties. This representa- 
tion is an obvious oversimplification of the 
complex factors which contribute to optical 
effects in these amorphous materials. It is 
of interest to point out however, that the 
characteristics of excess Si (the presence of 
Si-Si bonds) in SiN^ films, and the behavior 
associated with the addition of oxygen in 
amorphous materials of the type SiN^Oy 



OPTICAL PROPERTIES 


are comparable with the optical effects we 
have associated with Si-Si and Si-O bonds 
in SiOx[23]. The techniques of pyrolytic 
decomposition and high frequency plasma 
deposition make it possible to prepare films 
which incorporate a variety of atomic species 
in controlled proportions. The simple picture 
presented here jnay serve as a useful frame- 
work for discussing and perhaps predicting 
the properties of materials containing other, 
possibly more complicated atom mixtures. 


REFERENCES 

1. HASS G.J.Am. Ceram. Soc. 33, 353 (1950). 

2. HASS G. and SALZBERG C. D.,V. Opt. Soc. Am. 
44, 181 (1954). 

3. BRADFORD A. P. and HASS G., J. Opt. Soc. 
Am. 53, 1096(1963). 

4. RITTER E., Op/. 9, 197(1962). 

5. WAGNER G. H. and PINES A. N., Ind. Eng. 
Chem. 44.321 (1952). 

6. WEBER B. C. and HESSINGER P. S., J. Am. 
Ceram. Soc. 37, 267 (1954). 

7. BRADY G. W., J. Phys. Chem. 63. 1119 (1959); 
LIN S. C. H. and JOSH! M., J. electrochem. Soc. 
Soc. 116, 1740(1969). 


1943 


8. WHITE E. W. and ROY R., Solid State Commun. 
2,151 (1964). 

9. RIECHERT L. and WEINER K, L.. Bunsen Soc- 
iety, Innsbruck (1965). 

10. PHILIPP H. R., Solid State Commun. 4 , 73 (1966). 

11. WARREN B. E., KRUTTER H. and MORING- 
STAR 0.,J. Am. Cieram. Soc. 19. 202 (1936). 

12. ROBINSON H. A., J. Phys. Chem. Solids 26, 
209(1965). 

13. PHILIPP H. R. and EHRENREICH H., Phys. 
Rev. 129, 1550(1963). 

14. PHILIPP H. R. and TAFT E. A., Phys. Rev. 120, 
37(1960). 

15. STERLING H. F. and SWANN R. C. G., Solid 
State Electron. 8, 633 (1965). 

16. HU S. M., J. electrochem. Soc. 113, 693 (1966). 

17. CREMER E.. KRAUS Th. and RITTER E., Z. 
Elektrochem. 62, 939 (1958). 

18. BRADFORD A. P., HASS G., McFARLAND M. 
and RITTER E., Opp. Optics 4, 97 1 (1965). 

19. PHILIPP H. R. and TAFT E. A., Phys. Rev. 136, 
A 1445 (1964). 

20. NOZIERES P. and PINES D., Phys. Rev. 113, 
1254(1959). 

21. TAUC J.. ABRAHAM A., PAJASOVA L., 
GRIGOROVICI R. and VANCU A.. Physics of 
Non-Crystalline Solids, North Holland Publ. 
Amsterdam (1965). 

22. CREMER E. and PULKER H., Monatsh. Chem. 
93,491 (1962). 

23. PHILIPP H. R., to be published. 




J. Phys. Chem. Solids Pergamon Press 197 1 . Vol. 32. 1947-1957. Printed inGreat Britain. 


DOMAINE D’EXISTENCE DU SULFURE 
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Risiinii - Le phenomine d' associations de lacunes d'^tain dans 1e sulfure d'dtain a ete etudid sur des 
echanti lions de difTerentes compositions, d'une part en determinant le coefficient de H all d'^chantillons 
recuits et trempds, d'autre part it partir des variations thermiques du coefficient de Hall. Les rdsul- 
tats obtenus ont permis de tracer le domaine d'existence du sulfure d'etain. Le rapport de la mobiiite 
des electrons a celle des trous et la largeur de la bande interdite ont ete determines a partir des mesures 
effeciuees a haute temperature. 

Abstract — The phenomenon of associations of tin vacancies in tin sulfide has been studied with 
samples of various compositions, on one hand by determining the Hall coefficient of annealed and 
cooled samples, on the other hand from variations of Hall coefficient against temperature. The ob- 
tained data enabled us to draw the existence region of tin sulfide. The ratio of electron to hole mobility 
and the forbidden band gap have been determined from measures carried out at high temperature. 

1. INTRODUCTION proposes d’etudier le phenomene d’associa- 

Dans deux precedentes notes [1], [2], les tion de fagon plus approfondie afin de pouvoir 
proprietes 61ectroniques d'echantillons frittes construire le veritable domaine d’existence 
de sulfure d'etain ont ete reportees. II est du sulfure d’etain. En outre, des variations 
bien connu que le sulfure d’etain [3-5], pres- thermiques du coefficient de Hall ont permis 
ente toujours une conductibilite de type p cor- de completer les etudes precedentes [1] con- 
respondant a un exces de soufre par rapport a cernant le domaine de conductibilite intrin- 
la composition stoechiometrique. La deter- seque; en particulier le rapport de la mobilite 
mination a temperature ambiante du coeffi- des electrons a celle de trous a ete determinee 
cient de Hall d’echantillons retraites a une a partir des temperatures de transition p-n. 
meme temperature sous diiferentes pressions 

de soufre a permis de montrer qu’a tempera- pa*tie theorique 

ture eievee, les imperfections atomiques du La formation de lacunes associees peut 
sulfure d’etain consistent essentiellement en etre schematisee[3], [7a] par les reactions 
des lacunes d'etain doublement ionisees quasi chimiques suivantes: 
l^sn[l]' [6]. En revanche, I’etude du coeffi- 
cient de Hall de ces memes echantillons re- ^'sn + ^' ^'snl ^ 

cuits en atmosphere inerte puis trempes, a 

montre qu’a des temperatures inferieures a ^^sn + ^'‘ ^ V'sn* II 

500°C, les lacunes associees (Ksn^'sn)’* 

deviennent preponderantes. Une etude pre- IVsn^ (l^sn^'sn Ill 

liminaire de ces associations [1] a mis en 

evidence la variation tres rapide du terme A la temperature d’equilibre, la condition 
preexponentiel K%u de la constante d’associa- d'eiectroneutralite du crista! s’ecrit: 
tion avec la composition. 

Dans le present travail, nous nous sommes 
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P = n+[V’s„] + 2[V’L] 


( 1 ) 
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oit p represente la concentration en trous 
tibres /> , n la concentration en electrons 
libres, [Ks„] et [Fg„] les concentrations en 
lacunes simplement et doublement ionisees. 

La concentration [t^gn] etant toujours 
n^gligeablefl], la deviation de stoechiometrie 
6, exprimee en nombre d’atomes de soufre en 
exces par cm"*, est donnee par I’equation: 


termes, un terme de configuration et un termc 
de vibration faisant intervenir les frequences 
relatives aux lacunes simples Lgn et associees 
le facteur preexponentiel dans la 
relation (8) est alors independant de la tem- 
perature fTb]. 

La combinaison des equations (2) a (5) con- 
duit a la relation; 


8= [I^L] + [K|„]-^2[(|/s„Ls„)"]. (2) 

Dans la mesure oil la valeur de S est assez 
importante et la temperature assez faible pour 
qu’il soil possible de negliger n, la relation (1) 
s’ecrit: 


P = 2[V'i„] (3) 


et I'application de la loi d ’action des masses 
aux equilibres L II et III compte tenu de 
i’equation (3) conduit a; 


2[yL] _ 1 




(4) 

(5) 


ou les constantes K ont pour expressions; 


A:„, = (6) 

K„, = (7) 




L’etude du phenomene d’associations a 
peutir de cette equation peut etre faite 

— soil en determinant directement le nombre 
de trous presents a une temperature T que 
nous appellerons temperature d’equilibre pour 
rappeler que la formation et la destruction 
des associations est lente et que le coefficient 
de Hall mesure experimentalement ne peut 
avoir de signification que lorsque I'etat d'equi- 
libre est atteint. 

— soil en determinant le nombre de trous 
presents a temperature ambiante apres que 
Pechantillon ait ete recuit a la temperature T 
pendant une duree suffisante, puis rapidement 
trempe a 0°C. Cette demiere fagon d’operer 
suppose tout d’abord que la trempe gele les 
associations et ensuite que le nombre de trous 
presents a temperature ambiante represente 
le nombre de trous presents a la temperature 
d’equilibre; cette demiere hypothese est 
justifiee grace a la faible energie d’ionisation 
des lacunes (E„. + E„,) = 0,07 eV [1 J. 


Les termes preexponentiels de ces demieres 
relations sont directement relies aux varia- 
tions d’entropies relatives aux reactions I, 
II et III. Dans le cas oit interviennent des 
trous libres (reactions 1 et II). la variation 
d'entropie est principalement attribuable au 
mouvement de translation et la constante est 
de la forme o\xK%, = et 

K%, — kih^y^ . Dans Ic cas de la ra- 

tion III, la variation d’entropie due a la forma- 
tion d’associations peut etre separee en deux 


(a) Etude des associations a la temperature 
meme de I’equilibre 

L’equation (9) qui est rigoureuse peut etre 
reduite a une forme plus simple dans la mesure 
ou le phenomene d’associations est etudie 
dans un domaine de temperature oil les associ- 
ations sont largement preponderantes vis-a- 
vis des lacunes simples. Dans ces conditions, 
on peut n6gliger les concentrations et 
[Csn] devant Ic terms 2[(LsnKsn)’‘] et I’equa- 
tion (2) devient; 
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8 = 2[(K8„Ks„)*]. (10) 


De mfime, I’equation (9) s’ecrit alors: 


^a»i ?? jt' y 

Ka,Ka,~p'‘ 


( 11 ) 


soil en tenant compte des relations (6), (7) 
et(8): 



yO 
^ (US 


211/6 


L 


g-(2(A;„,+A„,)-«a„]/8i-r ( j 2) 


pond6rantes, I’^quation (12) dans laquelle on 
remplace p par le notnbre de trous d6tennin6 
a temperature ambiante apres recuit pennet 
d’etudier ie phenomene d’associations. 

Toutefois, lorsque le nombre de porteurs 
devient superieur au nombre d'dlats acces- 
sibles A = lilTr/n^kTIf^y^, la concentration 
en lacunes neutres n’est plus negligeable et la 
concentration en trous doit etre remplacee par 
Tactivite des trous f7c]; 


a = yp. 


(16) 


La courbe log (p/T) =/{l/T) doit done 
etre lineaire et permet de determiner I’en- 
thaipie de formation des associations Hau ct 1^ 
constante K%,g si la deviation de stoechio- 
metrie de I’echantillon est connue. 


Le coefficient d’activite y tient compte de ce 
que les electrons obeissent alors a la statis- 
tique de Fermi Dirac; il a pour expression: 

V = lV7r[e’’/F, „{>,)] (17) 


(b) Etude des associations a temperature 
ambiante apres recuit et trempe des echan- 
tilions 

Si on considere que la trempe est efficace en 
ce qui concerne le gel des imperfections atom- 
iques, la concentration en associations a tem- 
perature ambiante represente aussi la concen- 
tration en associations a la temperature de 
recuit. De plus, a 300°K ou sont etudiees les 
proprietes electroniques des echantillons. 
I'equation d’electroneutralile (3) s'ecrit; 

PitW) ~ 2[Ksn]aoo (13) 

et I’equation (2) en tenant compte de I’equa- 
tion ( 1 3) et du gel des associations conduit a la 
relation: 

P = At(K)+2[Ksn],)(i(i. (14) 

L’energie d’ionisation des lacunes neutres 
est suffisamment faible pour pouvoir ne- 
gliger, dans la plupart des cas, meme a tem- 
perature ambiante, la concentration [Ksnlsoo’. 
dans ces conditions. I’equation (14) devient; 

P ~ P-iOO- ( 15 ) 

Par consequent, si les associations sont pre- 


avec 


f“ jr''* 

■n = -plkT et Fu 2 (v)=J^ 

ou fi represente le potentiel chimique des 
electrons et F„ 2 (t)), I’integrale de Fermi dont 
les valeurs en fonction de tj sont donnees par 
les tables de McDougall et Stoner[8]. Les 
valeurs de y ont ete calculees et representees 
par Rosenberg en fonction de p/\ 19], Dans ces 
conditions, les equations (4) et (9) deviennent: 


y~p^ _ 
2 [Fin] 


(18) 


i [E..E„J2S-p)-y‘fr‘]. 

(19) 

3. DONNEES EXPERIMENTALES 

Le sulfure d'etain est synthetise sous vide a partir des 
elements tres purs (etain a 99,9999 pour cent provenant 
des laboratoires Koch Light, soufre a 99,999 pour cent 
que Ton a purifie par sublimation). L’analyse par spectro- 
scopie d'emission des elements contenus dans le sulfure 
d'etain ainsi prepare puis broy6 a d6cele la presence de 
vanadium (3 ppm) et de traces de plomb et de cuivre 
(moins de 1 ppm). Les echantillons son! obtenus par com- 
pression de la poudre a I'etat de petits parall6l^pip£de$. 
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Toutes les operations de broyage, de compression et d*ex> 
pdrimentation sont faites sous atmosphere d'anton. 

Neuf dchantillons ont 6x6 Studies : leur composition a 6te 
fixde par retraitement k hautes temperatures sous pres- 
sion de soufre contrOiee. Les echantiUons ^ £ et C ont 
ete retraites k 560°C, 710°C et 390°C en presence du 
melange (SnS + Sn), cette technique [4] permet de fixer 
leur composition sur la bordure riche en etain du domaine 
d'existence du sulfiirc d’etain. Les echantiUons D, E.Fet 
H ont ete retraites a des temperatures comprises entre 
600“C et 700°C sous differentes pressions de soufre, selon 
la technique utilisde par firebrick et Scanlon [10] pour le 
sulftire de plomb. Les echantiUons G et J ont ete retraites 
k 580 et 390°C, leur composition correspond A la bordure 
riche en soufie du domaine d'existence. 

Les variations thermiques du coefficient de Hall des 
echantiUons A, B,C, D, E, F tXJ ont ete etudiees sous 
atmosphere d’aigon e I'aide d'un porte echantillon en 
quartz dont les sondes sont en tungstene. Les memes 
echantiUons A, B, F el les echantiUons G et H ont ete 
etudies par recuits. Ils sont tout d’abord scellds sous 
atmosphere rareiiee d'aigon dans de petites ampoules en 
quartz et portes pendant une quinzaine d'heures a la 
temperature de recuit desiree; les ampoules sont ensuite 
rapidement trempdes dans un bain d'eau et de glace. 

4. ANALYSE DES RESULTATS EXPERIMENTAUX 
(a) Variation du coefficient de Hall avec la 
temperature 

Les variations thermiques du coefficient de 
Hall R des EchantiUons A, B, D, E et F sont 
reprEsentees sur la Fig. 1 . 

Contrairement aux expEriences anterieures 
[1], [21, les valeurs du coefficient de Hall 
correspondent ici aux Etats d’equilibre; en 
particulier pour les tempEratures supErieures 
a 220°C, la cinetique de formation des associ- 
ations est lente et la durEe de I'Evolution du 
coefficient de Hall est de Tordre de quelques 
heures. D’une fa^on gEnErale, des chauffages 
et des refroidissements successifs donnent 
des resultats reproductibles. Cependant, 
lorsque les EchantiUons ont EtE portEs k une 
temperature supErieure a 220'’C, la partie ‘b’ 
des courbes d’Equilibres correspondant & la 
rEgion des basses tempEratures est nettement 
diffErente de la partie ‘n’ obtenue lorsque les 
EchantiUons n’ont pas ^ portEs ^'plus de 
220°C. Dans une prEcEdiQqte publication [1], 
il a EtE montrE que la rapide croissance du 
coefficient de HaU observ^ k 220°C est due a 
la formatidh d’associations de lacunes d'etaUT 
(l^snFsn) dont la concentration decroit quand 


•c 



Fig. 1 . Variations thermiques du coefficient de Hall. 


la tempErature croit. Enfin, aux tempEratures 
ElevEes, le coefficient de Hall devient nEgatif 
et intrinseque, et les valeurs d'Equilibre sont 
atteintes rapidement 

On pent remarquer que, quelle que soil la 
composition des EchantiUons, les associations 
commencent a se former a une meme tempEra- 
ture voisine de la tempErature de Tamman. 
Par centre, lorsque les associations, sont 
formEes, des rEchauffements et refroidisse- 
ments successifs en dessous de 220°C con- 
duisent a des Etats d’Equilibre comme le 
montrent les courbes de la partie 'b' de la Fig. 
1. Aux tempEratures infErieures a 80°, le 
coefficient de Hall tend vers une limite com- 
mune (R ~ lO-’cm^.C^’) due, comme on le 
verra, a la prEsence d’impurctEs. 

(b) Etude des recuits 

Les EchantiUons A, B, F, G et H ont subi 


*Cependant, le changement de signe du coefficient de 
Hail a la temperature d’inversion est assez lent. Par 
exemple, dans le cas de rScbaatilhn E, la valeur d'^qui- 
libre B =,—400 cm’ . c'’ est cibteinie k 345'*C au bout de 
six heures. 
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des recuits de plusieurs heures ^ des tempera- 
tures comprises entre 220 et 500°C*. La 
determination du coefficient de Hall & tem- 
perature ambiante aprds trempe des 6chan- 
tillons a conduit aux courbes de la Fig. 2 sur 
laquelle les courbes d’equilibre relatives aux 
echantillons A, BetF obtenues pr6cedem- 
ment ont ete portees en tirets. Les variations 
de log R en fonction de I’inverse de la tempera- 
ture sont representees par des droites sensible- 
ment paralieies. Comme pciR sont relies par 
I’expression p = {inli)i\lRe), il est possible 

•c 


442 352 2B2 227 182 



io^/t 


Fig. 2. Variations du coefficient de Hall en fonction de la 

temperature de recuit; Courbes de recuits ▼, 

■. +. Courbes de variations thermiques 

V.D.O. 

d’expliquer les variations lineaires obtenues, 
a partir de requation (12), dans la mesure oii 
I’energie Hggg est assez importante pour que le 
terme exponentiel soil preponderant. D’autre 
part, la superposition aux erreurs experi- 
mentales pres des courbes d'equilibre et de 
recuit relatives aux echantillons A, B et F 


'"Au dessus de S00°C, la composition des Echantillons 
varie consEcutivement k un depart de soufre. 


montre que les hypotheses qui tmt ctmduit 
k requation (12) sont valables: en particulier, 
la trempe est efficace et renergie d'ionisation 
des lacunes neutres est faible. 

Dans des trEivaux anterieur8[l], nous 
avions ete amenes k supposer que la pente 
tres faible correspondant h des echantillons 
qui n’avaient pas ete portes h une tempera- 
ture superieure a 220°C (Fig. 1, partie ‘a’) 
etait attribuable au phenomena d’ionisation 
des lacunes et que la pente importante ob- 
servee dans le cas de certains echantillons 
etait peut-etre due a la presence d’associa- 
tions formees lors de la preparation. Les ex- 
periences reportees sur la Fig. 3 confirment 


*c 

227 127 61 13 



Fig. 3. Influence du recuit sur les variations thermiques 

du coefficient de Hall: Courbes obtenues aprEs 

prEparation, xC (7'prtp.= 390°C), OB (/"prip, = 700°C), 

® J {Tftif = 390°C), Courbes obtenues aprEs 

recuit, x C (T„ = WC), A (T,* = 390'C); □ B {T^ = 
306“C), © y (r«, = 500*C),C>(7’r« = 390”C). 

cette demiere hypothese. Les variations 
thermiques du coefficient de Hall des echan- 
tillons C et y effectuees aUssitot apres la 
preparation k 390°C, temperature a laquelle 
les associations peuvent se former, present- 
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ent une pente plus importante* qu’apres un 
recuit k 500®C, temperature laquelle Itfs 
associations sont beaucoup moins stables. 
Inversement, I’dchantillon B prepare a 700°C 
presente une pente faible mais un recuit & 
306°C entrame un accroissement important 
de celle-ci. II n’est pas exclu que les echan- 
tillons correspondant a des pentes faibles ne 
soient pas totalement depourvus d’associa- 
tions mais le comportement de rechantillon 
B semblerait montrer que la concentration en 
associations est alors tout-a-fait negligeable 
devant la concentration en lacunes ionisees. 
En effet, la courbe de recuit relative a 
I’echantilion B ainsi que celle relative a 
I’echantillon A (Fig. 2) semblent presen- 
ter un palier au voisinage immediat de 500°C; 
ce resultat s’explique tres bien par la dispari- 
tion des associations car le nombre de porteurs 
est alors uniquement lie a Tecart a la stoechio- 
metrie puisque I’ionisation des lacunes neutres 
est pratiquement totale. Or, aussi bien pour /I 
que pour B, les valeurs de ces paliers sont 
voisines de celles obtenues k temperature 
ambiante aussitot apres preparation (Fig. 1). 
Ce resultat peut etre etendu aux echantillons 
D et £: en effet, I’extrapolation des parties 
lineaires des variations thermiques corres- 
pondant aux associations conduit a 500°C 
(1/T *1,3.10”®) a des valeurs voisines 
de celles obtenues aussitot apres preparation. 
Seul rechantillon F dont la deviation de 
stoechiometrie est importante comporterait 
encore une quantile notable d'associations 
^500°C. 

Endn, d’apres le modele adopte, la concen- 
tration en associations relative a un echantil- 
lon prepare sous pression de soufre controlee 


*Cette pente que Ton peut expliquer quaiitativement 
par la destruction des associations est nettement in- 
terieure a cedes des droites qui correspondent a I'eiat 
d'equilibre (Fig. 1 partie 'b'). On peut remarquer de plus 
que sa valeur varie d’un £chantillon a I'autre. Comme les 
mesures ont et^ effectuees surdes echantillons tremp^s, il 
est possible que ce phinom^ne soit Ii6 a des considera- 
tions cindtiques bien que les valeurs experimentaUs 
portdes sur la Fig. 3 aient 6te obtenues au bout de plus- 
ieurs heures eiity>sence de toute Evolution. 


a une temperature determinee devrait etre 
identique a celle observ^e sur ce mdme dchan- 
tillon recuit sous atmosphere inerte k la tem- 
perature de preparation. Or les echantillons 
C et J qui avaient ete recuits a 5(>0°C ont 
donn6, apres un deuxi^me recuit h 390°C, des 
coefficients de Hall identiques k ceux observes 
apres leur preparation. Par consequent, la 
teneur en associations dans un echantillon de 
composition determinee depend uniquement 
de la temperature a laquelle il a ete soumis. 

5. CONSTRUCTION DU DOMAINE D’EXISTENCE 

DU SULFURE D’ETAIN 

Dans une precedente publication [1], le 
domaine d'existence du sulfure d’etain avail 
ete construit comme I’avait fait Albers et Vink 
[4] a partir du nombre de porteurs determines 
a temperature ambiante sur des echantillons 
‘bordure’ trempes en negligeant le phenomene 
d’associations. Grace aux resultats ci-dessus,, 
il est maintenant possible d’etablir le domaine 
d’existence en tenant compte de la presence 
des associations. 

En effet. si les echantillons etudies sont 
prepares a haute temperature, leur teneur 
en associations est negligeable et I’ecart a la 
stoechiometrie est tres voisin de P:uJ2. En 
fait, il est possible de faire une determination 
plus precise grace au nombre de porteurs 
determines a 220°C: au voisinage dq cette 
temperature, les courbes d’ionisation pres- 
entent un palier de saturation ou le nombre de 
porteurs p, correspond a une ionisation des 
lacunes pratiquement totale et par consequent 
on a; 

S ~ [1^ SnlzzOX ~ ^ • 

II est alors possible de deduire a partir des 
courbes d’ionisation les valeurs — 

I . l(y"'cm-«.A:-® et = 0,07 eV[l]. 

Cependzmt, lorsque la valeur p, est superieure 
a 2 . 10“* cm”®, la correction due k [Fin] n’est 
plus negligeable; elle peut etre faite a partir 
de I’equation (18) a I’aide des valeurs numer- 
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iques ci dessus, d'ou: 

8 = [VS„] + [V§„] = f (20) 

En revanche, les echantillons ‘bordure 
basses temperatures’ comportent des associ- 
ations et on constate sur la Fig. 3 que les 
valeurs de p, apparentes obtenues ne corres- 
pondent pas a la veritable deviation de sto- 
echiometrie. II est cependant possible de 
recuire les echantillons a 500“C pour faire 
disparaitre les associations et determiner 
ensuite la valeur correcte de p, en efTectuant 
une nouvelle variation thermique. Nous avons 
vu cependant que cette methode n’est pas 
tres sure puisque pour certains echantillons 
la temperature de 500°C n’est pas suffisante 
pour faire disparaltre les associations. 

Nous avons done opere de la fa^on suiv- 
ante; a partir des courbes de recuit relatives 
aux echantillons A, B, D, E, F, G,&t H pre- 
pares a haute temperature, I’enthalpie de 
formation des association //„,* a ete deter- 
minee et la loi de variation de la constante 
d’association en fonction de 8 a ete 
etablie (cf. equation (12)). La deviation de 
stoechiometrie 8 = 2[(FsnLsn)’'] des echan- 
tillons prepares a basse temperature a ete 
ensuite calculee a partir des valeurs experi- 
mentales Pson a I ’aide de cette meme equation 
en utilisant les valleurs de ATL, //a., 

et -t- precedemment determinees. 

(a) Determination des grandeurs d’associa- 
tions 

(i) Enthalpie de formation des associations 
Hatg- Les variations de log(p/r) en fonction 
de 1/7 qui sont deduites des courbes des 
Figs. 1 et 2 sont representees sur la Fig. 4. 
Les droites ainsi obtenues sont sensiblement 
parall^les entre elles et, compte-tenu de 
I’equation (12), leur pente permet de deter- 
miner I’enthalpie de formation des associ- 
ations H,u, = — ( 1 ,4 ± 0, 1 ) eV. Cette valeur 
importante permet d’expliquer que le terme 
exponentiel exp [— (2(£o, -I- £„,) - //aM)/6/: 7 1 
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Fig. 4. Variations de log iplT)en fonction de la tempera- 
ture. T. B, +• valeurs obtenues apr&s recuit. 

V, □, O, valeurs obtenues par variations thermiques, 
courbe calculee ii partir de I'equation (19). 

varie beaucoup plus rapidement avec la tem- 
perature que le terme 7 et par consequent la 
variation log /? = /( 1 / 7 ) est sensiblement 
lineaire (Figs. 1 et 2). 

(ii) Constante d’ associations K La deter- 
mination de la constante decoule de la 
connaissance de I’ordonnee a I’origine des 
droites de la Fig. 4 qui, d’apr^s I'equation 
(12) represente I’expression logfe = ilog 

Les valeurs de 8 ont ete determinees ^ I’aide 
de la relation (20), les concentrations [Fsn] 22 («: 
etant calculees a partir de I’equation (18). Le 
Tableau 1 montre que le terme [Ksb] 22 (»«c* 
n’est plus negligeable lorsque p,/2 est superi- 
eur a 2 . 10'*cm“^ D’autre part, la constante 
d^croit regulierement lorsque la deviation 


‘Lorsque les concentrations en lacunes neutres ne 
sont plus negligeables. la valeur de \og pi T n’est pas 
relive a 1/T par une relation lineaire comme le montre 
■'equation (19). Cependant, la courbe relative a I’^chan- 
tillon H calculee i partir de cette equation nc s’^carte 
que trfes peu de la representation lineaire pour des valeurs 
de pi T 8up6rieurcs a 1 5 , 1 (courbe en tirets de la Fig. 4). 
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Tableau 1 . Constantes d'associations diduites des variations log p/T =f[llT} 


Echantillon 

A 

B 

D 

E 

F 

G 

H 

P, 

2,6. 10” 

3,7 . 10" 

8,3 . 10” 

9,6 . 10” 

5,7 . 10“ 

3,1 . 10“ 

8,2 . 10“ 


3.0 . 10“ 

1,0. 10“ 

1,0. 10“ 

1,7. 10“ 

5,2 . 10“ 

6,0 . 10” 

1,6. 10“ 

5 

1,3. 10” 

1.9. 10” 

4,2 . IQ" 

5.0. 10” 

8,0 . 10“ 

2,4 , 10“ 

2,0 . 10“ 

logit 

16,00 

16.15 

16,49 

16,54 

17,07 

16,90 

17,35 

logAL, 

-18,58 

- 19,32 

-21,01 

-21,25 

-23,22 

-22,72 

-24,80 


de stoechiometrie, c'est-a-dire la concentration 
en associations croit: cette variation a ete re- 
portee dans le diagramme log^2«=/[log 
ZCKsnl^sn)**] de la Fig. 5. En tenant compte de 
la pr6cision avec laquelle sont determinees les 
valeurs de on pent considerer que la 



Fig. 5. Variations de la constante d'associations avec ie 
terms 2[(V's„Fs„)’‘l. 

variation est lineaire et par consequent la 
variation de avec la concentration en 
associations peut etre decrite de fa9on satis- 
faisante par la relation; 

K<L= 3,2 . 10“[2[(Fs„|/s„)’‘]]-*'^* 

« 3,2. (21) 

Cette variation de /CSm montre que, dans la 


relation (5), la concentration en associations 
[(FsnFsn)*] doit etre multipli6e par un co- 
efficient d’activite 

7 „..= [2[(Fs„Ks„)]]^*«. 

(b) Construction du domaine d’ existence 
Le domaine d’existence du sulfure d'etain 
avait ete trace [I] en determinant ie long des 
bordures riche en etain et riche en soufre la 
deviation de stoechiometrie a partir de la 
relation: 6 = [Fs„] = p.soo/2. Le domaine ainsi 
obtenu a ete represente sur la Fig. 6 en utilis- 
ant comme variable de composition le nombre 
d’atomes de soufre en exces par rapport a la 

8 . cm'* 


.0'* 10" 10'' 10’* lO" 10*“ 



Fig. 6. Domaine d’existence du sulfure d’etain, lim- 

ite du domaine d'existence, limite du domaine d’ex- 

istence determinie it partir de Pmo/2[1]. □ rdsuitats de 
Rau{S], A points obtenus it partir de la valeur de = 
1 . 1(F> cm-« K-». 
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composition stoechiom^trique (e = 6,2 . 10“** 
d). La construction du domaine a ete reprise 
dans la region des hautes temperatures en 
adoptant pour S la valeur p,/2 augmentde le 
cas ^cheant de la concentration en lacunas 
neutres et, dans la region des basses tempera- 
tures, en tenant compte du phenomdne d’as- 
sociations. 

(i) Bordure riche en etain. Les valeurs de 8 
pour les echantillons A, B ct C obtenues 
aprds trempe a partir de la valeur de Psoo sont 
indiquees sur la Fig. 6. La difference entre les 
nouvelles valeurs et celles obtenues dans nos 
travaux anterieurs s’explique par la pres- 
ence d’impuretes dans le sulfure utilise lors 
des premieres experiences. En effet, dans 
cette region ou la concentration en trous est 
tres faible, les proprietes electroniques sont 
extremement sensibles a la presence d’impur- 
etes a I’etat de traces*. 

La bordure du domaine a ete tracee a 
partir des valeurs pJ2 experimentales corres- 
pondant a /f et B. et a partir de la valeur Ps^ 
de I’echantillon C en tenant compte du phe- 
nomene d'associations a I'aide de I’equation 
(12). Le point C' qui se trouve legerement en 
dehors de la courbe correspond a la valeur 
P,I2 obtenue avec I’echantillon C apres un 
recuit a 500°C. On voit que I’accord est ex- 
cellent entre la determination experimentale 
directe et les previsions theoriques basees 
sur le phenomene d'associations. 

(ii) Bordure riche en soufre. Temperatures 
inferieures a 580°C (en dessous du point G). 
Pour I’echantillon G, la composition a ete 
calculee en tenant compte de la concentration 


*La valeur commune R= KFcm’.C"' (Fig. I) vers 

laquelle tend le coefficient de Hall des echantillons A. B. 
E aux basses temperatures correspond a 6,3 . I O'’ trous 
par cm". Or I'an^yse de ces echantillons par spectro- 
scopie d'emission a revele la presence de moins de 1 ppm 
de cuivre. Si on admet que les atomes de cuivre donnent 
naissance a des niveaux accepteurs totalement ionises a 
temperature ambiante, la presence de 0,1 ppm de cuivre 
permet d'expliquer cette valeur. Par consequent, la pres- 
ence de 10 ppm de cuivre est suffisante pour empecher 
une determination valable de la bordure riche en etain 
dont la composition correspond a environ 1 . 10'^ trous 
par cm’. 


en lacunes neutres [F|n]s>o«c (cf- Tableau 1). 
La bordure correspondant aux temperatures 
inferieures a ete d^duite des mesures du co- 
efficient de HiMl a temperature ambiante 
(courbe GJ)cn tenant compte du phenomena 
d’associations. Le point J' provient de la 
v^eur p,/2 obtenue avec I’dchantiUon J recuit 
a 500°C. Dans ce cas, I’accord entre la deter- 
mination experimentale et theorique est en- 
core tr^s satisfaisant. 

Temperatures supirieures d 580“C. La 
courbe en tirets resulte des valeurs du nombre 
de porteurs obtenues par extrapolation des 
courbes isothermes log p/2 =/ (logp^Xl] 
(Fig. 1) en tenant compte des coefficients 
d’activite y et des concentrations en F|i, qui, 
dans cette region, deviennent preponder- 
ates. Les corrections relatives a la pres- 
ence des lacunes neutres a 220°C sont tres 
importantes et deplacent la bordure bien au 
dela des valeurs de Rau determinees a partir 
de la perte de masse des echantillons pour diff- 
erentes pressions de soufre aux temperatures 
memes de I’equilibre. On pent noter cependant 
que la divergence des resultats intervient dans 
un domaine oii on a ete amene a supposer 
I’inefficacite de la trempe lors de I’etablisse- 
ment du modele electronique du sulfure 
d’etain. De plus, les corrections precedentes 
ont ete faites a I’aide de la valeur moyenne 
experimentale 2, 2, = 1 • KF® cm”* A~^. Or, 
dans ce domaine de fortes concentrations en 
porteurs, la teneur en lacunes neutres varie 
tres rapidement avec la valeur du produit 
A 2. A 2,. Si Ton adopte pour ce produit la 
valeur 1.10*’ qui correspond a la limite 
superieure de I’incertitude experimentale [1] 
et qui est tres proche de la valeur th6orique, 
les corrections deviennent tres faibles et con- 
duisent a une bordure tres voisine de celle 
obtenue par Rau (cf. Fig. 6). 

6. CONSTANTES PHYSIQUES INTRINSEQUES 
DU SULFURE D’ETAIN 

La partie lineaire commune a tous les 
Echantillons observEe sur la Fig. 1 danij la 
region des hautes temperatures et qui corres- 
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pond a des coefficients de Hall negatifs carac- 
t^rise la conductibilite intrinseque du sulfure 
d’etain. Cette conductibilite, assuree princi- 
palement par les Electrons et les trous corres- 
pondant a une excitation electronique directe 
de la bande de valence jusqu’^ la bande de con- 
duction, peut etre schematisee par la reaction: 

+ n.p = K, (22) 
oil 

Ki = = 


Dans ce domaine, le coefficient de Hall est 
donne par I’expression: 


/?, = - 


'iir h — I 
8e« b + 1 


(24) 


oil b represente le rapport de la mobilite des 
electrons a celle des trous et la variation de n 
avec la temperature est donnee par: 




(25) 


les valeurs Rg et sont obtenues par ex- 
trapolation a la temperature Ti des coefficients 
de Hall extrinseque et intrinseque. Les r6sul- 
tats de la Fig. 1 permettent de calculer a partir 
de cette Equation les valeurs de b pour les 
dchantillons A, B, E et F: b^ = 3,6 (jg = 3,8 
bg = 4,1 et bg = 3,95. Comme la temperature 
d’in version est determinee a 8°C pres, on 
peut consid6rer que dans I’intervalle de tem- 
perature etudiee [315, 440°C], le rapport des 
mobilites est egal a 3,8. 

(b) Determination de I’energie Ei et de la 
constante K ? 

Les valeurs de n calculees a partir du co- 
efficient de Hall intrinseque a I'aide de la 
relation (24) en tenant compte de la valeur 
b= 3,8 ont ete reportees dans le diagramme 
logtn/r^'*) =/(l/7') de la Fig. 7. En accord 
avec I’expression theorique (25), on obtient 
une droite dont la pente conduit a la largeur de 
bande interdite Fj = 1 ,32 eV. D'autre part, la 
difference importante entre la valeur de I’or- 


La courbe In (n/r'*'^) =/( l/F) doit etre 
lineaire, et les valeurs de la pente et de I’or- 
donnee a I’origine permettent de determiner 
respectivement E, et K^. 

(a) Determination du rapport des mobilite b 
L’examen des courbes de la Fig. I fait 
apparaitre pour les echantillons A, B, E et F 
une temperature particuliere ou le coefficient 
de Hall change de signe; a cette temperature 
d ’inversion Fj, 

/?rj = ~37r/8e[(nh*— p)/(nh + p)*] = 0 

d’ou (p//i)r,; 

et I’expression de devient en tenant compte 
de I’equation d’^iectroneutralit^: 


'c 

497 442 393 353 315 



Fig. 7. Variations de log (n/T’^'*) en fonction de la tem- 
perature: X valeurs rapport6es dans une pi^c^dente 
publication [I]. 
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donnee ^ I’origine (ln(iC?)*'*= 39,4) et la 
valeur th6orique (ln(X^f)’'* = 36) peut etre 
expliqu6e par la variation de £< avec la tem- 
perature suivant la loi £, = £?“ ^T. 

En reportant cette expression dans I’equa- 
tion (25) on obtient EJ = 1 ,32 eV et ^ = 
(5,9 + 0,4)10-“ eV 

La valeur Ei— 1,14 eV calculee a tempera- 
ture ambiante est en bon accord avec celle 
determinee optiquement par Albers [3], [11] 
(£i = 1 ,07 eV). 

Malgrd la largeur relativement importante 
de la bande interdite, le domaine de conduc- 
tibilite intrins^que apparait a des tempera- 
tures assez basses, 315, 330, 345 et 440°C 
respectivement pour les echantillons A, B, E 
et F: ce resuitat est du au fait que la mobilite 
des electrons est environ quatre fois super- 
ieure a celle des trous, et surtout au phe- 
nomene d’associations qui provoque a 220°C 
une diminution tres importante du nombre de 
porteurs extrinseques. 

7. CONCLUSIONS 

Des echantillons de sulfure d’etain de 
differentes compositions ont ete prepares par 
retraitement de pastilles a hautes tempera- 
tures sous pression de soufre controlee. 
L’etude des variations ihermiques du coeffi- 
cient de Hall a permis de calculer la largeur de 
bande interdite et le rapport des mobilites 
b = 3 ,8 a ete determine a partir des coeffii- 
cients de Hall intrinseque et extrins^que 
correspondant a la temperature d’inversion 
p~n. 

L’apparition de la conductibilite intrin- 


s^que k des temperatures aussi basses que 
315°C s’explique grace au phenorndne d’as- 
sociations de lacunes qui a 6tudie d’une 
part a I’aide des variations thenniques effec- 
tuees tres lentement pour obtenir des valeurs 
du coefficient de Hall correspondant ^ des 
etats d'equilibre v6ritables et d’autre part en 
soumettant les echantillons k des recuits pro- 
longes. 

Enhn, le domaine d’existence du sulfure 
d’etain a ete construit en tenant compte des 
associations dont la presence entraine des 
corrections importantes aux basses tem- 
peratures. 
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PHENOMENOLOGICAL LATTICE-DYNAMICAL 
THEORY OF ^ERROELASTICITY 
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Abstract— A phenomenological lattice-dynamical investigation is made into ferroelasticity and some 
of its associated phenomena, such as optical birefringence and elastooptic effect, in ferroelastic 
crystals that w nonmagnetic and may or may not be ferroelectric at the same time. Two dif^nt 
types, provisionally called optical type and elastic type, are conceivable for ferroelastics. Fem>- 
elastics of the optical type are optically soft and elastically hard. They have a special optical mode of 
lattice vibration that is Raman-active and lowers rapidly in eigenfiequency as temperature falls toward 
the Curie point. Ferroelastics of the elastic type are elastically soft and optically hard. In them, a 
certain elastic stiffness when the coordinates of all lattice vibration modes with zero wave number are 
fixed diminishes rapidly as temperature falls toward the Curie point. The investigation is carried out 
for both these different types of ferroelastics, which are found to behave similarly in respects proper to 
ferroelasticity and to behave differently in not a few other important respects. 


1. INTRODUCTION 

A CRYSTAL is provisionally referred to as being ‘ferroic,’ 
when it has two or more orientation states in the absence 
of magnetic field, electric field and mechanical stress, and 
can shift from one to another of these states by the appli- 
cation of a magnetic field, an electric field or a mechanical 
stress or a combination of these: here any two of the 
orientation states are identical or enantiomorphous in 
crystal structure, but are different with respect to direction 
of arrangement of the atoms which may bear an electric 
charge, an electric dipole moment and/or a magnetic 
dipole moment. 

Only nonmagnetic crystals will be considered in this 
paper. In a ferroic crystal, a state shift with which polar 
property vectors of the crystal are changed is said to be 
ferroelectric; or the crystal is said to be ferroelectric with 
respect to this state shift. It can easily be proved that if 
one polar property vector is changed with a state shift, all 
polar property vectors are changed with the state shift. 
Spontaneous electric polarization vector is a typical, polar 
property vector. Hence, in view of electrostatic energy, 
every ferroelectric state shift can be accomplished by an 
electric field. A state shift with which symmetric second- 
rank polar property tensors are changed is said to be 
ferroelastic; or the crystal is said to be ferroelastic with 
respect to this state shift. It can easily be proved that if 
one symmetric second-rank polar property tensor is 
changed with a state shift, all symmetric second-rank 
polar property tensors are chang^ with the state shift. 
Spontaneous mechanical strain tensor is such a property 
tensor. Hence, in view of elastic energy, every ferro- 
elastic state shift can be accomplished by a mechanical 
stress. It should be noted that state shifts accomplishable 
by mechanical stresses are not all ferroelastic, because 
among them there are ones with which the symmetric 
second-rank polar property tensors are unchanged (though 


elastic compliance tensor and other fourth-rank polar 
property tensors are changed). Likewise, it should be 
noted that state shifts accomplishable by electric fields 
may not all be ferroelectric. 

A ferroic crystal can be regarded as a slight modifica- 
tion of a certain nonferroic ideal crystal which is referred 
to as the prototype of that feiroic crystal. On varying 
temperature, a ferroic crystal commonly (though not 
necessarily) makes a phase transformation to a nonferroic 
phase having the same symmetry as the prototype; this 
phase is referred to as the prototypic phase. 

Ferroic crystals are said to belong to the same species, 
when they are the same with respect to (i) their own point 
group— ferroic point group, (ii) point group of their proto- 
type— prototypic point group and (iii) correspondence 
between the elements of the ferroic point group and the 
elements of the prototypic point group. Each species is 
represented by a compound symbol that comprises the 
letter F at its center, the symbol for the prototypic point 
group on the left of F and the symbol for the ferroic point 
group on the right of F. In many cases the correspondence 
between the elements of the prototypic point group and 
the elements of the ferroic point group is unique, so that 
the correspondence need not be indicated explicitly in the 
species symbol. In the other cases, however, the corre- 
spondence is indicated symbolically in the species symbol. 
Reference to a previous paper[l] is recommended for 
details of what have been stated above. 

In the following sections, a phenomeno- 
logical lattice-dynamical investigation is made 
into ferroelasticity and some of its associated 
phenomena, such as optical birefringence and 
elastooptic effect. The cases of the species 
4/mmmFmmm and 42mFmm2 are taken as 
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examples. Both these species are ferroelastic 
with two orientation states. The species 
42mFmm2 is also ferroelectric, while the 
species 4/mmmFmmm is not. 

2. CASE OF THE SPECIES a/nunmEmmiii 

We consider a crystal able to become a 
ferroelastic of species 4/mmmFmmm. We set 
a system of rectangular coordinate axes x, y, z 
with the z axis along the tetrad axis and with 
the X axis along a diad axis of the prototypic 
phase. In the ferroelastic phase the x axis may 
either agree with or make an angle of 45° with 
an orthorhombic principal axis; the x axis is 
chosen in the latter way. When x, y, z are to be 
used as indices for elements of tensors, they 
will be replaced by the numbers 1, 2, 3. We 
denote temperature by T, the Curie tempera- 
ture by Tc, mechanical stress tensor by X, and 
mechanical strain tensor by x; we are allowed 
to assume that the x realized at in the 
absence of external forces is zero. 

Each atom (or ion) composing the crystal 
may be divisible into an atomic core and some 
outer-shell electrons. The atomic cores and 
outer-shell electrons are oscillating. Our 
m£un attention is given to their average 
positions. The crystal structure becomes 
determinate when its basis and its space 
lattice are specified [2]. The parameters of the 
space lattice can be regarded as independent 
of the parameters of the basis as variables for 
specifying thermodynamic states. The set of 
parameters of the space lattice is equivalent to 
X, whose elements we write xo (i= 1, 2, 3; 
y = 1, 2, 3). x ,2 satisfies the condition of state 
parameter; that is to say, when realized in the 
absence of external forces, it differs for both 
the orientation states of the ferroelastic phase 
and is zero over the whole temperature range 
in the prototypic phase [3]. The othei; x^’s or 
any linear combinations of them do not satisfy 
the condition of state parameter. We assume 
that all the elements of X except A ', 2 are always 
zero. It is, therefore, reasonable to leave aH 
Xu’s except X 12 out of the set of explicit 


variables. We put 

X = 1 /X. 2 . (.2lv)Xn, (2,1) 

where v may be either 1 , V2 or 2, according to 
the reader’s preference. 

For the positional parameters of the basis, 
we adopt the coordinates, Q„((r= 1,2,.. .), of 
normal modes of lattice vibration. (Only 
lattice vibration modes with zero wave num- 
ber are taken into account.) The origin of the 
position of each particle (atomic core or 
outer-shell electron) is the average position of 
the particle realized at in the absence of 
external forces. All the lattice vibration modes 
can be divided into atomic ones and electronic 
ones. There is a wide gap in eigenfrequency 
between both. The atomic modes can be 
divided into acoustic ones and optical ones. 
Since the acoustic modes merely translate the 
crystal as a whole, they have no effect on the 
ferroelasticity. Thus they will be left out of 
account. 

We denote the potential energy per unit 
volume of the crystal by 4^. Here ‘unit volume,’ 
accurately speaking, is unit volume at in the 
absence of external forces, 'k is a function of 
T, X and We assume that this function 
can be expanded into a power series in x and 
Q„'s with coefficients depending on T smooth- 
ly. Since in the absence of external forces this 
power series must be invariant for every 
operation belonging to the prototypic point 
group 4/mmm, it is 

IT <T 

-Xx-E.P. (2,2) 

Here ''ko. A, h„'s and w,^^’s are certain smooth 
functions of T. 'i',, is the sum of terms of 
degrees higher than second. We assume that 
the transition between the ferroelastic and 
prototypic phases is second order. Then, in 
'P',,, it is allowable to neglect all terms of 
degrees higher than fourth. An electrical term 
E . P has been added; E stands for electric field 
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vector, and P electric polarization vector. As 
is well known, it holds that 

(2,3a) 

<7 I 

nVr = Vn 2 (2,3b) 


- 2 (2.4) 

tr 

The coefficient is a certain smooth (unction qf T 
which becomes zero at Tc. Ka must be zero for any non- 
degenerate mode whose coordinate is not invariant for 
all the operations of the prototypic point group. So, the 
terms (2,4) have no substantial ef^t on theferroelasticity. 
litis is the reason why they have been and vrili be ignored. 


where N, and Uct* stand for the number of 
unit cells per unit volume, the electric charge 
of the hth of the particles (atomic cores and 
outer-shell electrons) forming the basis and 
the displacement, orthonormalized in the 
following sense, of the b\h particle in the o-th 
mode of lattice vibration, respectively: 

2 MhaJ‘ . uj = 

b 

where is the mass of the hih particle and 
is the so-called ‘Kronecker’s delta.’ The 
components of P and m,r will be written P, and 
m„(i= 1,2,3). 

When 4 stands for the 90° rotation about the 
z axis and H stands for the point group of 
(either orientation state of) the ferroelastic 
phase, the prototypic point group can be 
resolved into a union of H and AH. The strain 
X is unchanged by every operation belonging 
to H and changed in sign (only in sign) by 
every operation belonging to AH. The coeffi- 
cient h„ must be zero for any nondegenerate 
mode whose coordinate is changed otherwise 
than the strain x or the (1, 2) element of a 
symmetric second-rank polar tensor by at 
least one of the operations belonging to the 
prototypic point group (in other words, whose 
coordinate Q„ is not such that Q„ —* by 
every operation belonging to H and Q„-* — Qa 
by every operation belonging to AH). The 
same coefficient on the other hand, is, in 
general, nonzero for a mode whose coordinate 
is changed in the same way as the (1, 2) 
element of a symmetric second-rank polar 
tensor by all the operations of the prototypic 
point group. Obviously, such a mode, if 
atomic, should be Raman-active. 

To be exact, the right-hand side of equation (2,2) 
should contain first-degree terms 


Optical birefringence is one— especially 
interesting— of the phenomena associated 
with ferroelasticity. We denote the (1,2) 
element of relative permittivity tensor for 
light by The frequency, o>, of light is 
assumed not to be very close to any 'I'h 
should contain terms 


X 2) ^acr'a"(2iT*Qa*‘ ^ 

fr'rr" 

(2,5) 

S ^^iTir’a'Qo-QtT’Qa''' 

tTfT'<r" 

(2,6) 

where and are certain smooth 

functions of T. It holds that 

a 

(2,7a) 

y. - ^ Y 2Racr'a‘mia'nt2cr^ 

(2,7b) 

Co ,;^, ( (Off' — ) 

(2,7c) 


(eo is the absolute permittivity of vacuum). 

This is proved as follows. We denote time by The 
equations of motion 

^ = ^-^0 (Q,E) (all modes) 

d/2 SQ., 


hold. We denote the electric field of light which oscillates 
along the x axis by E,. resolve each Q„ into a sum of an 
average part Q„. a naturally (or thermally) oscillating 
part and a part Q„ that oscillates with E, sinusoidally, 
and assume that the amplitudes of and Q„'s are very 
small. Then, from the above equations, the equations 
for Q^'s 


d-Q. 

d/2 


= - S E)5„. E)£\ 

tr' 


are derived. Now we leave out bars with no alteration 
in sense. Then, 


— = -2 e.(Q,E)E, (2,8) 

fj/* ^ <r tj' e 
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Using the equation (2.2) into which equation (2,3a) is 
substituted and into which the terms (2,S) and (2,6) and 
no higher-degree terms are introduced, we get 

(C^ E) = — IRaatr'X 

25 ) 1 

tr" 

'I'o ffi(G • E) = — mi„. 

tr 

By substitution of these, equations (2,8) become 
d’^,/dr> = -oi<,‘C„-l- 2 (2/?.„,jt 

<r' 

+ 7^ + (2,9) 

O’* 

We put 

£, = £ 1 ° sin ail, Oa = Qa sin mt. 

Then, after a rearrangement, equations (2,9) reduce to 
(o.„« - w»)(2/ - 2 {2Ra„a.x + 2 2R,^,rQ^)QJ‘ 

= mia£i°- 

These simultaneous equations are approximately solved 
as 



<u,* — < 11 * 


+^2 

« 7 ' 




(o4'— <*!*)( 


+ 2 


2Raxr*<j*^\rr'Qtf 

(o4--OI*)(oi„*-Clf‘) 




(2,10) 


on the assumption that 

o' 

That part of the y component of electric polarization 
vector which oscillates with £, is 

£ 2=2 "»wGo= 2 m2„(C,7£i°)£,. 

<r a 

From this and the solution (2,1 0), we see 


e® = 2 m»o(0o7£,7 

U 





-i-V-l- 2 r„Q„, 

rr 


where and r^s mean the same as given in (2.7b) and 
(2,7c). While x, Q^'s and e® are variables, r„, r„’s and the 
quantity 

* 0 '’ 2 "lloWsoCWo* -<"*) ' (2.11) 

IT 

are considered as constants— coefficients relating vari- 
ables to variables, so that they must be unchanged for 
the operations of the prototypic point group. As the 
strain x is changed in sign by every operation beloQgmg 
to 4N, so is «®. Therefore the quantity (2.1 1) must be 


The coefficient rg is, in general, nonzero. It 
is easily found that rg. and hg are either simul- 
taneously present or simultaneously absent 
for each mode. What modes contribute to 
the right-hand side of equation (2,7c)? Al- 
though the crth mode may as well be atomic, 
the o-’th and cr"th modes must be electronic 
if they may make a substantial contribution. 
Qg is reasonably assumed to be changed in 
the same way as the (1,2) element, 7,2, of 
a symmetric second-rank polar tensor by 
every operation of the prototypic point group. 
If, for example. Qg> and are both changed 
in the same way as 7,2, then Rgg^g^ = 0, so that 
the set of the cr' th and o-"th modes in this 
case makes no contribution. If the or'th 
and <r"th modes are degenerate and their 
coordinates are changed in the same way 
as the jr and y components of a vector,* 
then Rggfgo, rtiig’ and m^g. are all, in general, 
nonzero, so that the set of these modes 
may make a substantial contribution. It 
may also make a substantial contribution 
to To, since Raa'a^ is, in general, nonzero. 

A thermodynamic state to be realized under 
given constant externa) forces must make 
the potential energy (2,2) minimum. We 
denote the x and Qo^’s realized in the absence 
of external forces by x, and 0,„’s, with the 
subscript s meaning ‘spontaneous.’ In the 
prototypic phase we have x, = 0, al]_^,„^ = 0 
(some of the latter equalities are approximate, 
owing to the terms (2,4)), and hence also 
e,"" = 0. We assume that in the absence of 
external forces, the crystal is prototypic at 
temperatures higher than 7^ and ferroelastic 
at temperatures lower than 7^. From the 
condition of positive definiteness of the matrix 
formed by the second derivatives of 'P with 
respect to x and Qg's at x, and Q,g's and from 
the assumption that the transition between 
the prototypic and ferroelastic phases is 

*7111$ is possible in the species 4/mnun£nimm. Being 
changed in the same way as the x and y components of a 
vector means that Qg- -» —Qg-, Qg’ -* —Qg- by the 
inversion, Qg. -* Qg., Qg--* -Qg- by the 180° rotation 
about the x axis, and Q„> -* —Qg-, Qg. -* Qg. by the 90° 
rotation about the z axis. 
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second order, it follows that 

« TiT, 

" ( 2 , 12 ) 

respectively. Since A, /ig-’s and <u,,*’s are 
assumed to be smooth functions of T, the 
expression 

(n<u„*)(/t-S AaW) (2,13) 

IT 

is a smooth function of 7; it is smooth even 
at a temperature where an ti}„ becomes zero. 
When it is expanded into a power series in 
T — Tc, the zeroth-degree term must be zero 
owing to the relation (2,12). Hence we are 
allowed to put 

(n a>„^) (/I - 2 = 7(7-7,) (2,14) 

" a 

with the coefficient F expansible into a power 
series in 7 — 7,. There is no particular reason 
for the zeroth degree term of F to become 
zero. So, this term is assumed nonzero. Owing 
to the relation (2,12), it must be positive; in 
other words, F > 0 at 7,. 

We put 

s = {dxldX)x^o, 

■7T = (d€®''/dx),=^^, 7t' = (dc"''/dA').v»o, 

which are the (6,6) element of elastic compli- 
ance tensor and the (6,6) elements of two 
kinds of elastooptic (or photoelastic) co- 
efficient tensor, respectively. Obviously, 
tt' = ns. 

At 7 > 7,. we can deduce 

! n , 

^ “ A - 2 V/tOa* ~ r(7- 7,)' 

a 

IT = Ta-f- 2 (2,15b) 

<T 

Equation (2,15a) tells that the 7 dependence 
of s right above 7, obeys the Curie-Weiss 
law. The 7 dependence of n differs according 
to type of the crystal. 

Two different types are conceivable for 
crystals able to become ferroelaslic. (For 


simplicity’s sake, the ferroelastics are 
assumed to be bistate.) These types are 
provisionally referred to as opticd type and 
elastic type. A ' crystal of the optical type is 
optically soft and elastically hard— as hard 
as common crystals. In it, as 7 ^proaches 
7c from above, the eigenffequency of a certain 
optical atomic mode cff lattice vibration that 
has a nonzero h„ and hence is Raman-active 
lowers r^idly, until at 7 = 7, the expression 
(2,13) be^mes zero and the phase transition 
takes place. Hence n varies anomalously with 
7 near 7,. Even when the crystal is clamped 
at X = 0, the phase transition may take place 
(at a certain temperature lower than 7c). In 
this case, although the low-temperature phase 
cannot have a nonzero (1,2) element of strain 
tensor, it has nonzero (1,2) elements of other 
symmetric second-rank polar property tensors, 
and the signs of these elements differ for 
different orientation states, so that we recog- 
nize the phase as ferroelastic in essence. A 
crystal of the elastic type is elastically soft 
and optically hard— as hard as common 
crystals. In it, as 7 approaches 7, from above, 
none of the eigenfrequencies of lattice vibra- 
tion modes with zero wave number lower 
rapidly but the coefficient/1 diminishes rapidly, 
until at 7 = 7, the expression (2,13) becomes 
zero and the phase transition takes place. 
Hence n does not anomalously vary with 7 
near 7,. When the crystal is clamped at x = 0, 
the phase transition does not take place. 

We assume that the crystal under considera- 
tion is of the optical type. We assign a = 1 to 

the soft mode of lattice vibration, is 

allowed to become zero and negative, respec- 
tively, at and below a temperature, written 
7,, lower than 7c: 

a>i*|0 at 7 = 7, (2,16) 

respectively. It is a good approximation to put 
= (2,17) 

where D, is a certain smooth fiinction of 7 
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I 

and positive at all temperatures. (Since 
is changed in the same way as Tu, the co- 
efficient Rui in the term —iRuiQi^ must be 
zero.) After a calculation, we obtain, at 
T< Tc, 



(2,21a) 

(2,21b) 




FiTc-T) 


D,(n a),*)(A- 2 V/a).*)’ 


0'>l 


according to whether hi and r, are the same or 
opposite in sign. Also, 

(d7r/dr)fer- (d7r/dr)prt , (2 221 
Id(e.->'>/r.)/dr],„-(d7r/d7’)prt ' ' ’ ^ 


X, 


h. 

^-2 

tr>\ 


G.. 


(2,18) 



I 

tr>l 


*1 \ ‘<»a / 


s = W{^^W)l2nT,-T), 

<T>1 


It is convenient to denote the eigenfrequency 
of the <rth mode of lattice vibration by fl„^ at 
all temperatures including ones higher than 
Tc and to interpret the ft,, at 7 > T^. as equal 
to (Da. From equations (2,18) and (2,19), it 
turns out that the ft, vs. T curve is continuous 
and breaks at Tc' 


■n = r„+ 2 harJoDj + hirilCii^, 

<r>l 

where 


' dft, \ _ ^ 3r 

.dT'A.n UrAer 2hi\UiDa^ 


> 0 . 


(2,23) 


ft,* = a),*-t-3AQ.i' 

V n (Da^ + 2r(Tc-T) 

^(n^Wa‘){A- 2 h„Vw/)' 

< 7>1 

When {!>,* is negative, &>, is, of course, a 
pure imaginary number. However, it is always 
in the form of an even power that «*, appears 
in equations. At J < Tc, ft,, instead of a>,, 
takes the part of the eigenfrequency of the 
first mode of lattice vibration. At T < F,, 
though w,* is negative, ft,* is positive. 

From equations (2,15) and (2,18), it follows 
that at Tc, 


As has been stated, is nonzero if the o-'th and 
<7-"th modes are degenerate and their coordinates are 
changed in the same way as the x and y components of a 
vector by all the operations of the prototypic point 
group. These degenerate modes, however, become 
nondegenerate at T < 7,. Solving the characteristic 
equation of the matrix formed by the second derivatives 
of 'i' with respect to and Co-, we get 

nj- = o)| - ; 

in other words, 

= 0>c'+ (f?i»'o'/ci>,r’)G,l, 

flo- = 

(It should be noted that = ov even at 7 < 7,.) Thus, 


(€»"''/jf,)fer = T^fer = TT,,,,. (2,20) 

(The subscripts ‘fer’ and ‘pit’ mean ‘in the 
ferroelastic phase’ and ‘in the prototypic 
phase’ respectively.) The n or vs. T 

curve in the ferroelastic phase forms a cusp, 
at Tc, with the ir vs. T curve in the prototypic 
phase. It can be proved that at Tc, 


fV-lV = 2(/?,„.„-/a,„)G„ 00 (T,-r)‘« 
just below 7,. 

When the crystal of the optical type is 
clamped at .x = 0 (and when E = 0), the 
potential energy ^ is 


+ i 2 + i DiQi*. (2,24) 
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So, taking account of the relation (2,16), we 
see that the phase transition takes place at 
T = Ti and the crystal becomes ferroelastic 
at 7 < Ti with ^ 

Qh = -WID^= WID^){T,-T), 

Q«r' = 0 (o-'>l), 

= ± r, - r)>«, 

ft,* = -2w,=' = 2cih»(r,- J). (2,25) 


Let p be the density of the crysttd which 
may be of the optical type <»* of the elastic 
type. Let k and a> be the wave number and 
f^quency, respectively, of a lattice vibr^ion 
mode propagating in a direction. For the trans- 
verse acoustic modes propagating along the 
X (or y) axis and displacing the atoms along 
the y (or x) axis, it holds that &tT > Tc, 

|aa)/dA|*-o= (W2)(pj)-««. 


We have put 


= (2,26) 

0 ) 1 * is a smooth function of T. At 7,, wi* must 
be positive or zero; it is very natural to assume 
nonzero, i.e., positivity. Though x, = 0 always, 
|e,“*'l increases with fall of 7, in near propor- 
tion to (Tj — 7)*'*. The sign of differs 

for different orientation states. 

If the crystal is not of the optical type but 
of the elastic type, it is a good approximation 
to put 

'i', = iD„x* (2,27) 

where Du is a certain smooth function of 7 
and positive at all temperatures. After a 
calculation, we obtain, at 7 < Tg, 




r(Tg-T) 

(T 



^."'’/x, = rr = r„ -)- 2 

<7 


2r(7,-7)’ 

KrJoaJ. 


(2,28) 


According to equations (2,15) and (2,28), the 
TT vs. 7 curve does not break at Tg. The 
vs. 7 curve in the ferroelastic phase 
superposes itself on the nr vs. 7 curve in the 
same phase. Also, any fl,, vs. 7 curve does not 
break at Tg. (These are approximate. If 
appropriate high-degree terms were not 
ignored in a slight break would be pro- 
posed in the curves of it or €,®'’/Xj and some 
flo-’s vs. 7.) 


Substituting the relation s « (7 — 7c)"‘ into 
the right-hand side, we find 

\dmldk\,,o “ (7-7,)‘«; 

in particular, 

|5a)/3l:l*..o = 0 at Tg, 

For the other transverse and longitudinal 
acoustic modes propagating along the x (or y) 
axis and for all the acoustic modes propa- 
gating in a direction < 1 10) that becomes an 
orthorhombic principal axis at 7 < Tg, 
\db>ldk\k^(, remains nonzero at Tg. To say 
again, these consequences are regardless of 
type of the crystal. 

3. CASE OF THE SPECIES 42 mFminZ 
We consider a crystal able to become a 
ferroelastic of species 42 mFmm2. Every 
ferroelastic of this species must be ferro- 
electric at the same time. We set a system 
of rectangular coordinate axes x, y, z with 
the z axis along the 4 axis and with the x axis 
along a diad axis of the prototypic phase. In 
this species as well, the (1,2) element x ,2 of 
mechanical strain tensor satisfies the condition 
of state parameter [3], and the other elements 
or any linear combinations of them do not. 
We assume that all the elements of mechani- 
cal stress tensor except the ( 1 ,2) element Xit 
are always zero. Instead of and X^, we 
use the quantities x and X that are defined 
in (2,1). As for electric polarization vector 
P, the z component satisfies the condition of 
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State parameter, while the other components 
do not. The z component of electric polariza- 
tion vector and of electric field vector are, for 
brevity’s sake, written P and £ without the 
index 3. 

The potential energy per unit volume, 
is a function of T, x and the coordinates Q^'s 
of lattice vibration mode^ Although the 
prototypic point group is 42 m instead of 
4/mmm, equations (2,2), (2,3) and (2,7) 
remain v^id. 

When 4 stands for the combination of the 
inversion and the 90° rotation about the z 
axis, and H stands for the point of (either 
orientation state oO the ferroelastic phase, 
the prototypic point group can be resolved 
into a union of H and 4//. The (1,2) element. 
T«, of a symmetric second-rank polar tensor 
is unchanged by every operation belonging 
to H and changed in sign (only_in sign) by 
every operation belonging to 4//. The z 
component of a polar vector is changed in the 
same way as 7,^ by all the operations of the 
prototypic point group. Therefore the co- 
efficients ha. maa and must be zero for any 
nondegenerate mode whose coordinate is 
chauiged otherwise than r,j by at least one 
of the operations belonging to the prototypic 
point group. These coefficients, on the other 
hand, are, in general, nonzero for a mode 
whose coordinate is changed in the same way 
as Tit by all the operations of the prototypic 
point group. Such a mode, if atomic, should 
be both Raman-active and infrared-active. 

The (6,6) element j* or s'" of elastic compliance tensor, 
the (3,6) element d of piezoelectric modulus tensor, the 
(3,3) element (c* or k' of electric susceptibility tensor, 
the (6,6) element tt'*, it® or tt' of elastooptic coefficient 
tensor and the (6,3) eiement if, if or 17' of electrooptic 
coefficient tensor are defined as follows : 

d* = s*dA'+rfd£' at A' = 0,£=0, 

= j'’dUk: + (d/«^)d£ at X=Q,P = P„ 

dP^ddX+K^dE at X = (i,E=Q. 

= (£f/**)da: + ic'/d£ at jr = x„£ = 0, ^ 

x = x.,p = p.. 


— n^dx 4- ri^K^dE at jr = j:„ £ = 0, 

= ir''s'‘dX + ifdP at jr = 0,P = £„ 
“ir'dX+ri'dE at Jf = 0, £ = 0. 

In the prototypic phase, we have x, = 0, 
all = 0, and hence also P, — 0, e,®" = 0. 
We can deduce 


sE = . 


1 




A-XhaVWa^ rfr-Te)’ 




2 hairisaloJa^ 


mla 






^ ^ mla hamaaloij)^ 

A -lhaV<Oa^ 

a 

ra+ '2 haTaluia^, 


(3,1) 


('ihaniaaltoj)('^maarjoia^) 

TT* = TT* 


2 m\„l<x)a 


7)^ = (2 m3arJiOaf)li'2 mljoij), 

<T O’ 


12 sl 

•i 


if = 


I hgniaff s} 

-L _ V V 

V 

j _ Y ts^\ Y 


If the crystal is of the optical type, equation 
(2,17) holds approximately. The soft mode of 
lattice vibration has a nonzero hg, and hence 
should be both Raman-active and infrared- 
active. If the crystal is of the elastic type, 
equation (2,27) holds approximately. Equa- 
tions (3 , 1 ) are valid for either type. 

We assume that the crystal is of the optical 
type. At T < Tg, the expressions involving 
Qnr' W > 1), X, and are found to 
be the same as given in (2, 1 8). We get 
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Regarding the eigenfrequency, O,, of the soft 
mode of lattice vibration, the same as equa- 
tions (2,19) hold. The expressions involving 
s, d, K, It and t\ are the same as the result of 
replacing a>i by n, in the corresponding 
expressions in (3,1); for example, 


^^ = n,^(n w,,*)/2r(r.-7), 


yf 



^ /WairA // ^ 

fl,* // ■ 


When the crystal of the optical type is 
mechanically clamped at x = 0 in the absence 
of electric held, the phase transition takes 
place at the temperature 7, where o), becomes 
zero. At T < T,, although x* remains zero, 
P, and c,'"' become nonzero, in near propor- 
tion to (7, — 7)''*. Their signs differ for the 
two orientation states, which may be changed 
to each other by an electric field. The electric 
susceptibility at constant strain in the z 
direction obeys the Curie- Weiss law near— 
both above and below- 7,. When, instead of 
being mechanically clamped, the crystal is 
electricaly clamped at 7 = 0 in the absence 
of mechanical stress, the condition for the 
prototypic phase to be stable is that the 
expression 



2 



(3,2) 


to be the same as given in (2,28). We get 
= 2 h«r«8a/®«r*- 

il a 

The expressions involving s, d, k, ir and 17 
are the same as the result of replacing A by 
A -b Wax/ in the corresponding exinessions ' 
in (3,1); for example, 

x*=(no>,,*)/2r(7,-7), 

17' = (2 "« 3 <rf<T/Wa *)/(2 'WSJaV*). 

If <7 

When the crystal of the elastic type is 
electrically clamped at P = 0 in the absence 
of mechanical stress, the condition for the 
prototypic phase to be stable is that the 
expression 




(S 

I mL/Wer® 


(3,3) 


is positive. Since, obviously, this expression 
is positive at 7^ and negative at the tempera- 
ture where A becomes zero, it becomes zero, 
or the phase transition takes place, at a 
temperature, written 7o, intermediate between 
these temperatures. We put the expression 
(3,3) equal to g(J — 7o); ^ is a smooth function 
of 7 and positive at T^. At 7 < 7o, we can 
deduce 


V= (^?/£>J(7„-7), 



S \ Xg 

/ a4'' 


is positive. Not far below 7^, since the 
expression (3,2) is still positive, the crystal 
remains prototypic. It cannot be generally 
judged whether the expression (3,2) is posi- 
tive even at temperatures much lower than 
Tr or not. (The expression (3,2) is smooth 
even at 7,.) 

We next assume that the crystal is of the 
elastic type. At 7 < 7c, the expressions 
involving x,*, Qw^’s and €,“’’/x, are found 


Whereas P, is zero, the part of it, 
attributed to a lattice vibration mode with a 
nonzero is nonzero. The sign of x, differs 
for the two orientation states, which may be 
changed to each other by a mechanical stress. 
The (6,6) elastic compliance at constant 
polarization obeys the Curie- Weiss law near— 
both above and below— 7o. When, instead of 
being electrically clamped, the crystal is 
mechanically clamped at x = 0 in the absence 
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of electric field, the crystal is thought to 
remain prototypic at any low temperature. 

It is assumed that the crystal is neither 
mechanically nor electrically clamped. At 
Tc, whether the crystal is of the optical 
type or of the elastic type, we see 

(/*A,)ter = (d/s^prt = (K*/d)prf 
In case of the optical type, 


At Te, the equalities 

= VL= Vprt 

hold, both in case of the optical type and in 
case of the elastic type. In case of the optical 
type, it can be proved that 





UtL 

VdT P. Aer 

Urj, 


while in case of the elastic type. 


(3,4) 

in case of the elastic type. 









UrAer 

VdT P,L 

Urj, 


or 




(3,5) 


« < 

< 

/dT,*\ 



VdrL 

VdT P.Aer 

Urj, 


here we have assumed d > 0 T > and 
used the approximation 

(2 = mg, /A, 

a a 

dXTc. 


according to whether and d are the same 
or opposite in sign. 

The statements concerning |Aa)/6A|*=o for 
acoustic modes of lattice vibration in Section 
2 hold also here in the same form. 


In a previous paper [4], simultaneously ferroelectric 
and ferroelastic crystals were divided into ones of the 
dielectric type and ones of the elastic type; the relation 
(3,4) was found to hold for ones of the dielectric type, and 
the relation (3,3) for ones of the elastic type. Dielectric 
type is conceptually almost the same as optical type in 
the present paper. Elastic type in the previous paper is 
the same as elastic type in the present paper. However, 
the concepts in the present paper are more general; they 
t^ply to the ferroelastic crystals at large, irrespective 
as to whether they are ferroelectric at the same time 
or not. 

At Tc, the equalities 


= Trf„ = TT^rt 


hpld, bofii in case of the optical type and in 
case of the elastic type. In case of the optical 
type, the inequalities (2,21a) or (2,21b) and 
the equality (2,22) hold, with tt® in place of ir. 
In case of the elastic type, the vs. T curve 
does not briiak at Tc. The vs. T curve 
in the ferroelastic phase superposes itseff" 
on the TT^ vs. T curve ki the same phase. 




4. DISCUSSION 

As has been seen in the preceding sections, ferro- 
elastics of the optical type and those of the elastic 
type behave similarly in fundamental respects. They are 
both capable of state shift by mechanical stress. Their 
X, and e,"" are proportional to (T^ — T)"* just below Tj- 
Their is proportional to IT — Td"' around T,.; the 
proportionality coefficient at T > Tc is twice that at 
T < Tc. Their \do>ldk\i.c for a certain kind of transverse 
acoustic modes of lattice vibration is proportional 
to (T—TcV^ just above Tc- But, on the other hand, 
they behave differently under constant strain (and also 
under constant polarization if they are ferroelectric at 
the same time) and differ in temperature dependence of 
17^ and (and also of if, dls^, and PJx, 

if they are ferroelectric at the same time) around Tc- 

Whereas two types— optical type and elastic type- 
are conceivable for ferroelastics (whether they are ferro- 
electric at the same time or not), elastic type or any 
type corresponding to it or taking its place is not con- 
ceivable for pure ferroelectrics that are not ferroelastic 
at the same time. This difference between ferroelasticity 
and ferroelectricity may not be very strange, in view 
of the fact that symmetric second-rank polar property 
tensors are much richer in variety than polar property 
vectors. 

The phase of KH]P 04 which occurs at temperatures 
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below — 1S0°C is ferroelasticll, 5], belonging to the two- 
state species 42 01^0110 2. The phase of Rochelle salt 
which occurs at temperatures between —18 and 24°C is 
ferroelastic[l, 5], belonging to the two-state species 
222F2. These phases are also ferroelectric. Because ot 
satisfying the relation (3,4) and for other reasons, they 
are probably of the optical type. CsPbCl, has a phase 
transformation at 3TC. Its principal elastic compliance 
seems to obey the Curie-Weiss law around 37*0, the 
Curie constant on the high-temperature side larger than 
that on the low-temperature side [6]. The low-temperature 
phase has a Raman-active mode of lattice vibration, 
whose frequency is coiuectured by extrapolation to lower 
anomalously with rise of temperature toward 37‘’C{6]. 
Thus the low-temperature phase might possibly be a 
ferroelastic of the optical type. It is not ferroelectric. 
There is no available information enough to infer its 
species from. NaBa^NhsOn has phase transformations 
at 560°C and about 300*0 [1, 7]. The low-temperature 
phase is partially ferroelastic and partially ferroelectric, 
belonging to the four-state species 4/mmmFmm2(p). 
The middle-temperature phase is ferroelectric but 
nonferroelastic, belonging to the two-state species 
4/tnmmF4mm. The high-temperature phase is neither 
ferroelastic nor ferroelectric; it is the prototypic of both 
the middle- and low-temperature phases. Near the lower 
transition temperature, the sj, vs. T curve seems to obey 
the Curie-Weiss law, while the T dependences of the 
ferroelectric properties do not seem to become ano- 
malous [8]. This phase transition is thought purely ferro- 
elastic. (The phase transition at 560°C is thought purely 
ferroelectric.) There is no available information enough 
to infer its type from. The phase of VOj which occurs 
below about 70°C is full ferroelastic[1.9], belonging to 
the four-state species 4/mmm F2/m(s). It is not ferro- 
electric. Its type is yet uninferable. 

At the present stage, no real ferroelastics can be cited 
which are concluded or inferred to be of the elastic type. 
It is unknown whether the ferroelastics of the elastic type 


are possible in principle ; this question will be toft to foture 
stur&s. So, in this paper, the elastic type is hypothetical, 
PreviouslyllO], a kind of ‘weak’ ferroelastics were 
investigated. Even if their prototypic phase transitions 
are of the second kind, their jr, is propoitioiial to Tc~ T, 
instead of (7^ — 7)''’. just below 7c. Their does not 
obey the Curie-Weiss law around 7c, but is finite and 
discontinuous at 7,, with the inequality Thus 

they are of another type than the ferroelastics studied in the 
preceding sections in this paper. Still other types cd' ferro- 
elastics are also conceivable. However, the types studied 
in tile preceding sections are thought to be ftindamental 
and standard among all types of ferroelastics. 
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UBER DEN EINBAU VON KUPFER IN 
ZnO-EINKRISTALLEN * 


G. mOLLER iind R. HELBIG 

Institut fiir Angewandte Physik der Universitat Erlangen, Erlangen Deutschland 
(Received 1 1 August 1970) 

ZuMunmen f assu n g — Es wurde die Diffusionskonstante von Kupfer im Temperaturbereich von 1100 — 
1250"C in ZnO-Einkristallen bestimmt; (D = 2-10' exp [— (4,8±0,I)eV/*r] cmVsec). Optische Ab- 
sorption, ESR-Signal und elektr. Leitfahigkeit warden an ZnO-Kristallen mit verschiedenen Cu- 
Konzentrationen (10'*— 10*‘Cu-Atome/cm*) gemessen und in Zusammenhang mit der chemisch 
bestimmten Kupferkonzentration gebracht. Es zeigt sich, daB Kupfer iiberwiegend als Cu*'' auf Zn- 
Gitterplatz in das ZnO eingebaut wird. Die beobachtete Abnahme der Leitfahigkeit mit steigendem 
Cu-Gehalt wird durch die Wirkung von lCu’*Cu*+] — Assoziaten erklart. 


Abstract— The diffusion coefficient D of copper in ZnO single crystals was determined in the tempera- 
ture range from 1100°C to 1250°C:D = 2-10’ exp (— (4,8±0,l)eVM7'] cm'/sec. Optical absorption, 
ESR-signal and electrical conductivity of ZnO crystals containing different concentrations of copper 
(16'*— 10" Cu atoms/cm*) were measured and brought into connection with the copper concentration 
given by chemical analysis. It turns out that copper is mainly placed as Cu*'' on zinc-lattice site. The 
measured decrease of the electrical conductivity with increasing Cu-conccntration can be explained 
by action of (Cu’^^Cu^'l-associates. 


1, EINLEITUNG 

Kupferdotierte ZnO-Kristalle wurden 
bereits in mehreren Arbeiten untersucht 
[1-11]. Dabei konnten sowohl die ESR- 
Messungen[4-9] als auch die optische 
Absorption [3-5] im Wellenbereich von 
1 ,0 — 2,0 fs durch die Existenz eines Cu^'^-lons 
auf Zn-Gitterplatz erklart werden. In einem 
gewissen Widerspruch dazu blieb die bei 
Cu-dotierten ZnO-Kristallen beobachtete 
Abnahme der elektrischen Leitfahigkeit mit 
steigendem Kupfergehalt[l,21, die durch die 
Existenz eines Cu^+-Zentrums nicht erklart 
werden kann. 

Die vorliegende Arbeit versucht zur 
Klarung dieser Frage beizutragen, indem an 
den gleichen Kristallen optische Absorption, 
ESR-Signal und elektrische Leitfahigkeit 
gemessen und in Zusammenhang mit der 
chemisch bestimmten Cu-Konzentration 


*Auszugsweise voigetragen auf der Frilhjahrstagui^ 
der Deutschen Physikalischen Gesellschaft in 
Freudenstadt ( 1 970). 


gebracht werden. Dadurch soil entschieden 
werden, ob neben dem Cu*'*^-lon auf Zn- 
Gitterplatz noch andere Einbaumbglichkeiten 
fur das Cu im ZnO bestehen (z.B. Zwischen- 
gitter, Assoziate oderevtl. andere Oxydations- 
stufen). 

2. CHARAKTER1S1ERUNGUNDHERSTELL13NG 
DERPROBEN 

Die verwendeten Kristalle wurden im 
hiesigen Institut [12] nach einem Dampf- 
reaktionsverfahren geziichtet und hatten die 
Form sechskantiger Nadeln mit sehr guten 
Begrenzungsflachen (Durchmesser bis 8 mm, 
Lange ca. 20 mm). Einen Uberblick iiber die 
Reinheit der undotierten Kristalle gibt Tabelle 
1. Die untersuchten Cu-dotierten ZnO- 
Kristalle waren entweder gleich bei der 
Zuchtung [ 1 2] Oder aber spater durch Diffusion 
mit Cu dotiert worden. Da die Untersuchung 
einen moglichst groBen Cu-Konzentrations- 
bereich erfassen sollte, wurden verschiedene 
Diffusionsverfahren angewendet; 

(a) Box-Verfahren (10'»-l(F’Cu Atome/ 
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Tabelle X.AnalysenundotierterZnO-Kristalle 
nach verschiedenen Analysenverfahren 
(Angaben in ppm). Zeichenerkldrung: 

ESA : Emissions-Spektral-Analyse (nach Harney) 
MSA : Massen-Spektrometer-Analyse 
QESA ; Qualitative Emissions-Spektral-Analyse 
AAS ; Alom-Absorptions-Spektrophotometer 
< : unterhalb der Nachweisgrenze 
<a ; Element nachgewiesenmit obersterGrenzje a 
+ : Element im Bereich 1-10 ppm nachgewiesen. 
Fehler fur AAS ± 10% alle anderen ± 50% 


Element 

ESA 

Analysenmethode 
MSA QESA 

AAS 

Li 

-«65 



<0,03 

Na 

<42600 

<0.2 

+ 

0.2-1 

K 


c6 

+ 

0,03-0.1 

Mg 

««0..S 



<0.1 

Ca 




<40.3 

Sr 




-0,6 

Ba 





V 


5 

+ 


Cr 


<5 

+ 

<<4 

Mn 

«5,5 



<0.3 

Fe 

<7.5 

<5 


<1 

Co 

<3 



<1,4 

Ni 

<3 



<2 

Cu 

<0,25 


+ 

<0,4 

Cd 

<25 



<0.1 

Al 

<12 



<7 

Ga 

<23 



<2 

In 

<16 



<2 

Si 

<5 

<2 

+ 

<7 

Sn 

<8 




Pb 

<13 


+ 

<«0,4 

P 

<450 




As 

<250 




Sb 

<88 




S 





Te 

<120 




Cl 





Zr 

<15 





cm*): Der Kristall wurde in einer Cu-haltigen 
ZnO-Keramik getempert. (T = 1200-1250'’C) 

(b) Zwei-Zonen-Verf^en (5- 10** — 10*®Cu 
Atome/cm*); Cu-Quelle und Kristall befanden 
sich in einem Gasstrom auf verschiedenen, 
einstellbaren Temperaturen (Tgueiie = HOO- 
1250^: TKrm^ai = 1200-1250“C); als Quelle 
diente metallis^hues Cu in einem Quarz- 
schifFchen, als Tragergas wurde O 2 verwendet 

(c) Nachdiffun^ (10** — 10*® Cu Atoni^ 
cm*). Der Kristall 1 wurde - mit , einer Cu- 


Quelle andotiert und spater ohne Quelle 
in reiner Oj-Atmosph^e homogenisiert 
(Homogenitat besser als 15 Prozent: T — 
1200-1250“C). 

Alle unter a bis c genannten Verfahren 
erfordem zur Herstellung homogen dotierter 
Kristalle die Kenntnis der bisher unbekannten 
DifFusionskonstanten von Cu in ZnO. Daher 
wurde zuerst die Diffusionskonstante von 
Cu in ZnO bestimmt. 

3. DIFFUSION VON Cu IN ZnO 
Hierbei wurden 2-3 mm dicke Kristalle 

(Lange 10-20 mm) bei konstantem Cu- 
Angebot in Oj-Atmosphare (760 Torr) und 
verschiedenen Temperaturen verschieden 
lang getempert und anschlieBend auf Zimmer- 
temperatur abgeschreckt. Durch schrittweises 
Abatzen in verdiinnter HCl und Analysieren 
der Atzlosung wurde das Cu-Konzentrations- 
profil der Kristalle bestimmt. Die Analyse der 
Atzlosung wurde mit Hilfe eines Atom- 
Absorptions-Spektrophotometers (Perkin 
Elmer Model! 303) durchgefuhrt(zur Methode 
siehe auch[24] und [25]). Diese Profile waren 
fiir den untersuchten Temperatur- und 
Konzentrationsbereich in guter Ubereinstim- 
mung mit den Losungen der DilTusions- 
gleichung (2. Fick’sches Gesetz) fiir ein 
zylinderstmmetrisches ProblemflB], Fiir den 
Temperaturbereich von 1 100-1250"C ist 

D = 2 • 10^ • exp [- (4,8 ± 0,1) eV/kT] 

Figure 1 zeigt neben der so fiir Cu bestimmten 
DifFusionskonstanten einige andere Dif- 
fusionskonstanten fiir ZnO in Abhangigkeit 
von der Temperatur. 

4. OPTISCHE ABSORPTION 

Es ist bekannt, daB Cu-dotierte ZnO- 
Kristalie eine Absorptionsbande zwischen 
1 ,0-2,0 p bcstizen[3-5]. 

Figure 2 zeigt diese Absorptionsbande bei 
Zimmertemperatur fiir verschieden stark 
dotierte Kristalle. Dabei wurde die Absorp- 
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Kahrwert der qbsolut«n Tqmperatur T7' I0‘* ’K"' 

Fig. 1. Diffusionskonstanten in ZnO als Funktion der 
absoluten Temperatur. 

tionskonstante K aus Messungen mit 
unpolarisiertem Licht an Kristallen verschie- 
dena* Dicke d unter Beriicksichtigung von 
Vielfachreflexionen berechnet. Messungen 
mit polarisiertem Licht (siehe Fig. 3) ergaben, 
dafl Ki (fiir £lc) immer groBer als Ku (fiir) 
£'11 c) ist. Man kann dann zeigen, daB fiir den 
hier untersuchten AT • d— Bereich die in Fig. 2. 
aufgetragene Absorptionskonstante K — 
1,1 All ist. 

Den Zusammenhang zwischen der Zahl 
der absorbierenden Zentren N und dem 
Produkt aus Hdhe und Breiteder Absorptions- 
bande (naheningsweise Gaussform) be- 
schreibt die aus der Dispersionstheorie 
abgeleHete FonneU191; 



Fig. 2. Absorpiionsspekiren fiir verschieden stark mit Cu 
dotierte ZnO-Einkristalle. mit unpolarisiertem Licht 
gcmessen. 


= H (I) 

Dabei sind; 

N = Zahl der Absorptionszentren pro cm® 
n = Brechzahl des Mediums in dem die 
Zentren eingebaut sind (nach [20] und 
[ 21 ]) 

AmiM = Absorptionskonstante im Maximum 
derBande in cm~‘ 

H — Haibwertsbreite der Absorptions- 
bande in eV 
/ = Osrillatorstarkc. 
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Fig. 3. Absorptionsspektren fiir verschieden stark mit Cu 
dotierte ZnO-Einkristalle, gemessen fiir die Polarisations- 
richtungen E || c und £ 1 c. 


Dann erhalt man fiir eine Osziilatorstarke von 
/= (2,7±0,3) • 10-* 

befriedigende Ubereinstimmung mit der 
Zahl der chemisch bestimmten Kupferatome. 
Dieses Ergebnis wird in Fig. 4 dargestellt. 
Ursache fiir diese Absorptionsbande ist 
ein Ubergang zwischen den im Kristallfeld 
aufgespalteten 3r/-Zustanden des Cu®+-ions 
[3-5]. Theoretisch wurde die Aufspaltung 
der 3d-Zustande des Cu^+-ions irn tetra- 
edrischen Kristallfeld von Walter u. Birman 
[22] behm^it. In LCAO-Naherung erhielten 
sie eine j^pipiatorstarke fiir diesen Ubergang 
von 3 ■ 11© und in LCVB-Naherung von 



lo'* lo'^ lo'* lo'* io*° 

Konzantration der chemisch bestimmten 
Cu-Atome N'*"' 

Fig. 4. Konzentration der optisch bestimmten Kupfer- 
atome dividiert durch die Osziilatorstarke /= I als 
Funktion der chemisch ermittelten Kupferkonzentration 

y^C'hem 

Cu 

4,5 • 10“^ Bei dieser Rechnung wurden die 
Aufspaltung durch Spinbahnkopplung und 
trigonale Verzerrung des Kristallfeldes nicht 
beriicksichtigt. Da bei der vorliegenden 
Messung wegen der hohen MeBtemperatur 
(F = 300‘’K) liber diese Aufspaltungen gemit- 
telt wurde, diirfen die theoretischen und 
experimentellen Werte miteinander verglichen 
werden; die Ubereinstimmung ist gut. 

5. ESR-MESSUNGEN 

Das ESR-Signal von Cu-dotierten' ZnO- 
Kristallen wurde schon von mehreren Autorea 
untersucht[4-9]. Bei unseren Untersuchungen 
[8] war es leider nicht moglich einen quantit- 
ativen Zusammenhang zwischen dem ESR- 
Signal und der absoluten Zahl der ESR- 
Zentren herzustellen. Es wurde jedoch ein 
liber 4 GroBenordnungen linearer Zusam- 
menhang zwischen der Zahl der Cu-Atome 
im Kristall und dem Produkt aus Hdhe und 
Haibwertsbreite des integrierten Signals 
gefunden. (Fig. 5). 

6. elektrischeleitfahigkeit 
Die elektrische Leitfahigkeit der undotierten 
ZnO-Kristalle liegt bei cr = 10"*n“’cm"‘, 
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Konzantration dar chamitch bastimtntan Kupfaratoma 


Fig. 5. "ESR-Absorption” von Cu-dotierten ZnO-Einkristallen 
als Funktion der chemisch bestimmten Kupferkonzentration 

wChem 
Cu ' 


sie lieB sich durch eine nachtragliche O*- 
Behandlung (760 Torr, bei I200°C) nicht 
weiler beeinflussen. Diese Leitfahigkeit 
entspricht bei einer von uns gemessenen 
Hallbeweglichkeit von fi — 200 cm*/V sec 
einer Ladungstragerkonzentration von «o “ 
10’*cm"“. Die nachtragliche Cu-Dotierung 
erfolgte wie in Abschnitt 2 beschrieben in 
Oz-Atmosphare (760 Torr und 1 100-I250°C). 
Die elektrische Leitfahigkeit wurde mit der 
Vier-Sondenmethode gemessen, ihre Abhan- 
gigkeit von der Cu-Konzentration zeigt Fig. 6. 
Man sieht, daB die Leitfahigkeit fur Cu- 
Konzentrationen Ncu lO'^cnT’ nicht vom 
Cu-Gehalt der Kristalle abhangt. Erst fiir 
Cu-Konzentrationen grosser als lO'^cm"* 
beginnt die Leitfahigkeit mit wachsender 
Cu-Konzentration abzusinken und zwar 
umgekehrt proportional dem Quadrat der 
Cu-Konzentration. Eine solche Abhangigkeit 
wurde schon von Bogner u.Mollwo beobachtet 
[L2]. 

7. DISKUSSION 

Die in Fig. 1 gezeigte Ubereinstimmungder 



lo” lO''' lo'* I 0 *'cm’ 

Konz»ntratlon d«r chemisch besfimmten 
Kupferafome 

Fig. 6. Elektrische Leitfahigkeit o- von Cu-dotierten ZnO- 
Einkristallen als Funktion der chemisch bestimmten 
Kupferkonzentration Die ausgezogene Kurve 

wurde aus Gleichung (5) bcrechnet. 
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Diifusio^skonstanten von Zn und Cu in 
ZnO sowie die Gleichheit der lonenradien 
[23] von Cu*+( 0,72A) und Zn*+(0,74 A) 
nehmen wir als ersten Htnweis dafiir, daB 
vorwiegend Cu*'*' im ZnO-Gitter difFundiert. 
Die bei den optischen Messungen gefundene 
Ubereinstimmung zwischen der theoretisch 
berechneten und experimentell gefundenen 
Oszillatorstarke zeigt, daB Cu in ZnO im 
Rahmen der MeBgenauigkeit liberwiegend als 
zweiwertig positiv geladenes Ion auf Zn- 
Gitterplatz eingebaut wird. Auch die bei den 
ESR-Messungen gefundene Proportionalitat 
ist im Einklang mil dieser Vorstellung. Wir 
weisen darauf bin, daB die obige Folgerung 
nur fiir den untersuchten Leitfahigkeits- 
bereich tr « und der d 2 unit 

verbundenen Lage des Ferminiveaus Ec — 
Ef > 150 meV gemacht werden kann. Der 
Abstand des Cu^'+'Niveaus von der Leitungs- 
bandkante ist daher kleiner als 150meV[10]. 
Die Abnahme der elektr. Leitfahigkeit mit 
dem Quadrat der Cu-Konzentration legt 
nahe, daB ein Cu-Cu-Assoziat (Cu''*+Cu*‘^]ass 
als Einfachakzeptor wirkt: 

+ Cu*+ [Cu“+Cu^^]a.s (2) 

[Cu*W+U„ + 0^ [Cu^+Cu^^]-„ . (3) 

Neben den Reaktionsgleichungen (2) und (3) 
fiir die Bildung dieses Akzeptors muB 
beriicksichtigt werden, daB durch die Reak- 
tion (3) die Ausgangselektronenkonzentration 
no vermindert wird. Diese Kompensation der 
vorhandenen Donatoren fiihrt zu der 
Bilanzgleichung (4): 

MCu*+Cu"+]-x„ = no- n. (4) 

Die Anwendung des Massenwirkungsgesetzes 
auf (2) und (3), sowie die Verwendung von 
GI. (4) zusammen mit dem Ergebnis 
^chem liefem; 

^ 44 ) 


Dabei bedeuten: 

N icu*»cu‘*r = Konz. der mit Elektronen be- 
setzten Assoziate 

n = Konz. der Leitfahigkeitselek- 
tronen 

/to = Ausgangskonzentration der 
Leitfahigkeitselektronen 
~ Konz- der chem. nachgewiesen- 
en Cu-Atome 

Ki,Ki = MWG-Konstanten. 

Die ausgezogene Kurve der Fig. 6 wurde nach 
G1.5 mit /to = Ky^cm-*, K: • K* = 2,5 • 10“ 
cm“® und einer konstanten Electronen- 
bewglichkeit /* von //, = 200 cm*/Vsec[2] 
berechnet. Man erkennt mit Hilfe von G1.4, 
daB das Verhaltnis der besetzten Assoziate 
und der Cu“+-lonen Ntru"*cu‘*i /N ,+ bei 

Cu 

2 + = 10”cm"® maximal den Wert 10“® 
besitzt und sowohl fiir kleinere als fiir groBere 
Cu-Konzentrationen abnimmt. Uber fiildungs- 
wahrscheinlichkeiten und Arten von Kupferas- 
soziaten in ZnO Kristallen scheinen bisher 
auBer der Leitfahigkeit noch keine anderen 
Hinweise vorzuliegen. 

Anerkennungen -Hem\ Professor Dr. E. Moliwo danken 
wir fiir vide hilfreiche Diskussionen und sein stetes 
Interesse an dieser Arbeit. Herm Professor Dr. I. Broser 
danken wir fiir die Moglichkeit die ESR-Messungen an 
seinem Institut durchfiihren zu konnen. Herrn Dr. Ing. 
M. Schulz fiir die Durchftirung der Messungen. Einige 
der Kupferanalysen fiihrte Herr Priv. Doz. Dr. R. 
Schwab (Minerdogisches Institut Erlangen) mit dem 
Puls-Polarographen durch, wofiir wir uns bedanken 
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Abstract — Fe additions of 10, 100 and 1 000 ppm were made to a purified (virtually iron-free) Cu,.,Nii).s 
alloy. The magnetization was measured at 4-2°K in fields up to 54 kOe, and at temperatures from 
4-2° to 300°K at 12-6 kOe. The results indicate that up to 100 ppm Fe each Fe atom, together with its 
Ni nearest neighbors, forms a magnetic cluster at ft. = 3-76. The 1000 ppm Fe alloy has, in addition 
to single-Fe clusters, also clusters of fi = 7-5 consisting of two Fe atoms, together with their Ni 
nearest neighbors, and a small concentration of even larger clusters. The concentration in the0T% 
Fe alloy of clusters with one, two and three Fe atoms corresponds to an average Fe concentration of 
2-6% in nearest neighbor shells around all Fe atoms. 


In a recent paper [i] it was reported that for 
a Cuo.sNifl.z (virtually iron-free) alloy the 
temperature dependent part of the magnetic 
susceptibility is very small, but that it in- 
creases very considerably when small 
amounts of Fe are added. Preliminary 
analysis of the magnetization vs. field data, 
based on measurements up to 12-6 kOe, 
indicated dipole moments of approximately 
7-7/Ltjj, with 340 ppm dipoles, for an alloy 
containing 1000 ppm Fe. Since one may 
expect all Fe atoms to be associated with 
dipoles, the result just mentioned suggests 
that a fairly large fraction of the magnetic 
clusters may include more than one Fe atom. 
Such magnetic clusters should have larger 
dipole moments than those with only one Fe. 
Thus, one may expect that the interpretation 
of the magnetization of the 1000 ppm Fe 
alloy in terms of dipoles of one size is a 
rather crude approximation and that the actual 
magnetic structure of this alloy is much more 
complicated. In order to study this question 
in more detail it was necessary to make 
magnetization vs. field measurements up to 


much higher fields than 12'6kOe. In the 
present investigation magnetization data 
were obtained up to 54kOe at 4-2‘’K for 
purified (virtually iron-free) Cuo.gNio.» and 
for alloys with the same copper-nickel ratio, 
to which 10 ppm, 100 ppm and 1000 ppm Fe 
had been added. 

Alloys were prepared by melting together 
99-999% purity copper with 99-99% nickel 
(principal impurities: max. 0-001 wt. pet. A1 
and the same limit for Ag). The electrolytic 
iron used contained as principal impurity 
0-01 wt. % Ni. Before any iron additions were 
made, the Cu-Ni alloy was refined in the 
liquid state, eliminating Al and the unknown 
amount of original Fe contamination. The 
alloy ingots were homogenized by annealing 
at lOSO^C and quenched in water. The purified 
alloy and the 1000 ppm Fe alloy ingots were 
annealed for three days. The alloys with 10 
and 100 ppm Fe were annealed for 20 hr, 
quenched and deformed by ~ 30 per cent 
compression at about K)0°C in three mutually 
perpendicular directions: after deformation 
the ingots were reannealed for 14 hr at 1050®C 
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and water-quenched. All specimens cut from 
the homogenized alloy ingots were again 
deformed as described above, shaped into a 
roughly spherical form, reannealed at lOSO'C 
and water-quenched. After the deformation 
and annealing treatments the specimens 
were homogeneous; further deformation and 
annealing cycles did not give rise to any 
measurable change in the magnetic properties. 

Magnetization measurements up to fields 
of H = 12-64 kOe were made by the Faraday 
method, using a vacuum microbalance, a cold 
finger type cryostat and a Varian 12" electro- 
magnet with gradient pole pieces. Magnetiza- 
tion measurements up to 54 kOe at 4-2°K 
were made with a Foner vibrating magneto- 
meter adapted to a superconducting solenoid. 
The latter data were adjusted to the former 
by means of a normalizing factor derived from 
the two sets of data in the region of overlap. 

The susceptibility of the purified (virtually 
iron-free) Cuo.aNio.j alloy. Fig. 1, may be 
thought of as comprising the band susceptibil- 
ity, Xft. of the solid solution, including both 



Fig. 1. Susceptibility vs. temperature for the alloys with 
various Fe contents, quenched from 1050°C'. 


spin and orbital components, which rises 
slightly with increasing temperature, and a 
Curie-Weiss component prominent at the 
lowest temperatures of measurement, but 
practically disappearing above about I60°K. 
The Curie constant for the latter component 
was estimated to C==0-38(10“*emu°K^), 
giving a value of cp*= 1-6 ±0-5(1 0 ~'‘/xbV 


atom), where pfia is the effective moment. 
A value of 0 = — 3°K was found. It was noted 
that at 4-2°K the magnetization is proportional 
to the field up to H = 54 kOe within the 
experimental accuracy; from this the upper 
limit of the dipole moment of the clusters may 
be estimated as I (in a concentration of 
c = 54x10“® required by cp* = l-6x 10“'*). 
Assuming that the Curie-Weiss component is 
due to moments on individual Ni atoms in 
appropriate environments (see below) and 
that the concentration of larger clusters is 
negligible, the total cp“ value can be calculated 
by making use of a recently proposed model 
[ 2 ]: 

cp* = 2 (I) 

n.m 

where the 




12 ! 


(12-n)!n! 

6! 

(6 — m) !m! 


y"(] —yyi2-n> 

;^m(] _^)(6-m) (la) 


are the concentrations of Ni atoms having n 
nearest and m second-nearest Ni neighbors in 
the f.c.c crystal and the effective p* „ are 
calculated from the (m„,„ values given in the 
model [2] for the various local atomic environ- , 
ments. The agreement of the calculated value. 
cp^= 1-3x10“^ with the experimental cp“ 
value is well within the experimental" accur- 
acy, if it is assumed that the short range order 
parameters are a, =0-1 and 0 ^ = 0. These 
parameter values are reasonable in view of 
recent neutron scattering results [3] for the 
Cuo 52 Ni „.48 alloy. Since, according to the 
model [2], the /a„,„ are not larger than 0-6 for 
any n.m values, the above interpretation of 
the temperature dependence of the suscepti- 
bility in terms of individual Ni moments, 
appearing where Ni atoms are located in 
sufficiently Ni-rich nearest and second-nearest 
neighbor environments, is consistent also 
with the experimentally observed linearity of 
tr with H up to 54 kOe. 

The susceptibility of the 1 00 ppm Fe alloy 
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quenched from lOSO^C, Fig. 1 , was analyzed 
as follows: the incremental susceptibility 
due to the Fe solute Ax = Xfeaiioy — Xcuo.gNia.j 
vs. temperature was fitted by least squares to: 
Ax = Axo + CliT—e), with Axo = 0*007 (lO""* 
emu/g) , C = 4-35 ( 10“* emu “K/g) and 6 — 
-O-IS’K. Using these values and xCuo-gNio.! 
= 0-478(]0“® emu/g) at 4-2°K, the isothermal 
4-2°K field dependence of the magnetization 
(Fig. 2) satisfies quite accurately the relation- 
ship: 

cr- = (2) 

where x' = ^Xo + Xcuo.gNio.j' ^ ‘s Avogadro’s 
number, M is the molar weight of the alloy 
and B is a Brillouin function with the moment 
fi (assuming g = 2). Computer least squares 
fitting, RMSD = 0-28 (10'“* emu/g) gives a 
dipole moment of = 3-76 fj-o and a dipole 
concentration of c = 97 ppm, in good agree- 
ment with the Fe concentration. These results 
show that at an Fe concentration near 100 
ppm each Fe atom is associated with a separ- 
ate magnetic dipole of 3-76 pifl (estimated 
limits of error ±0 03 pifl). This moment value 
roughly agrees with the 4-2 pig value for very 



Fig. 2. Curie-Weiss component of the magnetization for 
quenched 100 ppm Fe alloy vs. HKT — O) at 4-2°K. Data 
points; O. Continuous curve: magnetization calculated 
for 97 ppm dipoles of The magnetization curve 

for the deformed specimen is similar to that shown in the 
graph, but somewhat lower. At HI{T — 0) = 12 the value 
of a-x’ . « is 22-2 ( 10-» emu/g) . 


low Fe concentrations at 21% Ni from 
Mossbauer line width measurements [4]. 

Magnetization measurements were also 
made with the same alloy specimen after 
severe plastic deformation. Using the same 
values of x' = Axo + Xcuo.8nio.j and fl as given 
above for the quenched condition, least 
squares fitting of the measured data to equa- 
tion (2), RMSD = 0’57(10~'‘ emu/g) gave the 
values fjL = 3-17±0-03 and c = 93 ppm, again 
in reasonable agreement with the Fe content. 
The dipole moment in the deformed state is 
thus distinctly lower than in the quenched 
state. This can be interpreted in the following 
way: The moment on Fe atoms in the Cu-Ni 
alloy is probably near 2-85 fig, as suggested by 
Bennett [4). The increment of about 0-91 pis 
in the dipole moment above the Fe moment 
(found for the quenched state) is contributed 
by Ni atoms nearest neighbors to Fe. If there 
were no deviation from randomness in the 
nearest neighbor shell around an Fe atom in 
the Cuo.sNio.a alloy, the average number of 
Ni nearest neighbors per Fe would be 2-4 
and the nickel contribution to the magnetic 
cluster dipole moment would correspond on 
the average to 0-38 pis per nearest neighbor 
Ni. However, in case of randomness plastic 
deformation would not be expected to alter 
the average number of Ni nearest neighbors. 
The pronounced decrease of the cluster dipole 
moment due to plastic deformation indicates 
that the average number of Ni nearest neigh- 
bors does decrease as a result of deformation. 
Such an effect is expected only if the number 
of Ni nearest neighbors in the quenched state 
(i.e. before plastic deformation) is larger than 
2-4. If one makes the extreme assumption 
that the plastic deformation was sufficiently 
severe to provide an essentially random 
nearest neighbor environment for the Fe 
solute atoms, then the nickel contribution to 
the decreased dipole moment of 3-17 fig 
would correspond on the average to only 
0-13 piK per Ni nearest neighbor. On this basis, 
one can estimate that in the quenched state 
the nickel contribution of 0-91 fig per cluster 
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requires an average of about 6-8 Ni atoms in 
the nearest neighbor shell of each Fe. If the 
plastic deformation did not completely 
randomize the nearest neighbor environment 
of the Fe atoms, one would have to assume a 
smaller contribution than 0-13 hb per nearest 
neighbor Ni and, accordingly, a larger number 
of nickel nearest neighbors to Fe than 6-8 in 
the quenched state. 

The susceptibility vsi temperature data for 
the quenched 10 ppm Fe alloy were analyzed 
as described above for the 100 ppm Fe alloy. 
The Curie constant was found to be C = 
0-53(10“* emu “K/g), giving the value of 
cp* = 2-83(10“‘*/tfl*/at.). The value of x' was 
0-479 (10“®emu/g) and 0 = — 0-52°K. Because 
of the low Fe concentration, and the corres- 
pondingly low dipole concentration, it was not 
possible to determine accurately the cluster 
dipole moment from the field dependence of 
the magnetization. But, within the experi- 
mental error, the 4-2°K data, Fig. 3, are 



Fig. 3. Curie-Weiss component of the magnetization for 
quenched 10 ppm Fe alloy vs. HI{T — 0) at 4-2°K. Data 
points: O. Continuous curve: magnetization calculated 
for I3ppm,dipolesof3-76/j,s. 

consistent with fi = 3-76, the dipole moment 
v^ue for sin^-Fe magnetic clusters deter- 
mined for the 100 ppm alloy. With /t = 3-76 
the dipole concentration, calculated from 
cp* = 2-83, is c = 1 3 ppm, in as good agrcfe- 
ment wiiti^e intended Fe concentration 


as may be expected at this composition. 
It may be pointed out that, in contrast to the 
10 ppm Fe alloy, the purified Cuo.gNio.z alloy 
yielded magnetization data clearly inconsis- 
tent with /I = 3-76 (at a dipole concentration 
of c = 7-5 ppm, required by cp*=l-6), see 
Fig. 4. One may, therefore, conclude that the 
small temperature dependent component of 
the susceptibility of the purified alloy is not 
due to a residual Fe contamination, but 
rather to Ni moments, as discussed above. 
The residual Fe contamination may be 
estimated to less than 2 ppm. 

In order to analyze the magnetization data 
for the quenched 1000 ppm Fe alloy, the value 
of 0 was selected so as to superimpose on a 



Fig. 4. Curie-Weiss component of the magnetiz^ion for 
purified Cuo.gNio.! alloy vs. HI(T — 0) at 4-2°K. Dashed 
line shows magnetization calculated for dipoles of 
in a concentration of 7-5 ppm. 

single curve the magnetization at 12-6 kOe in 
the temperature range from 4-2 to 300°K and 
the magnetizations at 4-2 and at 9-83'’K from 
1 to 12-64 kOe. As seen in Fig. 5, this was 
quite accurately achieved with 0 = — 0-5“K. 
The value of the temperature independent 
component of the susceptibility xo = 0-45 
(10"*emu/g) was determined by plotting 
X vs. \IT and extrapolating to MT = 
Figure 6 gives the <t vs. HI{T~0) data at 
4-2°K up to H = 54 kOe. As mentioned 
earlier, the low field part of the data fit a 



PARAMAGNETISM IN DILUTE ALLOYS 


1983 



Fig. 5. Temperature dependent component of the 
magnetization for quenched 1000 ppm Fe alloy vs. 
HUT — 8) at 4-2, and at 12-64 kOe (with T varying 

from 4-2 to 300°K). The three sets of data are super- 
imposed on a single curve if # = — 0-5°K is chosen. 



Fig. 6(a). (upper graph) Temperature dependent compo- 
nent of magnetization for quenched 1000 ppm Fe alloy 
vs. HUT— 8). Magnetometer data: O. Faraday method 
data; •. Dashed line; magnetization calculated for 
1000 ppm clusters of 7-9 /la; calculated curve fits low 
field data points, but it is very low at high fields. Tlie 
magnetization curve for the deformed specimen is similar 
to that shown in the figure, but somewhat lower. At 
H/(T — »)= 12 the value of (r—Xt-H is 25-12 (10"* 
emu/g). b. (lower graph) Systematic deviation from 
magnetization, Om, of the magnetization calculated, 
cr<., assuming a single dipole moment value of 4-85 ms 
and dipole concentration of 771 ppm. RMSD is 0-309 
(10"* emu/g). 


Brillouin curve with n = 7-9 but, as shown in 
Fig. 6 a, the high held data do not ht this 
curve. Attempts to fit the entire curve to a 
single Brillouin function were unsuccessful; 
the systematic deviations were considerable 
(Fig. 6 b), the RMSD was high and the dipole 
concentrations derived were appreciably 
lower than the Fe concentration. However, 
it was found that the experimental data do 
fit the following formula: 

<r = XoH + 2 

(3) 

representing a constant susceptibility term 
and four Brillouin terms with dipole moments 
fly, fit, Ha and fi* iif concentrations C], Cj, C 3 
and Ct for magnetic clusters with one, two, 
three and four Fe atoms, respectively. 

The analysis of the (lata in terms of 
equation (3) was done by a least squares 


computation, as follows. The probabilities 
Po, Pi. Pz and Pa for an Fe atom to have zero, 
one, two or three Fe nearest neighbors, 
respectively, were calculated from Pn — 
[ 1 2 !/ ( 1 2 - n) !n ! ] y " ( 1 - y for many tenU- 

tive values of y, the average Fe concentration 
in the nearest neighbor shells around all Fe 
atoms in the alloy. For a given value of y, 
if X is the Fe concentration in the alloy as a 
whole, the concentration of single-Fe magnetic 
clusters is 

ci = jf.Po(y) (4) 

The increase from x to y in the nearest neigh- 
bor shells (expressing the clustering tendency 
of Fe in the alloy) may be attributed in first 
approximation to the energy gained by replac- 
ing one Fe-matrix (Cu-Ni alloy) bond by an 
Fe-Fe bond. In the nearest neighbor shell of 
an Fe atom, which already has an Fe nearest 
neighbor, eleven possible sites are available 
for a second Fe nearest neighbor. Of these 
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sites 4 provide two Fe-Fe bonds, while the 
remaining 7 only one. If one of these 4 sites 
is occupied by the third Fe atom, a triangular 
configuration results, in which each of the 
three participating Fe atoms has two of its 
Fe-matrix bonds replaced by an Fe-Fe bond. 
If one makes the simple assumption that the 
energy per participating Fe atom gained in 
the two Fe-Fe bonds is twice that for a single 
Fe-Fe bond, then one may expect the average 
Fe concentration z in all available double 
Fe-Fe bond sites of the alloy to be increased 
over the Fe concentration y in the available 
single Fe-Fe bond sites in the same ratio as 
y is increased over the Fe concentration at 
sites providing no Fe-Fe bond, i.e. t i: 


y xpo 


(5) 


With this relationship, and neglecting the 
probability of groups of more than three Fe 
atoms, one finds the concentration of Fe 
triplets: 


[3 (4y + 7xpo) ^ 4y +%po. 


Here 4y/(.4y + 7xpo) is the probability for an 
Fe atom with two Fe nearest neighbors to 
participate in a triangular configuration, as 
described above. The probability Ixpol 
(4y + 7jcpo) for its participation in a configura- 
tion, in which its two Fe nearest neighbors 
are not nearest neighbors to one another, 
enters also the formula for the concentration 
Cj of isolated Fe-Fe nearest neighbor pairs: 
This type of Fe triplet configuration does not 
contribute to Cj, even though it does have 
two Fe atoms, each with one Fe nearest 
neighbor, which are counted in Pi. Again 
neglecting the probability of Fe groups of 
more than 3 atoms: 



7xPa’‘ 
4y + 7xpo 


Pi 


) 


(7) 


With jc = 0-001 and y in the range 0-02 to 0-^ 
(which includes the values found to be 


appropriate for the quenched 1000 ppm Fe 
alloy), the corrections incorporated in equa- 
tions 6 and 7 are negligible and the simpler 
expressions may be used: 

Cl = iPiX, and C3 = (8) 

Accordingly, in the calculations equations 4 
and 8 and the analogous formula C4 = ip3X 
were used. The cluster moments p.i, 
and p.i and y were varied systematically. For 
each set of these parameter values the 
magnetization was calculated according to 
equation (3) with each H value, for which 
an experimentally measured o-„ value was 
available, and the root mean square of the 
deviations o-cajc. — as well as their system- 
atic variation with H was then evaluated as a 
function of the parameter values chosen. 

The set of parameter values giving the 
minimum of RMSD (0-178 in units of 10"* 
emu/g) and of systematic variation was taken 
to define the result for the 1000 ppm Fe alloy 
in the quenched state. The parameter values 
obtained in this way are shown in Table I, 
together with the estimated errors (where we 
were able to estimate). Table 1 also gives the 
results of a somewhat similar calculation for 
the 1000 ppm alloy in the severely deformed 
state. The latter calculation was more labori- 
ous, since in the deformed state the concentra- 
tions c,, Cz, C3 and can not be derived from 
a single parameter (such as y, which is appro- 
priate in case of thermal equilibrium). It was, 
therefore, necessary to consider three of the 
concentrations c,, Ca, C3 and C4 as independent 
variables, with only the condition r, 2ci -f 3c3 
-t-4c4 = x imposed on them. In order to 
simplyfy the process, C4 and p.^ were elimin- 
ated. Thus, C3 and p^ may be considered to 
represent not only clusters with three Fe 
atoms, but possible larger clusters as well. 
Even for the quenched state, the values of 
p^ and p 4 and C3 and C4 are considerably less 
well determined than the parameters describ- 
ing the single-Fe and double-Fe cluster 
population. Indeed, the physical meaning of 
such values as pt = 26 for the quenched state 
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Table 1. Magnetic clusters in Fe-conttuning Cuo-gNio-g alloys. The cluster 
concentrations are given in ppm, the RMSD values in pet. of the magnetization 

at 54 kOe 


Fa content (ppm) 



too 

1000 

Quenched state 

fjLi = 3 -76 i 0-03 
c, = 97±3 
(RMSD = 005%) 

Ml = 3-71 ±0-06 Ml = 7-5 ±0-2 M»“t3 m< “ 26 
c, = 729 ±20 c,= 117±12 Cj^ll c«=l 

(RMSD = 0-55%) 

Deformed state 

Ml = 3-17 ±0-03 
c,=93±3 
(RMSD = 0-12%) 

Mi=3-1I±0-06 Ms = 6-4±0-2 M3“'18-5 
c, = 754 + 20 cs = 100±12 c,= 10 

(RMSD = 0-81%) 


and Pi = 18'5 for the deformed state is not 
entirely clear. 

On the other hand, the degree of reliability 
attained in determining p, in the quenched 
state is reflected in the good agreement 
between the values obtained independently 
for the 100 and the 1000 ppm Fe alloys, see 
Table 1. The agreement in /x, for the two 
alloys in the deformed state is also good, 
particularly if one considers the difficulty 
in achieving the same degree of plastic 
deformation by compression of the small 
specimens used. Perhaps this agreement may 
then be taken as an indication that the 
deformation process used did lead to an 
essentially random Ni nearest neighbor 
environment around the Fe atoms. At any 
rate, one may conclude from the results in 
Table 1 that plastic deformation significantly 
decreases the moment associated with double- 
Fe clusters, as well as that of single-Fe 
clusters. It is interesting to note that the 
concentration of double-Fe clusters also is 
decreased by deformation, although only to a 
very much smaller extent than that required 
to eliminate Fe-Fe clustering altogether. 

The present results document a rather 
unexpected and interesting fact: the clustering 
tendency of Fe, when dissolved in a Cu-Ni 
alloy quenched from high temperature, is 
so strong that, at an actual Fe concentration 
of jr = 0-001, Fe-pairs, triplets etc. are formed 
in numbers which, in a random alloy, could 
be expected only at an Fe concentration 


26 times higher: y = 0-026. Clearly, a low 
actual concentration is in itself not a reliable 
basis for assuming that an alloy represents a 
dilute system in the physical sense. The 
possibility of similarly strong clustering 
tendencies in other alloy systems must be 
taken into consideration in the interpretation 
of magnetic data for ‘dilute* alloys. 

The results of this investigation make it 
clear that the average dipole moment in- 
creases with the Fe content, above 100 ppm. 
Thus, the apparent discrepancy between the 
dipole moment of about lOpg found by 
Window and Johnson [5] for a 20% Ni alloy 
containing 1% Fe, and the moment of 4-2 
reported by Bennett, Schwartzendruber and 
Watson [4] for an alloy with trace amounts of 
Fe finds a simple explanation. 
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J. G. SIMMONS 

Electrical Engineering Department. University of Toronto, Toronto 5, Canada 
(Received 24 March 1970) 

Abstract— The theory of injecting contacts on insulating solids containing shallow traps is presented. 
It is shown that the types of contact an injecting electrode can make on a high resistivity solid can be 
divided into three convenient categories: (a) separated accumulation regions; (b) oveilapping accumu- 
lation regions; and (c) low space charge condition. The energy diagrams for metal-insulator-metal 
systems containing these contacts are discussed in detail, and the relationship between the insulator 
parameters and the work function of the electrodes developed. It is shown that contacts (b) and (c) are 
the types normally found at a metal-insulator interface, while type (a) normally exists only for very 
deep lying traps. The low-field conductivity of the insulator for the various types of contacts is calcu- 
lated. It is shown that overlapping accumulation regions and the low space charge condition cause the 
insulator conductivity to increase markedly from its intrinsic value; thus the conductivity is extrinsic 
in nature. Other properties of the contact are also discussed, including the space-charge field at the 
electrode-insulator interface and the amount of charge injected into the insulator. 


1. INTRODUCTION 

A KNOWLEDGE of the type of contact existing 
at a metal-semiconductor contact is important, 
because it may or may not strongly influence 
the conductivity of a metal-semiconductor- 
metal system. Also depending on its nature, a 
metal-semiconductor contact can exhibit 
current-voltage characteristics that have use- 
ful applications in electronic circuitry, e.g. the 
Schottky barrier diode. As a result, the metal- 
semiconductor contact has been studied ex- 
tensively[l], both experimentally and theoreti- 
cally, and the nature of this type of contact 
is fairly well understood. 

Since Mott and Gurney [2] first suggested 
the possibility of drawing large space-charge- 
limited currents through insulators, this phe- 
nomenon has been the subject of extensive 
theoretical and experimental studies [3]. As 
with the metal-semiconductor-metal system, 
the nature of the contact at the electrode- 
insulator interface plays an impiortant role, if 
the contact is able to inject carriers into the 
insulator (that is, the contact is ohmic), sig- 
nificant space-charge-limited current may flow 
through the insulator; otherwise, the current 


flow will be insignificant. It will suffice to say 
at this point that the requirement of an ohmic 
contact is that the electrode must have a res- 
ervoir of electrons available for supplying the 
insulator as required by voltage bias condi- 
tions. Figure 1 illustrates the energy diagram 
for an ohmic contact. 

Although, as we have mentioned, there 
have been extensive studies of space-charge- 
iimited currents in insulators, our knowledge 
of the metal-insulator contact is not nearly as 
comprehensive as for the metal-semiconductor 
contact. In fact a good deal of art appears to 
be required to make an ohmic contact to an 
insulator [4]. Therefore, it is the object of this 
paper to attempt a theoretical treatment of the 
metal-insulator-metal system with special 
reference to the interfacial relationships be- 
tween the insulator and electrode parameters. 
We have found it convenient to categorize the 
metal-insulator contact into three types: (a) 
separated accumulation regions; (b) overlap- 
ping accumulation regions; and (c) low space 
charge condition. Types (b) and (c) are the 
contacts that one normally finds at a metal- 
insulator interface. It will be shown that type 
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(a) is possible only if the traps are relatively 
deep lying. 

We will concern ourselves primarily with 
negative rather than positive space charge. 


Vocuum levfl 



Fig. 1. Energy diagram illustrating metal electrode and 
insulator (a) before contact, (b) after contact, resulting in 
formation of an ohmic contact. Note that the Fermi levels 
and vacuum level must be continuous after the contact is 
made, and that ^ > B, if the traps are to be partially filled 
(shallow at the interface). 

but the effect of the latter is directly analogous 
to that of the former. In effect, what this means 
is that we are concerning ourselves with the 
low rather than high-work function electrode 
materials. Also, we will ignore the effect of 
surface states in the subsequent discussions— 
this will be the subject of a separate paper. 

2. SEPARATED ACCUMULATION REGIONS 

The simplest concept of the formation of an 
ohmic contact is provided by the energy dia- 
gram of Fig. 1 , which neglects surface states. 
(The effect of surface states is the subject of a 
further study(5]). In order to achieve an ohmic 
contact under this condition, it is necessary 
that where and are, respec- 

tively, the work function of the metal and the 
insulatp|r[6].'1pius, when the contact is com- 


pleted, in order to bring about equalization of 
the Fermi levels in the electrode and insulator, 
electrons from the electrode are injected into 
the insulator. This ii\jected negative space- 
charge is shown contained in the insulator 
within a distance X of the interface, and is 
termed the accumulation region. In order to 
satisfy overall charge-neutrality requirements 
within the system, an equal amount of positive 
charge, Q, is accumulated on the electrode 
surface. The electrostatic interaction between 
the positive and negative charge induces a 
local electric field within the insulator. This 
local field varies in magnitude and decreases 
with increasing depth of penetration of the 
insulator. If the space charge within the ac- 
cumulation is sufficiently large, this local field 
causes the bottom of the insulator conduction 
band to rise from a value (l>a — ^„ — X(X is the 
electron affinity of the insulator) at the elec- 
trode-insulator interface to a maximum value 

— A" above the Fermi level at a distance X 
(the edge of the accumulation region) within 
the insulator, resulting in the energy diagram 
of Fig. 1(b). Note that within the insulator 
beyond this accumulation region, the energy 
difference between the Fermi level and the 
vacuum level is just equal to the work func- 
tion i|>( of the insulator. 

The field, F, within the accumulation region 
is related to the space-charge density within 
the accumulation region by Poisson’s equation: 

dF _ space charge density _ pj-\- pt 
dx~ Kio ~ K€o 

where K and €# are, respectively, the dielectric 
constant and permittivity of free space, and p/ 
and p, are, respectively, the free and trapped 
space-charge density at any plane a distance 
X from the electrode insulator interface. For a 
density A, of shallow traps positioned Ei be- 
low the bottom of the conduction band, the 
ratio of the free charge to the trapped charge 
is given by Rose’s constant [3]: 


(NJNt) exp (-EtlkT) 


( 2 ) 
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where is the effective density of states in 
the conduction band, k is Boltzmann's con- 
stant and T the absolute temperature. For 
most practical cases pt > Pf, which means 
that p/ in (1) can be neglected [7]. Substituting 
Pf = eNt exp [— (</» — £,) /tr ] into (1), where 
is the energy of the bottom of the insulator 
conduction band with respect to the electrode 
Fermi level, we obtain 


dF _ 1 
doc e dx^ 


eN. 


(3) 


Close to the edge of the accumulation region 
— (5) has to be used in its pristine 

form except that as previously noted the sec- 
ond term in the curly bracket may be dropped 
to yield: 


sin-' exp^- 


_ . .1 

^ I eWf ' 


2kT Jj 


i 




(7) 


Integrating this equation using dt///dx = 0 at 
(/( = i|»f — A”, yields 


dll) /le^kTN / 

dt=(-^v hK" 


ijt-E 

kT 


(Note that this equation is applicable to, and 
reduces to, (6) in the range covered by (6)). 
In order to determine the width, k, of the 
accumulation region we use the condition 
ill = ipf — X atx = Xin(7) 


— exp 


kT 






(2kTKeA'^ ( 

')] 

1/2 

(4) 




IkT 


*)• 


( 8 ) 


integrating (4), using the boundary condition 
ili = ipn — Xatx = Q leads to 


(2kTK€A> 


( eWf j 

1 L 2kT j. 


H (%/■)]) 


xexp(!fl-2^). (5) 

Normally tf/f — > 2kT so that the second 
term in the curly brackets reduces to exp 
— i/»,)/2kr, and is normally negligible 
compared to the first term in the curly brackets, 
except close to the interface i.e., i|/ > — 

A' + 4A:r). Also the first term in the curly 
brackets may be written as exp (if/ — </(( + A^)/ 
4kT except near to the edge of the accumula- 
tion region i.e.. ili < — A — 4kr). There- 
fore, for — A+4^7') < (/» < — A — 4/:7’), 

(5) may be written 



If the insulator is trap-free, (8) reduces tot7] 



Normally, i/»(-A - Ejl, (see Appendix) and 
when this is the case (8) and (9) reduce, re- 
spectively, to 

and 

, n nkTKeo Y'^ / EA 
^ 2! e^N, ) 

In Fig. 2, k vs. i/»(-A-£( is plotted for various 
values of A,. 

The interesting point about (8) and (9) is 
that they are independent of the barrier height 
at the metal-insulator interface and hence the 
electrode work function, provided the bottom 
of the conduction band at the edge of the 
accumulation region lies more than ^kT above 
the interfaciaJ b^urier height. From a com- 
parison of (8) and (9) it will be noted that the 
discrete shallow trapping states in a defect 
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insulator are synonymous with the effective 
density of states (position at the bottom of the 
conduction band, of course) in a trap-free 
insulator. 



Fig. 2. Width of accumulation region, X, vs. il/i — X — E, 
for various values of N,. 

Figure 3 illustrates the energy diagram for a 
metal-insulator-metal system in which the two 
electrodes, which have different work func- 
tions, make ohmic contact to the insulator. 
(We have assumed here that — > 4/:7’ 

at both contacts so that both accumulation 
regions are the same width — see (8)). The dis- 
tance, L, between the electrodes is assumed to 
be greater than the 2A so that between the 
edges of the accumulation regions the in- 
sulator conduction band is flat (which indi- 
cates the absence of electric field) and 
position^; the same energy, above 

the Fermi level as was the case before the 


electrodes were attached. Thus the accumula- 
tion regions effectively screen the interior 
of the insulator from conditions at the surface. 
The curves in Fig. 4 illustrate the relation- 
ship between \l>i — X—Et,Nt and the minimum 
thickness, Z.inin> of the insulator, if the accumu- 
lation regions are not to overlap; that is for 
[see (8)] 

( 12 ) 

As an example of the use of the curves we 
have for i/>( — A" — £< = 0-55 cV and N, = 10^^ 
cm“® that L ^ 0-1 cm if the accumulation 
regions are to be accommodated without 
overlapping within the insulator. 

Now it is usual to use relatively thin (^ 10"‘ 
cm) crystals when conducting electrical mea- 
surements, so that high fields can be obtained 
(in order to produce measurable currents) 
without the use of excessive applied voltage. 
Therefore, in order for the accumulation re- 
gions to be adequately contained within crys- 
tals of this order of thickness, they must be 
less than 10“* cm. Let us now investigate the 
consequences of this requirement (that is 
K< 10"' cm). For L = 01cm and for the 
upper limit of practical values of N, (= 10*® 
cm"*) for crystalline insulators we ^ee from 
Fig. 4 that 

(/li-X-E, < 0-65eV. (13) 

Sincei/»( — A' Ej2,we havefrom(13) 

£, < £:„/2-0-65eV. (14) 

For the narrowest energy gap (Eg =«= 2 eV) 
insulator we have from ( 1 4) that 

>0-35eV, (15) 

which corresponds to a relatively deep-lying 
shallow trap. We wish to stress that the lower 
limit set by (15), (E, =« 0-35 eV), represents 
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the value that Et will take under the most 
optimum circumstances, that is, a high trap 
density (AT, = 10 ®“ cm~®) and the smallest in- 
sulator energy gap (£„ =* 2 eV), and normally 
will be a go<^ deal larger than 0-35 eV. t^or 
example, if = 10‘* cm“® and £„ = A e V, 
then Et> 1-5 eV. Thus we conclude that, for 
other than relatively deep lying shallow traps, 
it is not possible to adequately contain without 
overlap the accumulation regions within the 
bulk of an insulator of thickness 1 0“' cm. 


Hence if electrodes of work function 

(16) 

are attached to the insulator the accumulation 
regions will be contained within the insulator 
without overlapping. 

If the conduction process is to reflect the 
intrinsic properties of the insulator L > 2k 
(see Section 6a), say L > 10k. Denoting the 
length of the insulator in this case by Lj we 





Fig, 3, Energy diagram of a metal-insulator-metal system (the 
metals have different work functions) for separated accumulation 
regions. Note that the region between the edges of the accumulation 
region the bottom of the conduction band is flat, showing that it is 
field-free and hence free of space charge. 


Within the terms of shallow trapping 
throughout the insulator, we have the require- 
ments that: if) > E,\ the conduction band 
maximum must lie more than 4kT above the 
top of the interfacial barrier (t// < — A’— 

AkT); and finally (12) must be at least satisfied 
for Ef, that is, Et > \f)i — X+2kT In [{irleL) 
(2Jtr/k€o/N<)''®] (the lower limit of this equa- 
tion corresponds to the case L — 2k). Thus, 
if L > 2X, we require that 0 satisfied the 
condition 

^ £,<<!}< i^-X-4kT). 


have from (8) 


and that the interfacia] barrier height, <i>(, for 
this case must satisfy the condition 



( vn 

\l0nl 

\2kTKeJ J 


< E,<<f>i<(^i-X-AkT). (18) 

Therefore, if electrodes of work function 


•I'm = <l>i + X 


(19) 
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is extrinsic (space charge limited) in nature. 

In order to calculate the maximum height, 
iffi' — X, of the conduction band above the 
electrode Fermi level, which for this case is 
always less than </>(— we invoke (7), but 
with {(if replaced by i/i/. This equation tells us 
that, provided the bottom of the conduction 
band is more than 4kT above the interfacial 
barrier height, the distance from the inter- 
face for a given i/» is independent of the inter- 
facial parameters. Thus, even if the interface 



Fig. 5. Energy diagram of a metal-insulator-metal sys- 
tem (the metals have different work functions) for over- 
lapping accumulation regions. Note that the accumulation 
regions overlap at the center of the insulator, and that the 
insulator conduction band is distorted throughout its 
length indicating the existence of space charge, and 
hence, a space charge field throughout the insulator, 


Fig. 4. Plot of N, vs. — and >lil —X — E, for var- 
ious and respectively. ili,-X-E, and f.„,„ 
corresponds to separated accumulation regions, and 
i/ij'— AT— £, and to overlapping accumulation re- 
gions. 

are attached to the insulator, the conduction 
process will reflect the intrinsic properties of 
the insulator. 

3. OVERLAPPING ACCUMULATION REGIONS 

The condition L < 2\ results when there 
is insufficient space charge within the insula- 
tor to raise the Fermi level within the bulk of 
the insulator by an amount i/// — 1 //„, as de- 
scribed in the previous section (See Fig. .5). 
Since the accumulation regions overlap, the 
insulator comluction band is distorted through- 
out its length, and it follows that space charge 
exists throughout the length of the insulator. 
Hence, the space charge swamps the indigen- 
ous charge, and thus the conduction process 


barrier heights are different (i.e. different elec- 
trode materials) the maxima of the conduction 
band will be positioned exactly halfway within 
the insulator. Setting x = L/2 in (7), and with 
simple transpositioning, we have 


= E,-l-kT\n 



/V; 


2kTK€. 


0 . 


( 20 ) 


from which we note that i/i/ — A" is independent 
of the work function of the electrode and in- 
sulator. and the interfacial barrier height. 

The curves in Fig. 4 illustrate the relation- 
ship between if// — A' — £<, Nt and the maximum 
thickness, Lmax.ofthe insulator, if the accumu- 
lation regions are to just overlap: that is, for 
>lf!-X-Et = tl),-X-E, in (20) [c.f. also (12)]: 


(2kTKee\ 

^ ’"K-eNf) 


exp 


\ 2kT r 


( 21 ) 
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For shallow trapping, the maximum value 
of Et is Et “ «^»o, where <f>o is the interfacial 
barrier height for overljqjping accumulation 
regions, and since (20) is valid for i/»/ > 

<f>o+4/cT, the smallest value that £< can take is 
Et^{ff>e + 4kT - kT In [{LeMHNtnkTKeo)]}. 
Also, since ^0 < iif'i—X—4kT we have 


|</)o + 4itT'-it7'In 



< E,< <f>o< {iljl-X+4kT). 

Thus if electrodes of work function 

^lt^ = ii>o + X (23) 

are attached to the surface of the insulator 
they will result in overlapping accumulation 
regions, or in other words, space charge will 
exist throughout the insulator. This condition 
is most suitable for observing space charge 
limited currents in insulators. This is because 
there is a relatively high concentration of 
free space charge throughout the insulator, 
which means that the space charge currents 
will be relatively high (see Section 6(b)). Fur- 
thermore, space charge currents will persist 
for relatively high applied fields, because of 
the relatively large total space charge con- 
tained within the insulator. 


4. LOW .SPACE CHARGE CONDITION 
In the two previous cases considered it was 
assumed that the maximum height of the bot- 
tom of the conduction band was more than 
4kT above the interfacial barrier, or in other 
words, there was significant distortion of the 
insulator conduction band due to space charge 
effects. Under this condition, it was shown 
that the maximum height of the conduction 
band above the electrode Fermi level was 
independent of the interfacial barrier height. 
We now consider the case when there is very 
little distortion of the insulator conduction 
band, that is the maximum height of the con- 
duction band is less than 4kT above the top of 
the interfacial barrier. In this case accumula- 
tion regions as such are non-existent. Since 


there is no significant distortion of the con- 
duction band due to space charge effects, the 
energy diagram for this case is essentially that 
of an ideal metal-insulator-metal system (no 
space charge efifects) as shown in Fig. 6(b). 
It is important to note however that although 
space charge does not significantly distort the 
conduction band, it nevertheless plays an im- 
portant role in the energetics of the system: 
the space charge is responsible for raising the 
Fermi level in the insulator an amount 
— such that the insulator Fermi level 
coincides with the electrode Fermi level. 



X 





Energy gap 


(a ) 




Fig. 6. Energy diagram for a meial-insulator-metal system 
in which the space charge density is small: (a) before 
electrodes contact insulator surface; (b) after contact, 
when similar electrodes are used; (c) after contact, when 
dissimilar contacts are used. Although in the case of 
(b) and (c) the insulator contains space charge, its density 
is loo small to give to perceptible curvature of the 
conduction band. 
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Furthermore, the space charge exists through- 
out the insulator and swamps the indigenous 
charge; the conductivity of the insulator is 
therefore extrinsic (space charge limited) in 
nature. 

It will be apparent from the energy dia^am 
shown in Fig. 6 (b) that the amount of space 
charge contained within the insulator is de- 
pendent on both the trap density and trap 
energy, <(>,—£„ above the Fermi level of the 
electrode. Thus in this case the height. (the 
subscript s refers to the particular case in 
hand), of the interfacial barrier plays an im- 
portant role in the maximum height of the 
conduction band above the electrode Fermi 
level, whereas in the two previous cases dis- 
cussed the maxima were independent of the 
interfacial barrier height (See (12) and (20)). 
In order to determine the approximate con- 
dition under which the maximum height of the 
bottom of the conduction band is determined 
by the interfacial beirrier height we proceed as 
follows. When the maximum of the conduction 
band is less than 4kT above the height of the 
interfacial barrier, </»„ the space charge in- 
jected into the insulator is [8] 

e= {IKeoNtkTr^ 

x{exp[-i<f,.-E,)kT] 
-expl-(il>i'-X-E,)lkT]}''^. (24) 

Assuming i/»/ — A' — d>, = 8«/( <s 4kT, that is the 
conduction band is only slightly distorted, we 
have 

Q = (IKeoNtd^y^ exp [-(d>,-£,)/2^Tl. 

(25) 

Also, since the total space charge is essentially 
equal to the charge contained in the shallow 
traps, and since the conduction band is essen- 
tially flat, we have 

Q = ieNfLIl) exp [- (<t>, - Et)lkT]. (26) 
Equating (25) and (26), yields 

exp I" ~ Et)lkT]. 

■ ^ 27 ) 



The largest value that 34/ can take to be both 
consistent with the expansion of the terms in 
the curly brackets in (24) leading to (25), and 
with the conduction band being relatively flat 
is 

84/ < kT. (28) 

Substituting (28) in (27) and transposing yields 
a barrier height <f>, given by; 

it>, > [£( + kT In (e^L‘Nt/8Ke^T)] (29) 

<f>, determines the height of the interfacial 
barrier for which the conduction band will be 
only slightly distorted, and if a metal of work 
function 

4*171 = (30) 

is attached to the surface of the insulator it 
will result in a relatively poor space charge 
contact. Thus although the conduction pro- 
cess for such a system will be initially space 
charge limited (see Section 6(c)) the currents 
involved will generally be much smaller than, 
and will become electrode limited at lower 
applied fields than, for example, the overlap- 
ping accumulation regions condition described 
in the last section. 

When ^, + X = ipi (i.e. <f>i * Egl2) we have 

4*m = 4'(- 

This means that the vacuum and Fermi levels 
of the electrode and insulator are continuous 
when in intimate contact, without the neces- 
sity of charge transfer between the electrode 
and insulator; thus no space charge exists 
within the insulator. This means that there is 
no band bending present and the energy dia- 
gram when similar electrodes are attached to 
the insulator is similar in appearance to that 
shown in Fig. 6(b), except that the insulator 
work function is the same before and after 
contact (4*/ = 4'i)- This type of contact is re- 
ferred to as a neutral contact. 

When it>, + X > 4*j we have 4/, < 4*111. and in 
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order to provide for continuity of the Fermi 
and vacuum levels of the electrode and insu- 
lator the electrode ii\jects holes '^into the insu- 
lator. The theory of hole injecting contacts 
is developed in a manner analogous to that 
used herein. 

If the insulator has dissimilar electrodes 
connected to its surfaces and both of the inter- 
facial barriers satisfy (29), it is clear that the 
interfacial barriers differ in energy by an 
amount (/»„„ as 

shown in Fig. 6(c). Since little space charge 
is injected into the insulator, the conduction 
band must slope upwards from the lower bar- 
rier with an essentially uniform gradient 
— as shown in Fig. 6(c). Thus an 

intrinsic field [9], F,„, of strength (i/<„s - 
eL, exists within the insulator. Since there is 
little space charge within the insulator itself, 
the origin of this zero-bias intrinsic field must 
be due to charge transfer between the elec- 
trodes. The electrode of lower work function, 
electrode 1 , transfers electrons to electrode 2, 
resulting in a positive surface charge on elec- 
trode 2. The amount of charge Q, transferred 
between the electrodes (the surface charge on 
the electrodes) depends on the contact poten- 
tial difference, existing between 

the electrodes, and the capacity, C of the 
system as follows; 

Q = - ilf„,}/e = - ilt„i)AK€jeL 

(31) 

where A is the electrode area. 

5. INJECTED SPACE CHARGE 

From (1), using the boundary conditions 
that F — Fc and 0 at x = 0 and A, respectively, 
we have 

0 K 

dF = -j^ j p,dx; Pt^Pf 

fo 0 

or 

(32) 


where Q = Pt dx is the total space-charge 
per unit area in the accumulation re^pon. Since 
i/» = — A" at X = 0, we have from (4), assum- 

ing < ijti^AkT, which will normally be the 
case. 



Substituting (33) into (32) yields 

Q = {2K€okrKr>^txp(^-^^y (34) 

Equation (34) may be written in terms of the 
space-charge density po at the interface, which 
is given by pi, = eN,t\p{E, — (i>)lkT. Substi- 
tuting this equation into (34) yields 

Q={2KeJcTp^y'\ (35) 

It will be noted from the boundary condition 
leading to (33), and hence (34), that it is only 
if the bottom of the conduction band in the 
interior of the insulator is not more than AkT 
above the top of the interfacial barrier will 
(or tin’} appear in (33) or (34). Another in- 
teresting point about (33) and (34) is that since 
they are independent of tfit (or ij;/), two insu- 
lators having different work functions but the 
same electron affinity and the same electrode 
material attached to their surfaces, will have 
the same field at the interface and contain 
essentially the same amount of space charge. 
However, the field within the insulator away 
from the contact and the spatial distribution of 
the charge are different in the two systems. 

6. LOW-FIELD SPACE CHARGE CONDUCTIVITY 

In this section we determine the effect of 
space charge on the conductivity of the insu- 
lator. For convenience, we assume that the 
spacial distribution of the space charge in the 
insulator under voltage bias is the same as 
under zero-bias conditions. While this will 
not normally be true for high field, it is a good 
approximation for low fields. 


Fo = QIKio 
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(a) Non-overlapping accumulation regions 
By inspection of Fig. 3, it is seen that the 
integral (A6) (see Appendix) may be written 

i X L-i. 

OCX 


grated by parts so that (40) becomes 


f dx 

TT (2kTKoY* ( 






-KlzMi) 

2kT ) 


or using (8) and (37) 


where /ij is the (constant) intrinsic carrier 
density in the bulk of the insulator and thus 
equal to 

nf = Ncexpl~{^t-X)lkT]. (37) 

For<^» > (<^ + 4A:7),(5)canbewritten[see(7)] 

and 

n = NcCxp (-il/IkT). (39) 

Differentiating (38) to obtain dx in terms of dif* 
and substituting this result together with (39) 
in the first term on the right hand side of (36) 
we have 


A 

= (41) 

0 

Substituting (41) in (36) and using the re- 
sulting expression in (A6) of the Appendix we 
arrive at 

0-, = e/i„/ii(l-X/L)"‘. (42) 

Thus the ratio of the space charge conduc- 
tivity to the intrinsic conductivity a-, (= epnOi) 
of the insulator is 

= ( 1 ~ \IL)~K 

Physically speaking the effect of the ac- 
cumulation region is to reduce the effective 
length of the insulator by an amount k. Thus 
when L k the conduction process reflects 
the instrinsic conductivity of the insulator. 


2 



1 

kTNc 


( 2kTKeo 

V eW, 



2kT 



f exp l(3il/ — il/i + X)/2kT] di/> 

J il-expl(<lf-<l/, + X)/kT]y'^' 

— ao 

(40) 


The use of (38) to describe x in terms of 
over the entire accumulation region and of the 
lower limit of integration, — ®, is justified, 
since any contribution to the integral for 0 < 
^, — X — 4kT is relatively insignificant. Using 
y = exp (tli — \lii-hX)/2kT it can be readily 
shown that the integral can be written in the 
form y® dy/(l — y*)*'* which is readily inte- 


(b) Overlapping accumulation regions 
From Fig. 5 and using the same reasoning 
leading to (40) we have 



0 


1 

(2kTK€o) 

1/2 

exp 

1 

1 

2kTN, 

[ e*N, J 

^ 2kT J 


*:-x 

f expl(3<k-<l/i'+X)/2kT] d</> 
j {l-expl(ip-^/+X)/kT]}''^ 


(43) 



(44) 


In arriving at (44) we have made use of (20). 



HIGH RESISTIVITY SOLIDS 


1997 


Substituting (44) into (A6) yields 

tr. = exp (45) 


(ii) Dissimilar Electrodes. The energy dia- 
gram for this system is shown in Fig. 6(c). The 
potential energy of the conduction band above 
the electrode Fermi level is given by 


and 


4> = ft>,i+i<t>a-4>n)xlL 


O'* 1 

-7 = xexp 

o-j 2 



(46) 


For overlapping accumulation regions exp 
i^'JkT) < expiiliilkT), so that the space 
charge increases the insulator conductivity 
considerably above its intrinsic value. (For 
example from Fig. 4, for N, = 10‘* cm“®, 
N, = 0-2 eV and L — 10~‘ cm. we obtain 
^l—X < JeV, whereas for a trap-free rela- 
tive narrow band insulator, such as CdS, 
— X — Egl2 = 1-2 eV; using these values in 
(46), a-Ja-f — 10®. This conclusion is signifi- 
cant with regard to the low-field measurements 
on space-charge-limited current [3] (SLC) 
flow. According to theory SCLC flow is 
proportional to the square of the applied 
voltage over all voltages. Experimental ob- 
servation shows that this relationship is 
usually preceded by an ohmic region. Lampert 
[3] attributes this observation to the intrinsic 
conductivity of the insulator which persists 
until the space charge density drawn in by 
the applied voltage exceeds the indigenous 
carrier density. Our conclusions show, how- 
ever, that the observed ohmic region is most 
probably attributable to space charge and not 
the indigenous charges. It is difficult to escape 
the conclusion if injecting contacts exist on the 
insulator surface. 


(c) Low space charge condition 
(i) Similar Electrodes. In this case the height 
of the conduction band above the electrode 
Fermi level can be considered to be essentially 
constant throughout the length of the insulator 
and of height d>, above the electrode Fermi 
level (see Fig. fib). The space charge conduc- 
tivity is, therefore, ct, = eNcju„exp(— <^,/^T) 
and the ratio crjoi = exp (Eal2 — <(>,)lkT. 


for which 


djr = 


L 

( 4**2 4 ** 1 ) 


difi. 


(47) 


Using (39) and (47) in (A6), we have 


(r. 


^Mn(4».2-4».l)A/c 






or assuming exp(4>JkT) > expi^JkT), 
which will usually be the case. 


a. = epn exp (- MkT ) . (48) 

7. DISCUSSION 

We have confined our attention to a single 
discrete shallow trapping level, because this 
insulator model is one that is often invoked in 
interpreting experimental data[3]. Whether 
or not such a specific set of traps exists in an 
insulator is an open question. However, if 
there were a distribution of shallow traps in 
the insulator, they can be accommodated in 
the theory by summing over the trapped 
charge in all the levels. The factor Ai(exp 
(EjkT) is proportional to the amount of charge 
contained in a discrete set of shallow traps; 
thus to accommodate in the theory given above 
a series of trapping levels, it is necessary only 
to replace the factor N,exp{EtlkT) by the 
summation 


lgN,(E)exp (EIkT). 


(49) 
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where £ represents the energy of the various 
trapping levels. 

At a given temperature it is possible that the 
trapping ability of one of the levels, say £#, 
could dominate the others, that is 

A/,(£,)exp(£o/fcr) 2 N,{£) 

X exp (EikT). 

When this is so the problem reduces to that 
of the single-trapping level given above. Also, 
since different trapping levels can dominate 
the conduction process at different tempera- 
tures, it follows that the activation energy 
will vary with temperature. 

An insulator can, of course, contain deep 
traps as well as shallow traps. By definition, 
deep traps are completely filled traps and, thus, 
are considerably more efficacious in holding 
space charge than their shallow counterparts. 
As a result, the distortion of the conduction 
band of an insulator containing deep traps will 
be considerably enhanced compared to the 
case described above and accumulation re- 
gions of less than one micron are possible in 
such systems. In point of fact, the deep trap 
case is the one more often met with in prac- 
tise and will be treated in a later publication. 

8. CONCLUSIONS 

We have shown that the contacts at a metal- 
insulator interface can be divided into three 
different categories: (a) separated accumula- 
tion regions; (b) overlapping accumulation 
regions; and (c) low space charge condition. 
It has been shown that type (a) will exist at a 
metal-insulator interface only if the traps are 
relatively deep. Types (b) or (c) exist at a 
metal-insulator interface depending on the 
relative work functions of the metal and insu- 
lator. 

We have further shown that the overlapping 
accumulation regions and the low space charge 
conditionaijii'^hich arc the type which will 
normaKy ;j^st at a metal-insulator interface, 
significantly affect the conductivity of the 


insulator. The former contact is shown to be 
of significance in space charge limited cur- 
rent flow. 
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APPENDIX 

(a) Position of Fermi level in the presence of shallow traps 
In a space-charge-frce section of an Insulator the num- 
ber of electrons in the traps and conduction band is equal 
to the number of holes in the valence band. Equating the 
electrons and holes, and measuring energy from the bot- 
tom of the conduction band we have: 


A/, exp + A^, exp = A., exp 

which yields 


Er=‘ 




which for A„ = reduces to 




kr, (E,\] 

-yln[l+^exp(;j^)J ,a2) 


where N,. is the density of states in the conduction band. 
The effect of electron traps within the insulator is reflec- 
ted in the second term on the right-hand side of (A2), 
which is to move the Fermi level below the mid-point of 
the energy gap. Hole traps have the opposite effect of 
moving the Fermi level above the mid point of the energy 
gap. In either case, however, traps have only a marginal 
effect on the position of the Fermi level. For ■example, 
even if the ratio of trapped-to-free charge is as high as 
10" the Fermi level is displaced from the intrinsic position 
by only 7kT which is only 0- 175 eV at room temperature. 
Thus in many instances i|i, — Jf = EJ2. 


(b) The conduction equation 
The total electronic space charge current flowing in a 
sy.stem is the sum of the drift and diffusion currents 
densities 


t = enp.^F + eD„6nlAx (A3) 

where n is the free electron density, jti„ the electron mo- 
bility, and D„ the electronic diffusion constant. In terms 
of the Fermi energy (A3) becomes [ 1 0) 

, dfir 
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lntegrating(A4) yields; 

L <v 

/ dEf. 

0 0 


or 


/ = 



(A5) 


Thus, in order to determine the space charge current, it 
is required only to evaluate the integral in (A5). Further- 
more, since we are assuming that the electron distribution, 
n. is equal to its zero bias distribution, n is independent 
of F lich means that the space charge current is propor- 
tion-.! 1 > V. We can thus define a low-field space-charge 
conductivity tr,: 

(A6) 
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CRYSTAL FIELD IN RARE-EARTH FLUORIDES -III. 
ANALYSIS OF EXPERIMENTAL DATA FOR THE 
ALKALINE EARTH FLUORIDES 
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Abstract— The superposition model and a recent experimental determination of the local distortion at 
substituted rare-earth ions in CaF,. SrF, and BaF, are employed to compare experimental results with 
ab initio calculations of crystal field parameters. It is shown that divalent and trivalent rare-earth 
ions have very similar n = 4 and a = 6 crystal field parameters and power laws. Strong experimental 
evidence is found for a power law of less than 6, in agreement with our theoretical prediction. Power 
laws also provide evidence that the spin-Hamiltonian parameter b, depends quadratically on the crys- 


tal field, while b, depends on its cube. 

1. INTRODUCTION 

A CONSIDERABLE body of experimental data 
exists on the crystal fields, spin-Hamiltonians 
and spin-lattice relaxation times for rare-earth 
ions substituted into alkaline earth fluorides. 
In particular, this is one of the few systems in 
which crystal field parameters are known for 
both the divalent and trivalent rare-earth ions. 
It is thus of interest to collect this material 
and to make a comprehensive attempt to inter- 
pret it in terms of recently developed theoreti- 
cal models; specifically the ‘superposition 
model’ of the crystal field and the ab initio 
crystal field calculation given in paper I[1] of 
this series. In carrying out this interpretation, 
we make considerable use of the experimental 
determination of local distortion at substituted 
rare-earth ions obtained by Hurren et at. [2]. 

Particular attention is paid to the derivation 
of estimates of the crystal field parameter 
power laws as these provide a new and import- 
ant test of our ab initio calculations. These 
power laws are also of interest in relation to 
the power laws obtained for the spin-Hamil- 
tonian parameters. 

2. S-STATE IONS 

Hurren et al. [2] have shown that the experi- 
mental strain dependence of the Eu*^ spin- 
Hamiltonian parameter b^ can only be brought 


into agreement with the variation of b^ among 
the different alkali earth fluorides if a consider- 
able radial distortion is supposed to take place 
near the substituted ion. This distortion re- 
duces the variation of the nearest neighbour 
ligand distances as shown in Table 1 (i.e., 
almost uniformly by a factor of 0-44). Hurren 
et al. were able to check this result by demon- 
strating that, with distortions of this magnitude, 
the spin-Hamiltonian parameter be also show- 
ed consistency between the host and strain 
dependence. Expressed in the usual way as 
inverse power law exponents, the derived 
strain dependences were 8-8 for be and 13-6 
for be. 

It is of interest to compare the distortions 
derived by Hurren et al. with those obtained 
in a recent ab initio calculation by Ivanenko 
and Malkin[3]. Using the linear interpolation 
procedure suggested by the authors, we obtain 
the nearest neighbour ligand distances for 
substituted Eu*+ shown in the last column of 
Table 1 . The total spread of distances is about 
one third greater than that given by Hurren 
et al. (which leads to a reduction in the derived 
power laws), A further difference in the ab 
initio calculation is that it gives a very non- 
uniform reduction in the variation of nearest 
neighbour ligand distances. Hence the experi- 
mental results of Hurren et al. give a very non- 
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Tabfe 1. Distances between metal 
and fluorine ions in pure and 
substituted fluorite crystals (A) 



X-ray 

Hurren 
etal. 12] 

Ivanenko and 
Malkin[3] 

CaF, 

2-366 

2-450 

2-377 

SrF, 

2-512 

2-512 

2-481 

BaF. 

2-685 

2-580 

2-553 


linear power law graph in terms of distances 
calculated by Ivanenko and Malkin. In the 
following work we shall use the empirically 
determined distortions, i.e. those of Hurren 
et al. in preference to those obtained in the ab 
initio calculation. 

Experimental data for the spin-Hamiltonian 
parameter b^ is also available for Gd*^ sub- 
stituted into the alkaline earth fluorides [4, 5]. 
If the relative distances are assumed to be the 
same as for Eu*"*^ a power law of 4 -9 is obtained. 
This suggests that the real distortion is even 
greater than that obtained by Hurren et al. in 
the case of triply charged ions. Such a result 
is qualitatively in agreement with the calcula- 
tion of Ivanenko and Malkin. 

It is also interesting to compare the magni- 
tudes of the spin-Hamiltonian parameters for 
Gd®+ and Eu*+ (e.g., in CaF„ Gd’^ has ^ = 
46<6xi0-'cm''[51, Eu*+ has b, = 55-5x 
10~^cm“*[l]). Thus, we find very simitar 
spin-Hamiltonian parameters for these two 
ions in spite of the fact that the relative ener- 
gies of different configurations are consider- 
ably different in divalent and tri valent ions. 
This suggests that configuration interaction 
does not provide large contributions to these 
parameters. 

An estimate of power laws may also be 
obtained using spin-lattice relaxation data for 
different host crystals. Following Horak and 
Nolle [6] we write 

bn ~ 

where v is the metti crystal sound velocity, 
^direct and ^jtaman are the measured direct and 
Raman rdaxation times for a given host. 


Using averaged sound velocities from elastic 
constants provided by Huffman and Norwood 
[7] and Gerlich[8], relaxation times obtained 
by Horak and Nolle [6], and the relative 
distances obtained by Hurren et al, we obtain 
the power law exponents 

5- 0 (direct process), 

6- 0 (Raman process). 

It is a general result that hi”' are the dominant 
spin-Hamiltonian parameters. Therefore, in 
the local distortions of the cubic symmetry 
generated by the lattice vibrations, we expect 
this parameter to dominate for calculations 
involving only the “Si/a manifold. Both the 
direct and the Raman (P) process satisfy this 
requirement. Hence the power laws given 
above are interpreted as referring to the b^". 

Another potential source of information on 
the 5-state ions is the temperature dependence 
of the hyperfine constant. According to the 
theory of §imanek and Orbach[9, 10], we may 
write 

JT ~ (t^’Cg)''* 

where x is an average matrix element of the 
odd crystal field components coupling the 4/ 
and ns states, v is the velocity of sound in the 
crystal and C* is the coefficient of T® in the 
temperature dependent expression for the 
hyperfine constant. The structure of these 
matrix elements is considerably different from 
those which define the spin-Hamiltonian or 
crystal field parameters and attempts at predic- 
tion using an electrostatic model have not 
been successful. A deeper theoretical analysis, 
including overlap and covalency effects, is 
thus required before the experimental data 
can be interpreted in this case. In fact, the 
experimental results for Eu*"^ given by Menne, 
Ames and Lee [10] give a negative exponent 
in the inverse power law. 

3. INTRINSIC CRYSTAL FIELD PARAMETERS AND 

POWER LAWS FOR THE DIVALENT IONS 

— It is convenient to relate the various forms 
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and methods of normalization of the cubic 
parameters that have been used in the litera- 
ture to the so called ‘intrinsic’ parameters, 
which are parameters in Stevens' normaliza- 
tion [11] for an axially symmetric single 
ligand system. This procedure is based on the 
approximation that the total cubic field results 
from the superimposed fields of the nearest 
neighbour ligands. In lower symmetry systems 
the superposition approximation can be, and 
has been, tested. However, in the present case 
the intrinsic parameters may be regarded 
simply as a convenient way of writing the 
cubic parameters, at least until comparisons 
with other systems or ab initio calculations 
are made. 

The intrinsic parameters An are related to 
the commonly used cubic parameters for an 
eight-fold co-ordinated ion as follows 

8B, = -A,o{r^) = (28/9>44, 

16B«= ,4e»<r''> = {16/9^6. 

(Sometimes the upper zero is omitted in 
(r">.) Cubic parameters which include opera- 
tor equivalent factors have frequently been 
used for Tm^+ and Yb®"^; the relationship 
between these parameters and the intrinsic 
parameters has been given in paper 1 of this 
series. 

Intrinsic parameters derived from experi- 
mental cubic parameters [12- 14] for Dy'*^, 
Ho*'‘ and Tm*^ in the alkaline earth fluorides 
are given in Table 2. These parameters all 
show the expected decrease as the lattice 
parameter of the host crystal increases. It is 
therefore possible to derive sensible power 
laws if we assume that the relative distances 
derived by Hurren et al. are also appropriate 
for other divalent ions. Power laws obtained 
in this way are shown in the last column of 
Table 2, the quoted errors being a measure of 
non-linearity. 

The results for Ho*^ and Tm*^ provide 
further evidence for the approximate equality 
of the negative power law exponents {tt, r«) of 
the parameters A^ and A^ in agreement with 


Table 2. Experimental intrinsic parameters 
for substituted divalent ions 



CaF, 

SrF, 

BaF, 

Power law Ratio 

Ag 

75-6 

17-7 

67-4 

15-8 

59- 1 
13-8 

4'8±011 

[ 4-27 

Ho*'^ A. 

83 0 

70-2 

59- 1 

66 ±0-21 

1 4-44 

T. 

18-7 

15-5 

13-3 

6-6 ± 0 - 9 ] 

Tm*^T. 

60-7 

53 

45 

5-8 0-31 

1 3-75 

A, 

16-2 

13 

12 

5-8 ± 2-8 J 


*To fit to experimental data in this case assumed a 
constant ratio A,//!, for the three host crystals. This is 
equivalent to taking t, = t,. 


previous experiment [15] and theory [1]. As 
there are no obvious reasons why the power 
law should be different for different rare-earth 
ions, we attribute the variation to experimental 
error relative to the mean value 14 = /* = 5-7 ± 
0-9. 

An independent experimental determination 
of the strain dependence of a particular transi- 
tion in Tm^^iCaFj and Tm*''^:SrF2 has been 
obtained by Axe and Burns [12]. Assuming 
tt = tg and regarding the various alternative 
assumptions discussed by Axe and Burns as 
equivalent to an uncertainty in their result, 
we may summarize their quoted values as 
t, = tg = 6-8 ±0-3. 

4. INTRINSIC CRYSTAL HELD PARAMETERS 
AND POWER LAWS FOR TRIVALENT IONS 

The most accurate crystal field parameters 
at present available for trivalent ions in the 
alkaline earth fluorides are those for Gd^’’" 
given by O’Hare, Detrio and DonIan[16]. 
Experimental intrinsic parameters for this and 
other ions [17- 19] are given in Table 3. The 
power laws also given in the table were 
determined using the relative distances derived 
by H urren et at. [I]-, they are in fair accord with 
the power laws for divalent ions, although we 
might expect them to underestimate the true 
values in this case (see discussion of Gd®'*' in 
Section 2). O’ Hare et al. quote very low power 
laws based on distances in an undistorted host 
lattice. 
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Table 3. Experimental intrinsic parameters 
fdr substituted trivalent ions (cm~') 



CaF, 

SrF, 

BaF| Power law 

Ratio A jAf 

Nd»M4 

■^e 

129 

25 

98 

31 

1 

indeterminate 


86-8 

27-9 

77-0 

23-3 

69-7 4-31 

19-2 7-2J 

315to3-63 

Dy’^A, 

Ag 

78 

23 


J 

3-4 

Yb’+zf, 

59-4 


1 

2-76 

Ag 

22-2 


1 


*R8bbiner[16] gives the ratio AjAt = 6-6 for Tb’*: 
CaFj in spite of uncertain parameters. 


The data are not sufficient to judge the signi- 
ficance of the difference between and f* for 
Gd®"*^. In the garnets [15] (with 0®“ ligands) we 
find a considerable scatter in the individual 
values of t^ and tg, but on the average t 4 = tg. 

It is of interest to compare the Gd®"^ experi- 
mental parameters with the theoretical results 
obtained in paper I of this series. As the cal- 
culated values were for Pr’'*^ we must try to 
minimise the inherent uncertainty in choosing 
‘equivalent’ metal-ligand distances in the two 
cases. To this end we compare parameters for 
Gd®'*^:CaFj (where we expect least distortion 
due to the similarity of the ionic radii of Gd®^ 
and Ca*+) with theoretical Pr®"^ — F“ para- 
meters for the mean distance of the nearest 
neighbour F“ ions in LaFj; 

Experiment: = 86-8 cm“‘, Ag = 27-9 cm">, 

mean power law 5 -8. 

Theory: A, = 89-7 cm~‘, ^4* = 28-6cm"‘, 

mean power law 5-6. 

Although, because of the various uncertain- 
ties, the close agreement in the magnitude of 
the intrinsic parameters may be to some extent 
fortuitous, we feel that it is significant that 
the parameter ratio AjAg agrees to better 
than 1 per cent Independent evidence for the 
agreement between experimental values of 
this ratio for Gd®"^ and Pr®"*^ is obtained from 
the crystal field acting on these ions in the» 


anhydrous chlorides [20, 21]. The agreement 
obtained between power laws, although these 
are approximate, is also physically significant, 
as ab initio calculations for other systems 
have produced considerably different results. 

Close agreement also exists between cal- 
culated intrinsic parameters for Pr®'*' and the 
experimental values for Nd®+:SrF 4 , although 
the latter are rather approximate. The low 
value of Ag for Nd®+ : CaFj cannot be explained 
by our model and is attributed to experimental 
error. 

In the case of dysprosium we notice that the 
experimental parameters are very similar for 
divalent and trivalent ions, although it may be 
significant that the Dy®+ parameter Ag is 
larger. Further evidence on this point may be 
obtained by comparing the experimental 
intrinsic parameters for the systems Ho*+ — 
Cl~ and Ho®+ — Cl" (see Table 4). Although 
the parameters are very similar in magnitude, 
there is again some indication that the ratio 
AjAg is higher for the divalent ion. 


Table 4. Comparison of intrinsic 
parameters for trivalent and divalent 
holmium 






Ion 


A,{cm~') 

Host 

Ho»+ 

34-3 

100 

SrCl, 


33-4 

109 

LaClj 


5. DISCUSSION 

There is good agreement between the experi- 
mental and theoretical intrinsic parameters 
for trivalent ions (see previous section) espec- 
ially considering the uncertainty in the dis- 
tance between the rare-earth and fluorine ions 
in the experimental system. This gives us 
some confidence in the theoretical model used 
in paper 1 although more experimental evi- 
dence regarding power laws would be 
welcome. 

In the divalent ions the excited configura- 
tions are relatively low lying and the Sp elec- 
trons are more strongly bound than in the 
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tiivalent ions, so that configuration interaction 
effects are expected to give rather different 
contributions to the crystal field. However, 
comparison of the crystal field parameters for 
corresponding divalent and trivalent ions 
shows the differences to be relatively small. 
Hence, configuration interaction cannot 
account for much more than 10 per cent ofyl, 
or Ag. One consequence of this is that it 
becomes relevant to compare the experimental 
values of parameters for divalent ions with 
calculated parameters for the system Pr®'*' — 
F". Although a direct comparison of magni- 
tudes is difficult because of the lack of calcula- 
tions for ions other than Pr®"^, this does not 
rule out comparisons between power laws. It 
is therefore satisfying to find that the theoreti- 
cal power law exponent {5-7) agrees well with 
the mean value obtained from the experimen- 
tal data in Table 2. 

It is also of interest to note that the ratio 
AjAg is slightly larger for the divalent ions 
than it is for the trivalent ions. This is presum- 
ably due to the differing patterns of configura- 
tion interaction in the two cases. 

The alkaline earth fluorides have similar 
values for Ag to those which were derived in 
our superposition model analyses of the 
crystal field parameters for Er®+ ; LaFsfZZ] 
and Nd®'^;LaF 3 [l] (25-2 cm“‘ and 30-4 cm“‘ 
respectively). However, the A^ parameters 
obtained here (and the theoretical value) are 
greater than those obtained in the LaFj anal- 
yses (57-2 cm"‘ and 54-4 cm~'). This is thought 
to be due to the omission of ions in the super- 
position model analyses which could give 
significant contributions to the crystal field 
(see Ref. [22]). 

As similar assumptions were made by 
Hurren et al. [2] in deriving power laws for the 
Eu®^ spin-Hamiltonian as we have made in 
obtaining power laws for the crystal field of 
divalent ions, a realistic comparison can be 
made. The value of 8-8 is rather high for the 
spin-Hamiltonian parameter to be linearly 
dependent on Ag. Hurren et al. (following 
Watanabe) have suggested that power laws of 


about 1 0 for bg indicate a quadratic dependence 
on Ag. More specifically we suggest that bg is 
quadratically dependent on some basic inter- 
action with the crystal with a power law of 
about 4-4, while bg is cubically dependent on 
the same interaction. The tg value (13’6) given 
by Hurren et al. is reduced to 4-5 on this 
assumption. On this hypothesis we expect 
n = 2 spin-Hamiltonian parameters to be lin- 
early dependent on the basic interaction, and 
thus to have a power law of about 4-4. This 
agrees reasonably well with the power laws 
(5-0 and 6-0) obtained for n = 2 spin-Hamil- 
tonian parameters from spin-lattice relaxation 
data (Section 2). 

6. CONCLUSION 

We have found that trivalent and divalent 
rare-earth ions have very similar intrinsic 
parameters, and that both the values and power 
laws of these parameters are in good agree- 
ment with our theoretical predictions in paper 
1 of this series. This provides the first direct 
test of power laws obtained in an ab initio 
calculation of crystal field parameters, and 
considerably enhances our confidence in the 
adequacy of the ‘overlap -t- covalency’ model 
for n = 4 and n = 6 parameters. 

It is suggested that high power laws obtain- 
ed by Hurren et at. for the spin-Hamiltonian 
parameters bg and bg indicate that bg is quad- 
ratic and bg is cubic in some basic interaction. 
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Temperature dependence of the EPR spectrum 
ofCdlnjS4:Mn*+* 

(Received 19 October 1970; in revised form 

30 November 1970) 

This note reports electron paramagnetic 
resonance (EPR) measurements on man- 
ganese doped CdIn2S4 crystals. The shape of 
the spectrum of a sample doped with 0- 1 mole 
% Mn is shown in Fig. 1 . There are six narrow 
(~ 5 G) isotropic lines, characteristic of a Mn 
hyperfine spectrum (/ = !), superimposed on 


The hyperfine splitting constant. A, ob- 
tained from the EPR measurements is the 
same, within experimental error, for both of 
the spectra. At room temperature the value of 
A = 69-43 G is measured. 

Owing to the large errors inherent in 
measuring the positions of the broad lines 
only the narrow spectrum results are shown 
in Fig. 2. The temperature dependence of the 
broad line spectrum is the same, within experi- 
mental error. 

In the Cd 10^84 lattice a Mn^*^ ion can sit at 



a background of six broader, overlapping 
isotropic lines. The broader lines have approxi- 
mately 75G line width when analysed as over- 
lapping Lorentzians. They are also ascribed 
to Mn^*^ ions. In less highly doped samples 
only the broad line spectrum is observed. It 
should be noted that the solubility of Mn in 
Cdln2S4 is very low [ 1 ] . 


* Research supported by the N ational Research Council 
and Defence Research Board of Canada. 


either a tetrahedral or an octahedral site 
(called an 'A' ora 'B' site, respectively, in the 
literature). Now, if the line width were due 
primarily to unresolved fine structure, the 
octahedrally situated Mn*^ ion with 6 nearest 
neighbors would have a line width approxi- 
mately five times greater than the tetrahedrally 
situated ion with 4 nearest neighbors, because 
of the stronger crystal field in the former case 
[2]. The fine structure is assumed unresolved 
due to random strains and local disorder in 
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Fig. 2. Hyperfine coupling constant, A, vs. temperature for 

CdIniS 4 : Mn. 


the crystal. We have measured a ratio of 15 : 1 
for the two line widths. Thus, for this reason, 
we interpret the narrow line spectrum as due 
to Mn*^ at ‘/4’ sites and the broad line spectrum 
as due to Mn^^ at 'B' sites. This does not imply 
that the Mn is necessarily substituting for the 
In in one case, and the Cd in the other, since 
Czaja[3] has proposed a structure for CdIn2S4 
of (Cdi,2lni/2)(Cdi, 2103,2)84 where the first 
bracket refers to 'A' sites and the second to 'B' 
sites. Thus the Mn would require no charge 
compensation to reach its doubly ionized state 
at either site. From the integrated intensities 
of the two spectra and the absence of the 
narrow line spectrum from lesser doped 
samples we deduce that Mn has a preference 
to substitute in the ‘B’ site. 

We would expect our results to be com- 
parable to CdS : Mn^*^ since in CdS the Mn is 
also surrounded by a tetrahedron of S ions. 
Zd^sky and Kubec[4] have measured the 
temperature dependence of the hyperfine 
coupling of Mn*+ in CdS. They interpj-et their 
results in terms of a theory proposed by 
Simanck and Orbach[5]. In the theory an 
expression for the temperature dependence 
of the hyperfine coupling is derived as 


r r y "I 

/f(T) =/l(0)|^l-Cr| 

where C is a constant that reflects the electron- 
lattice interaction and thus the vibrational 
properties of the lattice. We have used this 
expression and a Debye temperature, do, of 
230°Kf6] to match our experimental data at 
1 • 1 and 41 TK. The curve fits the experimental 
results well and yields a value of C = ( 1 -6 ± 
0-3) X 10"” (°K)"'‘. Zd^sky found a value of 
C = 2-58x 10->'’ TK)-" for CdS. Since the 
nearest neighbor configuration is identical and 
also the bond length is the same (2-55 A) for 
both CdS and CdIn2S4, the effect is most likely 
a bulk property of the crystal. For this reason, 
and the fact that the Debye expression, a one- 
parameter formula, fits the data well, it was 
felt that an analysis in terms of localized 
vibrational modes on the impurity sites [4] was 
not justified in our case. For a point charge 
model and a cubic arrangement of nearest 
neighbor ions for CdIn2S4 we calculate 
C = 6 4 X 10~‘* (“K)"'*. If covalency effects are 
taken into account the value of C as cal- 
culated would increase and give a better 
agreement with experiment [7]. 
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There exists a weak second order phase 
transition of CdIn 2 S 4 at 403 °K [3] which has 
been interpreted as a reordering at the tetra- 
hedral sites. This is only a third nearest neigh- 
bor effect on the 'A' site for Mn, so no sharp 
change in spectra is expected. However, a 
very slight change in relative intensity of the 
two spectra is observed, with the narrow line 
spectrum being enhanced with increasing 
temperature, but the errors were very large 
and no quantitative results were possible. 
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Role of interstitial aggregation on the F- 
coloring curve of alkali halides 

{Received 3 December 1970) 

1. INTRODUCTION 

The RooM-temperature F-coloring curve of 
alkali halides, such as NaCl, KCl and KBr, 
subjected to ionizing radiation, consists of 
a rapidly growing initial stage (stage 1), fol- 
lowed by an essentially flat region (staige II) 
which progressively bends up to reach once 


again a relatively high F-center production 
rate (stage III), Fig. 1. The overall structure 
of the coloring curve depends very markedly 
on the chemical purity of the crystals, mecha- 
nical and thermal history, irra^ation tem- 
perature and radiation intensity (dose rate). 
In particular, results obtained in our labora- 
tory for -y-irradiated NaCl show that the length 
of the stage 11 (in a dose scale) decreases 
roonotonically with radiation intensity. This 
effect is clearly illustrated in Fig. 2. The same 
behavior has been reported by Mitchell, 
Wiegand and SmoIuchowski[l] for X- 
irradiated (136 kV) KCl. 

At present, a definite coloring model able 
to explain the different stages of the F-growth 
curve is not available. However, the experi- 
mental evidence has established that during 
stage III the primary process of the coloring 
is the creation of Frenkel pairs [2]. The situa- 
tion is not so clear for stage 1, although it is 
plausible that one is dealing with the same 
primary process [3, 4]. The creation of 
Frenkel pairs and the subsequent interstitial- 
vacancy (or F-centre) recombination has been 
used as a basis for some theoretical treatments 
of the coloring[5, 6, 7]. For stage 111 Durand 
et a/. [5] assume that the free interstitials 
created during the primary process can re- 
combine with the vacancies (or F-centres) or 
be trapped at a fixed number of non-saturable 
traps. For state 1, he assumes [6] that the 
interstitials can be trapped to saturable traps 
in addition to recombination with the vacan- 
cies. These saturable traps are very likely 
associated to impurities. 

This scheme presents a number of obscure 
points: (a) What is the meaning of the flat 
stage II and the region of positive curvature 
during the stage Il-stage III transition? 

(b) How can it be explained the dependence of 
the length of stage II on radiation intensity? 

(c) What is the nature of the non-saturable 
traps and when and how are they formed? 

The purpose of the present note is to pro- 
pose a simple physical scheme which can be 
considered a natural extension of Farge’s 
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Fig. 1 . Typical F-center growth curve (in arbitrary units) showing the various stages appear- 
ing on it. 


treatment and which gives an answer, at least 
qualitative, to the above questions. We are 
not here to develop a detailed mathematical 
approach to the model but to stress the most 
important points as well as their physical 
plausibility. 


assume here that all interstitial aggregates are 
immobile at room-temperature. 

The above scheme can be immediately 
translated into the following rate equations* 


dt 


g-a-if 


2 . THEORETICAL MODEL 
Essentially, we assume that, in addition to 
recombination with vacancies (or F-centres) 
and capture by saturable traps, the free inter- 
stitials created by the irradiation can aggre- 
gate among themselves to form di-interstitials. 
After subsequent aggregation to other free 
interstitials they give rise to aggregates of 
lai^e size which are proposed to constitute 
the non>saturable traps required by Farge’s 
model. In fact, there is experimental evidence 
for the aggregation of free interstitials as a 
channel for interstitial stabilization’ [8, 9] as 
well as for the existence of large interstitial 
clusters during stage 111 [4, 10, 1 1]. We-will 


^ ^ — o-j/— 0-/5 — O-F — o-ia 


where /, /, s, and a are, respectively, the con- 
centrations of F centres, free anion intersti- 
tials, empty saturable traps and interstitial 
aggregates (of any size) at time t. g stands for 
the concentration of Frenkel pairs produced 
by unit time. It has been assumed in (1) that 


'Throughout this paper, we are going to neglect elec- 
tronic processes as well as those giving rise to formation 
of complex color centers. 
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IRRADIATION DOSE (R) 

Fig. 2. Experimental f -center growth curves of y-irradiated NaCl showing the effect of radiation inten- 
sity. The portion corresponding to stage 1 1 1 has not been determined. 


all trapping, aggregation and recombination 
processes are characterized by a rate-coeffi- 
cient cr equal for all cases. This is, assumedly 
a very rough approximation but it greatly 
simplifies the mathematical arguments and 
does not essentially affect the physical con- 
clusions. 

To follow the detailed kinetics of growth 
for the various defects one should solve 
system (1). However a number of useful 
results on the structure of the T-coloring 
curve can be obtained by simple arguments. 
In fact, by taking into account the extremely 
short life of the free interstitial at room- 
temperature (~ 10“'’ sec.), we can consider 
in accordance with Karge that their concentra- 
tion accommodates instantaneously to that 
of the existing traps, i.e., d//df = Oor 


For (7 we can accept the estimate obtained 
by Fargefb], (o- == 10“” cm’Vsec.). Now the 
appearance of the various stages of the color- 
ing during irradiation can be understood. 

Stage I 

At very low dose, the concentration of 
aggregates is a - 0. Also, it is easy to show 
from equation (2) that i is very small in com- 
parison to the usual concentration of saturable 
traps (= 10'® cm“®). Then equations (1) reduce 
to the same ones used by Farge[6] and lead 
to a quasi-exponential dependence of F- 
center concentration on dose in agreement 
with experimental data. 

Stage II 

Stage I terminates when all saturable traps 
have been utilized, 5 = 0, and the F-center 
concentration has reached the saturation 
value f, = lO'^cm-'l In these conditions 



2012 


TECHNICAL NOTES 


i, a < f, so that the F centers are now the 
domin^t traps. Then / = gtaf and from the 
first equation of (1) one obtains Aft At = 0 i.e. 
an essentially flat curve corresponding to 
stage 11. 

On increasing the radiation dose, new di- 
interstitials (and therefore new aggregates) 
are being created and so one reaches the situa- 
tion where f> a > i and then 



or 


^ a 

Ar^fT-a- 


(3) 


At not very high doses, it is still f — f, and 
AflAt = g(alf,) indicating that the rate of 
production of F centres will show an appre- 
ciable increase with dose as soon as the total 
concentration of aggregates becomes a suffi- 
ciently high fraction of the saturating con- 
centration of F-centers. This explains the 
positive curvature occurring during the transi- 
tion from the stage II to stage III in the 
F-coloring curve. 


Stage III 

At sufficiently high doses and then 



a 

f+a 



(4) 


N, being the average number of interstitials 
making up the aggregates. On dealing with 
this stage one can take into account that since 
/ < /, < a, the chances for formation of new 
^/-interstitials (and therefore increasing a) is 
very small against that for increasing the size 
N of the aggregates. Therefore one can con- 
sider a to be a constant in equation (4), 
which becomes then identical to that used by 
Durand et al. in [5]. It is dear that because N 
is increasing with dose, d/fd/ is decreasing 
during stage III and practically a saturation 
value can be reached at very high doses. 


3. EFFECT OF TOTAL F-LIGHT BLEACHING 
The most important feature of the present 
model is that stage III of F-center growtil 


requires the previous nucleation during stage 
II of enough number of interstitial aggregates. 

This means that if a crystal is irradiated up 
to the start of the positive curvature which 
leads to stage 111, then is totally bleached 
with F light and is finally re-irradiated, a color- 
ing curve without flat stage should be obtained, 
under the assumption that interstitial aggre- 
gates are stable against the processes in- 
volved in optical bleaching. This is quite 
plausible as it is well known that radiation- 
induced hardening is substantially insensitive 
to total or partial F-light bleaching [12, 13]. 
The result of a typical experiment for y- 
irradiated NaCl is given in Fig. 3, and is 
clearly in agreement with that conclusion. 

4. ROLE OF RADIATION INTENSITY ON THE 
LENGTH OF STAGE II 

In accordance with the third equation of (1) 
the rate of formation of ^//-interstitials (and 
consequently interstitial aggregates) which 
is a thermally activated process, is propor- 
tional to the square of the instantaneous 
concentration of free interstitials. On the 
other hand this concentration is directly 
proportional to the radiation intensity, if one 
assumes equal number of interstitial traps. 
This situation is approximately fulfilled after 
saturation of stage 1, where the saturation 
number of F centres are the only available 
traps. Therefore during a small increment 
AW = I At of the dose given to the crystal, the 
number of newly created di-interstitials will be 

CF dt = 07/“ dt = 0„“/ dH^ (5) 

which is proportional to radiation intensity /. 
This means that the conditions of high con- 
centration of aggregates (a « fo) (equation (4)) 
leading to the appearance of the positive 
curvature in the F-growth curve should re- 
quire larger nucleation doses at low intensities 
than at higher ones. However one can not 
expect a simple proportionality relation be- 
tween the length of stage II and radiation 
intensity as it might be naively inferred from 
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Fig. 3. Experiment illustrating the effect of total f-light bleaching on the shape of the F-growth curve. Note 

that stage J I is absent after bleaching. 


equation (5), since at high intensities the con- 
centration of aggregates becomes also higher 
than that corresponding to low intensities, 
invalidating the strict proportionality i ~ I. 
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